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Correlation functions in the quadrupolar glass phase of solid hydrogen
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A precise description of the molecular order parameters and their correlation functions that deter-
mine the NMR line shapes, damping 'of spin echoes, and the longitudinal nuclear relaxation in solid
ortho-para hydrogen mixtures is given and the effects of fluctuations of the order parameters on the
NMR measurements are discussed. This formalism is used to make precise definitions of terms
such as "freezing, " "dynamic gel, " "glass formation, " etc., that have been used in the literature to
describe the NMR results. An operational definition of a "quadrupolar glass" is given in terms of
the correlation functions and the different NMR techniques are analyzed to show what properties of
the correlation functions can be deduced in each case. The time scale of the variations of the corre-
lation functions probed by the different experiments is discussed in detail.

I. INTRODUCTION

There has been considerable experimental effort by
several groups' ' in recent years to understand the orien-
tational ordering of a random distribution of quadrupole-
bearing molecules (such as ortho hydrogen) located at
fixed sites in a matrix [the lattice is hcp for concentra-
tions x(55 at. % (Ref. 28)] of spherical but otherwise
"equivalent" molecules (parahydrogen species for solid H2
mixtures). These studies have been stimulated by the real-
ization that a random distribution of electric quadrupoles
represents a particularly striking example of the combined
effects of frustration and disorder which play a dominant
role in the local ordering observed in spin glasses ( CuMn,
AuFe, alloys, etc.) and in related systems [orienta-
tional glasses such as (KCN)„(KBr)i „mixtures,
electric dipolar glasses KTaOi. Li, etc.].

For axial quadrupoles the lowest-energy configuration
of an isolated pair is a "tee" configuration with the molec-
ular axes mutually perpendicular, but it is impossible to
arrange all molecular axes mutually perpendicular on any
three-dimensional (3D) lattice. This frustration results in
a topological incompatibility between the orientational
correlations in the ground state of small clusters of quad-
rupoles (pairs, triplets, etc.) and those of the ground-state
configurations of the infinite system (there may be several
almost-degenerate low-lying states in a dilute system ).
For high quadrupole concentrations this leads to a first-
order phase transition to the well-known Pa3 configura-
tion which represents a compromise between the minim-
ization of the different intermolecular interaction energies
and the establishment of long-range orientational order.
For concentrations below approximately 55 at. %, no sim-
ple long-range order has been observed experimentally (for

temperatures down to approximately 50 mK), and it has
been suggested ' that for these concentrations, solid
ortho-para hydrogen mixtures (and para-ortho deuterium
mixtures) form a quadrupolar glass in which the local
orientational-order parameters vary from site to site
without any long-range spatial correlation, and fluctua-
tions (if any) of these parameters occur for only very long
time scales (t»10 sec). Following this speculation,
many NMR experiments' ' have been reported, describ-
ing the "freezing" (Refs. 6—9, 14, and 19) or the apparent
absence (Refs. 10, 11, 18, 20, and 21) of "freezing" of the
molecular orientations in solid H2 (and solid D2) mixtures,
and the evolution of the molecular dynamics upon cool-
ing. In order to clearly understand how different experi-
mental techniques probe the orientational degrees of free-
dom and their time dependence, it is important that an
unambiguous formulation be presented and precise defini-
tions be given for various terms and notions, such as the
"freezing" of the orientations, "dynamic gel,

" and "glass
formation, " which have been used rather loosely in the
literature. The purpose of this paper is to present such a
formulation and provide a framework that will allow us
to analyze the different results more carefully and thereby
compare the various interpretations quantitatively. (Sum-
maries of the results obtained and conclusions reached by
various groups can be found and compared in Ref. 41.)

II. ORIENTATIONAL-ORDER PARAMETERS
AND CORRELATION FUNCTIONS

The first step in our procedure will be to specify the
orientational degrees of freedom of an individual mole-
cule. (A comprehensive discussion of this can be found in
Ref. 17.) For ortho-H2 (and para-D2) the orbital angular
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momentum J is a good quantum number, and the degrees
of freedom are those of a spin-1 particle. In the absence
of interactions which break time-reversal symmetry, the
dipole moments (Jx ), (Jr ), and (Jz ) vanish and we
need only consider the higher-order components of a
second-rank tensor (Q &) which are the expectation
values of the operator

Q~p = —,(J~Jp+ Jp J~ ) ——,J
a and P refer to an arbitrary set of Cartesian axes
(X, Y,Z). Of the nine components (Q p), only five are
independent. If we choose three local axes (x,y, z) which
coincide with the principal axes of the tensor (Q p),
(Q„~)=(Q~) =(Q~) =0, and only two intrinsic
quadrupolar parameters remain. These are

