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Recent experiments in the spectroscopy of free or impurity-bound electrons and excitons in semi-

conductor alloys show that these quasiparticles are differently affected by the same disorder state.
In this paper, we present a formal theory to account for disorder effects on the properties of quasi-

particles. To this end, a new alloy model is described. Based on a representation of the composition
fIuctuations within the quasiparticle extent, this theory treats the effective alloy medium "felt" by
the quasiparticle of a given spatial extent. Its relations with the single-site and virtual-crystal ap-
proximation are obtained in the two limiting cases (site-localized limit and highly extended quasipar-
ticle cases). Trends in disorder effects on quasiparticles as functions of their extent are briefly dis-

cussed from a simple model of propagating quasiparticles.

I. INTRODUCTION

Spat1Rlly cxtcndcd qUas1paI t1clcs have cl1c1tcd wide
spread interest in semiconductor physics. However,
despite the considerable literature on their properties in
pure crystals, they have seldom been studied in disordered
alloys. Recent experiments on the spectroscopy of
such quasiparticles in semiconductors (e.g. , excitons)'
show that they are affected differently by the statistical
disorder state. It also appears from these studies' that
their characteristic spatial extent (e.g. , Bohr radius for
free excitons) is an important parameter for the deter-
mination of the disorder effects on their properties. Some
semiempirical schemes have been derived to account for
such effects in some particular cases, e.g. , free excitons in
CdSi „Se„.' This paper is a contribution to a formal
theory which accounts for such effects through the defini-
tion of the effective alloy medium "felt" by quasiparticles.

The concept of quasiparticles has been introduced to
account for a specific interaction of an excited electron
with other part1clcs 01 elementary cxc1tRt1ons 1n solids.
This interaction extends over a finite region in the solid.
This region will be referred to as the quasiparticle extent
(for free excitons, this region is limited to the relative
motion of the electron-hole pair). In this work, its size is
taken as a parameter characteristic of the considered in-
teraction. Typical examples are Frenkel and Wannier ex-
citons. In the first example, the excited electron interacts
strongly with the valence states of its origin atom. This
interaction is, therefore, localized within an atomic cell
volUITlc support1ng thc orig1Ilal FI'cnkcl-cxc1toIl n1odcl as
an excited state of an atom (site-localized quasiparticle).
On the other hand, a Wannier exciton has a Bohr radius
extended over many interatomic distances. These two
kinds of quasiparticles will be affected differently by the
alloy disorder state.

In this paper we will assume that the disorder state in
the alloy does not directly affect the specific interaction of
the excited electron with elementary excitations and other
particles. The disorder effect on the quasiparticle proper-
ties is assumed to arise from the fluctuations of the alloy

potential within the range of its specific interaction This.
has been postulated by Goede et al. ' to account for exper-
imental observations of excitons in CdS- and CdSe-based
alloys. These authors considered a virtual-crystal alloy ef-
fective medium and additional disorder effects (spectral
line broadening) as a result of the above-mentioned flu-
ctuation.

The problem of disorder effects on quasiparticles, there-
fore, reduces to the choice of an appropriate effective al-
loy medium, capable of properly describing the disorder
effects arising from only the fluctuations of the local
medium within the quasiparticle extent. Note that neither
the single-site ' nor the virtual-crystal' (VCA) alloy
models would be suitable for this purpose since these
models are appropriate, respectively, for the site-localized
limit and for the description of infinitely extended quasi-
particles. The clustering of similar atoms which are re-
sponsible for structures with spikes in alloy density of
states are not considered in this work. After the construc-
tion of a new alloy representation in Sec. II, our formal
theoretical approach is given in Sec. III. We derive its
limit for site-localized quasiparticles in Sec. IV. From a
simple quasiparticle model, we discuss in Sec. V the gen-
eral trends in the disorder effects on quasiparticles as
functions of their spatial extent.

