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By means of a canonical transformation the problem of the electronic structure in a Bethe lattice
with N states per site, which normally requires a complicated numerical solution of a quadratic
transfer-matrix equation, is reduced to the solution of an (N X N) eigenvalue-eigenfunction equation.
The simplification achieved is considerable and great insight is obtained on the nature of the elec-
tronic spectrum by analytical means. The case N =2 is solved in its general form and the nature of
the spectrum, mainly the existence of a gap and the number and location of the singularities in the

density of states, is studied analytically.

I. INTRODUCTION

Bethe lattices, also known as Cayley trees, are useful
mathematical devices which find ready applications in
condensed-matter physics.! They are defined as an infi-
nite set of points, each connected to z neighbors, such that
no closed loops exist, and such that any two points in the
lattice are joined by one and only one connectivity path.
The z =2 lattice is a simple one-dimensional string; z >3
corresponds to systems not susceptible to real three-
dimensional realization, and which share some features of
one-dimensional structures (single connectivity) and some
features of infinite-dimensional bodies (the number of lat-
tice points within a distance of R steps from the origin is
(z—=2)"z(z —1)R—2], of which z(z—1)R ! are at the
“surface” of that hypersphere).

Bethe lattices have been successfully used in the study
of ordered and disordered systems: semiconductors,’ al-
loys,* and dilute magnets* in particular. They are instru-
mental in the study of many properties: electronic,>? vi-
brational,’ magnetic,“’6 surface-related,® localization,’ etc.
A Bethe lattice makes a simple “effective” medium of in-
finite extent, one which reproduces throughout the im-
mediate local arrangement of an atom—the coordination
number—and which is susceptible to exact and fairly sim-
ple mathematical treatment.

In this contribution we find some exact results which
apply to the study of systems with N electronic states per
atom in a Bethe lattice. We find a transformation which
allows us to convert an N-band problem into a single-
band Hamiltonian, thus simplifying all calculations by a
great amount. The formulation of the problem and the
main result are included in Sec. II. The particular case of
N =2 and its exhaustive analysis are the subject of Sec.
II1.

II. THE CANONICAL TRANSFORMATION
If we define a creation-operator row N vector by
yl=cl,cl,....ch), 2.1

where Q}; creates a Wannier state | J,i ), the Jth electron-
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ic state (J =1,2,...,N) at the site i in the Bethe lattice,
and a corresponding column N vector for the destruction
operator ;, then the Hamiltonian under consideration
can be written

H=3 B¢+ 3 4iVy; .
i (ij)
In (2.2) both E and ¥V are (N X N) matrices and the sum-
mation {ij) is over nearest-neighbor pairs. The matrix E
gives the energy values and the intra-atomic overlapping
energies of the N states. We choose the zero of the energy
scale such that E is traceless, Tr E=0. The (N X N) ma-
trix ¥ gives the nearest-neighbor interatomic overlapping
energies,® and allows any of the N Wannier states in a site
to overlap with any of the corresponding states in the
neighboring sites. Without loss of generality we assume
that V is nonsingular, det ¥£0 (all nonoverlapping states
can be removed from the problem at the onset), and we
choose our energy units such that Tr¥V =1.
The Green’s-function matrix of the system Gj;(w) is de-
fined by Dyson’s equation

% (@I —Eik)ij(w)=15ij >

(2.2)

(2.3)

where I is the (N X NN) unit matrix. The density of elec-
tronic states p(w) can be obtained from the usual equation

p(a))=—7r—IImTerj(a)) . (2.4)
Our main result can be stated as follows: The Green’s-
function matrix can be written as

Qij(co)=L’_IQ(w)L;j(w)Q’1(w) , (2.5)

where each [;j(w) is a diagonal (N X N) matrix whose ele-
ments are the simple Green’s function g;(Q) of the one-
state Hamiltonian

=3 1)1, (2.6)
(ij)
given by

> (8 —hi )gij(Q)=3;; , 2.7
k
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evaluated at the values Q=Ag(w), K =1,2, ..., N, which
are the roots of the characteristic equation

det(E +AV —wl)=0. (2.8)

In other words, the (J,K) matrix element of T ij(cu) is
given by '

[Lij(0) ]k =8k 8ij( Ak (@) . (2.9)

The matrix D(w), of the same (N X N) dimension, diago-
nalizes the matrix

L(ow)=(wl —E)V—! (2.10)

to the eigenvalue form given by Ax. Once D(w) and the
set {Ag} are found, application of (2.5) and (2.4) solves
the problem. Proof of these results are given in the Ap-
pendix. ,

Several points should be remarked about the method.

