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Electrical resistivity of metallic thin films with rough surfaces
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The electrical resistivity of metallic thin films due to the scattering of conduction electrons with

rough surfaces and with a random distribution of static impurities within the film is calculated here

quantum mechanically using Mori s formalism. The detailed profiles of the surfaces enter into our

theory through the single-particle wave functions and energies, which are calculated with the help of
a nonconformal coordinate transformation. A detailed analysis of the roughness contribution to the
resistivity is made in the smail-roughness regime and with the assumption of a Gaussian form for
the surface profile autocorreiation functions. The structures of the Fermi levels are studied, and ef-

fects due to the discreteness of the levels are also investigated. Our surface-roughness resistivity

does not saturate with decreasing film thickness, in agreement with experimental findings.

I. INTRODUCTION

It has long been known that the electrical resistivity of
metals is higher in thin films and wires than in the bulk.
Interpretations of experimental measurements have relied
almost exclusively on the size-effect theory (SET) of
Fuchs' and Sondheimer and many other extensions of
it. According to Fuchs's theory a fraction (1—Po) of
the conduction electrons is scattered diffusively at the sur-
faces of the film and thus gives rise to an extra resistivity.
The factor Po, which is called the specularity factor, can
take on values from zero (for totally diffuse surface
scattering) to one (for totally specular scattering).

An incredible amount of experimental data on the elec-
trical resistivity of metal films has been accumulated
through the works of different authors on a variety of sys-
tems. Our concern here is on continuous films of nor-
mal metals with clean surfaces. Although certain features
of the SET have been verified in certain systems by some
experiments, a uniform interpretation of the available re-
sults has not been possible, and data obtained even on the
same material can show a rather poor consistency. For
example, in Au film, the values for Po as determined by
different authors can vary all the way from zero to one.
This is primarily caused by the fact that the films used by
different authors often differ in their structural properties
as a result of the different conditions under which the
samples were prepared. Quantitative analysis of experi-
mental data from better characterized films shows, how-
ever, distinct deviations from the available theoretical re-
sults. 7

For example, many theories predict a saturation in the
resistivity with decreasing thickness of the film, but this
has never been observed experimentally. For almost all
cases one finds the data to lie distinctly above the theoreti-
cal curves for sufficiently thin samples. For extremely
rough films, in order to fit theoretical curves, even nega-
tive Po values have been deduced from experimental data
(see Sec. IV for a possible explanation).

Although these theories offer a simple and physically
attractive way of understanding the transport properties

of metal films, they suffer a number of shortcomings
from the theoretical viewpoint. (1) All these theories are
based on the use of the Boltzmann equation, where the ex-
cess resistivity arises solely by imposing a certain boun-
dary condition on the classical distribution function

f ( r, p ). The validity of such a method may be question-
able since r and p cannot be specified simultaneously for
an electron. (2) It is not at all clear that one can charac-
terize the properties of a film by just a single parameter
Po. Even when it is possible to do so, Po should depend
on the physical quantities that one measures. For exam-
ple, the value of Po determined from a resistivity mea-
surement is expected to be rather different from that ob-
tained by measuring the optical reflectivity on exactly the
same film. The former measurement is sensitive to
roughness at the surface down to atomic scales, whereas
the latter technique probes only the long-wavelength part
of the surface profile. The SET's cannot predict such fine
details. (3) Even if we can characterize the surface by a
single factor Pp the SET's do not provide means for cal-
culating such a quantity. Thus it is not possible to inves-
tigate the detailed microscopic mechanisms which give
rise to the diffuse scattering of electrons at the surfaces.
(4) These theories also assume an effective mean free path
which is independent of the thickness of the film, and
thus predict no surface contribution to the resistivity if
surface scattering is purely specular, i.e., Po ——1. There
are a few reasons, however, to believe that this is not the
case. (a) For an impurity located close to the surface, a
conduction electron will scatter off both the impurity and
its image. (The presence of a rough surface only makes
the image appear more diffuse. ) (b) The effects due to
electron screening of impurities near the surface should be
somewhat different from those in the bulk. The screening
electron cloud will not be spherical and screening will be
less complete. (c) For very thin films quantization of the
electron levels perpendicular to the film become impor-
tant. As a result the effective Fermi wave vector should
become larger (see Appendix C for a more detailed
analysis).

In this work we shall calculate the resistivity of con-
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tinuous metal films due to the scattering of conduction
electrons with a random distribution of static impurities
within the film and with the rough surfaces. Our results
are based on a fully quantum-mechanical calculation of
the current-current relaxation function using Mori's
projection-operator method. ' The detailed profiles of the
surfaces enter into our theory through the single-particle
wave functions and energies, which are computed with the
help of a nonconformal coordinate transformation. We
find that the effects due to rough surfaces cannot be
mimicked by introducing just an effective single-electron
potential. There are interesting electron momentum-
dependent effects as well. A detailed analysis of the elec-
trical resistivity due to the rough surfaces is made in the
small-roughness regime and with the assumption that a
Gaussian form for the surface-profile autocorrelation
functions. A quantum treatment for this problem is in-
dispensable here since the wavelength of an electron at the
Fermi surface can be comparable to the rms height of the
roughness at the surface of the film. In fact, this resistivi-
ty is found to be proportional to fi. The possibility of
having different profiles on the top and the bottom sur-
faces is taken into account here. The contribution from
the scattering with the roughness should have an impor-
tant angular dependence, and our formalism handles this
feature naturally. For very thin films the structures of the
Fermi levels are studied in detail. Effects due to the
discreteness of the levels and an enlarged effective Fermi
sphere are also investigated. In agreement with experi-
mental findings, our surface resistivity does not saturate
with decreasing film thickness.