P= TI3+

1——,o 0
3

2
30

A, )
———,

' (1+2o ) (7a)

in the representation
~
J,J, ) with the rows (columns) cor-

responding to J,=1,0,—1.
The allowed values of o and g are determined by the

condition that the eigenvalues A, of the unitary matrix p be
positive definite, i.e., that 0&A, &1. The eigensolutions
are

and

(2b)

[The normalization factors in Eqs. (2a) and (2b) are
chosen so that (o.,g) transform orthonormally when the
axes are rotated. ] The three local principal axes (x,y,z)
and the order parameters (o,g) constitute the five vari-
ables needed to completely specify the orientational de-
grees of freedom (when the components (J„'), (J~), and

(J, ) of the angular momentum are quenched).
Instead of the Cartesian components, it is more con-

venient to introduce the irreducible tensorial operators
62, which are the operator equivalents of the spherical
harmonics Y2~ in the manifold J= 1. We write

e„=l——', J', e, =+(—,')'"(J J +J J+), (3)

(7b)

The allowed values of o and'g are therefore constrained
to ——, &o &1 and

~ q ~

&1+(1/v 3)o'. This is the tri-
angular region in the (cr, g) plane shown in Fig. 1. The
vertices correspond to the pure states discussed earlier.
As shown for the pure states, not all points in the "al-
lowed" triangle of Fig. 1 are inequivalent. Following our
convention that we choose the labels of the principal axes
such that

~

o
~

&
~ g ~

& 0, we find that we need only con-
sider the hatched region in Fig. 1 bounded by the lines

1g=+ o and g=0.
3

As an aid to understanding the nature of the order pa-
rameters we can consider an ellipsoid whose axes are the

and

In the principal-axes reference frame, (82+~) =0 and
( Bz +2) are real, and we have

o = ( B2o) and g = (Bz 2+B2 . 2) /V 2 .

If the molecule is in a pure state, there are only three
possibilities, o.= 1 with g =0, or o.= ——, with

g =+V 3/2. These states are physically equivalent, as can
be seen by a simple permutation of the axes x,y,z. In or-
der to reduce this redundancy, we adopt the convention
that, from the possible permutations of the principal axes,
we choose the labels of the axes such that

(
cr

~
&

~ g ~

& 0.
In general, the system need not be in a pure state, and a

density-matrix description becomes necessary. We then
describe the degrees of freedom of each molecule by a
single-particle 3 & 3 matrix operator

(e, )e,'
m =0, +1,+2

In the local principal-axes frame, this can be written as

FIG. 1. Allowed values of the orientational order parameters
o=(1—

2 J, ) and g=(V3/2)&J„—Jr) of a spin-1 particle

(without a dipolar moment) are restricted to the triangle bound-
ed by the lines o = —

z and r)=+(1/V3)(1 —a) in (o', g) space.

x, y, and z are the principal axes for the quadrupole tensor
( 2 (J,Js+JpJ ) —3 J ), Not all points inside the triangles are

inequivalent, and by selecting the permutation of the principal
axes (x,y,z) so that cr &

~ g ~

&0, we need only consider values
inside the hatched region: g&0,

~ q ~

&(1/V 3)o', and
1——, &~& —V 3g.
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principal axes defined above, and plot the three eigen-
values A, &, A,z, A, 3 on these axes to determinate the boun-
daries of the ellipsoid. This ellipsoid can be regarded as
representing a probability distribution for the molecular
orientations with the probability that a molecule is orient-

ed parallel to R being given by
2 2 2R Ry 2 Rz

&~2+ 2 2+ 3~2 .

Figure 2 illustrates this description for (a) preferential
alignment along an axis (cr & 0), and (b) a molecule lying
preferentially in a plane (cr & 0). A measure of the overall
departure from an isotropic distribution is given by the to-
tal quadrupolarization q=(o +g )'

With the above definitions of the irreducible operators
62 and their expectation values which describe the
orientational degrees of freedom of the J=1 molecules,
we can construct an autocorrelation G;(r) for ea,ch mole-
cule, given by

G;(t) = —,
' g(6, ,(t)6, (0)+6, (0)6", .(t)), (8)

where ( )z designates a statistical thermodynamic aver-
age. This autocorrelation function has the virtues of be-
ing a real scalar, independent of the choice of reference
frame and the "nature" of the local quadrupolar order
(i.e., axial or nonaxial). G; (t) has the following properties,