(a) The problem of an N-state Bethe-lattice Hamiltoni-
an is separated into a canonical one-state Bethe lattice
problem

2(z —1)
(z —2)Q+[Q%—4(z —1)]'7% "~

and the solution of an N XN diagonalization problem as a
function of the energy w, i.e., the eigenvectors and eigen-
-values of L(w).

(b) Since in general D and ¥V ~! do not commute, the
product :

D~ Yw)V'D(w)

is a function of w. Because this product appears in the
trace, (2.4) and (2.5), the density of states, p(®), is not a
linear combination of the one-state densities of states of
the simple Hamiltonian (2.6).

(c) The variable A is the energy of the one-state prob-
lem; o is the energy variable of the N-state problem.

I

(2.11)

8i( Q)=

1 0
D Yw)L(w)D(@)= [0 (0+1)@?+20)~ /2
0 (0*+2w)~ 172

analytic expressions for the three branches of the density
of states (2.4) can be obtained.

(d) The problem has been considerably simplified with
respect to the standard procedure. In particular, there is
no need to calculate the complicated (N X N) transfer ma-
trix T (see the Appendix). Also, there are no complica-
tions in the choice of phases and roots; once the proper
behavior is established for g;(A), Eq. (2.11), the phases
and properties of Gj;(w) are also fixed.

(e) Our canonical transformation resembles somewhat
that found by Thorpe and Weaire® for'® the specific four-
state Hamiltonian of the tetrahedrally bonded semicon-
ductors. But, while their w(A) quadratic function only
applies to the s-p hybridized states in the diamond struc-
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Equation (2.8) gives the relationship between them. As
seen in (2.11), there are allowed one-state energy levels for
|A| <, where p=2(z —1)1/2,

Equation (2.8) is a polynomial of order N in @ so, for
each real value of A, there are N real solutions for w. In
other words, if (2.8) is interpreted as an implicit equation
for w()), that function has N real branches in the region
of interest, and therefore N allowed energy bands for the
Hamiltonian (2.2). As an example, for z =5, N =3 with

20 0 100
E=00 0|, ¥=001],
00 —2 010

the Hamiltonian (2.6) has a spectrum bound by
—4<A<4,

the solution of (2.8) yieids three branches
01=2+4A,
wy3=—1+(14AH)12

which yields for the spectrum of (2.2) three bands:
—2<w;<6,
0<w,<3.123,
—5.123<w3< 2.

By replacing
Q=0-2,
Q)= +(0*+2w)7?
Q3= —(0?+20)1"?

into (2.11) and using the fact that

0
~(w2+2w)"’/2 ,
—(@+ 1) +20)" 12

ture, our transformation is general, applies to any number
N of states, but can only be applied to Bethe lattices
where the lack of closed rings allows the introduction of a
transfer matrix for the Green’s function.

(f) The spectral limits can be very easily determined by
finding the values of o, called w;, that satisfy either the
equation

det(ExpuV—w;l)=0, (2.12)
or the equation

do

do _ ) 1

=0 [Ml<p (2.13)



III. ANALYSIS OF THE TWO-BAND CASE

For N =2 the matrices E and T of (2.2) take the gen-
eral form

€ V
E= Vv, —el (3.1)
s(14+0) ¥V,
V= . (3.2)
- V2 T(I—t)

It is more convenient to use, instead of the four parame-
ters €, t, V1, and V), the following three invariants:

dy=detV =+(1—-12) -V}, (3.3)
dp=—detE=€*+V?, (3.4)
r=Tr(EV)=2VV,+et , (3.5)
and the combinations
8=dpu~?>0, ¢=—dy++>0, p=ru~'. (3.6)
The equation for w(A) given by (2.8) yields
(FA—0)=(e+ A2+ (V +AV,)?, 3.7)
which in terms of
x=A"), y=ou!, (3.8)
and the definitions (3.3)—(3.6) above reduces to
(5x —yP=8+4px +¢x?. (3.9)

Equation (3.9) is that of an hyperbola. The positive-defi-
nite character of the right-hand side of (3.7) guarantees
positive definiteness of the right-hand side of (3.9)—a
positive-definite quadratic form—and therefore

p2 <445 . , (3.10)
The asymptotes of the hyperbola (3.9) are

s =(3 ¢V x +3pp=172 (3.11)

which guarantee (a) two monotonically increasing

branches of y(x) for ¢ <+, and (b) a gap in the y spec-
trum centered about yg = —p/4¢ for values of ¢ > +.

It should be noted that in the region of physical interest
| x | <1, there may be (and generally is) a gap in the y
spectrum for values of ¢ <+, but there is never a single-
domain spectrum for ¢ > .

