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In-crystal hyperpolarizabilities of F and Cl
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Ab initio hyperpolarizabilities y and 8 are calculated at the self-consistent field level for the ions
F and Cl in lithium halide crystals. Large reductions with respect to free-ion values are found,
and the physical factors contributing to the reduction are discussed. Artifacts arise for a point-
charge model of the crystal but are removed when a more realistic model of the ionic environment is
used. The final calculated values are in good agreement with the limited experimental data available
from third-harmonic generation and three-wave-mixing experiments.

I. INTRODUCTION

We have recently used ab initio calculations to put the
understanding of the polarizabilities of in-crystal ions on
a sound footing. ' Calculated polarizabilities were in
agrtlement with those derived from experiment and their
systematic differences from free-ion values explained in
terms of electrostatic and overlap interactions.

Dipole polarizabilities account for the optical properties
of ions in the highly symmetrical environments of the
crystal lattice. If we want to describe the properties of
ions in less symmetrical environments, e.g., in disordered
ionic crystals or melts, we must consider the nonlinear
response of ions to strong and nonuniform fields, i.e., the
hyperpolarizabilities. For a centrosymmetric system
placed in an external field the induced dipole moment p
may be expanded in terms of the field F and field gra-
dient F p,
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where the tensors y and 8 are the dipole- and quadrupole
hyperpolarizabilities of the system.

The behavior of a for the ions we have studied' (F
Cl, H, 02, Li+, Na+, Mg +, K+, and Ca +) suggests
that the hyperpolarizabilities of anions drop sharply when
the free ion enters a crystalline environment, probably
even more so than the polarizability itself. Both electro-
static crystal-field effects and overlap compression are im-
portant in this reduction. The hyperpolarizabilities of
cations such as Li+ and Na+ are expected to be small and
insensitive to the crystalline environment. Correlation
contributions to y and 8, though likely to be very large
for free anions, are expected to be quenched in the crystal.
A self-consistent-field (SCF) calculation on in-crystal F
and Cl is therefore likely to furnish useful information
for modeling the properties of molten LiF and LiC1, in-
formation not accessible from a study of the free anions.

In this present paper we describe ab initio calculations
designed to illustrate the ideas outlined above. The plan
of the paper is as follows. In Sec. II we describe the

method of modeling the anion in a crystal. In Sec. III
some preliminary work on the hyperpolarizability of F
in LiF using our previous basis' is described. Section IV
is devoted to a discussion of basis-set extension for F
and its somewhat surprising effects. In Sec. V we give
our best-calculated results for the in-crystal hyperpolari-
zabilities of F and Cl in their lithium salts, and com-
pare them with experiment.

II. METHOD

The general scheme of the calculations has already been
described, '2 and only a brief outline is given here. All
calculations were carried out at the SCF level using the
University of Cambridge and Cray Research versions of
HONDO [Ref. 6(a)] and ATMoL4 [Ref. 6(b)] (the latter is
needed for basis sets with f functions).

We distinguish three models for the effect of a crystal-
line environment on an anion. These are labeled FREE,
CRYST, and CLUS. FREE is the free anion; CRYST is
the anion in a finite fragment of the cubic lattice of point
charges, and CLUS is the anion in the point-charge lat-
tice, but with the electrons and basis functions of nearest-
neighbor cations included in the calculation. In a CLUS
calculation the central anion is represented using a large
basis, but the neighboring cations are given small, highly
contracted basis sets. ' The overall effect is to describe
the response of the central anion to the electrostatic and
overlap interactions with its neighbors.

It was found to be important to consider basis-set su-
perposition error (BSSE) in order to interpret CLUS cal-
culations of y, ' and a method of correcting for BSSE
was developed. The basis sets used here give rise to a very
small BSSE in y and are likely to produce an even smaller
error in y. This is because y(Li+) is so much smaller than
y(F ) and y(C1 ). A calculation using a (10s Sp2d)
basis gave y~(Li+)=0.23 a.u., and, as we shall see,
y (F ) is 209 a.u. Thus, although the polarizability of
the (Li+)6 cage is about 30% of u(F ), the hyperpolariza-
bility is only about 0.5% of y(F ). Dipole —induced-
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dipole corrections to y are similarly unnecessary. Thus
both y and 8 were calculated by direct subtraction of the
response of the (Li+)6 cage from that of the X (Li+)6
cluster.