As pI'cv1OUsly stated wc RssUInc that quasiparticlcs 1Il

alloys (A„B, ~) are affected by the only fluctuations of
the alloy potential in the local Inediurn within their extent.
We now assume that the effect of the local medium on the
quasiparticle is only determined by the amount c&x of
A-type atoms it contains, but not on the particular way
the cXo A-type atoms are distributed upon the Ko sites in
the medium. Considering these assumptions, the actual
potential in this local medium may be I'eplaced by the
linear average

V(r)= gcV&(r —1)+(1—c)V~(r —1) .
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[i] denotes the indices of the X0 sites within the local
cell. This potential locally equals the one that the quasi-
particle would experience from a macroscopic crystal of
composition c, i.e., A, B~ „treated in the VCA. Hence

,this virtual crystal is defined by its only composition c
and will be referred to as subcrystal C. Therefore the sub-

crystal c represents any local medium embodied in the
quasiparticle extent and which contains CX0 atoms of
type A.

The local medium in the quasiparticle extent must con-
tain 0,1,2. . . or Xo A-type atoms and may be represented
respectively by a subcrystal c =0, 1/X0, . . . , X0/X0
( = 1). For a given quasiparticle extent (X0) the ensemble
of subcrystals denoted by [c] is therefore taken as the rep-
resentation of the disorder state in the alloy. Each sub-
crystal is associated with the probability P(c) that the lo-
cal medium contains cXO 3-type atoms. This probability
distribution is closely related to the type of solid solution
A„B(

From a mathematical viewpoint, the pair [c, P(c)] will

be the statistical ensemble over which an average of sub-

crystal (disorder) related quantities will be performed. '

Two remarks must be made before closing this section:
First, the subcrystal potential is given by

V, (r) = gcV~ (r —1 )+(1—c)Vz(r —1 ), (2.2)

where 1 runs over all sites of the lattice underlying the ac-
tual alloy. Second, for a given quasiparticle extent (X0),
the ensemble average of any subcrystal-dependent quanti-
ty Z (c) is given by

Z= QZ(c)P(c)
[c]

(2.3a)

QP(c)=1 .
[c]

(2.3b)

QCP(c)=x .
[c]

(2.3c)

Provided with this new alloy representation, we turn to
the derivation of the formal theory of disorder effects on
quasiparticles in alloys.

III. FORMAL THEORY

We study the ensemble-averaged disorder effects on
quasiparticles in alloys. Such effects appear through the
spectroscopy of quasiparticles as spectral line shift and
broadening, ' which are related to the so-called self-
energy or coherent potential describing the effective medi-
un1.

This effective medium is chosen such that the ensemble
average of the additional disorder scattering suffered by
the quasiparticle from the fluctuating local medium em-
bodied in its extent vanishes identically. This defines a
leveled-out effective medium for this quasiparticle. Ar-
gyres' has developed a general self-energy expansion

From the conservation of total number of A- and 8-type
atoms in A„B] „we also have

technique that is valid for any a priori statistical ensemble
representing the disorder state in alloys. He expressed the
self-energy in terms of the fluctuating part of the Hamil-
tonian via the introduction of projection operators. These
operators affect the ensemble average over the chosen sta-
tistical ensemble.

In the subcrystal e the Hamiltonian is given by

(3.1)

It can be rewritten as

IIc =IIO+ V

where

(3.2a)

(3.2b)

V=(c —x) g [Vq(r —1 ) —V~(r —1 )]=ub,zz(r),

~~a(r) = g [V~(r —1)—~a(r —1)] . (3.2d)

Ho is the virtual-crystal Hamiltonian, while V describes
the disorder- (subcrystal) dependent part of the Hamil-
tonian. V fluctuates through the subcrystal ensemble due
to its dependence on c (or a). The periodic nature of
Azz(r) is merely a consequence of the fact we have con-
structed the subcrystals such that they possess the transla-
tional periodicity IequiI'ed foI' the ensemble-averaged ob-
servables of the alloy.

By using Eq. (3.2a), the self-energy X (E) associated
with the alloy effective medium can be computed from
the technique developed by Argyres. ' (See Appendix A.)