G;(0)= —,', G;(ao)= g )
(6z )

)
=q,',

where q; =(o;+g; .)'~ is the magnitude of the total
quadrupolarization of the ith. molecule, and the parame-
ters o.;,q; must be calculated in the local principal-axes
reference frame. The behavior of G;(t) for a given time
interval t is determined by the orientational motion of the
molecule in that time interval. This molecular motion can

be followed by using different NMR experiments. The
general time dependence of the simple correlation func-
tion G;(t) is easy to understand in physical terms and can
be constructed from, the results of the different NMR
studies. Instead of directly measuring the function G;(t),
a given NMR experiment probes a particular combination
of one or more of the correlation functions

9'~ (t) =. T (6z~ (t)62m. (0)+62~ (0)62~ (t) ) r

[e.g. , the spin-lattice relaxation rates are related to the
Fourier transform of g & zm 9'~ (t)]. Each type of
experiment and the appropriate correlation functions must
therefore be considered carefully for each case in order to
be able to determine G;(t) The. se different methods are
discussed in the following sections, and in Sec. VI we
describe precisely how a quadrupolar glass should be de-
fined in terms of the correlation functions.

It will be shown in Sec. VI that we are led naturally to
define an "orientational glass" (or "glassy state") as one in
which the molecular orientations become apparently
"frozen" when studied over a time scale t„,~„ i.e, when

(i) G(t) is flat for t;„,&t &t„,~,

and

(ii) G(t =t„,&, ) & q,q

where q,q is the statistical or equilibrium average of the
quadrupolarization taken over all configurations and

t;„, is a microscopic time scale associated with the
molecular interactions (e.g. , h /E&& ). We can say that the
molecular orientations appear to be "frozen" for the speci-
fied time scale if condition (i) is satisfied, and "glass for-
mation occurs if condition (ii) is also satisfied (i.e., if the
system becomes nonergodic).

III. NMR LINE-SHAPE STUDIES

NMR techniques provide a particularly direct method
for studying these order parameters since the perturbation
of the nuclear Zeeman energy levels is determined by the
secular component of the intramolecular nuclear dipole-
dipole interaction A DD, which depends directly on the
orientational state of the molecule. We have

where

3 D ( 1 —
2 Iz )( 1 —T~ Jz ) z' (10)

(a) (b)

FIG. 2. Schematic representation pf the probability distribu-
tion for the orientation of a molecule. The probability P(Q) of
finding a molecule oriented parallel to the vector R from the
origin to the surface of the sphere is given by
P(Q) =(A, iR„+A,2R~+A, 3R, )/R . A,„have the eigenvalues of
the density matrix specifying the orientational degrees of free-
dom. Two cases are illustrated for (a) a molecule oriented
preferentially along an axis o.&0, and (b) orientation preferen-
tially in a plane, o. & 0.

D 3 y'A' = 173.06 kHz,
2m 5 a3

a being the internuclear separation. The quantization axis
OZ is determined by the direction of externally applied
magnetic field Ho. In order to relate this perturbation to
the orientational state of the molecule we must transform
to the local molecular reference triad determined by the
principal axes (x,y,z) of the molecular quadrupole tensor.
We then find

~D~D 3 D(1—
2 Iz)[aP2(cos8)+v 3g sin 8cos2$]
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where 8 and P are the polar angles specifying the orienta-
tion of OZ in the local frame ( xy, z).

In order to determine the absorption line shape and
NMR properties resulting from this perturbation, we need
to know the time scale of any time dependence of the or-
der parameters. If the parameters are static or if any fluc-
tuations occur at frequencies less than D (i.e., quasistatic),
then each molecule i contributes a doublet to the line
shape with a frequency separation given by

hv; = +D [o;Pz(cos8; ) +V 3'; sin 8; cos2$; ), (12)

with respect to the Larmor frequency vL yfiH——O/2n. For
the case of axial symmetry (g; =0 at each site) and the
same value of o at each site (o.=1 for the Pa3 structure),
one finds the familiar Pake-doublet line shape upon sum-
ming over all orientations for a powdered sample. (This
consists of two cusps separated by 5v=D=173.06 kHz
with shoulders extending to a separation of 346.1 kHz. ) If
there is a distribution of quasistatic order parameters
P(o), then the line shape consists of a superposition of
Pake doublets (assuming g=0 at each site), and this ap-
proach has been used to infer distributions P(o ) from the
low-temperature line shapes for dilute mixtures with
ortho concentrations of x & 55 at. %. ' ' There is, how-
ever, no justification for the assumption of local axial
symmetry in the dilute systems.