Apart frotn their differences in magnitude, the hyper-
polarizabilities of free and in-crystal ions also differ in
symmetry. In spherical symmetry, y and 8 are each
specified by a single constant,

and

1
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III. PRELIMINARY CALCULATIONS
FOR F- IN LiF

In Ref. 1 a large spd Gaussian-type orbital (GTO) basis
was used to calculate a for F at the FREE, CRYST, and
CLUS levels. Table I shows the corresponding y and 8
hyperpolarizabilities calculated in the same basis. y was
obtained from a flt to the dipole (p, ), and 8 was obtained
from a fit to the quadrupole moment (8~) in external
fields (O,O,E, ). In the CLUS calculation, 8 was correct-
ed by subtraction of the quadrupole moment of the (Li+ )6
cage.

Although definitive values of these properties are not to
be expected from a basis without f functions on F, the
results in Table I are of interest for two reasons. First,
they illustrate the dramatic reduction in hyperpolarizabili-
ty from free to in-crystal F . Second, the results are use-
ful as intermediate data in calculations of the effect of
crystal distortions on the polarizability of in-crystal F

Table I also shows that both electrostatic and overlap
compression are important in the reduction of a, y, and

~

8
~

. At the SCF level a is reduced by -2, yt, by -50,

However, in a rocksalt-crystal structure the ions occupy
sites of Oi, symmetry and yi (8i ) is no longer related by
symmetry to y2 (82). Thus for the FREE ion we have to
calculate a single component for each hyperpolarizability,
but two components for CRYST and CLUS ions

and
~
8i

~
by —10 when the ion is placed in a cluster of

cations. Significant departure from spherical symmetry is
induced by point-charge electrostatic interactions. The ef-
fect of overlap compression on anisotropy was not found
for this basis because the original CLUS calculation' was
performed in the highest symmetry allowed for a finite-
field calculation with F =(O, O, F, ), i.e., in C4, .

As stated above, the calculation of y and 8 in this basis
is not definitive, but it clearly demonstrates that models
using the properties of the free ion are irrelevant to the
ion in a crystal. In the next section we consider extension
of the basis by inclusion off functions.

IV. EFFECTS OF BASIS EXTENSION

The polarizability and hyperpolarizability of the free
F ion arise mainly from the outer p shell. Analysis of
the orbital polarizabilities shows that these electrons con-
tribute 92% of a at the SCF level. If we take the external
electric field strength as a perturbation parameter, then
the first-order wave function arising from a p orbital is a
mixture of s and d functions. Thus s- and d-polarization
functions are needed in a calculation of a(F ). In second
order, p and f functions are mixed into the wave function.
Thus, for an accurate calculation of y(F ) and B(F ) the
basis should include s-, p-, d-, and f-polarization func-
tions.

A fluoride ion in the LiF crystal is in an environment
of octahedral symmetry, and, in principle, functions cor-
responding to all values of angular momentum are re-
quired for the description of both perturbed and unper-
turbed ions. In practice, a large spdf basis is expected to
give a good description of the energy, polarizability, and
hyperpolarizability of the in-crystal ion.

Table II shows the effect of f basis functions on the
calculated hyperpolarizability of the FREE F ion. A
spherical-harmonic version of a [12s Sp 5d] contracted
GTO basis was extended by a set of seven f functions
with exponent g~. Table II shows how y, derived from a
three-field fit to the induced dipole moment, varies with

The SCF energy and dipole polarizability remain at
their values for the basis without f functions, namely
E = —99.457 777 a.u. and a = 10.649 a.u. y is insensitive
to inclusion of f sets with large exponents, but increases
rapidly for small f exponents. No maximum in y was
found. Analogy with the Hylleraas variation principle
leads us to suppose that, if the unperturbed and first-order
wave functions are sufficiently close to the exact Hartree-
Fock solutions, then the calculated y is a lower bound for
the true yscF. Numerical difficulties with very diffuse

TABLE I. Polarizability and hyperpolarizabilities (in a.u. ) of F in different environments. These
are preliminary results since the basis in Ref. 1 1acks f functions.

FREE
CRYST(LiF)
CLUS(LiF)

10.65

7.30
5.40

8100
679
149

3y-
241

8
—433
—96
—34

3
4 +ZZ, ZZ

—56
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TABLE II. Variation of the free-F dipole hyperpolarizabih-
ty with f exponent.

gf (a.u. )

2
1

0.5
0.25
0.20
0.15
0.10
0.05

y (a.u. )

8200
8203
8204
8205
8216
8302
8384
8560
8997
9962

TABLE III. Effect of f functions on the properties of F in
a point-charge lattice. All properties are in a.u. g =0.206244
a.u.; g'f is an f'exponent.

Basis

[12s 8p 5d 1f]
g'f =1.0
k=n

7.29
7.50

670
950

—97
—155

EscF

—99.908 46
—99.915 53

[12s 8p 5d 3f]
gf =(q, q/3, g/9) 7.55 1140 —182 —99.915 84

functions may also introduce errors in y, and so we sim-

ply note that y for the FREE ion increases when f func-
tions are added to the basis and that the estimated y for
free F is in excess of 10 a.u.

