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Calculated results for energy levels of electrons in GaAs-Gal „Al„As heterojunctions are present-
ed and their sensitivity to various parameters —including acceptor doping level in the GaAs, hetero-
junction barrier height, effective-mass and dielectric-constant discontinuities, interface grading, and
ambient temperature —is examined.

I. INTRODUCTION

Interest in the properties of electrons in GaAs-
Gat „Al„As heterojunctions has led to a number of cal-
culations' of their energy levels and other electronic
properties. In this paper, calculated results of energy lev-
els are presented for a range of temperatures and material
parameters, including interface grading, which has not
been treated in detail previously (however, see Price and
Stern ). Values of the energy levels and of the Fermi level
are needed to find the charge transfer from donors in the
Ga~ „Al„As to the GaAs channel. Energy-level differ-
ences are more closely related to subband spectroscopy
and to the onset of intersubband scattering. We find that
the energy levels are affected to varying degrees by the
values of the parameters, and that differences between
them are affected less. The differences are most sensitive
to the acceptor doping level in the GaAs. Many aspects
of the calculations presented here have counterparts in
calculations for silicon inversion layers and related two-
dimensional electron systems, which have been reviewed
by Ando et al.

The next two sections give a description of the calcula-
tion, which follows familiar lines except for the treatment
of the graded interface, and a discussion of the density-
functional scheme that is used to take electron-electron in-
teractions into account approximately. Section IV gives
results of the calculations and Sec. V gives discussion and
conclusions. A preliminary account of this work, but
without electron-electron interaction effects, was present-
ed last year (see Ref. 6).

II. OUTLINE OF THE CALCULATION

The conduction-band edge in a heterojunction, illustrat-
ed in Fig. 1(a), has a spatial dependence both because of
electrostatic potentials and because of the energy-band
discontinuity associated with the change in material
across the heterojunction. In this calculation the hetero-
junction effect is modeled using a graded interface in
which the barrier height as well as the effective mass and
dielectric constant are assumed to change smoothly in a
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FIG. 1. (a) Conduction-band edge vs distance from a GaAs-

Crao7A103As heterojunction with 5)&10" cm electrons in the
GaAs channel, an acceptor doping of 3&(10' cm in the
GaAs, and a barrier height of 0.3 eV. Eo and El label the bot-
toms of the lowest and of the first excited subbands, respective-
ly. All energies in this figure are relative to the Fermi energy
EF. (b) Normalized envelope wave functions (solid curves) go(z)
and g~(z) for electrons in the two lowest subbands calculated
with inclusion of exchange and correlation effects. The dashed
curve gives go(z) calculated without including exchange and
correlation effects.

transition layer whose thickness is specified. A physical
interface between two materials may be crystallographi-
cally abrupt, but the bonding environment of the atoms
adjoining this interface will change on at least an atomic
scale. In place of a microscopic model of this transition,
we use an approximate treatment in which the parameters
vary smoothly but rapidly. A similar calculation has been
used to treat the energy levels of electrons on the surface
of liquid helium.

An electron moves in an effective potential given by

V(z) = eP(z—)+ V&(z)+ V„,(z)+ V; (z),
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where p(z) is the electrostatic potential, Vh (z) is the effec-

tive potential energy associated with the (graded) hetero-

junction discontinuity, V„,(z) is the local exchange-
correlation potential energy described in the next section,
and V; (z) is the image potential energy. The normalized

envelope function g;(z) for an electron in subband i is as-

sumed to be given by a Schrodinger equation of the
BenDaniel-Duke form:

+ V(z)g;{z)=E;g;(z),
2 dz m (z) dz

where m(z) is the position-dependent effective mass and

E, is the energy of the bottom of the ith subband. Some
or all of the energy levels correspond to states that can
penetrate the barrier into lower-energy regions in the

Ga& „Al„As and thus can be affected by the potential
profile there, a situation treated by Vinter. This does not
have significant consequences for the heterojunctions in

equilibrium treated here but is important for states whose

energies lie near the top of the heterojunction barrier or
when a current is flowing across the heterojunction.

