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Recently a simple hexagonal phase of Si has been discovered at ~ 130-160 kbar of pressure. We have
performed self-consistent density-functional calculations on the B-tin and simple hexagonal structures of Si,
using the calculated stress tensor to determine the c/a ratios as a function of volume. We find the simple
hexagonal phase to be stable at pressures above 143 kbar. As the two structures are simply related by
small strains and displacements of the atoms, we calculate the total energy along a path between the transi-
tion structures showing that any barrier bétween them is lower than 0.01 eV per atom.

A new metallic phase of Si with a simple hexagonal struc-
ture containing one atom in the unit cell has recently been
discovered to be stable under pressure."? This structure has
not been found in any other element but has been observed
in some alloys of tin** and the In-Bi system.” The g-tin
structure, which is the well-known® high-pressure phase of
Si that has been studied theoretically,” is found to be stable
only over a small range of pressures."’? In this paper we
present calculations of the total energy and stress® which
determine the transition pressure and structural parameters
and show that there is a continuum of low-energy structures
which encompass both phases.

In the simple hexagonal (sh) structure each atom has six
neighbors in the basal plane at a distance a and two neigh-
bors above and below the plane at a distance ¢. The coordi-
nation is effectively eight since (c/a)g,~ 1.2 There are
threefold and fourfold rings of atoms, i.e., 60° and 90° bond
angles. The existence of this structure is an important find-
ing for our knowledge of the properties of group IV ele-
ments since it establishes that these geometries exist at low
energy and may be important in cases such as surfaces, the
liquid, etc. The competing B-tin structure has a centered
tetragonal unit cell with a two-atom basis and a single
parameter (c/a)g. In the experimental structure there are
four nearest and two next nearest neighbors at a slightly
greater distance giving — sixfold coordination. Thus, Si ex-
hibits an increase in effective coordination number from
4— 6 — 8 with increasing pressure. Furthermore, there is a
simple relation between the B-tin and sh structures which is
illustrated in Fig. 1, following Refs. 3 and 4. By moving the
atoms in the faces of the cell by c¢/4 in the c¢ direction of 8-
tin, accompanied by the small strains of the cell shown, the
lattice becomes simple hexagonal. The symmetry of the in-
termediate structures obtained by such a continuous transi-
tion is orthorhombic.>*

In the present study calculations of the total energy and
stress were performed with an ab initio norm-conserving
pseudopotential® in the local density-functional formalism,!°
using the Wigner approximation to the exchange and corre-
lation energy.!! The resulting Schrodinger equation was
solved self-consistently in momentum space at 40 points in
the irreducible part of the Brillouin zone for B-tin and 60
points for the sh structure. The total energy'? and stress
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tensor® were calculated using a momentum space represen-
tation. Plane waves of up to 12 Ry in energy were included
in the basis set. With these parameters we estimate conver-
gence in the energy differences between phases — 0.01 eV
per atom.

Calculations were performed at eight volumes for 8-tin
and nine volumes for the sh structure. At each volume two
preliminary calculations were performed with different c/a
ratios close to the minimum in energy. By linear extrapola-
tion of the anisotropic part of the stress (o, — o Where z
is in the c¢ direction and x is in the a direction) we calculate
the c/a ratio at which the stress is isotropic, corresponding
to the minimum in total energy at that volume. The residu-
al anisotropy in the stress is typically less than 2 kbar. The
total energies from calculations performed at the predicted
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FIG. 1. Atomic positions of 8-tin (solid lines) and sh (dashed
lines). The strains of the cell required to take the structure between
the calculated transition structures are shown. cg and cg, show the
directions of the c axes.
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minima are plotted in Fig. 2 together with a curve for dia-
mond Si of comparable accuracy.

The total energies were fitted to Murnaghan’s equation of
state,'® shown as solid lines in Fig. 2. The B-tin => sh tran-
sition pressure, the bulk modulii and their pressure deriva-
tives obtained from these fits and the volumes and c/a ra-
tios of the transition structures are shown in Table I. The
transition pressure from diamond to B8-tin of 70 kbar is rath-
er lower than the experimental value of ~ 125 kbar (Ref.
14) and also somewhat lower than the value .of 99 kbar
from the calculations of Ref. 7. The value of 125 kbar is
not within the numerical uncertainty of our calculation.
This error may be due to the use of the local density ap-
proximation in our calculation. We also note that there is a
wide variation in reported transition pressures? and that hys-
teresis and temperature dependence may complicate the
comparison between theory and experiment.

The B-tin to sh transition is calculated to occur at ~— 143
kbar. This is in excellent agreement with the experimental
value of between 130 and 160 kbar.'? However, we must
note that if the sh curve were shifted in energy by ~— 0.01
eV per atom relative to B-tin the transition pressure would
change by —~ 50 kbar. The transition volumes given in
Table I are within 5% of the experimental results obtained
from the figures of Refs. 1 and 2.