Having checked on the qualitative effect of f functions
for the FREE ion, the next step is to consider their effect
in CRYST calculation. In the CRYST model an F ion
is surrounded by bare charges on the lattice sites. In-
clusion of the very diffuse f functions indicated by the
FREE calculation therefore has an obvious danger. A
spuriously high polarizability or hyperpolarizability may
be produced because the diffuse polarization functions
have sufficient amplitude at the nearest-neighbor distance
to allow electrons to flow off the central ion into empty
"ls" orbitals of the six neighboring "cations. " In octahe-
dral symmetry these cage orbitals span A]g+T&„+Eg,
and, for instance, a diffuse f set could simulate the T~„
cage orbitals. A similar problem was encountered in the
calculation of the superposition error in polarizabilities of
ion clusters by the conventional counterpoise method. '

This problem is an artifact of the point-charge electrostat-
ics and is not related to the physics of a real crystal where
the cations have cores of electrons.

Table III shows the effect of basis extension on the SCF
energy, polarizability, and hyperpolarizabilities of the
CRYST F ion. Inclusion of f functions with an ex-
ponent 1.0 a.u. does not change the spd values significant-
ly. Lowering the exponent to q=0.206244 a.u. has a
large effect on the hyperpolarizabilities. Although the
direction of the changes is what we might expect from the
FREE ion calculations, it is also consistent with the spuri-

ous effect discussed above. Adding even more diffuse f
sets with exponents ri/3 and g/9 produces large changes
in the same direction. As the radial maxima for the three
f sets occur at -(0.7R, 1.2R, 2. 1R), where R is the LiF
ionic separation, it is probable that the results for this
basis contain large errors due to the localization on the
bare point charges of the lattice.

Although this source of error provides good reasons for
distrust of CRYST calculations, it is not present in CLUS
calculations. In these the cores of the neighboring cations
are represented. The confined anion suffers overlap
compression, and the first- and second-order wave func-
tions are also strongly contracted in extent. Addition off
functions with reasonable exponents will serve a real phys-
ical purpose of basis extension. Accordingly, in the final
section we present calculations of the hyperpolarizabilities
of F (Li+)s and Cl (Li+)s cluster using f-extended basis
sets.

V. RESULTS FOR F AND Cl

This section gives our best estimates of the in-crystal
hyperpolarizabilities of F and Cl in their lithium salts.
These were found by CLUS calculations on F (Li+)s and
Cl (Li+)s using the ATMOL4 SCF routines with a
finite-field program (R. Harrison, Cambridge).

The basis sets used are spherical-harmonic extensions of
the Cartesian GTO sets used in our previous studies of the
polarizability of these clusters. ' For F the original
[12s 8p 5d] set is augmented by a d set with an exponent

g =0.022 916 a.u. and three f sets with exponents
(9g, 3g, g). For Cl the original [13s lip 5d] set' is
augmented by three f sets with exponents (9g, 3', g)
where g=0.0366339 a.u. The surrounding cage of six
lithium ions is described by (10s 5p)~[ls lp] contrac-
tions which give fully polarizable Li+ (Ref. 1) and lead to
only very small basis-set —superposition effects.

In our highly contracted basis sets the two-electron in-
tegral evaluation took -2.5 hours of central-processing-
unit time (IBM 3081) per cluster and exponent optimiza-
tion was not feasible. The dipole hyperpolarizabilities yi
and y2 are found by fitting the dipole moment in three
external fields F=A, (0, 1,2). For Bi and B2 a field gra-
dient is imposed by two distant charges q in addition to
the point-charge crystal lattice and an external field
F=A, (0, 1,2); B

&
and B2 emerge as the changes in cluster

dipole moment that are first order in A, and q. The small
response of the cage is subtracted, and thus yi, y2, Bi,
and B2 for the central in-crystal anion are calculated.
Table IV shows our results. Because of the symmetry of
the fields, each component of the dipole moment leads to
an independent estimate of the B hyperpolarizability, giv-
ing the spread of values shown in Table IV, and, in turn,
reflecting the accuracy of the numerical differentiation of
the dipole moment.

The dipole polarizabilities a are obtained from the same
fitting process as the y hyperpolarizabilities. The values
of a obtained are increased by less than 1% (for F ) and
less than 0.02% (for Cl ) over the results for basis sets
without f functions. This supports our statement in Sec.
IV that the dangers inherent in the use of diffuse polariza-
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TABLE IV. Ab initio in-crystal hyperpolarizabilities of F
and Cl (in a.u.).