Poisson's equation for the electrostatic potential (in SI
units) takes the form

eye(z) =e g X g (z) —pl(z)
d dP(z)
dz dz

m, kg T
ln 1+exp

m%2
L

where ~(z) is the position-dependent dielectric constant,

Ã~ is the number of electrons per unit area in subband i,
Ez is the Fermi energy, and m, is the effective mass in
the GaAs. The potential is taken to be 0 at the interface
and its derivative is taken to be 0 in the GaAs bulk. The
impurity charge density in the GaAs (z & 0) is taken to be

pi(z)= eN—~„where Nq, is the net acceptor density in

the GaAs, and is here taken to vanish in the Ga& Al As
(z & 0). Subscript c generally denotes the GaAs (channel)
side of the heterojunction, and subscript b denotes the
Ga& „Al„As (barrier) side.

Three parameters in the theory change across the
heterojunction: the effective heterojunction potential en-

ergy Vg{z), the effective mass m, and the dielectric con-
stant ~. The barrier Vb appears on the Ga] „Al As side
of the heterojunction and vanishes on the GaAs side.
Since the length scale of the system is given by atomic
sizes, a mathematically abrupt transition is unphysical
and, as noted below, can lead to mathematical difficulties.
To smooth this transition we take a grading function that
basically interpolates linearly between the values in the
Inaterials bounding the heterojunction, but has rounded
corners. This functional form is the same as the one that
was used to calculate the energy levels of electrons on the
surface of Hquid helium, ' whose density is known to vary
from its bulk value to the (very small) value in the vapor
in a distance of order 1 nm. Other grading functions
would presumably give comparable results. The grading
of the interface barrier is taken to be

Vi, (z) =[1—G(z)]Vb,

(z+zi, )/z„O&z &zq —a, ,

Iz+3zp, —a, +(2a, /~)cos[m(z —zp )/2a, ]I
ZQ Qg WZ QZQ +Qt

z Zt

1, z)zI, +a, ,

1 —G( —z), z &0,

whc1c Vb 1s thc bafricI height, z~ and Q, aI'c parameters
that characterize the transition layer (z, &2a, &0), and

zq ——z, /2. The nominal thickness of the transition layer is
z, +a, . The two remaining graded quantities are found
similarly, using G(z) to interpolate between the value in
the Gal Al„As and the value in the GaAs.

The image potential energy V; is obtained from the
graded dielectric constant using the method described in
Ref. 7, and, as was intended, avoids the singularity of the
conventional result

[(~,—ab)e ]/[16vrEyc, (ic, +Icb)z], z &0
V; (z)=

[(a;—ab)e ]/[16m.e~q(a;+icb)z], z &0

at the interface, z=O. The result in Eq. (7) cannot be used
directly in the effective-mass Schrodinger equation, Eq.
(2), when there is a finite barrier height because a finite
value of the envelope wave function at the interface leads
to a noni. ntegrable singularity in the energy. Most authors

avoid this problem by assuming an infinite barrier, as for
the Si-Si02 interface, or by ignoring the dielectric-
constant change. One of the goals of the present calcula-
tion is to assess the magnitude of the error made in ignor-

ing the dielectric-constant step,
Apart from the grading effects just noted, the calcula-

tion is conventional and wiH not be described further. In
the next section the considerations that enter in a choice
of the effective exchange-correlation potential are
described.

III. EXCHANGE-CORRELATION EFFECTS

In this section we first describe the local-den*:ity-
functional approximation for exchange-correlation
effects—the effects of electron-electron interaction beyond
the Hartree approximation —and then discuss some of the
ways in which this approximation might be improved in
connection with heterojunction calculations. A simple
way of including many-body exchange-correlation effects
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in the calculation of electronic structure is the density-
functional method" due to Hohenberg, Kohn, and Sham.
This method has been used with great success in calculat-
ing the electronic structure of atoms, molecules, and
solids. ' The density-functional technique has also been

applied quite successfuHy by Ando' and by Das Sarma
and Vinter' in calculating the electronic subband struc-
ture of silicon inversion layers in Si-Si02 metal-oxide-
semiconductor —field-effect-transistor systems.