The outline for the rest of this paper is as follows. In
Sec. II a coordinate transformation is used to map the
free-electron problem of a film with rough surfaces into
one where the electrons are not free but the new surfaces
are flat. The equation of motion for an electron in the
new coordinate system is derived exactly. Section III
deals with the single-particle wave functions and energies
in the small-roughness regime. A detailed calculation for
the resistivity due to scattering with the rough surfaces
and with a random distribution of impurities within the
film is described in Sec. IV. Section V is used for discus-
sions. In Appendix A we discuss how to incorporate
within our formalism some of the effects due to the
screening of the impurities by the electrons. The neces-
sary Fermion relaxation functions are computed in Ap-
pendix B. Finally, in Appendix C we analyze in detail the
Fermi-level structures of an ideal metal thin film within
the electron-gA model.

II. COORDINATE TRANSFORMATION
FOR ROUGH SURFACES

In order to calculate the electric conductivity of a thin
metallic film using the second quantization formalism, we
need to know the one-particle wave functions P„(r) and
their corresponding energies e„. These quantities obey the
Schrodinger equation

T

+ U(r) g„(r)=e„Q„(r), (2.1a)2'

where U(r) is the one-particle potential. The mathemati-
cal task of solving this equation becomes quite difficult,
even within a jellium model, when the surfaces of the sys-
tem of interest are irregular. This is a very common situ-
ation since all realistic surfaces are rough to a certain ex-
tent. Although the treatment in this section can be readi-

ly adapted to more general situations, we shall confine
ourselves to the case of a jellium model of thin films with
rough surfaces where U is given by

0 for gi(X) &z &gz(X),U(r)=
Uo otherwise.

(2.1b)

Throughout this paper we shall use the notation r—:(X,z)
for vectors, where X denotes a two-dimensional vector in
the x-y plane. The film is assumed to have infinite exten-
sions along the x and y directions. The two surfaces of
the film lie basically perpendicular to the z axis and are
given by z =pi(X) and z=gz(X), respectively.

It is a formidable task to try and solve Eq. (2.1a) direct-
ly, with U( r ) given by Eq. (2.1b), except when g& and g2
take on extremely simple forms. The idea here is to
transform the coordinates in such a way that the film in
the new coordinates will have simple flat surfaces. It is
obvious that such a transformation has to be nonconfor-
mal, since irregularities at the surface must be flattened
out by this process. A transformation which will accom-
plish this is given by"

X'=X,

z —gi(X)z'=— l=
gi(X) —gi(X)

z+Si(X) l,
l+ Si (X)+S2(X)

(2.2)

where the functions S,(X) and S2(X) are defined by

gi(X) = —Si(X),

g2(X) =1+ST(X) .
(2.3)

Although the value for l, which gives the new thickness
of the film, can be rather arbitrary at this point, there is a
natural choice for this value if we want to preserve the
electronic and ionic densities. This will be elaborated later
in Sec. III [see Eq. (3.10)]. What this transformation does
is to stretch and compress the film along the z direction in
such a way that the new surfaces at z'=0 and I are flat
and parallel to each other.

Although the transformed surfaces are now flat, the
motion of a single electron within the transformed film is
no longer free, which is a direct consequence of the non-
conformal nature of our transformation. The departure
from a free motion thus represents the scattering of the
electron from the rough surfaces of the original film. To
describe the motion with the new film we transform Eq.
(2.1) into the new coordinate system using Eqs. (2.2) and
(2.3). The resulting Schrodinger equation becomes
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7 ' +A'+ U(r ') p„(r ') =e„l(„(r'),
2m

where A' is an operator given by

[[(a') +(b') —c'(2 —c')]8,
2Ptl

+2(a'8„, +O'By, )

+(B„a'+By b'+a'B, a'+b'B, b')8, I

(2.4)

(2.5)

position-dependent mass tensor [cf. Eq. (2.9)]. This can
be understood since the effects due to a surface on the
motion of an electron should depend both on how close it
is to the surface, as well as on its speed and direction of
motion.

All these interesting effects can be computed exactly, at
least in principle, once the surface-profile functions g~(X)
and gz(X) are known. These results obviously cannot be
characterized by simply introducing a single constant,
such as the specularity factor of Fuchs' and Sondheimer.
(However, see Sec. IV below regarding the surface resis-
tivity. )

[(I—z')B„s)(X ') —z'B„sp(X ')]
a'=a(X', z') =

[I +S(X ')]

[(I—z')By Si (X ') —z'By Sq(X ')]
b'=b(X ',z') =

[1+S(X')]

c'=c (X ') =S(X ')/[I +S(X ')]=c(X),
S(X')=Si(X')+S~(X') .

The U(r) term now becomes simply

0 for 0&z'&I
U( r ')=

Uo otherwise.