If the order parameters are not quasistatic, i.e., if fluc-
tuations occur at a frequency comparable to D, then each
doublet contribution to the line shape is motionally aver-
aged; the satellites are reduced in intensity at the expense
of a central motionally narrowed line which grows as the
motional frequency increases beyond D. The analysis of
the line shapes in terms of a superposition of Pake dou-
blets would not be correct in this motional-narrowing re-
gime and it is important to realize this in order to avoid
confusing changes in P(cr) with motional-narrowing ef-
fects. It is certainly erroneous to analyze the line shapes
in terms of a distribution of static order parameters, and
for the same sample and experimental conditions interpret
pulsed NMR experiments (that explore the molecular
dynamics) in terms of orientational fluctuations with fre-
quencies co comparable to D=10 Hz.

The motionally narrowed line shape can be calculated
for one simple case, namely a stationary Markov process
involving a random hopping at rate Q from one value of
o., o.= —,', to the other, o.= ——,'. To lowest order the con-

tributions to the line shapes from each molecule are found
to be (a) for rapid transitions, Q»DP2(8;), a motionally
narrowed Lorentzian line with half-width at half-height

5~2

hv;=— (13)
3 0

where 5; =DPI'(cos8; ), and (b) for slow motion,
Q«DP2(8;), discrete lines at 5v;=+5; with half-widths
Q.

It should be noted that the spectral components 5; de-
pend on the geometrical factor P2(cos8;), and the motion-
ally narrowed linewidth depends not only on the frequen-
cy Q but also on the orientation cos8; of the molecule's
symmetry axis with respect to the local magnetic field.
Molecules inclined at 8=arcsin(1/v 3), i.e., those close to
the "center" of the line shape (5v small), would, in this
model, lead to extremely narrow Lorentzian line shapes
even for Q=D. The NMR absorption spectrum would
therefore include a narrow, peaked central component of
the NMR line shapes at temperatures for which motion
occurs in the frequency range 0.1D & Q & 10D. One
would expect this central component to broaden at low
temperatures since the spectral density of the fluctuations
in the interval 0.1D & 0 & 10D would normally be expect-
ed to decrease rapidly with decreasing temperature.

Although a narrow central feature is actually seen in
the NMR line shapes ' ' for ortho hydrogen concentra-
tions of x &55 at. %%uoan d for temperature s80 &T&450
mK, its persistence down to the lowest temperatures is not
understood. A narrow component as also reported several
years ago by Amstutz et al. ' and others' for mixtures
with high ortho concentrations, but the origin of this
component was not discussed in those reports.

IV. NMR PULSE TECHNIQUES

One way of distinguishing between motional-narrowing
effects on cw line shapes and changes in the distribution
of the quasistatic order parameters is to study the damp-
ing of solid echoes formed by two 90' rf pulses, one of
which rotates the spins by 90' about the x axis, and the
other by 90 about the y axis at time ~ after the first pulse.
If we consider only the intramolecular nuclear dipole-
dipole interactions, then the amplitude of the solid echo
formed at t =2r is the sum of the following contributions
from each molecule:

27

EJ.(2v.)=Trexp iR ' A DDdt R~ —exp if, i ' A DDdt I„&(,j 0 j j

~ ] f 7T ~ -1 2. . . &&exp —i' A DD.dt R —exp —i' A g)g) dt Ij j

where A DD is the secular part of the spin-spin interaction between the two nuclei of molecule j,j
A n~ A , D(1 —, Iz)crJP2——(co—s8J.)+W3r—ijsin 81 cos2$J .j

Assuming, for simplicity, that we have axial symmetry (gJ =0), then
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r

E (t.=2r) =exp iD f dt oJ(t)P2[cos81(t)] —f dt aj(t)Pz[cos8J(t)] (14)

where we have allowed for time dependence in both the order parameter aj and the orientation 8i of the symmetry axis.
Obviously, if the parameters o. and P2 vary very slowly in the two time intervals of length r, i.e., if Dr»1,

then EJ(2r)=1 and there is no motional damping. In the other limit of very fast motion, both of the above time
averages f dt and f dt become negligible,

~

D f oP2(8)
~

&&1, and also in this limit, Ei(2r)=1 and there is no

motional damping. (The inclusion of magnetic interactions between different molecules would, of course, lead to an at-
tenuation of the echoes, but this is distinct from the motional effects we are considering here. )

