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Theoretical phase diagram for Li-intercalated graphite
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A mean-field model for the phase diagram of Li-intercalated graphite is presented. Recent obser-
vations indicate that different Li graphite compounds occur with the same stage but with different,
nearly commensurate in-plane Li densities. This phenomenon, which is a consequence of the corru-
gation potential of the host graphite lattice, is accounted for approximately in the present model by
a small modification of the effective in-plane alkali-alkali potential. The resulting calculated phase
diagram agrees well with experiment. The stability of the dilute stage-two phase is identified as a
consequence of the high entropy of the compound. The dense stage-two compound has low entropy
and decomposes at much lower temperature. A comparison of the present model with previous
models is given, and the extension to other alkali-metal compounds is considered.

Recent work has shown that as thermodynamic condi-
tions (temperature, pressure, chemical potential) are
varied, different graphite intercalation compounds can
occur with the same stage but with distinct in-plane
structures. As a consequence, staging transformations,
which involve a change in the intercalant ordering normal
to the host graphite planes, are frequently accompanied by
modifications of the in-plane structure of the intercalant
layers. This was originally shown for the compound
KC24, which undergoes a transformation under pressure
from a stage-two compound with a dilute, disordered in-

plane structure to a stage-three compound with dense
commensurate 2)&2 K layers. Since then a variety of
transformations under pressure involving a simultaneous
change of stage and in-plane density have been report-
ed. In every case, it is found that the in-plane density
never varies continuously, but is observed to change by
discrete jumps. In some cases these in-plane structures
are ordered, in others disordered, but usually the in-plane
concentration is observed to be near a commensurate
value. Recently such a transformation involving a change
of both stage and in-plane density has been seen as a func-
tion of temperature at ambient pressure in Li-intercalated
graphite. ' This work provides the first reasonably com-
plete experimental picture of the concentration-
temperature phase diagram of a graphite intercalation
compound; this phase diagram is reproduced as Fig. 1.
(Measurements of a similar sort have appeared recently
for K-intercalated graphite. ) As expected from earlier
theory, this phase diagram displays a complete se-
quence of integral stages at low temperature, as well as a
universal transformation at high temperature to stage one
for any concentration. While many theories have been ad-
vanced by now to explain such observations, ' ' none of
them have predicted a phase diagram with the behavior
displayed by Fig. 1. Particularly lacking is an explanation
for the two distinct forms of stage two, dense (2' in the
figure) and dilute (2) (Ref. 14). In this paper we present a
very simple modification of existing theories that incorpo-
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FIG. 1. The experimentally determined concentration-
temperature phase diagram for Li-intercalated graphite (Ref. 4).
2 denotes a dilute stage two, 2' a dense stage 2.

rates the physical effects of the host corrugation potential,
which tends to favor commensurate intercalant concentra-
tions. This modified theory predicts a phase diagram
which is in reasonable quantitative agreement with Fig. 1

and provides a simple physical explanation for the general
form of the stage-two region of the phase diagram. The
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E[o;]=QU[o; ]+ 2 gV; Jo;oi, (la)

U[a] = —Upo, (lb)

with attractive in-plane interactions ( Up & 0) and repulsive
out-of-plane interactions (VJ &0). In this equation the
sums run over the intercalant layers i and j, and the in-
plane density is constrained to lie between 0 (no inter-
calants) and 1 (the saturation value). The results of a
Thomas-Fermi screening study' indicate that the out-of-
plane interaction VJ should have a long-ranged, power-
law form

1
Vip =Vo, (z =4.

The phase diagram in Safran's model is constructed using
a mean-field free-energy expression:

F=QE[o;] pg—o; —. TS,

model also provides an explanation of the driving force
for the occurrence of simultaneous changes of stage and
in-plane density.

Safran has proposed the model which is the basis of
most subsequent theoretical work on the phase diagram of
graphite intercalation compounds, including the theory
presented here. It is a mean-field description in terms of
o.;, the average concentration of intercalant in layer i He.

showed that stable staging resulted if the energy were as-
sumed to have the form

remains invariant up to a trivial constant. This implies
that the upper boundary of the phase diagram (below the
stage-one region) is symmetric about x =0.5 in the Safran
model.

