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Band structure, Feriiii surface, superconductivity, and resistivity of actinium under high pressure
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The electronic band structures of fcc actinium (Ac) have been calculated for a wide range of pres-
sures by reducing the unit-cell volume from 1.0VO to 0.5 Vo with use of the relativistic augmented-
plane-wave method. The density of states and Fermi-surface cross sections corresponding to various
volumes are obtained. Calculations for the band-structure-related quantities such as electron-
phonon mass enhancement factor A., superconducting transition temperature T„and resistivity p
corresponding to different volumes are performed. It is seen that T, increases with pressure, i.e.,
with decreasing volume. A new empirical relation for the volume dependence of T, is proposed and
its validity is checked using the T, values obtained from the above band-structure results. The resis-
tivity p first increases with increasing pressure (i.e., with decreasing volume) and then decreases for
higher pressures {i.e., for smaller volumes).

I. INTRODUCTION

The actinide metals and their compounds exhibit a wide
variety of not well understood, but interesting and unusual
phenomena. They have become a subject of great theoret-
ical interest. ' Until recently little was known about the
band structure of the actinide metals with which to inter-
pret their observed electric, magnetic, and optical proper-
ties. Ac, the first element in the actinides, has no Sf elec-
trons. Here we report the first band-structure calculations
of fcc Ac for a wide range of volume from V =1.0 Vo to
V =0.5 Vo, Vo being the volume of the unit cell at normal
pressure, thus simulating the high-pressure condition.
Earlier, Gupta and I.oucks used the band-structure re-
sults of fcc thorium (Th) and invoked the rigid band ap-
proximation to obtain the band-structure results of fcc Ac
at normal pressure. We have reported the first full-
fledged band-structure calculation of fcc Ac at normal
pressure using the relativistic augmented plane-wave
(RAPW) method with proper crystal potential, which in-
cludes both exchange and correlation via Overhauser's
equation. Nonrelativistic energy band calculations by
Kmetto and Hill and relativistic calculations by Freeman
and Koelling' ' have given good evidence that the 5f
electrons are behaving quite differently in the actinides
than the 4f electrons in the lanthanides. The continued
efforts by Freeman and Koelling' have given a clear indi-
cation of metallic 5f-electron behavior for the actinides at
normal pressure. Later Johansson et al. "discussed some
aspects of the electronic structure of the actinide metals,
both at ambient condition and under pressure. None of
the above calculations give any details regarding the band
structure, Fermi surface, density of states, and other
band-structure related quantities, such as electronic
specific heat y, superconducting transition temperature
T„and resistivity p of Ac under high pressure. So the
present calculation is aimed at a detailed investigation of

the band structure, Fermi surface, density of states, and
the related physical quantities of Ac under high pressure.

Ac is a heavy element with Z =89 and its free-atom
configuration is 6d'7s . The lattice constant of Ac at
normal pressure is 5.331 A. ' In Sec. II, we briefly out-
line our calculational method. Section III contains the re-
sults and discussions on band structure, density of states,
and Fermi surface. Section IV deals with the calculations
of A, and T, . In Sec. V, we give the volume dependence of
T, and a simple new empirical relation. Section VI deals
with the calculation of resistivity. Finally, in Sec. VII, we
give the conclusion.

II. CONSTRUCTION OF CRYSTAL POTENTIAL
AND THE METHOD

The crystal muffin-tin potential was constructed using
the charge density obtained from the relativistic self-
consistent calculations of Liberman' for the free-atom
configuration 6d'7s . Detailed description of the con-
struction of the muffin-tin potential including exchange
and correlation can be found elsewhere. ' ' The follow-
ing expression of Overhauser for exchange and correla-
tion of the potential is used in computing the muffin-tin
potential in atomic units:

VoH(r) = —2.07[p(r) ]

Using the lattice constant at normal pressure, the lattice
constants at different volumes V=0.9VO to 0.5VO were
calculated. For Ac, the lattice constants are not available
corresponding to various definite high pressures and also
there is no definite relation between pressure and volume
in the high pressure region. ' Hence we have done calcu-
lations corresponding to various reduced volumes of the
unit cell. Since Ac is a heavy element, the RAP%'
method was used to compute the band structure. The de-
tails of the RAP%' method are we11 known' and they are
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not repeated here.
The energy bands were calculated using a basis set of 36

reciprocal lattice vectors. The calculations were carried
out on a discrete mesh within the first Brillouin zone.
The entire zone was partitioned into 2048 cubical volume
elements and E(k ) is computed for the k point located at
the center of each volume element. But because of the
symmetry considerations, this involves calculations only
for 89 points lying within the irreducible « th wedge of
the Brillouin zone.