(2.6)

(2.7)

III. ONE-PARTICLE %'AVE FUNCTIONS
IN THE SMALL-ROUGHNESS REGIME

Although the transformed problem is still rather com-
plicated, it is still comparatively easier to handle than the
original problem, since the boundary conditions implicitly
given by Eq. (2.7) are now much simpler, and a variety of
mathematical techniques for handling the additional term
A' are known. This is especially true, for example, in the
so-called small-roughness regime where perturbation
theory can be used to obtain approximate but analytic
solutions. In order to be in this regime we require that the
surfaces be not too jagged so that (i)

As a result of the transformation the shape as well as the
volume of a differential volume element within the film
are changed. The transformation Jacobian is

J—: ' ' =1—c(X) .
B(x,y, z)

(2.g)

For the case of a semi-infinite slab the above equations
simplify to

2

t [(a')'+(b')']&,'+2(a'&„', +b'&y. )I,
2m

a'=B„S)(X'), b'=By S)(X'),
0 for 0&z'

U(r')=
Uo otherwise.

(2.9)

Also, in this case there can be no volume change due to
the transformation, and so c'=c =0 and J= l.

%'e see that the presence of rough surfaces introduces a
somewhat complicated momentum- and space-dependent
term A' in the one-particle Hamiltonian. In Eq. (2.5) the
first term inside the curly brackets represents an
effective-mass term for motions along z and is dependent
on the exact location within the film. The remaining
terms describe interferences due to scattering with the top,
bottom, or both surfaces. Note that A' also depends on
the thickness of the film, l. It should be pointed out that
the presence of rough surfaces is a purely geometrical ef-
fect which, therefore, cannot be represented by any
(momentum-independent) effective potentials.

For the special case of a semi-infinite slab, there is only
a single surface at z=g&(X)= —S&(x,y). The effects of
such a rough surface can be described exactly by a

eiP X
lt' (r ') = z, &, sin(pz'),

(2L I)'i
fi2 (&'+p'),
2m

(3.1)

(3.2)

p = (P s') = (p. p, s"» ~=
I

P
I

(3.3a)

p&y = I& y ~ m& y =0~+1~+2,. . .
L

(3.3b)

pz= mz ~ mz =1~2~3
l

(3.3c)

The wave functions are forced to vanish outside the film,
and periodic boundary conditions are imposed along the x
and y directions with period 2L.

In the small-roughness regime Eq. (2.5) with Eq. (2.6)
simplifies to

The vertical extension of the irregularities must also be
sufficiently small in order that (ii)

I
S& z I

/I «1. Condi-
tion (ii) is usually met except perhaps for ultrathin films
with deep cracks on the surfaces. Hereafter we shall con-
fine ourselves to the small-roughness regime, so we can
solve Eq. (2.4) treating 2' perturbatively.

For simplicity, we shall restrict ourselves further to an
infinite-hard-wall jellium model by taking Uo-+ao. In
the primed coordinate system the unperturbed wave func-
tions and energies are given by
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2

2'
z'

2B„s)— —B„S B,+ Bys) — —ByS By,l " "' y l y

+ B„S,— —B„S+B,S, — —B,.S B,.—2SB,2 Z' 2 2 (3A)

To the leading nontrivial order in roughness [cf. conditions (i) and (ii)] the actual wave functions are easily found to be

where

(r ')=f (r ') —g 8'(p, k)P-(r '),
k

(3.5)

8'( p, k)=
I' —ES.„.S(P—K) I+P —~

m, (e —e-„) " y 4p2
P

I' —K
, [S)(P—K)+( —1) ' 'S,(P —K)]

p —k
(3.6)

with &—:
~

K ~. The wave functions are clearly normal-
ized to lowest order. The energies are given by the equa-
tion

eiP X
(r)=

(2L I)' sin(pz)+p S&(X)——S(X) cos(pz)
l

e =e [1—2S(Q=0)/1], (3.7)

IK ~ X—g 8'(p, k), sin(kz) .
(2L 2I)1/2

(3.10)

which has a simple interpretation. Note that the thick-
ness of the film as a function of X is

(2(X)—g)(X)= I +S(X),

and so the average thickness is

l+, f d'Xs(X)=l+S(@=0),

where

S(Q)= f d're-' o x S(X)
4I.

(3.8)

A' m (m„+my+m, ) o 2S(0)=E'~ 1—
2m [l +S(0)] 1

is the two-dimensional Fourier transform of the sum of
the surface-profile functions. In the small-roughness re-
gime we can therefore write

Through the use of this set of wave functions, a number
of interesting physical quantities of a rough metal film
can be calculated. In the following section we shall
describe the calculation of the electrical conductivity.

IV. MORI'S FORMALISM
FOR THE ELECTRICAL CONDUCTIVITY

This section deals with the electrical conductivity of a
metal thin film due to the scattering of conduction elec-
trons with the rough surfaces and with a random distribu-
tion of static impurities within the bulk of the film. Ef-
fects due to electron-electron interaction will be left for a
future study. However, effects due to electron screening
of the impurities can be easily incorporated within the
present approach, as discussed in Appendix A.

