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Spin-orbit and paramagnon effects on magnetoconductance and tunneling
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Spin-splitting effects on the density of states and magnetoconductivity in disordered conductors with
spin-orbit scattering are calculated. Particular attention is given to "paramagnon-enhanced" materials, in
which spin-splitting effects are largest.

In this Brief Report we extend a previous calculation' of
spin-splitting effects on the single-particle density of states
N(E) and magnetoconductivity So.(H) in disordered con-
ductors to include spin-orbit scattering. We present explicit
formulas for N(E) and 5a. (H). Our results are valid in
the magnetic field range defined by

c/2eD & H'

eH/mc & 1/7 (2)

where E is the energy measured from E+. These singulari-
ties are cut off by the thermal effects at energies E —T.

When a disordered conductor is placed in a magnetic field
H, the two spin subbands split; hence two electrons in oppo-
site spin bands with energy separated by co, (cu, = gp, sH is
the spin-splitting energy, p, ~ is the Bohr magneton, and g is
the electronic g factor) have strongly correlated wave func-
tions. Mathematically, this leads to the magnetoresistance
first discussed in (1),

5(r(H) = a-(H) —a. (0)

-~H (3D)
—lnH (2D)

H is the magnetic field and ~ the elastic scattering time.
Condition (1) ensures that particle-particle channel effects'
are suppressed; condition (2) that Landau-level effects are
not important.

Before presenting the results of our calculation, we will
outline the physics involved. In the usual "interaction
theory" of electrons in disordered conductors, it is argued
that electrons nearby in energy have functions strongly
correlated in space. This correlation leads4 to singular
corrections to such physical quantities as the density of
states, given in two (2D) and three dimensions (3D),

JE (3D)
lnE (2D)

1/7, . The singularities are also cut off by thermal fluctua-
tions at energies small compared to T. Thus, there are
three energies in the problem, co„1/r„and T. To simplify
matters, we consider only the limit T & 1/r, and T & cu, .
In this limit, thermal effects are irrelevant and Twill not ap-
pear in our formulas. 1/7, sets the energy scale, and the
new density-of-states singularities and the magnetoconduc-
tivity are functions only of x = E7, and y = co,~, . Spin-
splitting effects will, in general, be observable only for fields
large enough that y ) 1.

One further parameter is needed to describe spin-splitting
phenomena. F is a dimensionless number that sets the
strength of the relevant part of the electron-electron interac-
tion. The magnitude of the spin-splitting effects is set by I'
and is large when I' is large, and small when I' is small. In
almost ferromagnetic materials (such as Pd, Pt, and their al-
loys), we shall show F &) 1. We shall also show that the
condition for the observability of spin-splitting effects may
be relaxed to y & 2/F in these materials.

We turn now to the details of our calculation. We use the
Altshuler-Aronov interaction theory, ' which has recently
been extended to handle both spin-dependent phenomena
and Coulomb interactions correctly. We outline some of
the relevant aspects here.

The essential point of the theory is that in order to
describe disordered conductors, one must take account of
the diffusion of both particle density and spin density. The
important quantities are the diffusion propagator S' (q, w)
and the particle-hole interaction amplitude A(q, cu). We
will discuss & first, which is shown in Fig. 1. The dashed
lines represent scattering (both potential and spin orbit)
from impurities. is an impurity-averaged propagator
describing motion of a particle-hole pair. It is important to
note that after impurity averaging both the total spin j and
the projection along the magnetic field M of the particle-
hole pair are conserved in collisions with impurities. ~

Thus, in the (j,M) representation, 8' is a simple function
of its spin variables. For j=0, & is the density-density

As Altshuler and Aronov have shown, spin splitting also
leads to new singularities in the density of states E= +co„

IE+~, l'~' (3D)
lniE +co, i (2D)

Spin-orbit scattering mixes the spin bands. One expects
the singularity in the magnetoconductivity and the new con-
tributions to the density of states to be cut off by spin-orbit
scattering at energies small compared to the spin-orbit rate
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FIG. 1. The diffusion propagator.
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correlation function. It has the familiar diffusion pole form

=
(q, co) = Dq /( —ice+ Dq )r (3)

where B=E~7 is the diffusion constant. Because it has
quantum number j=0 it. is rotationally invariant in spin
space and hence is unaffected by spin-splitting or spin-orbit
scattering. For j = 1, the situation is more involved. S is
the spin-density-spin-density correlation function, thus is
cut off by spin-flip scattering, and (if the particle and hole
are in different subbands) is shifted by spin splitting.
Straightforward calculation shows

Dq'+ I/r,
(q, co) =

[ —i (co+ Mcu, ) + Dq2+ I/r, ]r (4)

where Np is the unperturbed density of states. Note that
because of the long range of the Coulomb interaction, A is
independent of the details of band structure, etc.