We obtain (with Q and Q' operating on everything to
their right)

y0(E) g QV(Q~GOVm) —1

m=1

The superscript in X refers to the use of the VCA Green
function G . The ensemble-averaged Green function
G(E) is given by

G(E)=[E—H0 —X (E)] (3.3b)

Q is the projection operator to effect the average over the
subcrystal ensemble, and Q' = 1 —Q. Hence, for any
subcrystal-dependent quantity Z (c),

Q(Z)= QZ(c)P(c)
[c]

gives the ensemble average of Z while

Q'(Z) =Z(c)—Q(Z)

(3.4a)

(3.2c)

where a=c —x stands for the deviation of the subcrystal
coIIlposltloI1 c froII1 tile lllacl'oscoplcally observed colllpo-
sition x, and



glvcs It subcrystal-dependent (01' flllctuatlIlg) pa1't of Z.
Both operators act only on the quantity on their right, and
commute with disorder- (subcrystal) independent opera-
tors such as b,qs or 6 . Therefore, Eq. (3.2c) becomes

That is,

Po{c=0)=Pa(8)=Pa(a= —x)=1—x,
Po(c = 1)=Pa{A)=Pa(a = 1 —x)=x .

(4.2)

X (E)= g K~(NO,'P)bgs(G &ps)
Nl =1

K~(NO', P) =Qa(Q'a)

(3.5a) This completely determines the probability distribution
law (Po) of the fluctuating composition c upon the sub-
crystal ensemble. The statistical factors K (NO, PO) are,
hence, explicitly known and given by (see Appendix C)

which, for m & 2, reads as (see Appendix 8)

K (NO, P)=Q(a ) —g KI(NO, P)Q(a '} . (3.5b)
1=2

The K (No, P)'s depend on the statistical nature of the
disorder state (P) and on the quasiparticle spatial extent
(No), while 6&II(r) describes the chemical difference be-
tween the substituted atomic species.

The implicit dependence of K on the quasiparticle ex-
tent (No) may be easily illustrated by the following:
When the quasiparticle extends to the whole al/oy, i.e.,
No ——N, N being the total (infinite) lattice-site number, the
only possible value of c is c =x. The subcrystal ensemble
then reduces to one subcrystal of composition x, i.e.,
P(c&x)=0 and P(c =x)=1.' This case corresponds to
the VCA. n thus vanishes identically and so do all the
K s and hence X (E). This agrees with the intuitive ar-
gument that infinitely extended quasiparticles are not af-
fected by the alloy disorder state and are well described by
the VCA.

The present formal theory takes into account the
disorder-state characteristics through the probability dis-
tribution P(c) of local compositions c and the disorder-
strength operator K~II together with the spatial extent of
the considered quasiparticle (No). The way disorder af-
fects extended quasiparticles will be studied later. Now
we study our non-self-consistent formal theory at the lim-
it of site-localized quasiparticles.

In this section we study the particular case of site
localized quasiparticles in an ideal solid solution A„BI
(random disorder). By site-localized quasiparticles, we
n1ean that the interacting particles involved in the quasi-
partj. clc folmatlon RIc locRtcd wlthln thc san1c atomic unit
volume (e.g. , Frenkel exciton). The quasiparticle may,
hence, be thought of as an excited state of the atom. In
this case thc number of sites No is uruty (No= 1). The
only possible values of the composition c (concentration
of A) in the local medium within this site-localized quasi-
particle extent are c =0 (a=0—x) and c =1 (a=1—x);
these values correspond to the cases when the site is occu-
pied by a 8- or 3-type atom, Icspcctivcly. From thc IRn-
domness (Po) of the disorder state, the respective proba-
bilities of such events are

Po(A) =x,
Po(8)=1—x .

KI (NO', Po )=0,

K (No,'Po)=x(1 —x)(1—2x) 2, m &2 .
(4.3)

Hereafter, we shall use a quasiparticle one-band tight-
binding model. This greatly simplifies the notation. It is
also particularly suitable for site-localized quasiparticles
and yields a good understanding of the approximations
used here. In this case, the previously defined operators
must be rewritten in terms of site-localized quantities.