The real system clearly does not possess this symmetry.
Theoretical studies which followed Safran focused on re-
moving this artificial symmetry by the inclusion of vari-
ous additional terms in the free energy. These include C-
plane —C-plane elastic interactions in various forms, ' '"
and in-plane potentials U[o] which depend on the thick-
ness of the carbon-intercalant-carbon sandwich. ' ' Oth-
er theoretical efforts have focused on the removal of
fractional stages from the phase diagram by the use of the
"strong screening" approximation in which Vj.is cut off
at nearest neighbor. (However, fractional stages have re-
cently been observed experimentally at high pressure. ) A
wide range of parameters has been studied, and many
model phase diagrams have been produced. However, for
the most part these were done before the availability of
comprehensive data such as that presented in Fig. 1.
While some of the published phase diagrams bear some
resemblance to Fig. 1, none of them predict the crucial

l5—

IO—

S= —kg[(1 —o.;)ln(1 —o;)+o;ino; ]. (3b)

Here T is temperature, p is the intercalant chemical po-
tential, and k is the Boltzmann constant. The entropy S
is approximated by the entropy of a non-interacting lattice
gas, i.e., k times the logarithm of the number of ways that
o.; gN particles can be distributed over X lattice sites, di-
vided by X. Attempts to go beyond this mean-field
theory and include more realistic fluctuation and interac-
tion effects have only just begun however, a previous
comparison of mean-field theory with experiment in the
(p, T) plane for Li graphite indicates that Eq. (3b) actually
gives a reasonably accurate value for the entropy of the
intercalated system.

The concentration-temperature (x T) phase diagra-m
predicted by the model of Eqs. (1)—(3) has many of the
general features of the experimental phase diagram, Fig.
1. The model gives a complete sequence of integral stages
(as well as fractional stages' ) at zero temperature, and
with simple entropic arguments it accounts for the obser-
vation that all stages transform to disordered stage one at
high temperature. It also correctly predicts that among
the higher stage compounds (n & 1), stage two is the most
stable and undergoes the transformation to stage one at
the highest temperature, although the predicted difference
between the stage-two and stage-three transformation
temperatures is smaller than in the experiment. The
Safran model also possesses an artificial symmetry be-
tween o. and 1 —cr, if all cr; are replaced by 1 —o.; and p is
replaced by p+2Up —g.Vpj, then the free energy
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FIG. 2. The effective in-plane alkali potential plotted against
a /ap = 1/V o. a is the average in-plane alkali-alkali separation,
ap is the alkali lattice constant in the ~3 X~3 phase, and o is
the normalized in-plane density. The solid line in the lower
panel is Ufo] in the original model proposed by Safran (Refs. 6
and 7) and the dashed line is the modified U[cr] used here
[Eq.(4)]. The difference between them, b U (shown in the upper
panel), is quite small. The important feature of b, U is the pro-
nounced dip near the 2)& 2 lattice separation (arrow).
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feature of the occurrence of two distinct stage-two com-
pounds with different in-plane densities. It would seem
that the additional terms which have been added previous-
ly to the Safran free energy do not contain the physics of
this aspect of the stage-two region of the Li graphite
phase diagram.

We believe that these two different stage-two Li
graphite compounds with different in-plane densities
occur because of the strong corrugation energy felt by Li
ions in the graphite host. ' ' By "the corrugation ener-
gy" we mean the difference in energy between a Li atom
sitting above the center of a carbon hexagon (the preferred
position) and over a C—C bond. Our calculations indicate
that this energy is in the neighborhood of 1 eV for Li, but
only =0.1 eV for the heavy alkali-metal compounds. '