/

III. RESULTS AND DISCUSSIONS
OF THE PRESENT %ORK

A. Band structure

The band structures of Ac for the above-mentioned
volumes are obtained. But only four band structures cor-
responding to V/Vo ——1.0, 0.8, 0.7, and O.S are presented
in Figs. 1(a) to 1(d). The band structure is given only

along the symmetry directions 1 —X—8' —I.—I —K.
At normal pressure the band structure is similar to the
band structure of Th. ' ' The unoccupied Sf states never
presented a problem in the present case. For Th, Sf states
got mixed up with the d band and as a result Gupta and
Loucks artificially removed their Sf states from the cal-
culations. But in a later calculation for Th by Koelling
and Freeman, ' they could handle the Sf states by using
the Kohn-Sham Gaspari exchange approximation (a= —', ).
Here in the present calculation we have used Overhauser*s
prescription for the exchange and correlation and the
unoccupied Sf states never interfered with the regular s
and d bands. As the volume decreases, the entire band
structure is slowly shifted up. (Some of the bands are in-
completely drawn due to nonconvergence in the high ener-

gy range for some of the k points. Since these points are
well above the Fermi level, convergence is not tried by in-
creasing the number of RAPW's. ) This trend is similar to
the high-pressure band structures of lanthanum (La)
(Refs. 20—22) and praseodymium (Pr) (Ref. 23).
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FICx. 1. (a) Band structure of Ac at normal volume Vo. (b) Band structure of Ac at V/Vo ——0.8. (c) Band structure of Ac at
V/Vo ——0.7. (d) Band structure of Ac at V/Vo ——0.5.
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The band structure at V/Vo ——0.5 is entirely different
from the band structures at V/Vo ——1.0 to 0.6. At the
zone center I, only the I 6+, the s derived state lies below
Fermi level E~. At high energies, the eigenvalues are I'8+,
I 7+, I s+. The I s+ state arises from the atomic d state
while I 7+ is due to the f state and they are well above EF.
The 5f states are seen to hybridize with the 6d and the 7s
like bands. The overall band structure is that of a transi-
tion metal but with f bands which overlap and hybridize
to give a more complex structure. It is seen that the d
and f order remains the same for V/Vc ——1.0 to 0.5, but
its appearance changes very much at V/Vo ——0.5. The d
and f states are not intertwined at the zone center as ob-
served for La (4f =0) by Pickett et al. 2c and
Dakshinamoorthy and Iyakutti. It is to be noted that
the lowest state at X lies lower than the state' I 6+ at I
from V/Vo ——0.7 (Fig. 2). The behavior of the eigen-
values at I and X under reduction of unit-cell volume is
shown in Fig; 3. The occupied d-band region increases
under pressure while the occupied s-band region de-
creases. It is due to the s-d transition under pressure. ' It
is important to note that along the I"—K direction the
first band never rises above the Fermi level under pressure
as observed in La. Further, the dip in the second
band below the Fermi level along the X direction rises
above the Fermi level at V/Vo ——0.8 but reappears at
V/Vo ——0.5. The dip near the K point below Fermi level

disappears as the pressure increases. It is due to the
strong hybridization of band structure and the electronic
system is strongly coupled to the lattice. The conduction
bandwidth at I at different unit-cell volumes is listed in
Table I. The change in the conduction bandwidth at I'
may be again due to the strong hybridization of band
structure with increase of pressure.
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FIG. 3. Behavior of eigenvalues at I and X under reduction
of unit-cell volume.