Motional damping becomes effective when the time dependence of oj and 8J in the two time intervals 0& t & r and
27

1 & t &2r is such that the time averages D dt aPz(t) and D dtaP2(t) interfere destructively. The echo will then

be damped by the motion. This occurs, in general, for motional frequencies in the range 0.1D &co &10D. As an exam-

ple we can consider 8 as fixed, while allowing o. to fluctuate. In this case, the averages over the time dependence may be
written as

27

exp —', iDP2(—8 ) f —f o (t)dt

for the jth molecule. We have

QJ = ,' DP2(8J—) f —f o, (t)dt

which represents the total phase shift QJ for the jth molecule induced by the fluctuations in oJ. If the motion is largely
uncorrelated and fast, so that for a given 8J the phase shift accumulated after time r has a Gaussian distribution func-
tion, then the average

(exp( —iP)),„=exp( ——,
' (P ))

r 27

=exp ——,
'

[DP2(cos81)] f dti f dt2oj(ti)aj(t2)

=exp ——,
'

[DP2(cos8J )] (2r t)az(0)az(2r—)dt

heH ——T2 ' ——5)~c (17)

The virtue of studying the echo decays rather than the
line shapes lies in the fact that one can distinguish
changes in the line shapes due to motional effects from
those due to changes in the distribution P(a) of the static
order parameters by looking for a motional damping of
the solid echoes. This is possible only for fluctuations at

If the single-particle correlation function

gi(2r) =aj (0)a~ (2r)

has a simple correlation time v; such that

(o;.) for t &t,g.(t)- .
0 for t&t,

The above average for the echo amplitude becomes

EJ(2r)=expI —[oJDP2(cos8J)] 2rt, I

=exp( 5J2rt, ) . —

The echo amplitude is exponentially damped with a relax-
ation rate T2 ' 5Jr, . 5j ——,' o&D——P2(cos8~—) is just the fre-

quency component of the spectrum contributed by the jth
molecule in the slow-motion limit co~(=1/r, ) &&D.

The above results show that the effect of the motion is
to remove the spectral components b,v=+5J from the ab-
sorption line shape and replace them with a central,
motionally narrowed Lorentzian line with a half-width at
half-height

frequencies in the range 0.3D & co~ & 3D.
The result for the motional damping contains two im-

portant results. Firstly, the damping T2 ' ——51r, depends
on the isochromat studied, even if r, is the same for each
molecule omponents at hv=D relax 4 times faster than
those at hv=D/2. As explained earlier, this can lead to a
narrow, sharply peaked central component for the
motionally averaged spectrum contributed by sites with
small aJ. Furthermore, although the damping of each
isochromat is exponential with T2 ——5jr„ for this very
simple model the variation of T2 with 5J will lead to a
complex nonexponential damping for the observed echo of
the entire sample. These characteristics need to be tested
for single crystals in the Pa3 phase, for which 51 can be
changed in a known fashion by varying the orientation of
the magnetic field with respect to the crystal axes. A
second feature of the result obtained is that the criterion
for the onset of motional damping of the component Av
of the line shape is given by the condition that

0.3
i

b,v
i

r & (=r, ) & 3
i
b.v

i
'r,

2m'

r being the pulse separation. Since practical values of r
are limited by (i) the contribution to the relaxation due to
the intermolecular nuclear dipole interactions of strength
d=l kHz, and (ii) the duration of the free induction de-
cay given by D '=30 psec; experimental choices of r are
restricted to

3D '( —100 psec)&r&d '( —1 msec) .
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(D HT~) '&co" &D r . (19)

This extends the frequency range that can be covered by
the use of solid echoes by 2—3 orders of magnitude, de-
pending on practical limitations on T . In practice, it is
limited by spectral diffusion, which for solid hydrogen
has limited the lower limit of the observation window to
frequencies cu ) 100 Hz. This limit can be lowered once
a better quantitative understanding of spectral diffusion
has been achieved.

V. LONGITUDINAL NUCLEAR RELAXATION RATES

The decay of the solid echoes and stimulated echoes can
be used to probe the spectral density of the. molecular
fluctuations for frequencies up to —10 —10 kHz.
Motion at higher frequencies can be explored by measur-
ing the longitudinal nuclear relaxation rates T j '. These
rates measure the spectral density of the fluctuations at
the nuclear Larmor frequency top and at 2cop since it is
only the local magnetic field fluctuations at these frequen-

For the components 10d &hv&D, motional narrowing
will be detectable for

100d D '( —1 kHz)&co~ &0.1D d '( —10 kHz) . (18)

Motion at frequencies lower than those that can be
detected by the damping of solid echoes can be observed
by studying the attenuation of stimulated echoes produced
by a three-pulse sequence. This is discussed in detail in
Ref. 15 and we will only give the salient features in this
paper. Two rf pulses separated by a time interval r are
used to prepare the system of nuclear spins with a distri-
bution of local nuclear-spin-polarization temperatures Pz.