For j=1, the situation is more involved. The interaction
is affected by spin splitting and spin scattering. Further, Ap

cannot contain an isolated Coulomb line (which would carry
spin j=0) and hence must go to a constant as q, co 0.
The solution of the Dyson equation can be written5

—i (o) + Mcu, )Dq'+ I/r,
g J=1,M

2Np —i (o)+ Ma), ) (1+F/2) + Dq2+1/r,

Now consider A. A is the screened, impurity-averaged
particle-hole interaction amplitude. It also conserves j and
M A satisfies the Dyson equation shown in Fig. 2. Ap is
the unscreened, two-particle irreducible interaction ampli-
tude. & is the polarizaton operator for disordered systems.
For j= 0, Ap is dominated by the isolated Coulomb propa-
gator, Ap —1/q2. By solving the Dyson equation, one easily
sees that A is the random-phase approximation (RPA)
screened Coulomb interaction

g~ =o = (1/N, ) [(—i~+ Dq')/Dq'],

Pd, Pt, and their alloys) F » 1. These materials have a
very large static spin susceptibility, caused by long-lived spin
fluctuations. They are well described by the paramagnon
model. In this model, it is assumed that the relevant
electron-electron interaction, denoted by I, is of zero range
and acts only between electrons of opposite spin. This as-
sumption implies a specific form for A$ ', which yields an
interaction A given by our Eq. (6) with F/2= (1—I)» 1. (1 —I) ' is the Stoner enhancement factor, and is
shown in the paramagnon literature to give the enhance-
ment of the spin susceptibility over that of a noninteracting
electron gas. As spin susceptibility is proportional to the
spin-splitting energy divided by the field, one may write the
effective g factor as

5N~' (E) = —(I/m) Im [d p/(2')"]XJ~(p, E) . (8)

The conductivity is obtained in the standard way from dia-
grams generated from X in a conserving approximation.
The density of states and conductivity results are as follows:

5N(E)/Np=5Nd~ ((E()+ x 51'~ ()E—Mo), ()
m= —1,0, 1

5N3 = [I/47r J2(tD) i ]JE, d=3 (10a)

[g((1+F/2) x) —g(x) ],
16m' 2(tD)'i'

d = 3, (10b)

5N2 = (1/8m'tD) ln(E/D K tr) lnEr, d=2 (10c)

5N'2 ' = ( —I/32m'tD) [h((1+F/2)x) —h(x)1, d=2

g rf
= gp(F/2)

gp = 2 is the independent-electron g factor.
Given A and ~, we may compute the self-energy X as

shown in Fig. 3. From this one may obtain the density-of-
states correction

F is a parameter characterizing the strength of the j= 1

interaction. It is nonuniversal: it may be positive or nega-
tive and its magnitude varies from material to material
depending on details of band structure, coupling to pho-
nons, etc. These details affect long-time, large distance dif-
fusive behavior only in the j = 1 channel, where the
Coulomb interaction does not operate. It is easy to see,
however, that in "almost ferromagnetic" materials (such as

I

g (x ) = 2 [(1+x') "'+11"'

[ (1+x ) 'i2+ I ] Ii2 —jg+ J2 [(1+ ')' + I]'i +J2

h(x) = dy(1/y) ln(1+y)

(1od)

(12a)

2
ln2x —(1/x) -I- (1/22x2) —(1/32x3) + x & 1
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FIG. 2. Diagrammatic representation of the particle-hole interac-
tion A. The diffusion propagator is represented by ~.