Within the density-functional formalism, the electronic
energy levels (including exchange-correlation effects) are
obtained from the one-electron Kohn-Sham equation"
which is formally the same as the Schrodinger equation
for the Hartree problem except that an additional term,
the so-called exchange-correlation potential energy V„
first introduced by Kohn and Sham, " appears in the po-
tential energy. The one-electron wave functions g;(z) and

energy levels E; are usually identified as the real wave
functions and energy levels of the system even though the
theory is rigorously valid only for the total ground-state
energy and density of the system. For justification of this
identification we refer the reader to Ando's work on sil-
icon space-charge layers and to von Barth's recent investi-

gation of a more general nature.
The exchange-correlation potential energy V„,(z) is, in

general, an unknown functional of the electron density
II (z), glvcI1 by tllc slllll oil thc llgllt-11RIld slclc 111 Eq. (3).
In reality, however, the simp1est approximation to the
exchange-correlation potential, the so-called local-
density-functional approximation, works surprisingly
well. '2 '5 In this approximation one takes

V„,(z) —= V„,I n (z) I =I2„,[no n(z)], w——here p„, is the
exchange-correlation contribution to the chemical poten-
tial of a homogeneous electron gas having a uniform elec-
tron density no which is equal to the local electron density
n (z) of the inhomogeneous system. V„„calculated
within the local-density-functional approximation, has
been parametrized by a number of authors' and different
forms of V„, give similar quantitative results for the sub-

band energy levels. We therefore use the simple analytic
parametrization suggested by Hedin and Lundqvist:

V„,{z)=—[1+0.7734xln(1+x ')](2/~cIr, ) Ry*,

where a =(4/9'�)
' ~, x —=x (z) =r, /21,

r, =r, (z) = [—,Ira* n (z)]

Ic:—ic(z) is the local dielectric constant, and m—:m(z) is
the local effective mass. The unit of energy in Eq. (8) is
the effective Rydberg, Ry*=(e /SIreoica*), whic»s ap-
proximately 5 meV for GaAs.

One of the problems in applying the local-density-
functional formalism to the calculation of the electronic
structure of space-charge layers at semiconductor inter-
faces is that one is working within the effective-mass for-
malism and hence the corresponding homogeneous
electron-gas calculation to obtain V„, must somehow re-
Aect the dielectric discontinuity at the interface. This is
essential' '" for the Si-Si02 system where the static

drelectnc constants for SI and SIO2 are 11.5 and 3.9,
respectively, giving rise to a substantial image interaction
effect. In typical GaAs-Gal „Al„As heterostructures the
change in dielectric constant is of order 10% or less and
consequently the image interaction is much smaller than
the direct Coulomb interaction. Thus it is a good approx-
imation to neglect the image effect in calculating V„, for
the CTaAs-Ga~ ~A1„As system.

The formal issue of calculating a correct V„, (even
wltlllll tllc local-dcllslty-fuIlctlollR1 Rppl'oxllllatloll) 111 tllc
presence of a dielectric discontinuity, as encountered in
the GaAs-Ga& „Al„As heterojunction, remains open.
Neglecting the tailing of the electronic wave function into
the Ga~ Al As layer, one can write the electron-electron
interaction between two electrons on the GaAs side as

2e
u( r, ,zI, r2,z2) =

42reoicl[(rl —r2) +(zl —z2) ]'~

(zl+z2) =(zl —z2) +4zlz2
2 2=(zl —z2) +4z (12)

and identified this z as the same z defining the local den-

sity n(z)=no in the calculation of V„,. Thus V„, be-
comes V„,[n (z);z], the explicit z dependence arising from
tllc IIIlagc llltclactloll. Ollcc Eq. (12) ls pu't lllto Eq. (11),
the resulting interaction can be used to obtain p„, for
given values of z and n(z)=no. This p,„, is taken to be
the relevant V„, for the problem.