C. Fermi surface cross sections

B. Density of states

The density of states, N (E}, for all the above-
mentioned cases has been calculated but the histograms
are given only for V/Vo ——1.0, 0.8, 0.7, and 0.5 [Figs. 4(a}
to 4(d)]. The Fermi energies, EF, corresponding to vari-
ous pressures are computed and the density of states at
EF, N(EF) are obtained. It is found that EF increases
with decrease of volume. From the histogram, it is seen
that the Fermi levels lie near the peak arising from d-like
states in band 2 for V/Vo ——1.0 to 0.6 [Figs. 4(a) to 4(c)].
But this trend is changed for V/Vo ——0.5 [Fig. 4(d)]. It is
also seen that the huge peaks arising out of f bands are
well beyond EF. The dominant effect of increase of pres-
sure on N(E) is the broadening of bands and it results in
the decrease of N(E) in most of the energy regions. The
values of EF and N(EF) are used in the calculations of y,
)(., T„and p corresponding to different V/Vo values. The
y values at different pressures are listed in Table I. There
are no experimental values available for comparison. Cor-
responding to normal pressure we get the density of states
as 11.01 states/atomRy whereas from the rigid band
model of Gupta and Loucks, this value is 22.6
states/atom Ry.
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FIG. 2. The 6, A, and X branches are shown superposed at
four volumes: (a) normal volume Vo, (b) V/Vo ——0.8, (c)
V/Vo ——0.7, and (d) V/Vo ——0.5.

We choose to illustrate the Fermi surface of fcc Ac in
terms of its cross sections in the three principal planes
(100), (110), and (111). The Fermi surface cross sections
in these planes for four volumes V/Vo ——1.0, 0.8, 0.7, and
O.S are given in Figs. S—7. At normal pressure, the Fermi
surface of Ac is similar to La and Pr. ' The entire
Fermi surface arises out of band 2. In the figures, the oc-
cupied regions are shaded.

In the (100) plane, the area of the electron pocket ob-
tained from the part of the I —X and X—8' directions,
increases with pressure. The electron pocket along the
I IC direction disapp—ears after normal pressure but reap-
pears close to the zone center I for V/VO=0. 5. This ex-
tends to the I —X direction thus enclosing the I point
[Fig. 5(d)]. However, the electron pocket at the IC point at
normal pressure disappears as the unit-cell volume is de-
creased.

In the (110) plane, the size of the electron pockets aris-
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ing out of the parts along the I —X, X —U, and X—U
directions increases as the volume decreases from
V/Vo ——1.0 to 0.8. But afterwards, as the volume de-
creases further, a neck is developed in the electron pocket
creating a hole pocket near the U point [Figs. 6(a)—6(d)].
The area of the hole pocket near the U point increases as
the volume decreases. The tiny hole pocket along the
I —K direction at normal pressure disappears for
V/Vo ——0.8. But at V/Vo ——0.5, the tiny hole pocket is
formed again close to zone center I, enclosing the I

point. The electron pocket along the L —X direction for
V/Vo ——0.7 gets detached from the L —EC line and be-
comes isolated at V/Vo ——0.5 [Figs. 6(c)—6(d)]. It is seen
that the Fermi surface in (110) plane is complicated espe-
cially for volumes V/Vo ——0.7 and 0.5.

In the (111) plane, the area of the electron pocket de-
creases as the volume decreases from V/Vo= 1.0 to 0.6
[Figs. 7(a)—7(c)]. It is also to be noted that the lengths of
the electron region along the U —8' and 8' —K direc-
tions decrease as volume decreases and they vanish at
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V/Vp ——0.7. The Fermi surface at the (111) plane corre-
sponding to V/Vp ——0.5 is entirely different in which the
electron pocket is formed enclosing the L point [Fig. 7(d)]
replacing the hole pocket due to earlier pressures.

(0) (b)

IV. THE ELECTRON-PHONON
MASS-ENHANCEMENT FACTOR
AND THE SUPERCONDUCTING
TRANSITION TEMPERATURE

In this section we present the calculations of A, and T,
of fcc Ac. The theory of Gaspari and Gyorffy (GG), in
conjunction with McMillan's formula, is used to calcu-
late T', . According to GG theory

(c)

where M is the atomic mass, (co )' is an appropriate
average phonon frequency, and (I ) is the square of the
electron-phonon matrix element averaged over the Ez.
N(EF)(I ) =g is the electronic stiffness constant. For
muffin-tin potentials, g (in atomic units) is written as

EF 2(l+1) . z„, , »»n (51+1 5I)~i!ii+1 ~

N (EF) ! ill !ii+1

where 51 is the phase shift of the muffin-tin potential; ni
~ . (1)

is the single scatterer lth component of the band-structure
density of states. According to GG

FIG. 5. Fermi surface cross section of Ac in (100) plane.
Shaded region indicates electron pocket. (a) Normal volume Vp,
(b) V/Vp ——0.8, (c) V/Vp ——0.7, and (d) V/Vp=0. 5.