A. Model Hamiltonian

Within the film the electronic Hamiltonian can be writ-
ten as

which is precisely what we have from perturbation theory
in Eq. (3.7). So we see that the first-order energy shift is

simply a constant which results from the change in the
overall thickness of the film. This constant vanishes, of
course, for a semi-infinite slab. For films note that the
value for l has not been specified thus far, but now we see
that the most natural choice for it is

where

N

A '= g u(r, rj), (4.1)

I= f d X[('2(X)—g)(X)] . (3.9)

With this choice of /, e is then simply equal to e to
P P

first order in the roughness.
Finally we must transform the wave functions back to

the original coordinates. The result is

and r and rj denote the positions of the electron and the
jth impurity, respectively. In terms of the fermion opera-
tors a and a, which creates and annihilates, re-

P P
spectively, an electron with momentum p within the film,
we can write the impurity Hamiltonian as
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I d'I
J + + pP~P

g'2( X )

dzg' (r)u(r, rJ)g, (r)a a
g(X) P P P P

(4.2)

Owing to the lack of translational invariance in the z
direction, we shall use a Fourier cosine transform for z,

but for X we shall use the usual Fourier transform. Thus
we have

sidered since the corresponding results for the y com-
ponent are rather similar. First we shall find the total
current operator in second quantized form. The electrical
conductivity is then related through Kubo's formula' to
the current autorelaxation function. This latter quantity
will be calculated through the use of the projection opera-
tor method developed by Mori. '

The x component of the current density operator can be
written as

4

j (r)= lim g (8„—B„)p' (r~)p, (r)a a-,x[ x
p

P, P'

u(r, rj)=g g e ' u(Q, q, q')
4

=j„(r)+j„'(r), (4.7)

Xcos(qz)cos(q'zj ), (4 3}
where

= g I(P' —P,p,p')a a
+ /

P~P

(4.4)

where q=mnll (n =0, 1,2, . . . ), and e&
——2 when n=0

and eq
——1, otherwise. Since we are interested in situations

where the impurity concentration is low, and the small-

roughness regime holds, we can neglect effects due to in-

terferences between the scattering of an electron from the
rough surface and from the impurities. Thus setting Eq.
(4.3) into (4.2), we find

j„(r)= lim g (0„ —8 )g (r, )g ,(r)a axl x

P P'

g (p„+p„')g (r}P,(r)a a
2me

P~P

(4.8)

is the unperturbed part of j„(r), and j„'(r), the remaining
part, results from the presence of the rough surfaces. The
total current operator therefore has two parts,

where

I(P ' —P,p,p') = Vg p(P ' —P,q)F(P ' —P,p,p', q),

0 .s
Jx =Jx+Jx ~

(4.5) where

(4.9}

F(P' —P,p,p', q)= [u(P' —P, Ip —p'I, q) ej„= ~pa a
me

P

(4.10)

—u (P ' —P,p+p', q)], (4.6)

and p(Q, q) is the Fourier transform of the electron densi-

ty p( r ) =+,.5( r —r; }.

is the usual (unperturbed) current operator and j„'
represents the surface contribution. To the lowest order
in surface roughness, we find, by using Eqs. (3.11) and
(4.7), that

B. Current operators

We want to calculate the electrical conductivity for
current flowing parallel to the surface. Now only the x
component of the conductivity, cr, needs to be con-

J = g (P P}T(P —P}a-
me

P~ P

where

(4.11)

I

T( p
' —p}= IS(P '

P)o~~ +(5~~ l)—[S~(P ' —P)+(——1) ' 'S2(P ' —P)] I .
~( IP'I' —

I p I'}
(4.12)

Through the use of Kubo's formula, ' the dynamic con-
ductivity can be written in terms of the frequency-
transformed current autorelaxation function as

where z =m+i 0 denotes the complex frequency. We have
also made use of Kubo's scalar product which is defined
for arbitrary operators A and 8 by

o (z)= —f dte' (J„(t), j„(0)) (A,B)=f dA, (e AtB) —P(A )(B), (4.14)

=—(j„,j„),=—(j„,(z —Y) 'j„), (4.13)
where W is the Liouville operator, so that j„(t)
=e' 'j„(0) and WA =[A,A ].
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0 (z)=—1 ig
Vz —M(z)yX

'

where

(4.15)

C. Mori's approach to the dynamic conductivity

The low-frequency dynamic conductivity of a bulk met-
al has been calculated in the past by summing up an infi-
nite set of diagrams for the current correlation function, '

or by truncating an hierarchy of equations of motion for
the relevant Green's functions. ' The basic difficulties in
a calculation of the dynamic conductivity are caused by
its resonance structures. The requirement of charge con-
servation implies the existence of a pole in cr(z) near z =0,
and thus precludes any finite-order perturbative theories.
Our present approach makes use of Mori's formalism, '

which provides an explicit expression for the dynamic
conductivity in terms of a holomorphic memory function
M(z). ' This function has no resonance structure and can
be calculated accurately by appropriate approximations.
This method is quite analogous to expressing particle
properties in terms of a self-energy, and corresponds to an
infinite partial summation of diagrams including self-

energy as well as vertex corrections. When applied to the
bulk conductivity, this method readily reproduces all
known results obtained by other methods. ' However, the
present approach has several distinct advantages. It can
be extended straightforwardly to infinite as well as finite
systems with arbitrary geometrical shapes. There is no
need to invert any kind of integral equations for the two-
particle Greens functions, which can be a difficult task
due to the lack of translation invariance for inhomogene-
ous systems. The calculation here is manifestly gauge in-
variant, i.e., particle conservation has been built into the
theory at the outset, and all other sum rules are obeyed at
least to lowest order. Moreover, the results for the con-
ductivity are valid not only in the hydrodynamic regime
but in the entire frequency region, ' although, of course,
we are only interested here in the static limit.