B2

yTHG/3 THG 0 64

and also

(1 la)

F in LiF
Cl in LiC1

209
2090

119
815

—48 +6
—317J1

—45 +1
—275%10

C1111/3C1122 0'64 '

If we neglect the lithium contribution to C,jk1 and follow
the analysis of Ward and New, ' we identify

C1111(—3', co,ci), co) = (W p/24)y1

C1122( 3',co, co,a)) =(—W P/24)3 2

(8a)

where p is the number density of F ions in LiF
(p=6. 118X 10 cm ) and W is a local-field factor, '

W=(n +2)/3,
where n is the refractive index at the laser frequency
(n =1.391). This gives

tion functions in CRYST calculations do not affect CLUS
calculations. Overlap compression confines the anion
charge density and prevents spurious "charge transfer"
upon addition of diffuse f functions. Lack of any signifi-
cant change in a shows that our calculation is behaving in
a physically reasonable way.

The results in Table IV are our best predictions of the
in-crystal hyperpolarizabilities of F and Cl in lithium
halides. It is clear that the crystalline environment
reduces the anionic hyperpolarizabilities by an order of
magnitude and introduces significant hyperpolarizability
anisotropy. The ratio y~/3y2, unity for a spherical ion, is
reduced to 0.59 for F in LiF and to 0.85 for Cl in
LiC1. 8 is less anisotropic as 381/4B2, which is unity for
a spherical ion, falls to -0.8 for F in LiF and to -0.9
for Cl in LiC1.

As the lithium cation has an insignificant y hyperpolar-
izability, we might hope to compare our calculated y
value for the in-crystal anions with experimental values

for the hyperpolarizability of the lithium halide crystal.
Maker and Terhune" were able to observe third-harmonic
generation (THG) in a lithium fluoride crystal despite the
fact that index matching is not possible. They give the
following values for the components of the material sus-
ceptibility: C»„(—3',co,co, co) and C»22( —3',~,co,~),
where co is the frequency of the pump beam (ruby laser,
A, =694.3 nm), and

Ciiii+3C)i22=3X &0 cm erg
—15 3 —1

y1/3y2 ——0.59 . (1 lb)

The agreement between the calculated and experimental
values js good since the y values include some near-
resonant enhancement. Ward and New suggest the fol-
lowing relationship between y and y

y =y /( 1+15' /0 ),
where 0 is the excitation of the material; if this were
chosen to correspond to the reasonable value of an absorp-
tion at —150 nm, the calculated and experimental values
would agree closely.

This level of agreement is almost certainly fortuitous as
the analysis of Maker and Terhune did not account for
the effects of focusing the pump beam. ' Moreover, the
calculated values neglected the effect of electron correla-
tion, which is likely to enhance the y values.

Maker and Terhune" also gave results for

C1Jk1( (co+5—),co,co, —(co —5) )

values obtained from a three-wave-, mixing experiment
[nonresonant coherent anti-Stokes Raman spectroscopy
(CARS)], when 5 is a benzene Raman shift. These results
were normalized relative to the value obtained for ben-
zene, for which an absolute value was calculated from the
spontaneous Raman intensity, assuming that only a
resonant CARS signal would be obtained in this case; the
normalization increased the directly measured susceptibil-
ity values by a factor of 8' . Using the values of C1111
obtained in this way, we obtain the three-wave-mixing re-
sults given in Table V. It is clear that these results are
much larger than our calculated ones, although the disper-
sion correction for the three-wave-mixing hyperpolariza-
bilities should be much smaller than for third-harmonic
generation. The agreement would be much better with
"unnorrnalized" experimental values; Maker and Terhune
note some inconsistencies in their absolute values. "

If we accept that they are internally consistent, the re-
sults quoted in Table V show two things. Firstly, they
show a strong environmental effect on the in-crystal hy-
perpolarizability of Cl; this effect is much more pro-
nounced than the corresponding effect on the in-crystal
polarizability. Secondly, they show that the factor-of-10
difference between the hyperpolarizability of F in LiF
and of Cl in LiC1, predicted by our calculations, is a
reasonable result.

The values of the nonlinear susceptibilities found by
Maker and Terhune have been critically discussed by

(y1 +3y2 )=5.2&&10 cm erg

= 1030 a.u. ,

whereas we calculate

(loa)

TABLE V. Values for yi (in a.u. ) and yi/3y2 obtained from
the three-wave-mixing results of Maker and Terhune (Ref. 11).

yi+ 3y2 ——566 a.u.
F in LiF
Cl in NaCl
Cl in KC1

690
11 600
20 300

0.74+0. 1

0.78
1.10
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Hellwarth' in light of further experimental and theoreti-
cal work. It was concluded that the THG results on LiF
are consistent with improved three-wave-mixing data, '

but that the original three-wave-mixing results are not.
The more recent work therefore supports our calculation
of the y hyperpolarizability of F
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