(specifying the (Iz ) ) and local spin-alignment tempera-
J 2tures yJ (specifying the values (Iz )). These values are

J
determined by the mean values of the local order parame-
ters O.J during the short time interval ~. Following a wait-
ing period T ~&~, a third pulse is used to convert the
"stored" longitudinal components (,Iz ) and (,Iz ) into

J
transverse components such as (Ix ) and (Ix ) which

J J
produce a stimulated echo a time r after the third pulse.
This occurs because the evolution during the two time in-
tervals of length r, before and after the waiting period T,
are determined by the same Hamiltonian, the secular part
of A DD'—the evolution occurring during 0& t &r is
"stored" during T +r & t & ( T +r ) +r, provided P'DD'
remains constant. Here we assume that T~ & T&, so that
longitudinal relaxation effects can be neglected or unam-

biguously corrected by independent measurements of T~.
We also neglect attenuation due to spectral diffusion in-
duced by the intermolecular dipolar interactions.

If the order parameters oj. or the orientation of the
symmetry axes [given by (8&,PJ )] vary during the waiting
period T„, A ~D' will not be the same during the two
time intervals r; the evolution before and after T~ will
differ and the echo amplitude will be reduced. This
motional damping of the stimulated echo can be used to
detect variations of the order parameters during T~, and
the analysis given in Ref. 15 shows that damping can be
detected for motion in the range

cies that can induce transitions between the nuclear Zee-
man levels and thereby restore thermal equilibrium fol-
lowing any perturbation. The fluctuating magnetic fields
that drive these transitions arise from the modulation of
the intramolecular nuclear dipole-dipole coupling A zD'
and the spin-orbit or spin-rotational coupling
4 sa ——C I S by the molecular motion. A straightforward
calculation (given in the Appendix) shows that the contri-
butions to the relaxation by A Dz and A sz are given
by17, 44

and

(T) ')D ———,', D
m =+1,+2

m 2m m (20a)

m =+1
(20b)

VI. CORRELATION FUNCTIONS AND DEFINITION
OF A QUADRUPOLAR CUTLASS

We have seen in the above sections how the behavior of
the autocorrelation functions determines the damping of
the NMR spin echoes, motional narrowing of the absorp-
tion line shapes, and the 1qngitudinal nuclear-spin-lattice
relaxation rates. In order to have a precise formalism as a
basis for discussing these phenomena, and to explain
unambiguously how information concerning the molecu-
lar motion can be extracted from the NMR results, we

respectively, where /2~(mco) are the spectral densities
given by the Fourier transforms of the autocorrelation
functions (62~(0)62~(t) ). 62 are the spherical ten-
sorial operators introduced in Sec. II,

(mao)= I" &62 (t)62 (0))Te' "'dt . (21)

The 6~ are by the operator equivalents of the harmonic
functions Y'&~ in the J= 1 manifold.

As in the case of the damping of the NMR echoes, it
can be shown' ' that T& depends strongly on the partic-
ular isochromat of the line shape studied. The relaxation
rate ( T~ ')DD is much faster in the center of the line than
in the wings, and care must be exercised in analyzing the
results. This has been overlooked in some discussions of
the value of the T~ minimum for a powdered sample as-
suming Lorentzian spectral densities. This dependence on

oJ and the dependence on the orientation (HJ, PJ ) of the lo-
cal symmetry axes does explain the spectral dependence of
T~ reported by Meyer et al." ' and is discussed in the
Appendix.

Nuclear-magnetic-resonance experiments on solid hy-
drogen at. low temperature have been carried out for Lar-
mor frequencies 1(cop/277(300 MHz, and relaxation
studies can therefore be used to probe the orientational
fluctuations for frequencies in the (10 —10 )-Hz range.
Coupling these experiments with studies of the damping
of NMR echoes, we can, in principle, follow the molecu-
lar orientational dynamics over the entire frequency
domain 102—109 Hz without any gaps. This would, of
course, require the exploitation of a wide variety of NMR
techniques for magnetic fields varying from a few hun-
dred gauss to 10 T.
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considered the simple single-particle correlation function
6;(t) introduced in Sec. II. ( )T designates a statistical
thermodynamic average. We found that, for long times,

where q; =(cT;+l);)'~ is the magnitude of the total
quadrupolarization of the ith molecule, and the parame-
ters o.; and g; are to be calculated in the local principal-
axes reference frame.