We choose j» as the dynamic variable in Mori s formal-
ism. The dynamic conductivity can be expressed exactly
by the equation'

where N, is the total number of electrons. In deriving Eq.
(4.15) we have made use of the fact that'

(Wj„, j„)=0. (4.20)

[(e —e, )T(p ', p) —I(P' —P p,p')]
me

P~P

X(p —p„')a a (4.21)

Thus within our assumptions we can write

M(z) = i (Wj», Wj„—), , (4.22)

where (, ), means that the relaxation function is to be
evaluated with the free-particle Liouville operator W
only. The evaluation of Eq. (4.22) with Eq. (4.21) requires
computing free-particle relaxation functions involving
four Fermion operators. The calculation is straightfor-
ward and details can be found in Appendix B.

We must now average M(z) over a random distribution
of impurities with concentration c. By denoting these
averages by ( )„we find

r

N —+ —+

(p(q)), =g —f d'&, f dz, ge' "'cosqz,
j=l i=1

=%5(Q)6„0 . (4.23)

The problem now is to calculate the memory function
M(z).

To calculate M(z) we first note that because of Eq.
(4.20) we have B&j„=Wj» and thus all the B's in Eq.
(4.17) can be omitted. Next, since there is no resistivity in
the absence of impurities and surface collisions, and so
W j»=[j„,A o]=0. Since the impurity concentration is
low, in the small-roughness regime contributions due to
electron scattering with the impurities and the rough sur-
faces are simply additive. We find through the use of
Eqs. (4.1), (4.4), (4.9), (4,10) and (4.14) that

is the static susceptibility for the total current, and

M(z)=(BWj„, (z —BWB) 'BWj )

(4.16)

(4.17)

However, from Eqs. (4.22) and (4.21) we see that the
Q=O and nq ——0 part does not contribute to (M(z)), .
Next we find that

is the so-called memory function. In the above equation
B=—1 —H is a superoperator and H is the projection su-

peroperator which is defined so that for any operator 3
we have

(4.24)

The zero-frequency conductivity is given by Eq. (4.15)
by allowing co~0. By combining Eqs. (4.15), (4.22),
(4.21), (4.23), and (B4), the dc conductivity is given by

(4.18) (4.25)

X=N, e /me ~
(4.19)

The basic function of H is to project out the secular part
of an operator and thus G, its complementary part, pro-
jects out the nonsecular part which describes damping ef-
fects. In Eq. (4.16) X can be calculated exactly by a sum
rule as'

where M", the imaginary part of the zero-frequency limit
of M (z), has two separate contributions:

(4.26)

The first term, which is due to the rough surfaces, is given
b 20
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e g (e —e,)'I T(p', p) I'(p„—p.')'
7?le

Pr P

X 5(eF —e )5(eF—e,),
P P

(4.27)

X 5(eF e—)5(eF e—, ) .
P P

(4.28)

By utilizing Eq. (4.24) with Eqs. (4.5) and (4.6), we find
that

& II(P' —»p p') I'&.=&ge. ' IF(P' —P p p' q) I'
q

16
ge„ I

u(P' —P, Ip —p' I,q)

—u (P ' —P,p+p', q) I

z.

(4.29)
I

and the second term, which represents the impurity con-
tribution, is given by

7TAeMI"= y &
I
I(P ' —P,p,p')

I &, (p„—p,')
me

P~P

Thus once the form of the electron-impurity interaction
potential is known, one can readily obtain from Eqs.
(4.19), (4.28), and (4.29) the impurity contribution to the
electrical resistivity Rq ——VMI"/X . The corresponding
contribution due to electron scattering from the rough
surfaces Rs ——VMs'/X can be obtained from Eqs. (4.19),
(4.27), and (4.12) if the surface-profile functions gi(X) and

gz(X) are known. Thus a great deal of information on the
morphology of the film surfaces may be extracted from
resistivity measurements.

& s,*(Q)s,(Q) &, =5,, &
I
s, (Q)

I
'&, , (4.30)

where i = 1 or 2, respectively, for the top and the bottom
surfaces. We can set &

I
S;(Q)

I &s in a slightly different
form,

D. Application to randomly rough surfaces

In some situations the roughness on the surface of a
thin film is found to be rather random. ' We shall com-
pute the surface contribution to the electrical resistivity
for this case in more detail here. We need to take some
kind of average & &, over the surface-profile functions in
Eq. (4.27). If the structures on the top and the bottom
surfaces are uncorrelated with each other, then we can
write

& I S,.(Q) I'&s=(4L')-' f dzX f O'I'e-'~' '&S;(X)S;(X')&s

=(4L ) f d I f d I'e 'O' &S;(X)S;(X—X')&s=F(Q), (4.31)

where F;(Q) is the two-dimensional Fourier transform of
the surface-profile autocorrelation function

I

by the same Gaussian distribution function, then we can
use Eqs. (4.27), (4.35), (4.31), and (4.34) to obtain

F,(x)=f, &s, (x')s, (x' —x) &, . (4.32)

= 2F;(X)=zl; exp
2

(4.33)

where zl; is the rms deviation in the height and 2g is the
correlation distance along the surface. F(Q) is easily
found to be

2

F (Q)= e
L2 (4.34)

Now, through the use of Eq. (4.30), we find from (4.12)
that

(e-, —e, , )'&
I
T(p ' —p)

I

'&s

For a randomly rough surface we expect that F~(X) has
a Gaussian form '

2

2g 2 2@29) g pizpz(p ~)z —~P —P'
m, L

P~ P

X5(eF e)5(eF e—,)—
P P

(4.36)