%'c have

~o=XCIi&&I I+ gtj li&&J I
(4.4)

600(z)=&I IG (z)'li &= I dE',
z —e—E' (4.6)

where p (E} is the quasiparticle density of states per site
associated with the VCA Hamiltonian Ho. From Eqs.
(3.5a) and (4.3), the self-energy expression becomes

X (E)= g x(1—x)(1—2x) ( —1) U V,(6 ),

(4.7)

II Il2P ~ ~ ~ P I
][

GOl
j Gl)1~ 61 ),0

0 O 0 (4.8R)

The V~(6)'s are, from usual scattering theory, the ampli-
tude of probability for a site-localized quasiparticle
described by the propagator 6 to be scattered from the
orIg1n sItc and to coIIlc back oI1 to 1111s sltc aftcl' m other
independent scattering events. Some approximations

E=xcg:+(1—x)cII

U=eg —eg .
Here

I
i & denotes the site-localized Wannier function at

the ith site of the lattice. The site-excitation energy in the
actual alloy is either ez or e~, depending on whether the
site is occupied by an 3- or 8-type atom. This site-
diagonal VCA Green function matrix element is
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must be made to derive close form for the self-energy. To
this end, we rewrite Eq. (4.8a) as

& (G')=(Gpp) + GOl Gl l
0 0

X Gt, p, (4.8c)

where the prime means that at least one of the 1; is dif-
ferent from 0. The first term in (4.8c) corresponds to the
multiple scattering of the quasiparticle by the same
scatterer at a given site (single site), while the second term
gives the multisite scattering contribution since it involves
at least two sites.

For the non-self-consistent expansion [Eq. (4.7)], we
consider the only single-site scattering. Equation (4.7)
then becomes

P(c)=P(ct=c —x) = x "(1—x) ' (5.1)

where n =cNo. The self-energy is

the same set of approximations as the ATA (Sec. IV).
Here, we are only concerned with propagating (free)
quasiparticles. The cases of spatially extended quasiparti-
cles trapped by the potential fluctuations or by impurities
in alloys will be studied elsewhere.

In addition to the assumptions stated in Sec. I, we as-
surne the motion of the quasiparticle is identified with the
site-to-site motion of its core. Off-diagonal disorder is
neglected.

From the random-disorder approximation, the probabil-
ity distribution P of this fluctuating composition is given
by

XO

X (E)= g x(1—x)(1—2x)
m=2

X (E)= y K (N;P)( —1) U V, (G ) .
m =2

(5.2)

~ ( I )PRIUS(G )PTL
—1

x(1—x)U Goo(E)

1+(1 —2x) UGop(E)

(4.9a)

(4.9b)

An approximate expression for the K (No, P), which
together with our hypothesis on the V (G ) form a self-
contained set of approximations, is derived in Appendix
D and is given by

Equation (4.9b) can be easily proved to be the average-t-
matrix approximation (ATA) self-energy expression. In
fact, the usual ATA reads as'

x (ez —e) (1—x)(ez —e)(t)= 0 +
1 —(e„—e)Goo 1 (e~ —e)Go—o

0 (4.10a)

cr(E) = (t)
1+ (t)Goo(E)

(4.10b)

V. EXTENDED QUASIPARTICI. ES
IN RANDOMLY DISORDERED ALLOYS

Disorder effects on the properties of spatially extended
quasiparticles have been experimentally proved to de-
crease as their spatial extent increases. ' However, al-
though this experimental observation is well understood
on purely intuitive grounds, there exists no theoretical ap-
proach which gives a clear description of such effects.
Such a theory must be able to describe properly the effec-
tive alloy medium "felt" by spatially extended quasiparti-
cles such as free or bound excitons in semiconductor al-
loys.

In this section, it is our purpose to derive from the for-
mal theory reported in Sec. III a closed form for the non-
self-consistent self-energy X (E) which (i) is able to
describe disorder effects on extended quasiparticles as
function of their spatial extent and which (ii) arises from

o(E) in Eq. (4.10b) is the total ATA site-excitation energy
and appears as a(E)=e+X (E). Replacing (4.10a) in
(4.10b) we obtain Eq. (4.9b). Note that U=ez —ez.