This particular way of handling the dielectric discon-
tinuity works very well' ' for the Si-Si02 space-charge
laycl systclll, wllclc tllc potclltlRl barrier Rt tllc 1ntcrfacc ls

so large that electrons are confined in the Si with almost
no effective wave-function tailing into the Si02 layer. It
is, however, not obvious that this technique can be suc-
cessfully used in a heterostructure with a dielectric
discontinuity where wave-function tailing into the insulat-
ing layer is not negligible. The practical problem is that
the form of the electron-electron interaction
U ( r l,zl,.r2, z2) now depends specifically on where the elec-
trons are found {i.e., the formula for U depends on wheth-
er both electrons have z ~ 0 or z ~ 0 or whether they are
on opposite sides of the interface). For the GaAs-
Ga& „Al As system these image effects can safely be ig-
nored because the dielectric constants differ so little. In
an actual microscopic calculation (i.e., without the
effective-mass approximation), this problem would not
arise because the microscopic Coulomb interaction is well

X
[(~r ~r )2+ ( + )2]1/2

where ( r „z, ) and ( r 2,z2) with r =—(x,y) are the positions
of the two electrons and Icl and Ic2 are to be identified with
the dielectric constants Ic, and Icl, of GaAs and

GRI „Al As, respectively. Equation (11) defines an in-

teraction that is clearly not translationally invariant, by
virtue of the second term (the image term). To circum-
vent this problem Ando wrote
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defined and translationally invariant everywhere. Howev-

er, a microscopic calculation for this system may be
prohibitively difficult for computational reasons.

Having a graded interface (i.e., going from ~& to ~z in a
smooth fashion) helps one in defining a local dielectric
constant ~=a.(z) and effective mass m=m(z), so that
Eqs. (8)—(10) can be evaluated at each z without any
discontinuity. However, the formal problem (when ~& and

Kp are very different) of the image effect and the conse-
quent lack of translational invariance in the electron-
electron interaction still remains and should be investigat-
ed theoretically. The rapid variation of the effective mass
in going from the ~& side of the interface to the x.z side
also raises fundamental questions about the validity of the
density-functional scheme as applied within the effective-
mass approximation. This variation in the effective mass
is handled simply by using the local effective mass in Eqs.
(8)—(10). The validity of this approach in defining V„, is
unclear, but the graded-interface approximation may lead
to errors even in the Hartree approximation and these are
likely to overshadow the effects of grading on the
exchange-correlation potential.

The finite-temperature generalization of the local-
density-functional approximation to the electronic struc-
ture of space-charge layers has been investigated in detail
by Das Sarma and Vinter' in the context of silicon inver-
sion layers. Their basic conclusions should be valid for
the GaAs heterostructure systems as well. Das Sarma and
Vinter found that one can neglect the explicit temperature
dependence of V„„keeping only the implicit temperature
dependence which arises because n(z) depends on tem-
perature through the occupations of the self-consistent en-

ergy levels of the system. Unlike Si inversion layers
where different subband ladders have different masses and
one must do a "valley-polarized" local-density-functional
calculation (when subbands in both ladders are occupied
by electrons), GaAs is a single-valley isotropic system
where the simple unpolarized local-density-functional ap-
proximation outlined above is applicable. If one wants to
investigate the possibility of a ferromagnetic (or any other
spin-related) instability in the GaAs heterostructure, one
can readily generalize the formalism given here by using a
suitable spin-polarized exchange-correlation potential. '

In this work we use the local-density-functional approx-
imation as described above in calculating the electronic
subband structure of the GaAs-Gai „Al As heterojunc-
tion system. We use the local dielectric constant a=—a(z)
and the local effective mass m—:m(z) in obtaining V„,
given by Eqs. (8)—(10). We neglect image effects in V„„
which should be a good approximation for the GaAs-
Ga& Al„As system because z& -zz.

Finally, it should be emphasized that even though the
local-density-functional approximation has had great
empirical success in the calculation of electronic structure
not only for space-charge layers in semiconductors but
also for a wide class of systems including bulk solids, sur-
faces, atoms, and molecules, the condition for its validity
is seldom obeyed in physical systems of interest. In par-
ticular, the validity of the local-density-functional approx-
imation requires that the electronic density variation be
small over distances of the order of a Fermi wavelength.

