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Hartree-Fock equations for the impure spin- 2 Ising-Heisenberg chain are derived by using the

Green-function technique in the pseudofermion representation. The self-consistency equations for
the ideal spin- 2 anisotropic Heisenberg antiferromagnet can be recovered as a specific case of the

general formalism developed in the present work. In the case of the nonideal XXZ chain, a numeri-
cal solution of the self-consistency equations is used to describe the Friedel-type boundary on

impurity-induced oscillations of the local magnetization considered previously in the spin- zXY
model.

I. INTRODUCTION

As a result of the work of Rodriguez' and Bulaevskii,
the Hartree-Fock approximation (HFA) in the pseudofer-
mion representation has become a widely used tool in the
investigation of the ideal spin- —, antiferromagnetic
chains described by the Hamiltonian

H p ——J& g (SJ SJ + & +Si SJ + i ) —Jz g SJSJ + &

J J

+h QS1',

where J„and J, denote the exchange coupling constants
and h is the normalized magnetic field.

In particular it was found that the Hartree-Fock calcu-
lations of the internal energy U, specific heat Ct, and the
low-field longitudinal susceptibility X, as functions of the
anisotropy parameter b, =J, /

I
J

~

agree to O(h) with
exact results. " Even for the isotropic Heisenberg anti-
ferromagnet (b, = —1) Hartree-Fock approximations for
U and Cv, as well as f'or the energy dispersion law of the
lowest-lying excitations, ' introduce only 4—8 % er-
ror. ' The error for X, in this case is about 30% at
zero temperature but it declines to 11% at temperature
T-0.5

i J„ i
/kg corresponding to the maximum of the

X,(T) curve. ' '
In the case of the alternating chains ' where exact

results are not available at the present time, a similar de-
gree of accuracy of the Hartree-Fock approximation was
observed by comparison with the results of the numerical
calculations. ' '

It is then of interest to consider a generalization of that
technique in the case of the impure Ising-Heisenberg
chain where the analytical results are not available outside
the linear spin-wave theory. The latter is known to be an
extremely poor approximation for the spin- —, quasi-one-
dimensional magnets. '

Starting from the analogy between the spin- —,
' linear an-

tiferromagnet and the quasi-one-dimensional metal estab-
lished by the Jordan-Wigner transformation, it has been
suggested previously that the presence of the impurity

II. DERIVATION OF THE SELF-CONSISTENCY
EQUATIONS FOR THE NONIDEAL CHAIN

Consider the Hamiltonian H =Ho+ V, where the
operator V describes the perturbation of the spin- —,

' im-
purity located at site j =I:

(StSt"+m +St'S't+m )

g StSt+m+h(~g/g)Sr',
m =+1

(2)

(or boundary ) at sufficiently low temperatures, results in
the Friedel-type oscillations of the local magnetization.

The exact (zero-temperature) solution of this problem
exists only for the spin- —,

' XY model of the linear antifer-
romagnet with the unchanged g factor at the impurity
site. ' In the more general case (kg&0), it is still possi-
ble to obtain the analytical results for the oscillations of
the local magnetization at large distances from the impur-
ity. The solution obtained in Refs. 25 and 26 for J, =0
has been used to describe some general features of the os-
cillations, including the band effects and the disappear-
ance of the perturbation of local magnetization in the ab-
sence of the external magnetic field. However, with the
notable exception of CszCoC14, the majority of exper-
imentally available linear antiferromagnets are described
by the Ising-Heisenberg rather than by XY model con-
sidered in Refs. 24—26.

' The inclusion of the Ising term in the model Hamiltoni-
an results in the effective short-range interaction between
the pseudofermions and in the different structure of the
perturbation potential in the Jordan-Wigner representa-
tion. This means that both the shape and amplitude of
the boundary or impurity-induced oscillations of the local
magnetization are affected by the Ising term, unlike the
Friedel oscillations in metal, where, at least in the
random-phase approximation, the inclusion of the
Coulombic interaction changes the amplitude but not the
phase of the oscillations. '
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where hJ and hJ, describe the change of the coupling
constants in the immediate vicinity of the impurity, and
bg/g gives the relative change of the spectroscopic spht-

ting factor at the impurity site.
A pseudofermion representation of the Hamiltonian (1)

and (2) is

Ho ——(h+J, ) g nj—
N —1 X—1

C+Ci+ g CJCi+& +H.c. —J, nin~+ g n~nJ+i
j=1 j=1

+(y/2)[J„(C&C&+H. c.)+J,(2n in~ n~ n——i )], (3a)

hJ AJ,
m(CI CI+ +H c )++I(~it +~J )+ (nI+1+nI —1) ~J nI(+I+1+nI —1)

m= —1, 1
2

(3b)

where X is the number of spins in the chain,
lN =h hg/g, nj ——CJ CJ, and the creation and annihila-
tion operators of the pseudofermions are introduced by
the Jordan-Wigner transformation

j
p~ (E)