Before the wave-vector sums in the above equation can
be performed one must investigate the Fermi-level struc-
tures of a thin metal film. The results are derived in Ap-
pendix C. We find that the occupied states at T=0 K are
confined within a stack of flat circular disks whose sizes
are bounded by an effective Fermi sphere with an effec-
tive Fermi wave vector which depends on the thickness
parameter t. The angular part (within the p„-p~ plane) of
the sums in Eq. (4.36) can be carried out easily. The
surface-roughness contribution to the electrical resistivity
is found to be given by

&2 2

, I& lsi(P' —» I'&s+& lsz(P' —P) I'&s]
Ale

(4.35)

VMs'
Rs= x

qmkFg2
Rg,

e
(4.37)

and obviously the two surfaces contribute independently
to the resistivity. If the two surfaces can be characterized

where Rq can be expressed in terms of dimensionless
quantities as
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2

Rs ——
7 g m a e [Ip(2a g ) Ii(2a g )]

m=1

mf mf

+ g g I m' e [(a~+a~ )Ip(2a a' g ) 2a~—a Ii(2a~a~ g )]
m =1 m'=m+1

(4.38)

and

a =k~ —(m I—t), kz =kF(1)/kF,

g=—kgb, t:kFI/—~ .

There are a few points that deserve comment here. (1)
The surface-roughness contribution to the electrical resis-
tivity is in fact a purely quantum-mechanical effect since
it is proportional to iit. (2) It is independent of the mass of
charge carrier. (3) For randomly rough surfaces it is pro-
portional to the mean-square height of the roughness, and
also increases rapidly as the correlation distance along the
surface decreases. (4) As a function of t, due to the
underlying structure of the Fermi levels, discontinuous
jumps are expected to occur for t less than about 30, if
broadening effects are sufficiently weak.

Frotn the usual electron mean-free-path argument it is
clear that the resistivity has to increase as t is decreased.
However, we see from Eqs. (4.37) and (4.38) that there is
an abrupt drop in Rq as t is decreased across each I;mf
values. (See Fig. 1.) The reason for this behavior is rather
simple. We can see from Appendix C that as t is de-
creased, the distance between adjacent k, levels increases.
At the moment t decreases across t, the I =mf levelmf~

shrinks to nothing and is pushed out of the effective Fer-
I

2

Rs= I(g ) ~2t

where

(4.39a)

mi sphere. This leads to a sudden decrease in the fraction
of electrons near the Fermi surface and thus a correspond-
ing decrease in the resistivity. These jumps are enormous
for small values of mf. This kind of anomaly reflects the
discrete nature of the Fermi surface, and similar effects
can be expected in almost all the electronic properties of
ultrathin metal films, as long as level-broadening effects
are not overwhelmingly large.

The behavior of Rs for different values of the surface
autocorrelation distance 2g is also shown in Fig. 1. As is
expected, Rs decreases as g is increased. In Fig. 2 we plot
R& versus t ' in order to show that R, is approximately
inversely proportional to the thickness of the film.

In order to make some kind of contact with classical
SET's, which clearly cannot predict the above-mentioned
quantum size oscillations, and to describe experiments
which are performed on somewhat thicker films, we now
neglect the thickness dependence of the Fermi wave vector
by setting kf(t)=kf. Moreover, we convert all wave-
vector sums into integrals. We then obtain from Eq.
(4.38)

I(g )= dxx(l —x )'~ dx'x'(1 x' )' —e' +"—'~ [(x +x' )Ip(2$ xx') —2xx'I&(2g xx')],
0 0

(4.39b)

and Ip and I, are, respectively, the modified Bessel func-
tion of the zeroth and first order. Thus we see that for
sufficiently thick films the surface-roughness contribution
to the resistivity is inversely proportional to the film
thickness. Such a behavior has been seen in the pioneer- 2

(kg)= 5p,

CL

1 (-
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0.4
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FIG. 1. Surface-roughness resistivities for various values of
the surface correlation distance g =kFg are plotted as a function

of the thickness parameter t =kFl/~.
FIG. 2. Surface-roughness resistivities are plotted as a func-

tion of t
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ing works of Appleyard and Lovell on alkali-metal
films, which have also been repeated and verified by Nos-

k 23

Now according to Fuchs's theory' the ratio of the resis-
tivity of a thin film to that of the bulk material can be
written in the thick-film limit (i.e., lp/l « 1) as

1.6

RF 3lo= 1+ (1 Pp—),
8t

(4.40) OJ~ 12—

where lp is the electron mean free path and Pp is Fuch's
specularity factor. If we identify the excess resistivity
RF —Rs as the surface contribution of the resistivity,
Fuchs's result can be rewritten as

3me UFRs= (1 Pp) .—
8p, e t

(4.41)

Now if one tries to compare this classical result with our
result in Eq. (4.38) in order to extract the specularity fac-
tor, one would conclude that

1 —Pp 4k~q ——g I(g ) . (4.42)

In the limit where g ~0 and g ~ oo the right-hand side
of Eq. (4.42) vanishes, and this is consistent with the fact
that Po should be 1 if the surfaces are perfectly flat.
However, in the limit of large q and small g (i.e., ex-
tremely rough surfaces) it can be shown that our result be-
comes very large but does not saturate. On the other
hand, the classical result has a maximum value of 1 when
Pp~0 (totally diffuse surface scattering). This may ex-
plain why it is sometimes necessary to use unphysical neg-
ative values of Pp in order to fit experimental data to
these classical theories.