Thus our non-self-consistent self-energy expansion [Eq.
(4.7)] is proved. This arises from the fact that the VCA
has been taken to describe the reference medium in the
self-energy calculation. '

K (No;P)=, x(1—x)(1—2x), m )2 .m Op ~m (5.3)

Therefore, using V (G )=(Goo), we obtain the
disorder-induced modification of the quasiparticle energy
X (E), which reads as

( U'/No» (1—x)Go'o«)
X (E)=

1+(1—2x)( UINo)Gpp(E)
(5.4)

Equation (5.4) expresses the alloy effective medium "felt"
by the quasiparticle with a given spatial extent (Np). It is
consistent with both the ATA for XO ——1 and with VCA
for XO = (x) . In the latter case, it physically expresses the
statistical strong law of large numbers. ' To our
knowledge, it is the first theoretical attempt to describe
the effective alloy medium "felt" by spatially extended
quasiparticles as functions of their extent. This problem
must not be confused with the widely studied clustering
effects in alloys. Applications of the present theory to
free excitons in semiconductor alloys are under active con-
sideration. Before closing this section, however, some
salient results embodied in Eq. (5.4) must be noted.

XO can also be rewritten as the ratio of the volume
within the local medium and the atomic unit volume de-
fined, respectively, by their equivalent spherical radii R
and Rp', we have No ——(R/Rp) . In most alloy
theories ' U =ez —ez is the disorder scattering
strength. Therefore, from Eq. (5.4), it appears the disor-
der scattering strength felt by the extended quasiparticle
in the effective medium is shielded. It decreases mono-
tonically from its single-site ( No ——1) value U to 0 asymp-
totically for infinitely extended quasiparticles (Np: oo)
which thus experience no disorder effects. Therefore, the
most extended quasiparticles are the least affected by the
statistical disorder state. As a consequence the VCA gives
a good approximation for the effective medium "felt" by
very extended quasiparticles, even if the intrinsic disorder
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scattering strength U is not small compared to their band-
width. For sufficiently extended quasiparticles, i.e.,
{1 —2x) ( U/Xo )*600 && I, the self-energy reads as

X (E)=x(1—x)(R/Ro) U 600(E) .

This equation (5.5) may be used to interpolate Wannier
exciton energy in semiconductor alloys. It is also analo-
gous to the equation obtained by Goede et al. ' and oth-
ers. ' Note that these authors assumed a direct propor-
tionality of disorder-induced line broadening of excitons
in CdSt „Se„with the random mean square of the fluc-
tuating exciton energy in the local medium (i.e.,
(R/Ro) ~ [x(l —x)]'~ ). In this case U=e~ —e~ ap-
pears as the first-order derivative of exciton energy with
Icgard to composltlon, and R ls about twlcc thc Bohr I'a-

dius. ' Detailed studies of these excitons from the present
theoretical approach are planned to be published else-
where. An important feature of disorder effects in the
weak scattering 11mit nccds to bc emphasized. In th1s 11IIl-

it the usual single-site approximations [ATA and
coherent-potential approximation (CPA)] agree to
0(U ). Both predict a symmetric behavior of disorder
effects as a function of composition about x =0.5. This
is known as Nordheim's rule. For extended quasiparti-
cles, this rule may be expected to break down since, even
at this limit, an asymmetric variation is introduced by the
composition dependence of the quasiparticle extent R in-
terpolated between its values in the extreme pure constitu-
ents. This behavior has been experimentally observed by
Goede et ai. in the variation of free-exciton spectral line
broadening as a function of composition in CdS~ „Se„al-
loys. '

VI. CONCLUDING REMARKS

In this paper we have reported a new formal theoretical
approach for the disorder effects on spatially extended
quasiparticles such as free excitons in alloys. The present
theory, however, is non-self-consistent, due to the choice
of the virtual-crystal alloy as the reference medium to
derive the self-energy expression. Yet the asymptotic
R variation law of the effective disorder scattering
strength felt by extended quasiparticles suggests that
non-self-consistency (CPA-like) is needed for the descrip-
tion of the effective alloy medium felt by very extended
quasiparticles such as %annier excitons in semiconductors
(weak scattering limit).