In a GaAs-Gai „Al„As heterojunction with an electron
density of 10' cm, the Fermi wavelength is about 25
nm, whereas the typical wave-function width is about 10
nm for the lowest subband. Thus the electron density
does not vary slowly on the scale of the Fermi wave-
length, invalidating the condition for the local-density-
functional approximation. It will therefore be interesting
to explore the corrections to the exchange-correlation ef-
fects calculated in this paper by going beyond this approx-
imation. We plan to calculate such corrections by using
the nonlocal-density-functional scheme recently devel-
oped by I.angreth and Mehl, which gives improved results
for the electronic structure in both atoms and solids '

when compared with the local-density-functional approxi-
mation.

IV. RESULTS

We first give results for a graded GaAs-Gai „Al„As
heterojunction at absolute zero for several values of the
net acceptor doping level 1Vq, in the GaAs. The hetero-
junction parameters we used are

x =0.3, Vh,
——0.3 eV,

m„mb ——0.07, 0.088m o,

c~&b =13 0~ 12 1

z„a,=0.4, 0. 1 nm,

where the last line corresponds to a 0.5-nm interface grad-
ing. Calculated energy levels for N~, =0.01, 0.1, 0.3, 1.0,
3.0, and 10&10 ' cm, corresponding to Nd ——0.146,
0.46, 0.80, 1.47, 2.56, and 4.69)&10" depletion charges
per cm, respectively, are shown in Fig. 2. A representa-
tive conduction-band profile and the wave function for
the lowest suband are shown in Fig. 1 for channel electron
density X, =5&(10"cm and X~, ——3&10' cm . The
dashed curve in Fig. 1(b) gives the corresponding wave
function calculated without the exchange-correlation po-
tential energy V„, in the effective potential energy of Eq.
(1). These results show that the energy levels and energy-
level differences are quite sensitive to the acceptor doping
density in the GaAs even at densities in the 10' cm
range.

Exchange-correlation effects in the energy levels can be
seen from the differences between the solid and dashed
curves in Fig. 2, calculated with and without these effects,
respectively, for a net GaAs acceptor doping density

Nq, =0.3 X 10' cm . The effects are also clearly seen in
Fig. 3, which shows the value of N, at which the second
subband is just occupied versus the square root of the den-

sity of depletion charges Nd, calculated with and without
the exchange-correlation potential. Inclusion of exchange
and correlation increases the carrier concentration at
which the Fermi level crosses into the second subband by
about 2&10" cm at all values of Xd, both for AlAs
fractions x=0.3 and 0.4 (the larger value of x is needed
for large values of Nd to keep the electrons in the first ex-
cited subband from leaking into the barrier to such an ex-
tent that the energy-level calculation is significantly af-
fected). Occupation of the second subband opens a new
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FIG. 5. Average electron distance from the interface, z,„, as
a function of channel electron density X, for 0, 77, and 300 K
for the same acceptor doping as in Fig. 4.

differences is smaller than the effect on the individual lev-

els, an example of a general result that small changes in
boundary conditions tend to shift levels together (note
that here, in contrast to the case of silicon inversion
layers, there is only one ladder of levels because there is
no valley degeneracy at the bottom of the GaAs conduc-
tion band).

The dependence of the energy levels on the thickness
z, +a, of the interface transition layer is also given in
Table I. The effects are small and again are even smaller
for energy-level differences than for the individual ener-
gies.

Figure 8 shows the dependence of the energy levels on
the fraction x of AlAs in the barrier. We take the barrier
height in eV to be equal to x, and take the effective mass
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300 K

300 K

O, K,77K
0.0

4 6 8 10

CHANNEL ELECTRON DENSITY ( 10 cm )

FIG. 6. Fractional occupation f; =Ã~/N, of the three lowest
subbands vs X,. Parameters are the same as for Fig. 5.

image and exchange-correlation effects, is the one used for
the next-to-last row of Table I.

The contribution of the image potential to the energy
levels was tested by repeating the calculation with the
dielectric constant of the Ga~ „Al„As taken to be equal
to the dielectric constant of the GaAs. The change is so
small that it would not be easily visible on a plot of the
energies themselves. Therefore, we give in Table I the en-

ergy levels calculated with the standard parameters and
also with the dielectric constants set equal to each other.
As noted before, the image potential cannot be properly
included in a calculation for a sharp interface because of
the divergence that arises there. The image potential has
therefore been omitted in most other heterojunction calcu-
lations. Table I shows that this leads to very small errors
in the energies.