&& [Ll +Ll —1(1+1)+X]

(4)

where 51 (EF ) is the energy derivative of 51, X=QEFR p,
'

Rp is the APW sphere radius; Rl is the radial wave func-
tion at r =R p and E =EF. It is defined as

Rl(r, E)=jl(r, ~E )cos51(E) ql(r, v E )sin51(E), —
where jl is the spherical Bessel function and gi is the
spherical Neumann function. Ll in Eq. (4) is defined as

x X U

TABLE I. The conduction bandwidth at I and electronic
specific heat coefficients y of Ac at different volumes.

V/Vp

1.0
0.9
0.8
0.7
0.6
0.5

Conduction
bandwidth

at I
(Ry)

0.3295
0.3240
0.3146
0.2931
0.2392
0.1404

y
(10 cal/mol deg )

19.132
18.929
18.783
14.864
9.909
7.961

X U X U

FIG. 6. Fermi surface cross section of Ac in (110) plane.
Shaded region indicates electron pocket. (a) Normal volume Vp,

(b) V/Vp ——0.8, (c) V/Vp ——0.7, and(d) V/Vp ——0.5.
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The T, values are calculated for various volumes men-
tioned above using the relations (7) and (8). They are
given in Table II. It is seen that To increases with pres-
sure.

V. VOLUME DEPENDENCE OF T, :
A SIMPLE NE%' EMPIRICAL RELATION

We have arrived at a new empirical relation for volume
dependence of T, Fr.om the T, values obtained for vari-
ous cell volumes as mentioned earlier we wanted to find
out whether there exists an empirical relation relating T,
and V. Here we are guided by our earlier work on the
pressure dependence of T„which was motivated by
Wohlfarth's suggestion. We found that the following
empirical relation holds good between T, and V:

T, ( V) =T, ( Vo)(1 —V, /V) (10)

I.( ——Ro lnR((r, Ep) (6)

Following Papaconstantopoulos et al.,2g we assume

(co )=—20D, where 0~ is the Debye temperature ex-

pressed in energy units. The T, is given by McMillan as

a —1.04(1+A, )

1.45 A, —p'(1+0.62K, )
(7)

FIG. 7. Fermi surface cross section of Ac in (111) plane.
Shaded region indicates electron pocket. (a) Normal volume Vo,

(b) V/Vo ——0.8, (c) V/Vo ——0.7, and (d) V/Vo ——0.5.

where T, ( V) is the superconducting transition tempera-
ture corresponding to the volume V and T, (VO) corre-
sponds to the normal pressure volume Vo. The above rela-
tion proves its validity by giving a constant V, value
which we call the critical volume. These results are
presented in Table III. The critical volume for Ac comes
out to be 333.97 a.u. which corresponds to V/Vo ——0.33.
That means when. V/Vo ——0.33 there is singularity in T, .
Here we have to accept that the result arrived at from the
empirical relation looks as if it is based on an extrapola-
tion of trends at much larger volumes. Since there are no
experimental results available at present, we cannot say
anything more regarding this point.

It is interesting to compare this empirical relation [Eq.
(10)] with the empirical relation for the pressure depen-
dence of T, For the p.ressure dependence we got

where p' is the electron-electron interaction parameter.
One can also calculate T, using the relation

~iog —1.04(1+A, )

1.2 )I.—p*(1+0.62K, )
(8)

p"=[0.26N(EF)/2]/[1+N(EF)/2] .

where co~,g can be approximated as ro&,g
——0.8eg and

cog = —,
' 8D. Following Asokamani and Iyakutti ' we have

used the Bennemann and Garland formula for p*,

T (P)=T,(PO)(1+PIP, )'~,

where T, (P) and T, (PO) are the superconducting transi-
tion temperatures corresponding to P (in kbar) and nor-
mal pressure I'o, respectively. These two expressions
show that the relation between I' and V in a solid under
pressure is not simple and it is evident from the different
exponents occurring in the two relations.

TABLE I1I. The superconducting transition temperature T,
corresponding to various volumes V and calculation of V, for
Ac.

1.0
0.9
0.8
0.7
0.6
0.5

1.08724
1.365 64
1.708 98
2.078 10
2.39429
2.639 84

T, (K)
using Eq. (7)

7.15
9.52

11.90
14.31
16.32
17.48

T, (K)
using Eq. (8)

4.89
6.51
8.14
9.78

11.16
11.95

TABLE II. The electron-phonon mass enhancement factor
and superconducting transition temperature T, of Ac at dif-

ferent volumes.