However, such a self-consistent description would be
necessary to study the persistance and amalgamation of
the properties of spatially extended quasiparticles in alloys
as functions of x, U, and R (or Xo). Such a study has
only been done for No= l. ' Another quantitative result
of this work is that, as expected, disorder effects on ex-
tended quasiparticles (spectral line broadening and shift)
decrease as their spatial extent (typically one Bohr radius
for free excitons) increases. These vanish for infinitely ex-
tended quasiparticles, in agreement with the statistical
strong law of large numbers. ' Such trends have been
briefly dlscusscd from a s1IIlplc quas1part1clc model.
The present formalism is being applied to free excitons in
semiconductor alloys. From the close relation of such
quasiparticles {used experimentally as disorder probe' )

with the Bloch states in the upper valence and lower con-
duction bands, thc p1cscnt apploach would allow thc pI'c-
diction of the relevance of disorder effects on semicon-
ductor alloy band edges, i.e., on the optical band gap (ex-
trinsic bowing effects). Detailed results are planned to be
published elsewhere.
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H =Ho+ V. (Al)

Ho and V are defined in Sec. m. From Eqs. (2.3c) and
(3.2c), the ensemble average of V is identically 0. The
macroscopic properties of the system are obtained from
averages over all possible subcrystals weighted by their
respective probabilities. The operator Q defined in Eq.
(3.4) is a projector: Q =Q. The related operator
Q'=1 —Q, which gives the subcrystal-dependent part of
any quantity Z, is such that QQ =Q Q =0 and
(Q') =Q'. Now let the VCA, subcrystal-dependent, and
ensemble-average Green functions be, respectively,

6 (E)=(E—Ho)

6,(E)=(E —Ho —V)

6(E)=QG, (E)=[E—Ho —X (E)]

(A2a)

(A2b)

(A2c)

where X (E) is the so-called self-energy operator.
From the definition of 6,(E), we have

(E —Ho —V)6, (E)= 1,
G, =QG, +Q'6, =6 +Q'6, .

(A3)

(A4)

Operating on it with Q and Q' separately, we obtain (with

Q and Q' operating on everything to their right)

(E —Ho —QV)6 —QVQ'6, =1,
(E —Ho —Q'V)Q'6, —Q'VG =0,

(A5a)

since [HO, Q]=QQ'=0. From (A5b) we obtain Q'6, in
terms of G. We substitute it into (A5a) to find the follow-
111g exact equation for 6:
[E—Ho —QV QV(E —Ho —Q'—V) 'Q'V]6 =1 . (A6)

Hence, from (A2c) and (A6) we obtain

X (E)=Q[V+V(E —Ho —Q'V) 'Q'V] . (A7a)

Note again that Q and Q' operate on everything to their
right. From the expansion

(E H —Q'V) '= 6'+—O'Q'VG'

+O'Q'VG'Q'VG'+
(A7b)

APPENDIX A

The Hamiltonian describing the quasiparticle in a given
subcrystal reads as
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X (E) becomes

X (E)=g(V+VG Q'V+VG Q'VG Q'V+ ) (A8a)

Once this is demonstrated, we apply (87) to the case
k =m —1. We thus obtain

m —2

= g QV(G Q'V)
m=1

(A8b)
K~(Np, P)=g(a ) —g K~ 1(Np', P)g(a') . (Bll)

l=2

This established Eq. (3.3a).

APPENDIX 8

Equations (3.3a) can be rewritten in the following form:

X (E)= g Qa(g'a) 'b, g21(G b,gs)
m =2

This arises from the fact that

[Q G']=[O' G']=0

Q and Q' commute with any subcrystal-independent
operator. From (Bl), K (Np, P) appears as

K~ (Np,'P) =Qa(g'a)

K (Np, P) appears as a combination of products of the
moments Q(a ) of a in the probability distribution P.
Therefore they may be calculated, once the quasiparticle
extent (Np), which gives the possible values of c (hence,
values of a), and the solid-solution type, which deter-
mines the respective probabilities P(c) of the local com-
positions c (or a},are given.