V. DISCUSSION

In this section we shall point out a few limitations of
our results, and discuss some possible areas for future
studies. Despite the exactness of the coordinate transfor-
mation discussed in Sec. II, the results of Sec. III and IV
rely on the assumption of small roughness and thus can-
not be applied, for example, to surfaces with steps on the
atomic scale. " However, one can certainly extend the
present theory to metals with anisotropic Fermi sur-
faces, and adopt a more realistic model than the
infinite-barrier model used here. A more accurate treat-
ment of the effects due to electron-electron interactions
than what is discussed in Appendix A can be accom-
plished within the random-phase approximation using the
bosonization method developed recently for inhomogene-
ous electron systems. These effects may be rather im-
portant for our problem due to the loss of translational in-
variance in the direction perpendicular to the surfaces of
the film. Evidence for such behavior has been reported in
recent experiments on the low-temperature resistivity of
ultrathin metal wires. Calculations along these lines will
be left for the future.

Figures 2 and 3 were drawn under the assumption that
the Gaussian nature of the surfaces does not vary with the
film thickness. This may not be true in reality, depending
on the procedures under which the films are deposited.
The quantum size oscillations depicted in Fig. 1 may be

I i2 I 3 Ii 4 I 5 li 6 I ~ i& 8 I I

2.0 4.0 6.0 8.0 10.0

FIG. 3. Square of the effective Fermi wave vector is plotted
versus the thickness parameter t =kFl/m. . The number of occu-
pied k, levels for a given thickness is also known.

difficult to be observed experimentally due to various level
broadening effects and because rather thin films must be
used. The Fermi-level structures used in our calculation
were derived only for ideal films with flat surfaces. Ef-
fects due to the smearing of the electron levels resulting
from scattering with impurities may be studied employing
a method similar to that used by Rytova. For semicon-
duction films, due to the low electron density, these oscil-
lations should happen even for much thicker films.
Moreover, the thickness parameter t can also be varied by
changing the carrier concentration via doping, or by
changing the temperature.

The relative simplicity of the experimental arrangement
and the high degree of accuracy make resistivity studies
an important tool to gain insight into the electrical and
structural properties of metallic films. When other experi-
ments such as the temperature coefficient of the resis-
tivity, the anomalous skin effect, the metallic field ef-
fect, optical-reflectivity, and light absorption, ' can be
performed on the same specimen even more detailed in-
formation may be obtained.
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APPENDIX A: ELECTRON SCREENING
OF IMPURITIES

Impurities within a metal are screened by the conduc-
tion electrons. Such effects can be easily incorporated
within our formalism by using the dielectric function for
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the electron system, e '(r, r ', co). The Hamiltonian
describing the scattering of an electron with the screened
impurities may be written, in the static limit, as

dr'e ' r r' u r' —rJ —— u„r rJ, Al
J J

where

u„(r, ri):—f dr 'e '(r, r ')u(r ' —rJ)

is the screened electron-impurity interaction. For a film
with flat surfaces perpendicular to the z axis, we have

e(r, r ')=e(X—X',z,z'),

and so

u „(r, r J ) =u „(X—Xi,z,zi )

=f dz' f d X'e '(X—XJ —X',z,z')

)&u (X',z' —zj ) . (A4)

Thus certain effects due to screening may be taken into
account by replacing u (Q,q, q') in Eq. (4.6) by u„(Q,q, q')
which is the Fourier transform of u„(X,z,z'). Note that
although the unscreened interaction u ( r —r ') depends

only on z —z', the screened interction u„(r, r ') depends
separately on z and z'. The screening electron cloud
around an impurity is no longer spherical, especially so
for those impurities near the surface. Thus besides the
contribution due to the rough surfaces, this aspherical
scattering will also lead to some kind of angular-
dependent scattering of conduction electrons near a metal
surface.

APPENDIX 8: EVALUATION OF FREE-PARTICLE RELAXATION FUNCTIONS

The evaluation of free-particle relaxation functions such as (a 1Q2,a~at1), is quite straightforward. By definition we

can write
00

(a1a2,a Qp), = dte"'(a1(t)Q2(t), a ap)= dte"' dA([Q1(t —iA)Q2(t —iA)] a ap) — (a1a2)" (a ap) .
0 0 0 z

(B1)

From the fact that for free particles

a (t)=e ' a (0), a (t)=e "a (0),
p p p p

(B2)

all filled. and those with k & kF are all empty. The bulk
Fermi wave vector depends only on the density of elec-
trons,

we readily obtain

t ~12

(Q,a2, a ap), = ((a1a2) a ap)i(1—e )

e12(z —e12)

(a,a, )*(a ap),
z

(B3)

APPENDIX C: FERMI-LEVEL STRUCTURES
OF THIN-METAL FILMS

We consider here the Fermi-level structures of a free-
electron gas confined within an ideal thin film of thick-
ness I. For bulk systems one can define a Fermi wave
vector kz such that at T=O states labeled by k(kF are

where e&2
—=e& —e2. The thermal averages can be evaluated

using Wick's theorem developed by Gaudin to finally

obtain

0 1~1u~2ttf12
(Q 1Q2, Q ~P)g = (84)

e12(z —e,2/A')

where f12 =f1 f2,f, = (e —+—1) is the Fermip{e&—ef )

function, and an R has been retrieved.
Note that the above results can be readily extended to

calculate relaxation functions and static susceptibilities
for any number of a's and a t's. The extension to the case
for bosons is also straightforward.