FIG. 3. Diagram representing the self-energy correction due to
the interaction A.
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IC is the screening length. The factor ln(E/D2k4/t r) enters, because in 2D certain integrals fall off too slowly for the usual
asymptotic approximations of the interaction theory to be valid. '

The magnetoconductivity results are as follows:

a(r(H) = tr(H) —o-(0) (13)

00

t

+ [g ((1+F/2) y) —g (y) ]
4mb a 2 F

+ + ~t([1+ (1+F/2)'y']'/'+1}'/'—
2y2 t/2 q 1 t/2

r

+ —[(1+y') '/'+ 1]'/'—
F

1 d=3[(1+y')'/'+1]'/' ' (14a)

5~(H)
[tan '[(1+F/2)y] —tan '(y)}+ In[1+ (1+F/2)2y2] ——ln(l+y') —1

4m'NOD Fy F

+ + / h((1+F/2)'y') —h(y'), d=2 .
2F

(14b)

We will now discuss the magnetoconductivity. Note that
it is a function of y only. For y & (1+F/2) ' F( & 0) or

y & 1(F& 0) we have

5o (H) —y2

and for large y,

eely l (3D)
lnlyl (2D)

The crossover is relatively sharp in 2D and slower in 3D.
In the previous calculation, a similar behavior was found,

with 5o.(H) —H2 for small fields and —JH or lnH for
large fields. But in that calculation, the singularities were
cut off by thermal effects, hence "small" meant co, small
relative to T. Here the spin-orbit rate provides the cutoff,
and the thermal effects are not included.

Now consider the density-of-state corrections. Note all

three j= 1 terms are proportional to

lx+Myl' «r lx+Myl & (1+F/2)-',
while for large y

lx+ My I'/2 (3D)
lnlx+Myl (2D)

As before the crossover is slow in 3D, faster in 2D. Thus
to observe the singularities at all, one must have
y » (1+F/2) '. This condition must be enforced much
more stringently in 3D than in 2D.

The sign of the j=l terms is opposite of the j=0 terms
for F) 0. The magnitude of the j=1 terms relative to the
j=0 terms is determined by F, and is small when F is
small, and large when F is large. As can be seen from Fig.
4 (which shows the 3D density-of'-states correction for
y =cp, r, = 16 and F=2), the new singularities in density of
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FIG. 4. Dimensionless 3D density-of-states correction for F=2
and y = 16. The arrows indicate singularities at E = m, . E is in
units such that 1/r, = l.

FIG. 5. F dependence of 3D density-of-states correction. The ar-
rows indicate singularities at E =co, . The paramagnon enhancement
of cu, with increasing F is included. The energy scale is such that
the F=O spin splitting gp/LsH=2''1/7, =1.
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come functions of ~Fx and 2 Fy only. Finally; the effective

g factor is enhanced [Etl. (7)]. Thus, the condition for the
observability of spin effects becomes

( —,
' F)'gap, sHr, » 1 (15)

OO
C4

a
aW -4.7

bJ

This is shown in Fig. 5, in which the 30 density-of-states
correction is plotted for several F values at fixed ~„H. For
F=2, the new singularities are invisible. As F (and thus
the effective g factor) is increased, the new singularities
move out from the origin and become more sharply de-
fined. Note that the density-of-states correction is defined
to be zero at E =0 in zero magnetic field. In finite field,

8N(0) =28NJ '(Iro, l) & 0 f'or F & 0 (16)

FIG. 6. Spin-orbit rate dependence of 3D density-of-states cor-
rection F= 14; co, = 14. The energy scale is the same as in Fig. 5.

states (indicated by arrows in the figure) are barely notice-
able for F=—1. For large I', there are several qualitative
changes in the density-of-states curve. For E » co„ the
density-of-states correction goes as JE (3D) or lnE (2D),
but with a prefactor that is positive if I' is small, and nega-
tive if F is large. Further, for F» 1, hN'=' and So- be-

Note finally that the sharpness of the central singularity is
independent of I'. This is due to the j =0 density-of-states
correction, which is cut off only by thermal effects.

In Fig. 6 we show the effects of increasing spin-orbit
scattering. E and co, are fixed at the values used in the
F=14 curve in Fig. 5. Note the smearing of the j=1
singularity as 1/r, is increased.
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