Before concluding this appendix we give the K 's for
m=1 —4:

K, (Np.,P}=Q (a)=0,
K2(N11,'P)=g(a ),
K3(Np,'P}=Q (a ),
K4(Np, 'P) =g (a ) —[g (a )]

Some properties of the operators Q and Q' are quoted in
Sec. EI. We also have APPENDIX C

KM(Np', P) =Qa(Q'a) Q'a . (83)

Equation (2.3c) also reads as Q'a =a. Hence,

K~(Np P}=Qa(Q'a} 'Q'(a') . (84)

That is,

K (Np', P)=Qa(g'a) a —Q(a )Qa(Q'a) . (85)

The second term on the right-hand side of Eq. (85) may
be rewritten using (82). Equation (85) becomes

For site-localized quasiparticles in ideal solid solutions
(random disorder), the number of Np sites within the
quasiparticle extent (1 atomic volume) is given by Np 1. ——
There are only two possible values for the composition c
(concentration of A atoms in the local medium), c =0 and
1. These two values correspond, respectively, to the cases
where the considered site is occupied by a B- or 3-type
atom. They also correspond to a =0—x and 1 —x,
respectively. Under the random-disorder approximation,
the respective probabilities of such events are given by

P(c =0)=P(a=0—x)=P(B)=1—x,
K (Np, P) =Qa(g'a) 'a —Q(a')K~ 2(N;P) (86) P(c =0)=P(a=1—x)=P(A)=x .

(C 1)

This procedure (83)—(86) may be repeated starting from
the first term on the right-hand side of (86). It is an easy
task to set it to be recurrent for 1 & k & m —1. Note that
K1(Np,'P) =Q (a ) =0 from Eq. (2.3c):

Equation (Cl) completely determines the probability dis-
tribution law P of subcrystals in the statistical ensemble
(see Sec. II). In such a case, the moments of a involved in
the K (1;P)'s are given by

k

K (Np, P)=ga(g'a) 'a —g K 1(Np,'P)g(a') .
l=2

Q(a )=(1—x)( —x) +x(1—x)

From this, we obtain

(C2)

(87)

ga(g~a)m —k g (gi )m —k —2gi( k+1)

ga(g~a)m —k —2ak+1 g ( k+1)

—K~ k 1(Np,'P) .

From (89) and (87), we obtain

K (Np', P) = Qa(ga)
k+1

K /(Np'P}g(a )
1=2

(88)

(89)

(810)

Indeed, assuming (87) is true for a given k and applying
the procedure (83)—(86) to the first term in (87), we have

K1(1;P)=0,

K2(1;P)=Q(a )=x(1—x),

K3( 1;P)=Q (a ) =x ( 1 —x)( 1 —2x)

K4(1;P)=Q (a ) —[Q (a ) ] =x (1—x)(1—2x )

Equation (C3) suggests that

K (1;P)=x (1—x)(1—2x), m )2 .

(C3)

(C4)

This relation is true for 2 & m &4. Its validity can be es-
tablished by recurrence. From Eqs. (C2), (C4), and (811)
we have
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K~(1;P)=x (1—x) (1—x)~ ' —( —x)™1 —g (1—2x)i 2[(1—x) 'x +(1—x)( —x)™1]
1=2

=x (1—x)(IO —I) —I2), (C5)

Io (1———x) ' —( —x)

I, = g (1—2x)'-'(1 —x) -'x,
1=2

Iz —g (1—2x)' ( —x) (1—x) .
1=2

Expanding I~ we obtain

(C6c)

m —2 I —2 I —2

1=2 k=0
(1 x)m —k —2( x)k+1 (C7)

I) ———
j=0

k
(1—x) '( —x)j+'j

with

For n &j it can be shown that

k n+I
N(nj)= g

k=J

N (n,j) reads as

~ —j n I—
N(n, j)= g j

where (k ) has its usual significance in combinatorial
analysis. The double sum in Eq. (C7) is then rewritten in
order to group the terms with the same power of ( —x); I&
becoIQes