As discussed in Ref. 19, corrugations in the Li compound
are much stronger because of the smaller lattice constant
in Li graphite as compared with the heavier alkali-metal
compounds. Commensurate states, for which all of the
intercalant atoms are able to sit at hexagon centers, are
favored (at least locally) by a large corrugation energy.
For stage-two Li graphite, it is clear that this causes the
commensurate v 3&(V3 concentration to be favored, re-
sulting in the dense 2' phase. We suggest that this strong
corrugation energy also causes there to be a second
favored concentration in the vicinity of the commensurate
2&2 layer concentration, leading to the dilute 2 phase.
Although the layers in the 2 compound are observed to be

l

disordered, the average separation between the -Li atoms is
in the right neighborhood to permit a local 2&2 commen-
surability between the intercalant and the host.

It is clear that a correct treatment of this idea within
statistical mechanics would need to go beyond the mean-
field model described above, perhaps to a lattice-gas, ' re-
normalization group, or Landau-Ginzburg-Wilson' ap-
proach. Still, there is an approximate way to incorporate
the effect of different preferred commensurate concentra-
tions into the Safran model: we propose modifying the ef-
fective in-plane potential U[cr], which in its original form
[Eq. (lb)] favors only the saturated in-plane density cr = 1,
so that an intermediate in-plane density O.o is also favored.
Our modified U[o] is shown in Fig. 2, which illustrates
the original Safran form of U[a] (plotted as a function of
the interparticle separation a, normalized to the v 3 &(v 3
separation ao) and the modified form (dotted line) which
we use to obtain the theoretical phase diagram discussed
below. The differences between them appear to be quite
small; however, these small modifications result in physi-
cally important modifications of the phase diagram. As
the difference curve b, U shows, the primary modification
which we have introduced is a small drop near the 2&&2
commensurate concentration, which causes the new U[cr]
to have a small concave-up region in this concentration
range.

The actual functional form which we have used to gen-
erate the curve of Fig. 2 is

2 1
U[o ]= —Uoo;+Eo

(o.—o 0+ 3P)' (~ Oo+3~)/8(0.—cro+ 3P)e
2P
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FIG. 3. The concentration-temperature phase diagram as
determined theoretically by the present model. Note the overall
agreement with Fig. l, especially with respect to the general
behavior of the 2 and 2' phases.

Here O(x) is the step function: O(x)=1, x~0; O(x)=0,
x &0. We retain in the first term the original o form of
the Safran model. The second term is chosen to provide a
depression, in b, U at a chosen concentration (oo) with a
chosen width (a) and depth (Eo) with some freedom in
the shape of the depression (P). No significance should be
attached to the arbitrary functional form used for AU in
Eq. (4). It is purely phenomenological, and no attempt has
been made to derive it from more fundamental energy cal-
culations. Still, with the choice of parameters o.=0.11,
P=0.11, Vo ——0.02 eV, Eo ——0.02 eV, Uo ——0.125 eV, and
o.o——0.8 we obtain a temperature-concentration phase dia-
gram (Fig. 3) which is in reasonable quantitative agree-
ment with experiment, Fig. 1. This diagram is computed
by a numerical, search for the absolute minimum of the
free energy I' [Eq. (3a)] in the space of o. s with the re-
striction 0&o; '"&1. This minimization is performed
separately for each of a finely spaced set of values of
chemical potential p and temperature T. Since we have
searched only for stage-one and -two phases, the searching
space is two dimensional. The results are plotted in the
plane T, x=(1/n)g, .o.; '", where n is the stage. (Note
that our numerical approach is distinct from that of most
previous authors, who proceed by solving the non-linear
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equations BI'/Bcr; =0 by iteration. ) Except for the modifi-
cation to U[o] in Eq. (4), we have used the original free-
energy expression of Safran, without any of the terms
which have been added by other workers (strong screen-

ing, elastic interaction, sandwich-thickness dependent
U[o]). Still, like the experiment our model displays the
skewing of the upper phase boundary to low values of x
and the especially high stability of stage two relative to
the other stages. The overall temperature scale in our
model is also in reasonable agreement with experiment.