V

(a.u. )

817.816
715.589
613.362
511.135

T,{V) (K)

from Eq. (7)

11.90
14.31
16.32
17.48

T,(0)=7.15 K from Eq. (7)
T,(0)=4.89 K from Eq. (8)
Mean

&,(V) (K)

from Eq. (8)

8.14
9.78

11.16
11.95

V,
(a.u.}

from Eq. (10)

326.55
358.02
344.65
306.65
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V/Vp

1.0
0.9
0.8
0.7
0.6
0.5

P
(10 Q (cm)

227.68
232.10
233.00
222.35
196.07
153.94

TABLE IV. The resistivity p of Ac at different volumes. bridization which suppresses the scattering of the s elec-
trons. Here, also, in our case the behavior of p in Ac as
a function of reduced volume may be due to the s-d tran-
sition and s-f dehybridization between the unoccupied
itinerant Sf bands and the 6d-7s bands. (It is observed

that there is a large drop in resistivity in the volume range
U/U0=0. 6 to 0.5. This may be attributed to a phase tran-
sitionasinthecaseof Pr. ' )

VII CONCLUSIONS

VI. RESISTIVITY CALCULATIONS

The band-structure results are used to calculate the iso-
thermal resistivity of Ac. Ziman's formula for resistivity
involves the structure factor which describes the dynamics
of the ions. " These structure factors are not available to
Ac and so we have used the Huang formula for resistivi-
ty

+2(l + 1)sin [5((Ep ) —&&+ i(Ez)1 (12)

E
l90-

where Ez is the Fermi energy, 5I is the phase shift of the
muffin-tin potential, n is the number of valence electrons
per unit volume, and 0 is the volume of the unit cell. The
values of p corresponding to various V/Vo are listed in
Table IV. It is found that the resistivity increases with
pressure initially (low-high pressure region) and then falls
on a further increase of pressure (high-high pressure re-
gion) (Fig. 8). The resistivity of the actinide metals and
metallic compounds behave anomalously compared with
those of the rare-earth and transition metals. In the
present case, the variation of p with pressure is similar to
the variation of resistivity with temperature in Pu and
PuA12. It has been shown that the electrical resistivity
in some actinide metals, after having a maximum, de-
creases with increasing temperature due to the s fdehy--

From the band structure and density of states histo-
grams, one can see that the f levels are well above the Fer-
mi level. The picture which has emerged for the band
structure of this lighter actinide is that of a typical high-
Z transition metal with itinerant 5f states superposed and
strongly hybridized with the 6d 7s bands. The width of
the unoccupied (itinerant) f level increases with increase
of pressure. But at EF the effects of the 5f bands are
small. Corresponding to V/Vo ——0.5, there is a drastic
change in band structure, DOS, and Fermi surface. In the
band structure, the bandwidth at 1" attains its minimum
value, whereas at X it is maximum and the lowest eigen-
value is at X and not at I . In the DOS, the values come
down very much because of the wide band spread. The
Fermi surface at V/Vo ——0.5 looks entirely different from
the normal pressure Fermi surface. These drastic changes
indicate that there may be a structural change in the re-
gion V/Vo ——0.6 to 0.5. (This prediction is based on the
large drop in the resistivity in this volume range, which is
supposed to be a signature for any phase transition. ' )

The two sets of T, values calculated by different rela-
tions differ much in their value. In the present case the
values of T, calculated using McMillan's formula seem to
be overestimated and the other set of values calculated us-

ing the Allan and Dynes relation looks reasonable.
Anyhow, without any experimental values it is very diffi-
cult to judge. But from both the calculations one can see
that the T, value is tending towards a saturation value as
the volume is decreased. (The increase in T, is 2 K by
McMillan's formula and 1.38 K by Allen and Dynes for-
mula for a volume decrease from V/VO=0. 7 to 0.6, and
for a volume decrease from V/Vo ——0.6 to 0.5 it is only
1.16 K and 0.79 K, respectively. ) Regarding the resistivity
calculation, ours is the first calculation to use the Huang
formula for resistivity along with the band-structure re-
sults. Even though we do not have any experimental
value to compare the magnitude of p, it looks as though
the formula has brought out the pressure dependence
(volume dependence) of resistivity.
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