We can also test the sensitivity of the energy levels to a
number of other parameters in the calculation. For these
tests, the image potential is omitted. First, we look at the
sensitivity of the results to the effective mass in the
Ga& „Al„As. Table I gives a few representative results
for mb ——0.07mo and for the value 0.088mo used in most
of the calculations. Note that the effect on energy-level
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TABLE I. Some calculated results to show their sensitivity to changes in parameters. The values shown are the first two energy
levels, Eo and E&, and their difference E», all in meV, and the average distance zp (in nm) of electrons in the lowest subband from
the GaAs-Ga& „Al„As interface for electron densities N, of 10" and 5)& 10" cm . The "standard" parameter assumptions, used to
calculate the values in the first row, are T=O K, interface barrier height Vq ——0.3 eV, dielectric constants ~, =13 and aq ——12.1, effec-
tive masses m, =0.07mp and mq ——0.088mp, GaAs net acceptor doping N&, ——3X10' cm (for which there are Nq ——0.8X10"
charges per cm in the depletion layer), and nominal interface transition layer thickness z, +a, =0.5 nm. Exchange and correlation ef-
fects are included except where "no xc" is noted. The last three rows give approximate results, without image and exchange-
correlation effects, calculated using the triangular-well approximation and the self-consistent variational approximation. More signi-
ficant figures are given than are warranted by the precision of the calculation, to allow differences to be seen.

Parameter changes
N, =1)&10" cm

&lO zo

N, =5)&10" cm
&io zp

23.57 42.55 18.98 9.109 45.72 71.87 26.15 6.586

Ky = 1 3 (no image)
xg ——13, mg ——0.07mo

23.37
23.75

42.40
42.77

19.03
19.02

9.071
9.218

45.40
46.49

71.62
72.68

26.22
26.18

6.565
6.696

ag ——13,
~b ——13,
~b ——13,
~b ——13,
Kg=13,
~b ——13,

z, +ar ——0
z, +a, =0.15
z, +a, =0.3
z, +a, =0.5
z, +a, =0.7
z, +a, =0.9

23.34
23.34
23.35
23.37
23.40
23.44

42.37
42.37
42.38
42.40
42.43
42.47

19.03
19.03
19.03
19.03
19.03
19.03

9.062
9.061
9.064
9.071
9.083
9.099

45.33
45.32
45.35
45.40
45.49
45.61

71.56
71.54
71.57
71.62
71.71
71.82

26.22
26.22
26.22
26.22
26.22
26.21

6.557
6.555
6.558
6.564
6.575
6.590

No xc
g&

—13, P'~ ——~, no xc
28.47
32.09

45.66
49.33

17.19
17.25

9.346
10.83

54.56
66.68

77.20
89.42

22.64
22.75

6.806
8.336

Triangular well'
Triangular well
Variational'

35.0
28.1

33.1

61.5
49.5
50.3

26.5
21.4
17.3

9.30
10.36
11.56

76.2
52.3
67.9

134.1
93.1
93.2

57.9
40.7
25.3

6.29
7.60
8.88

'Calculated using Eq. (10b) of Ref. 26 with effective field F, =e(Nd+X, )/eye, .
Calculated as in the previous line, but with F, =e(Nd+0. 5N, )/eoK, .

'Calculated using Eqs. (15)—(17) of Ref. 26.

in the barrier to be ms/mo ——m, /ma+0. 06x. In the cal-
cuations for Fig. 8 we take the interface to be mathemati-
cally sharp and therefore set ~~ ——~, ——13. The results are
shown in Fig. 8 for values of x from 0.2 to 0.4. Results
are also given for infinite barrier height, in which case the
results do not depend on the choice of mb

In some experiments it has proved possible to change
the channel charge density by applying a voltage to an
electrode in the GaAs. ' This backgate bias or substrate
bias, widely used in silicon inversion layers, changes the
electric field in the depletion layer. The effect has been
considered theoretically by Vinter and will not be con-
sidered further here because it depends in part on the dop-
ing in the Ga~ Al„As.