The point of particular interest is that we correctly
predict the presence and general behavior of the two dis-
tinct stage-two phases. Their overall structure actually
has a simple explanation within the present model. The
high in-plane entropy of the dilute, disordered 2 phase
causes it to remain stable up to very high temperature, up
to and beyond the 750-K decomposition point. Converse-
ly, the 2' phase, being fully ordered, has low entropy; it
therefore decomposes at rather low temperature
(=400—500 K in both theory and experiment) into a mix-
ture of high-entropy phases 2 and disordered stage 1.
Another important feature of the phase diagram is that
although the low-entropy phase 2 is (and must be) stable
down to T=O K, the high-entropy 2' phase has a lowest
point of stability (denoted P in Figs. 1 and 3) at Tp =250
K (Ref. 23). Below this temperature, the 2 phase is ob-
served to decompose into a mixture of low-entropy
phases 2' and dense stage 3. The point I' has been studied
in detail for Li graphite in an earlier publication, where it
was shown that the linear increase of rI with applied
pressure provides the most direct check to date of the va-
lidity of the mean-field entropy approximation of Eq. (3).
In the present work, we find that were it not for the finite
entropy of the 2 phase, Tp would be required to be equal
to 0 K. Even for a finite-entropy phase it is possible to
drive Tp to zero by a modification of the parameters in
U[cr] (an increase of Eo or a decrease of o.'or P); this ap-
parently happens in the K, Rb, and Cs compounds, in
which the dilute stage-two phases are stable down to at
least 90 K, and possibly down to absolute zero. Another
difference between the heavy alkali-metal compounds and
the Li compound is that in the former a 2' phase does not
seem to occur at all at zero pressure, although it has been
seen at elevated pressure.

Of course, the model we have described here does not
correctly describe all of the features of the Li graphite
phase diagram. The small region denoted 1' in Fig. 3 cor-
responds to a phase consisting of alternating dense
(o; =0.75) and dilute (cr; =1.00) layers. This is not seen
experimentally, and it is likely to be simply an artifact of

our model, which does not include any mismatch penal-
ties (which must surely exist in nature) for neighboring
layers of different periodicities. A more general criticism
which has been raised is that while the model we use as-
sumes thermodynamic equilibrium, the experimental ob-
servations may be of kinetically limited, metastable states
because of the very long atomic relaxation times in the
graphite intercalation compounds. ' In the experiments
shown in Fig. 1 (Refs. 4 and 5) considerable care was tak-
en to equilibrate the samples. However, the possibility
that the experiments are kinetically limited still exists in
the Li graphite system and seems a certainty in measure-
ments on other graphite intercalation compounds. ' A
greater theoretical effort directed at the non-equilibrium
aspects of these phenomena would seem to be in order.

To conclude, we have constructed a modified mean-
field model for phase transformations in graphite inter-
calation compounds. This model accounts for the obser-
vation that staging transformations are frequently accom-
panied by changes of in-plane density. We have been
guided by the observation that the corrugation potential
of the graphite host causes certain discrete in-plane densi-
ties (those which are commensurate) to occur. We have
constructed a phenomenological model in which these
discrete densities are favored. Our model thus differs
from previous theories constructed to explain changes of
in-plane density under pressure, ' ' which assume that a
continuous range of in-plane densities is permitted. Our
model provides a realistic description of the experimental
(x, T) phase diagram for Li graphite. In particular, it
correctly predicts the presence of two distinct stage-two
compounds: a dilute, disordered, high-entropy phase
which is stable up to very high temperature but not down
to absolute zero, and a dense, ordered, low-entropy phase
which is stable at T=O but which decomposes into high-
entropy phases at relatively low temperature. Other con-
tributions to the mean-field model which have been sug-
gested by previous workers (strong screening, elastic ef-
fects) are undoubtedly important in a comprehensive
description of the intercalate phase diagram, but they ap-
parently are not relevant for a correct description of the 2
and 2' phases in Li graphite.
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A stage-n compound contains n graphite layers for every inter-
calant layer.
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