Experimentally, we only study the average

and the discussion that follows refers to this sample aver-
age. For very short times, t, &R/V, ~«( —10 ' sec),
6 (t) decreases rapidly (see Fig. 3):due to fast fluctuations
that occur on a scale determined by the intermolecular po-
tential V,~„. It is on this time scale that the libron
modes of the Pa3 structure modulate the molecular orien-
tations at frequencies of —10 GHz. The NMR experi-
ments do not probe these high-frequency modes directly.

The nuclear-spin relaxation studies determine the spec-
tral density of the fluctuations in the frequency range
10 —109 Hz, and thus the behavior of 6 (t) for
10 & t & 10 sec. In the long-range Pa3 ordered struc-
ture, the main contribution (at temperatures close to T, )

is due to second-order Raman processes involving the ab-
sorption and emission of two librons.

The next time interval, 10 &t &10 sec, in G(t) is
covered by cw line-shape studies. As discussed above, the
line shapes are determined by the values of the "quasi-
static" order parameters o.

z and gj. determined over the
frequency interval 0.1D &co &D, where D —10 Hz in
the strength of the intramolecular dipolar interaction.
Changes in the behavior, e.g., changes in the slope of 6 (t)
as one alters the temperature, in this time interval will
lead to changes in the line shapes. The value of G(t) for
0.1D '

& t & 10D ' determines the intramolecular contri-
bution to the NMR second moment M2, provided that
G ( t) varies only very slowly in the interval
0.1D '&t &10D '. In this case, Mq"'" DG(D '). ——
The hypothesis that one can interpret the line shape in
terms of a superposition of Pake doublets (using a distri-
bution of order parameters, if necessary) is based on the
assumption that G (t) is almost perfectly flat in the region
0.1d '&t &10D '; if this is not true, the NMR line
shape can be motionally narrowed as explained earlier.

The distinction between motional-narrowing effects and
simple changes in the distribution of the quasistatic order
parameters can be made by studying the damping of solid
echoes. As explained in Sec. IV, these pulsed NMR stud-
ies explore the t dependence of 6(t) for 10 &t &10
sec, since the echoes are subject to an additional motional
damping (i.e., in addition to those due to the static inter-
molecular nuclear spin-spin interactions) for orientational

, fluctuations in the range (10d) D '&co~ &(0.1D) d
where d is the strength of the intermolecular dipole in-
teractions.

In order to probe G(t) for longer times, studies of the
attenuation of stimulated echoes are carried out. As seen
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FIG. 3. Variation of the autocorrelation function

GJ(t)= —'(62, (t)ez, (0)+62,(0)e (t))T as a function of
J J J J

time t for different time scales that can be probed by various
NMR techniques. There is a rapid drop from GJ(0)= 2 for
small times t;„, determined by the microscopic interactions
V,~ . The limit GJ.(00) gives the equilibrium value of the
square quadrupolarization qj =o.j+g~. If GJ(t) is flat from
t;„, to t, the molecular orientations are said to be "frozen"
on that time scale. In addition, if it can be established that
G(t ) &q~ {by independent experiments), then the basic cri-
teria for a quadrupolar glass have been satisfied.

above, these echoes are motionally damped for molecular
motion in the range (d r T&) '&nl~ &D w with
~;„-3D ' and v. ,„-3d '. These recently developed
techniques' ' ' therefore extend our observational time
window for studies of 6 ( t) to the upper limit
r",„=(4~D H)T&, which can be of the order of 10 sec.
This is shown in Fig. 3. As a result of the spectral dif-
fusion and the absence of a reliable theoretical treatment
of its effect, t,„ is limited not by T&, as given in the
above formula, but by this diffusion, and published exper-
imental studies have been limited to t~» -0.1 sec. '

The aim of the NMR experiments discussed in Ref. 15
was to look for molecular motion in the "ultralow*'-
frequency interval 10 &co~ & 10 Hz. At high tempera-
tures, in the completely disordered phase, the molecular
orientations fluctuate rapidly with co - lri

'
V~(l, and

since co~ &&0.1D d —10 kHz, the motion is too fast to
affect the stimulated echoes. If the characteristic molecu-
lar motion does slow down to frequencies co~ & 10 kHz,
an additional motional damping can be seen as soon as
co falls in the observational "window"

(D T, ) '10d &co~ &0.1D d( —10 kHz)

given by Eq. (17) for r &O. ld '=0.1 msec. In practice, v

is chosen in the interval 0.03 (~&3 msec; the lower limit
avoids excessive interference with the free-induction-decay
transients after the third pulse, while the upper limit is
imposed by the effects of spectral diffusion. Note that
this upper limit for co~ (for which the stimulated echoes
are modified) can, by a suitable choice of ~, overlap the in-
terval for which motional narrowing of the line shapes
can occur.