APPENDIX D

To derive a closed expression for the self-energy for
spatially extended quasiparticles (effective medium) which
satisfies the two requirements (i) and (ii) in Sec. V, we
must use the same assumptions for V (G ) as in the
ATA. That is, in Eq. (4.8c) we consider the only single-
site contributions to the scattering processes for each site
within the quasiparticle spatial extent (local medium),
These contributions are thus additive. Since all sites are
identical, the single-site contribution from the local medi-
um is proportional to the number of sites therein, i.e., to
No. Now, we define a more appropriate notation where
the site number is used rather than the concentration:
from the Q(a )'s involved in the E 's we first obtain the
Q(rI )'s, where rI=Nca=NO(c —x). q is the fluctuation
of the number of sites occupied by A-type atom, in the lo-
cal cell. We have, from general properties of moments,

Q( m) NfllQ(+el)

From Eq. (3.5b) one can easily show

z'"'(No, P) =No K(NO, P), (D2)

K'"'(NO, P) being the statistical factor calculated from the
random variable g instead of a. The approximation stat-
ed above is more easily expressed by using the K'"'s. %e
have

Xo
E'"'(NO, P)= g P(n)(n n)— (D3)

A similar result may be obtained for I2..

Iq ——[(1—2x) ' —( —x) ']x

Therefore, replacing IO, I~,I2 in (C5), we finally obtain
K in the form given in Eq. (C4)

n —j—I
l =0

Using the general combinatorial relation
r

Pl+1 El n

k k k —1

together with (C9c), we have

n+I n+I
N(l j)=

We obtain from Eqs. (C9e) and (C8)

m' —I
(1—x) '-J( —x) +'

J+1

(C9c)

(C9d)

(C9e)

Q( nI) = g P(n)n' . (D5)

Equation (D5) is then calculated using the general proper-
ties of the discrete binomial distribution law: 3

'I

Q(g ) = x (x +y) ', for x +y = 1 (D6a)
Bx

where n =cNo, and n =xNO. P(n) is given by Eq. (5.1).
Expanding (D3) we obtain

Q(g )= g I ( —1) '(n) 'Q(n') (D4)
1=0

with

= —[(1—2x) ' —(1—x) '](1—x)

AT I g(k) k

k~, (No —k)!
(D6b)
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where SI ' are the Stirling numbers of the second kind.
From (D4) and (D6),

g(k) m —I —kXoI

I (No —k)f

There Q (ri ) is a polynomial of order m in Xo and where
the lowest-order power of Xo is 1. For self-containedness
with respect to the assumption about V (6 ), the only
tcIIII III tllc K~ (Xc,P) ptoportloIlal to Nc IIlllst bc takcII
into account. This term is easily obtained from (D7) by
set, tlIlg 1 =Pl. It IS glveIl bg

X'&'(X„r)=Q(q )=X, g ( —1)"-'(k—1)iS'"'x',
k=I

since the contribution from the sum in Eq. (3.5b) is at
least of order Nc. Equation (D8) can be rewritten as

X'&'(X„S)=X,C' '(x), (D9)

where the C' ' (x) are the so-called Kubo's cumulants of
the random variable Ii (or a). Here, we use an approxi-

mate closed form for the C' 's which has been previously
I'epMtcd bY Ehl'CMclch 8Qd Schwa, re. B, IcRds ss

C' '(x)=x(1—x)(1—2x), m &2.
As mentioned in Refs. 17 and 26, this approximation is
exact for m & 3 and gives correctly the leading terms in x
and 1 —x for m & 3. Therefore, the self-energy expression
we derive from Eq. (D10) will be exact through O(U ),
the same as that for the ATA obtained in Refs. 17 and 26.
From (D2), (D9), and (D10) we finally obtain

Z(n'(X, ;I)= ' X'&'(X„.S)
0

1
, x (1—x)(1—2x), m & 2 . (Dl 1)

0

It must be emphasized that (Dl 1) is a single-site approxi-
mation for E (No, I'). It does not account for the pairing
or higher-order clustering terms which have been neglect-
ed. These latter terms are at least of order No. Therefore
our theory still gives the leveled out -effective medium

felt by extended quastpartlclcs III alloys, III a perfect
analogy to the ATA for site-localized quasiparticles
(Xc——1).
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