The results presented here give a sample of calculated
results for an ungated GaAs-Ga& „Al„As heterojunction
on p-type GaAs, ignoring the effect of doping in the
Ga& „Al„As on the levels, which was found by Bastard
to be small. A calculation for accumulation layers in n-

type GaAs is in general more difficult, except at low tem-
peratures if the donors in the GaAs can be frozen out. In
that case the fixed charge is determined by the compensat-
ing acceptor ions, leading to a very low value of Nd. Such
calculations have been carried out by Ando' and Bastard
for GaAs-Ga& ~A1„As heterojunctions and by Bastard
for InP-(In, Ga)As heterojunctions. A few results for

small values of Xd have been given in Fig. 3 above.
Self-consistent calculations for quantum wells along the

same lines as those presented here have been carried out,
and results, including a comparison with a tight-binding
calculation by Schulman for a graded interface, are
planned to be prepared for publication.

V. DISCUSSION AND CONCLUSIONS

In this section we comment on some of the features ex-
hibited by the results of this work, discuss some of the
limitations of the calculations, and point out some direc-
tions for future work. Where comparison is possible, our
results agree with those of Ando' who treated the inter-
face somewhat differently and did not include image ef-
fects.

In many cases, calculations motivated primarily by de-
vice considerations have made rather severe approxima-
tions to estimate the energy levels. The most severe is to
use the approximate energy for a triangular potential, in
which the wave function is assumed to vanish at the inter-
face and the field in the GaAs is taken to be a constant
equal to its value at the interface. Alternatively, one can
take the field to be the average of the interface field and
the depletion field. Somewhat less severe is to use approx-
imate results [given in Eqs. (16) and (17) of Ref. 26] that
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still assume the wave function to vanish at the interface,
but treat the band bending in the GaAs variationally.
Table I compares the results of these approximations with
results of the present self-consistent calculations, and also
shows the sensitivity of the calculated results to some of
the parameters. The first row of Table I gives the "best"
calculated results, as presented in Fig. 2, and the fourth
row from the bottom gives numerical results for a case
with no image or exchange-correlation effects and with an
infinite barrier height, the case with which the analytical
approximations should be compared. The simpler results
of the last three lines agree only roughly with the more
accurate results, and give some feeling for the magnitude
of the errors. The variational approximation gives the
best results overall, but the assumption of infinite barrier
height leads to energies that are higher than those for real-
istic barrier heights. A modified variational approach
that allows the trial wave function to enter the barrier has
been described by Ando. '

Although the present results are thought to give a fairly
good description of the energy-level structure of single
heterojunctions, they nevertheless have limitations which
could become relevant in some cases. The use of the
effective-mass approximation to describe the system omits
contributions of higher-lying energy bands and associated
effects near the interface. Some errors are also introduced
by neglect of conduction-band nonparabolicity and the
change in density-of-states effective mass associated with
wave-function matching at the interface. The limitations
of our simple local-density-functional approximation for
effects of electron-electron interactions have already been
discussed in Sec. III. These approximations could intro-
duce errors of order 10% or more in the energies, with
smaller errors expected in the energy differences. In addi-

tion, approximations in the numerical integrations could
also introduce errors, but these should not exceed a per-
cent or so if there have not been any errors in carrying out
the calculations. With our present knowledge of GaAs-
Ga~ „Al„As heterojunctions, these errors may well be
overshadowed by the uncertainty in our knowledge of ma-
terial parameters such as impurity concentrations and in-
terface barrier heights.

Perhaps the main conclusion of this work is that some
of the calculated results —specially the energy-level
differences —are relatively insensitive to the values of
many of the parameters that characterize the interface.
On the other hand, they are sensitive to the net density of
acceptors in the GaAs, which may not be easy to measure
at levels near or below 10' cm . If one can establish
confidence in the calculated results, then it may be possi-
ble to use spectroscopic measurements of level split-
tings ' or transport measurements of the threshold for
occupying the second subband to determine this doping
density, which can affect other properties of experimental
interest such as charge balance between the GaAs and the
Gai „Al„As and mobility of electrons in the channel.
Note, however, that optical-absorption measurements and
some Raman scattering measurements do not give the
energy-level differences directly, but require corrections
whose magnitude must be calculated. '
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