(n, )= ' dE,—~ 1+exp(13E)

where

j—1

CJ =SJ exp —/vT g Sy~S~
m=1

j—1

CJ =Sq+exp in Q S~S
m=1

(4a)

(4b)

pj (E)= — ImGJJ—(E) .1

m'

and P= 1/k&T denotes the inverse temperature in energy
units. The Fourier transform of the double-time Green
function is defined as G,J(E)= ((C;;CJ ))E, where for ar-
bitrary operators A (t) and B(t) in the Heisenberg repre-
sentation we define (fi= 1):

wher e Sj:Sj +1Sj
In this work two types of boundary conditions are con-

sidered: free-ends chain corresponding to y=1 and c-
cyclic problem ( C~+ i

——C, ), corresponding to y =0.
The local magnetization

(S, )=(,) ——,
'

can be expressed through the local density of states p.(E):

((2;B)) E—— i I—6(t)exp(iEt)

X([A(r),B(0)]+)dt .

Considering the equation of motion

EG(q(E) =5;j—(([H,C; ];Ci ))E

gives

EG»(E) =5»+[h +J,(1—y/2)]G»(E) —J, ((C, [~~(1—y)+n2];C,. ))E

J„
[(1 'Y )Gxg (E)+G2j(E)—]

EG~j (E)=5~j + [A +Jg( 1 y/2)]G~'(E) Jg (( C~[& ] ( 1 1 ) +~~ —1] C' ))E

Jx
[(1 y)Gii(E)+G—~ i J(E)] .

(10)

For 1 (j (N, but
i g I

i )1—
EGJ(E)=5'+(h+J, )GiJ(E) J, ((C (n;+&+—n; |);CJ ))E— [6; ii(E)+G;+, i(E)],

while

EGIJ(E)=5IJ+(h +bh ~J,+bJ, )GI/(E) (J,+bJ, )((CI(nl—+i+nl i);Ci ))E

—[(J„+~J„)/2][G, „(E)+G,+, ,(E)],
and for m =+1

EGI+~ 1(E)=51+,1+(h +J +bJ /2)GI+~ J
—J~((CI+~(ni+~+i+nl+ i);CJ ))E

bJ, ((CJ+ nl,'CJ ))E—— [GI+ +& J(E)+GI+ i i(E)]— GIJ(E) .

(12)

(13)

(14)
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Equations (10)—(14) can be decoupled using the Hartree-Fock approximation

—=(,&G;,.(E}+(C;C &G J(E),
which leads to the matrix equation

IHHF EI]G= jL, (16)

(18)

( VHF)tt =dh +dJ, (1—(nt+1). —(nt —1)}

in which 1 denotes the N)&N unit matrix, and the temperature-dependent components of the Hamiltonian matrix
H "=H o "+V "are given by the following expressions:

(Hp )k=[h+J (1 (n;+, ) —(n;, )]5» —(J„/2+J, (CC+1))5;+1k

—(J„/2+J, (C;C; 1))5; 1», 1(i (N (17)

(H p"")1»=[h +J,(1—y/2) —J,(1—y)(nN ) —J, (n2 &]51» (J„/—2+J, (C)C2) )5~»

—(1—y)[(J /2)+ J, (C)CN )]5N»,

(H p }Nk [h +J,(1—y/2) —J,(1—y)( n) ) —J, (nN 1 &15N» —(J /2+ J, (CNCN 1 ) )5N

y }[(J /2}+J ( CNC1 ) ]51k (19)

( VHF) dJ ( (n )) (VHF)

( V ")t t+1 (V ")t+——1t ———(dJ„/2+dJ, (CtCt+1)),
( V""}tt ) =(V"")t )t = —(d-Jx/2+der(CtCt 1& } . —

(21)

(22)

(23)

All other matrix elements of VH" are equal to zero.
The formal solution of Eq. (16} can be expressed in

terms of the eigenvectors p(m) and eigenvalues Em of the
matrix HH". Assuming that the eigenvectors are ortho-
normalized

l

present the system of self-consistency equations for the
nonideal spin- —, Ising-Heisenberg chain.