The properties of the hyperbola can now be used to
study the » spectrum. For ¢ <+ the monotonically in-
creasing properties of both branches. yield the following
results. The lower branch has the spectral limits y; (+1),

yo_=—75—(8+¢—p)",
(3.12)
yL+=75—8+d+p)"2.

Similarly the upper branch limits y;(+1) are
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Yo_=—3+8+¢—p)'?,
(3.13)
yor=7+08+¢+p)".
The two branches overlap if
YL+>Ju- >
which reduces to
1>(8+¢+p) 2+ (8+0—p) /2. (3.14)

The exact solution of (3.14) gives (i) a single-domain spec-
trum for all allowed values (3.10) of p if (§+¢) < +; (i) a
single-domain  spectrum  for +<(8+¢)<+ and

' (d+86—+) <p?<448; (iii) a two-domain spectrum with a

gap for + <(8+¢)<+ and p’<(¢+8—=); (iv) a two-
domain spectrum with a gap for any p and for
(84+¢)> .

Finally the singularities in the density of states are, ex-
cept for accidental degeneracies, at a minimum of four en-
ergies and a maximum of six. The four frequencies
o(tp), ie., y(+1), given by (3.12) and (3.13), are always
singular points in the density of states. In addition, one or
two extra singularities appear between y; ., and yy_
whenever

(46 —1)(p+p)+p*—8>0, ¢>+ .

These spectral singularities are caused by the extrema in
the w(A) curves which fall in the interval |A| <pu.

In summary, the complicated problem of a two-band
Hamiltonian in a Bethe lattice, including the classical
problem of two bands in a linear chain, can be solved in a
completely analytic and simple fashion. Extensions to
larger N would involve more parameters, more invariants,
and the solution of an eigenvalue-eigenfunction equation
of higher degree.” But, as can be clearly seen in the N =2
case discussed in this section, the simplification achieved
from the standard techniques is considerable, and the in-
sight gained into the problem is a clear advantage.

(3.15)
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APPENDIX: PROOF OF RESULTS
OF SEC. I1

If we define

G;i=VG; , (A1)

- replace this definition in Dyson’s Eq. (2.3) for the Hamil-
“tonian (2.2), and make use!! of (2.10), we obtain

L(@)Gy;—3 AuGiy=18; , (A2)
3



6934

where

1 if {ik ) are nearest neighbors (A3)

ik = .
0, otherwise .

The introduction of an N XN transfer matrix T, defined
by12

> A Gij=2IG;; fori=j
3

=[z—DIT+T~'1G; foriwj, (A4)
yields ’
[L(0)—2zT1Gy=1 , (A5)
[L(o)—(z—1T—T~'1G;=0, i#j. (A6)
Since (A6) is valid for any i+j, it follows that
Lw)=z—-1)T+T"", (A7)

i.e.,, L is a simplé function of T and therefore L and T
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commute. Similarly (A5) establishes that

Gi=[L(w)—2zT]"", (A8)

that is, G;; is also a simple function of T and therefore
G; commutes with both L and T. It then follows that
L(w), T(w), and G;j(w) can all be diagonalized simul-
taneously. Let D(w) be the matrix that diagonalizes all
three and let A(w) be the diagonal form of L (w):

Mo)=DYw)L(w)D(w) , (A9)
gij =Q"(co)§,-j(w)l_)(w) . (A10)

If Eq. (A2) is now multiplied by D ~! on the left and by D
on the right, one obtains

Mo)gij— 3, Agri=18;; , (A11)
k

which corresponds to N-decoupled equations, each one
identical to the one-state Green’s-function equation (2.7)
for Q=MAg(w). This proves the required result.
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111t should be remembered that, although ¥ and G;; are N XN
matrices, ¥ is that part of the Hamiltonian which connects
nearest neighbors and is independent of the particular site i.
Formula (A1) defines G,-j, regardless of the relative position of
i and j, as the matrix product of the (i,j)-independent ¥ and
the Green’s-function matrix Gj;.

12A transfer matrix, in the sense used here, “transfers” informa-
tion (the amplitude and phase of the Green’s function) be-
tween neighboring sites and in a single sense. It can be de-
fined only for systems in which any two sites can be connect-
ed by only one path, i.e., a Bethe lattice. For an arbitrarily
chosen origin in the lattice each site can be labelled by the
number of steps necessary to reach it from the origin, and the
transfer matrix I is then defined by G(441)p=IGnp. This
standard definition is identical to our definition (A4), where
i =j is the origin. '