kF'
Pe=

3~2
(Cl)

p, =—+8(mf —m)e(Kf(m) —
~

K
~

)
V

mf

g Kf(m) . (C2)

Next, we must fill up the states in such a way that the to-
tal energy is lowest. At T =0, the total energy is given by

which characterizes a given material.
In the thin-film geometry k, becomes discrete and the

allowed states at T =0 are confined within a stack of very
thin circular disks lying perpendicular to the z axis. The
distance between adjacent levels is m. /1. There are two
basic quantities of concern here for a film with given
values of I and p, . First, we want to know the maximum
number of nonempty k~ levels, which we shall denote by
mf. Second, for a given occupied level labeled by some
m &mj, we need to find the radius Ef(m) such that
states with IC &Kf(m) are all filled. Note that mf must
be a positive integer while Kf(m) can assume any real
value.

To proceed, first note that because the total number of
occupied states must be N„ the total number of electrons,
thus instead of Eq. (Cl) for the bulk we have
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mf Ef(m) ir2
=2' g f dKK

occUpled m=1 2m~

m7T
'2 This equation shows that the occupied k, levels are

bounded by an effective Fermi sphere which is character-
ized by a thickness-dependent Fermi wave vector defined
by

4g [Kf(m)+2m' m Kf(m)l ] . (C3)
4m,

Thus in terms of the reduced variables

t =kF l lm, Kf (m ) =Kf (m ) lkF,
our task is to minimize the quantity

4t +mf(mf+1)(2mf+1)
kf(t) =kf

6mf t

Thus we can rewrite Eq. (C10) as

K (m)=kf(t) —(m!t)

where

(Cl 1)

mf

g [Kf(m)+2m K (m}t ]
m=1

subject to the constraint that

mf
', t= g—Kf(m) .

m=1

(C5)

(C6)

k(t) =kf(t)lkf .

Now to determine mf, note that at the moment when a
new level is opening up its radius Kf(m) must be zero
[i.e., Kf (mf ) =0]. Thus we obtain the equation

t~ =[mf(mf 1)(mf+ 4
)]'~ (C13)

mf

Kf(m)+ Kf(m) +A, ', t —g K—f(m)
m=1 t' m=1

This yields the set of equations

2 2

2Kf(m)+ —A, =O, m =1,2, . . . , mf .

(C7)

By summing over these equations and using Eq. (C6), we
find the Lagrange multiplier to be

(mf + 1)(2mf + 1)
(C9)

3t2+4t

3mf

Now it is important to note that for a given thickness
parameter t, there exist two numbers t and t suchmf mf+ l

that as long as t lies between them (i.e., t &t &t )mf mf+ l

the total number of occupied k, levels is mf. But as t is
increased above t, the total number of occupied levelsmf+ l~

increases by one, until t is above t, etc. Thus if we re-
mf+2~

strict t such that t (t &t then mf remains un-f — f+l
changed, and we can use Lagrange undetermined multi-
plier method and consider the minimization of the quanti-
ty

So, for a given value of t, mf can be determined from the
self-consistency equation

l
mf —— —kf (l)

' 1/2
t3 mf+ (mf + 1 )(2mf + 1), (C14)

3mf 6

where the square brackets denote the integer value, or
better yet, mf can be determined from Table I.

Despite the fact that as t varies across each value of
t~ + i ( mf = 1,2, . . . , ) mf changes discontinuously bymf+
one, one can show that kF(t) as given in (Cl 1} is in fact a
continuous function of t for all t &0. The slope, however,
has a finite jump across each value of t~ . It can also

be shown that k~(t) is always larger than kF, its bulk
value. This is of course expected from the uncertainty
principle. It approaches kf as t~ oo, as it should. How-
ever, it is not exactly a monotonically decreasing function
of t. (See Fig. 3.) Oscillation in the value of kf(t) is a
direct consequence of the discreteness in the energies of
the system. In addition we also note from Eq. (C13) that
there is a critical value for the thickness parameter

(C15)

By substituting A, back in Eq. (CS) we obtain

2 2t (mf + 1)(2mf +1}
Kf(m)=

3mf 6t2 2
(C10)

below which only the lowest k, level can be occupied at
T =0. And if the levels are not broadened significantly
compared with the energy

TABLE I. For a given value of t =kFl/m such that t (t & t +&, the number of nonempty k, lev-

els, mf, is as shown.

mf 1.651 2.692 3.708 4.718 5.724 6.728 7.731

mf 8.733

10

9.735 10.736

12

11.737

13

12.738

14

13.739
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A

~me

3

then the electronic properties will be basically those for a
two-dimensional object. This regime can almost never be
met experimentally for metal films. However, for
semimetal or semiconductor films, due to the low values
of the electron density, one can easily be in this regime.

From Eq. (C13) we see that for sufficiently thick films,
1.e., plf ))I, we have

t~ —=mf ——,'+d'(mf ') . (C16)

f 2~ Kf(m)m

ge(&f —&-), g f d8 f dE K . (C17)
k

m=1

Moreover, within each mf —
4 & t (mf + 4 interval,

kf (t) has a local minimum at t =mf
Through the use of the results derived in this appendix,

sums over the occupied states will be carried out as fol-
lows:
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