For the ideal chain with C-cyclic boundary conditions
(y=0) and VH"=0, one finds

y(m)(y(m) )e
GJ»(E)= g

m=1 + (24)

(H }tg Ep5tf+t(5—; J+,+5;J 1),
with

(29)

N

ImGJJ(E) = in+~ pJ~~ —
~

5('E E)—
m=1

into Eqs. (6) and (7) gives

(25)

(n, )=

Similarly

~y( )~2
J

1+exp(13E )
(26)

Equation (24) has the same form as the expression for the
time-independent Green function of the one-particle sys-
tem. This similarity is however somewhat superficial
since both pz

' and Em depend on the expectations (nJ)
and (CJCJ~+) ), which in turn should be calculated using
the Green function G(E). In other words Eq. (24) gives
yet another fortn of the HFA equation of motion. It can
be brought into the form convenient for the numerical
solution by excluding Green function and singular denom-
inators.

Substitution of

E() ——h +J,(1—2(nj ) } (30)

t = —J„/2 —J, (CJ )CJ ), (31)

where (nJ ) and (CJ )CJ ) do not depend on the site num-
ber j. Then

(t)J
' N'~ e'"1,——Ek Ep+2t cosk——

so that expressions (26) and (27) give

(n )=N 'gfk,
k

(32}

(33)

( CJCJ~+) ) = N' g fkco—sk,
k

(34)

where f» ——[1+exp(pE»)] ' and —m & k &n (lattice con-
stant a = 1).

After defining the average magnetization per unit site
(S') = (nJ ) ——,

' and the parameter

(m)( (m) e
&J+))

, 1+exp(PE )
(27)

2J,
p = 1 — g fkcosk,

k
(35)

Equations (17)—(23) and (26) and (27) together with

HHFy(m) E y(m) (28)

I

the self-consistency equations for the ideal antiferromag-
netic chain can be presented in the form introduced by
Bulaevskii:
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(S') = ——+—g I 1+exp[P(h —2J, (S') —pJ„cosk)] ]
1 (36)

2J, cosk
p =1-

XJ„k 1+exp[P(h —2J, (S')—pJ„cosk)]
(37)

Derivation of the self-consistency equations for the
ideal isotropic chain using the Green-function method
was given by Oguchi and Tsuchida. Schneider et al. in-

vestigated the equations equivalent to (36) and (37) in the
anisotropic case.

Thus in the absence of perturbation the method present-
ed here is equivalent to the previous results for the uni-
form Ising-Heisenberg chain.

III. RESULTS AND DISCUSSION

The self-consistency equations derived above can be
solved numerically using the iterative procedure. The re-
sults of the numerical solution are shown in Fig. 1 for the
isotropic Heisenberg antiferromagnet J =J,= —J & 0,
hJ„=bJ, = —6J. As in the case of the XY problem
perturbation of local magnetization has an oscillatory spa-
tial dependence with the amplitude decaying with distance
from the impurity. Oscillations of local magnetization
are accompanied by oscillations of the transition probabil-
ity amplitude (CJ CJ+~ ) depicted in Fig. 1(b). In addition,

0.10

0.05—

0.00 '-

—0.05
&S',&

—0.10 "

—0.15 "-

—0.20—

z )
h ( I +kg /g )

4[T+(J+hJ)/2] '

h

4(r J/2

(38)

(39)

In the example AJ =J, kg=0, these expressions describe
the results of the numerical solution with a precision
better than 3% for T & 5J.

In the opposite case T«J, if h is also small, an itera-
tive solution of the Hartree-Fock equations for the
nonideal antiferrornagnetic chain may result in unphysical
solutions that correspond to long-range antiferromagnetic
ordering at nonzero temperature. This is presumably the
consequence of the mean-field nature of the Hartree-Pock
approximation (15) used to decouple the equations of
motion for the Green functions. Low-temperature parasi-
tic solutions can be easily separated using their depen-
dence on the starting point of the iteration procedure and
wrong values of the bulk magnetization and transition
amplitude at large distances from the impurity.

in the case of the free-ends boundary conditions (y=1),
oscillations of the local magnetization and transition am-

plitude appear near the ends of the chain.
As is illustrated by comparison of Figs. 1(a) and 2, both

the shape and amplitude of the oscillations depend on the
relative strength of the different components of the per-
turbation potential, i.e., h bg/g and 6J/J. Oscillations
of the local magnetization, as well as Friedel oscillations
of the electron density in metals are damped by the tem-
perature increase [compare Figs. 1(a) and 3]. In the high-
temperature region the numerical solution of the Hartree-
Fock equations follows the Curie-Weiss law
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FIG. 1. Boundary and impurity-induced oscillations of (a)
the local magnetization and (b) the transition amplitude in the
isotropic Hamiltonian antiferromagnet. N= 151, I=76,
Jx =Jz = J (0, T=0.3J/kg, h =0.5J, kg=0, AJ =AJ
= —J, and @=I.
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FICx. 2. Impurity-induced oscillations of local magnetization
for N= 101, I=51, J =J,= —J& 0, T=O 3J/k&, h =0.5J,
Ag/g=2, AJ„=AJ, =2J, and y=0.
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FIG. 3. Interference of the boundary and impurity-induced
oscillations in the isotropic Heisenberg antiferromagnet.
T=0.18J/kq, ' other parameters are same as in Fig. 1.