The c/a ratio of the sh structure is plotted against volume
in Fig. 3. The volume dependence of the c/a ratio is appre-
ciable, and we find that it increases with the application of
pressure in agreement with Ref. 1. In comparison to the ex-
perimental? ¢/a ratio of 0.94 close to the transition, we
find ¢/a —0.957 (see Ref. 15). Close to the transition to
sh we find (c/a)g—~ 0.525, slightly below the experimental
value of 0.552.1* The c/a ratio is only weakly dependent on
volume—at a volume of 16.0 A% we find (c/a)g~ 0.5264.

Weaire and Williams!® have noted that the Ewald energy
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FIG. 2. Energy of the B-tin, sh, and diamond phases. The points
indicate calculated energies and the solid lines fits of these energies
to Murnaghan’s equation of state. The dashed common tangent in-
dicates the transition from diamond to B-tin. The inset shows the
region of the transition from g-tin to sh in detail.

TABLE 1. The B-tin— sh transition pressure, the bulk modulus
B and its pressure derivative B’ from fits of the total energies to
Murnaghan’s equation of state. The volumes and c¢/a ratios of the
calculated transition structures are also given.

B-tin sh
Pressure (kbar) 143 143
B (Mbar) 1.19 - 1.06
B’ 4.01 4.86
Volume (A3) 13.553 13.227
c/a 0.525 0.957

of a simple hexagonal lattice is a minimum at a ¢/a ratio of
0.928 and have used this fact to explain why the c/a ratios
of various alloys of tin lie close to this value. Yin and
Cohen’ have argued that the Ewald term is also dominant in
determining the c/a ratio of B-tin Si, finding it to be a
minimum at c¢/a =0.5445. We note that with increasing
pressure the c/a ratio of the sh structure moves further
from the Ewald minimum.

We have also calculated the total energy at five points
along a path between the calculated transition structures of
B-tin and sh, as described in Fig. 1. We have arbitrarily
chosen each of the four parameters describing the path
(three dimensions of the cell and the position of the atoms
in the faces of the cell) to change linearly between their
values at the end points. Since the transition occurs under
conditions of constant external pressure the appropriate en-
ergy along the transition path is the sum of the internal en-
ergy E and the work done against the external forces P,AV,
where P, is the transition pressure and AV the change in
volume. The enthalpy H = E + P,AV is the same at the end
points of a transition between structures at constant pres-
sure. The intermediate values indicate whether there are
stable or metastable phases intervening or if there is a large
energy barrier to the transition. Along our path we calculate
H to be a constant within the convergence of the energy
differences between phases of —0.01 eV per atom. We
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FIG. 3. Calculated c/a ratio of sh Si as a function of volume.
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conclude that if a barrier is present it is smaller than 0.01
eV and that the continuum of structures along the path are
potentially stable phases.

It is interesting to speculate on the possible consequences
of the result that near the transition Si is very soft and has
almost constant enthalpy for a range of structures between
B-tin and simple hexagonal. Firstly, the phonons in each
phase may be very soft. We have shown this by calculating
the frequency of the optic phonon shown in Fig. 1 in the
B-tin phase to be 87 cm™! at the transition, i.e., a restoring
force smaller than that of the optic mode in ordinary Si by a
factor of (520/87)2~36. This low frequency suggests a
large temperature dependence of the transition. Further-
more, the soft phonon and the proximity to the transition
could enhance superconductivity. It could be interesting to
extend previous studies at high pressure which have shown
that Si is a large critical field superconductor with 7.~ 7
K. Secondly, the properties are expected to be sensitive to
small changes, such as defects and impurities, and may be
varied by alloying.

The sh structure has not been found in Ge up to applied
pressures — 500 kbar.! This seemingly large difference
between Ge and Si could be explained by only a small
change to the energy versus volume curves for Ge from
those we have calculated for Si. If the sh curve was shifted
to 0.06 eV higher energy we would calculate a transition
pressure of over 500 kbar. Such a shift might be due to the
differing amount of d character of the wave functions in the
two structures. The d occupation in the sh phase near the
transition is found to be ~ 6% higher than that in B-tin.

This is calculated from the difference in the projections of
the wave functions onto the d symmetry nonlocal potential
which is strongly localized around each atomic site. As Ge
has a filled 3d core the d pseudopotential is more repulsive
in Ge than Si and the d orbitals are moved to larger radii
and higher energy with respect to the p orbitals. Thus, at'
compressed volumes structures with considerable d charac-
ter are moved to higher energies in Ge compared to Si.
This effect is clearly seen in the study of the structures of Si
and Ge of Ref. 7. Nevertheless, it is very likely that the
overall characteristics of the continuum of structures near
stability will persist in Ge and Si-Ge alloys.

In summary, we find a stable simple hexagonal phase of
Si at pressures above —~ 140 kbar in good agreement with
experiment."2 Using calculations of the stress we have
minimized the total energy with respect to the c/a ratios of
both phases, which is important when considering the very
small energy differences between them. Calculations of the
total energy along a path between the two phases show an
entire family of structures which are near stability. Any
barrier that might exist is found to be less than 0.01 eV per
atom.
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