In the above examples h =0.5J, T)0. 18J. In this case
the oscillation of (SJ') can still be considered without too
strong temperature damping but the problem of parasitic
solutions does not affect the calculations. For the results
presented in Figs. 1—3, (SJ') = (S') and
(CJCJ~+, ) =(p —1)/2, where

i j—I
i

&&1 (and also

j» 1, X —j» 1 if y = 1), and (S') and p are determined
by the numerical solution of the self-consistency equations
(36) and (37) for the ideal chain.

The method described here is not limited to chains with
a single impurity. An example of the interference effect

—0.16

—0.20—

SZz&

—0.24

—0.32—

on the oscillations of the local magnetization is shown in
Fig. 4 for the spin- —, XF chain. In this case the Hamil-
tonian matrix does not depend on the state of the system,
and for a single defect with J,=EJ,=kg=0, Eqs. (26)
and (5) give the same result for the local magnetization as
the exact analytical solution. A second impurity is in-
cluded by the evident modification of the perturbation
matrix V ".

When the impurities are brought close to each other
[see Fig. 4(b)] the interference effects significantly change
the local magnetization of the sites lying to the right side
of the first impurity (Ii ——77). However for j ( I& the lo-
cal magnetization is not very sensitive to the presence of
the second impurity at site I2 ——80. This is due to the rel-
atively strong change of the single-site energy of site I&
which effectively separates the chain into two weakly con-
nected parts as discussed elsewhere. This ability of the
impurity with a large h hg/g to serve as a screen against

—0.10

-o2o +
&S„&

—0.30 '-

—0.40—

—0.36

—0.22
—0.24

—0.26
—0.28
—0.30

ggzp —0.32
F

—0.34

I

20
I

40
I

60 80

SITE NUMBER r

I

100

(a)
I

120

—0.50

—0.10

I

40
I

80
SITE NUMBER

I

120

(a)

160

—0.36
—0.38

-0.40

-OA2 I

20
I

40 60 80

SITE NUMBER

I

100

(b)
I

120

—0.20

&S',& —0.30 ~-

—0.40

—0.50 0
I

40
I

80

SITE NUMBER r

I

120
(b)

160

FIG. 4. Local magnetization in the spin- 2 XY chain

(J,=AJ, =0) with two impurities located in sites Il and I2.
%=151, T=0.025

~
J„~ /kq, h=0.5

~
J„~, and hg/g=2, (a)

Il =50, I2= 100; (b) Il =77, I2 =80. (AJx )]= Jx/2,
(&g/g)1 ——2, (&J„)2——J„,and (&g/g)~ ——
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FIG. 5. Friedel-type oscillations of the local magnetization in
the anisotropic Heisenberg ferromagnet. X= 121, I=66,
J„=J&0,AJ, =hJ =0, bg/g=1, h =0.5J, and T=0.02J/k&.
(a) J,=0.1J; (b) J,=0.25J; (c) J,=O.SJ.
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the other is a specific feature of the XY chain with the
nearest-neighbor interaction and is lost when J,&0.

The effect of the anisotropy of the exchange interaction
has been investigated numerically by changing J, and
considering an impurity with EJ„=b,J,=O, hg&0 to es-
cape the problem of the simultaneous scaling of AJ„and
b,J,. As shown in Fig. 5, the increase of J, for a given J„
results in additional damping of the oscillations which ex-
ist even in the anisotropic ferromagnet if b, & l. A simi-
lar conclusion is achieved by comparison of the oscilla-
tions of the local magnetization in the XY chain and iso-
tropic Heisenberg antiferromagnet.

This result shows the limitation of the analogy between
the Friedel oscillations of electron density in metal and
the oscillations of the local magnetization in quantum-

spin chains. The Ising term in the Hamiltonian (1) results
in the repulsive ( J, &0) or attractive (J, & 0) interaction
between the quasiparticles given by

Hf~t Jz g nj nj +
J

(40)

The author is much indebted to Dr. H. B. Huntington,
Dr. J. W. Bray, and Dr. S. S. Cohen for many illuminat-
ing discussions.

In the electron gas, Coulombic repulsion of the electrons
reduces the amplitude of the Friedel oscillations, '
while the short-range repulsive interaction of the pseudo-
fermions has the opposite effect.
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