Observation of the motional damping of the stimulated
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echoes remains possible as long as there is significant
motion in the spectral window

(D r T~) '&co~ &D ~, (22)

and different intervals of the time scale for G(t) can be
explored by selecting different values of r and T~ in the
90'-~-6- T~ —0-r sequence. For a given sample one then
expects to observe a supplementary damping of the stimu-
lated echo for those temperatures for which condition (22)
is satisfied. At lower temperatures no such motional
damping would be observed. Some experimental evidence
was reported for such effects in Ref. 15. A (30%%uo) damp-
ing (after correction for T~ effects) was observed in the
temperature interval 240& T&270 mK for a solid hydro-
gen sample (x,„h,——38 at. %). The experimental condi-
tions were ~=25 psec and T =2 msec, for which
80&co~ &2.5&(10 Hz.

This effect was not seen in studies carried out else-
where' for bulk samples for which temperature differen-
tials were believed to be less than 10 mK across the sam-
ple for concentrations x-38 at. '%. Only the average
temperature was known for the experiments described in
Ref. 18, but the quoted temperature inhomogeneities
would appear to be too small to wash out the effect. As
explained above in detail, there is an intrinsic inhomo-
geneity in the samples since the relevant frequency scale
for damping depends on P2(cos8;) even if the motion of
each molecule is the same. This, and the fact that dif-
ferent molecular clusters in the dilute sample can be ex-
pected to fluctuate at different rates, leads to a strong in-
homogeneity for the motional damping. This means that
the weak damping observed for 250 & T & 270 mK can be
understood as a sum of effects from different regions of
the sample. For the purposes of illustration we consider a
specific example. If, upon cooling, the motion of all mol-
ecules slows down to 10 &co & 10 Hz, in a very narrow
temperature interval 250& T&255 mK, the above inho-
mogeneity effect which leads to motional damping when

The statistical average q,q is represented by the foot
G ( oo ) of Fig. 3 at t = oo. [The condition t ~ D ' in (i) is
to avoid the case of motional-narrowing effects for the
line shapes. ] These two rigorous criteria define the term
"glass" or "glassy state" (or, in our case, "quadrupolar
glass" ) that has been used rather loosely to describe the
NMR results for those solid ortho-para hydrogen mix-
tures for which no long-range periodic order has been
detected. The first condition is satisfied by the
stimulated-echo experiments for t„,~, -10 sec, but the
NMR results alone are unable to prove the second cri-
terion.

The underlying physics of the second condition is that
some aspect of nonergodic behavior is present. More pre-
cisely, we mean that for experimental time scales extend-
ing up to t„,i, not only has no evolution been detected,
but furthermore the system has not attained thermal
equilibrium, i.e.,

2 2
'q expt Wq eqm

Careful thermodynamic measurements coupled with stud-
ies of transport properties as well as NMR experiments
may help test this condition. In view of the possible ab-
sence of thermal equilibrium, the system is referred to as a
"glassy state" rather than a "glass phase. "

In view of the absence of any sign of a sudden "transi-
tion" (as stressed originally by Schweizer et al. ) from
the para-orientational phase to a "glass" state satisfying
the above conditions (which is seen for the magnetic dipo-
lar glasses ), the results are often interpreted in terms of
a dynamic gel" in which the characteristic spectral den-
sity shifts to lower-frequency ranges very rapidly as the
temperature is reduced (with an explicit T dependence of
a cooperative effect for the mutual slowing down of the
molecular reorientations) until the observational window
provided by the particular window is exceeded. A
"dynamic gel" is then described by conditions (i) and (ii)
above, with the feature that the origin of the evolution is

tom(l) =co P2(mcosOi )

falls in the interval 10 —10 Hz, will lead to a weak
damping observed throughout the wider temperature in-
terval 240—270 mK. The absence of any significant
modification of the stimulated echoes (apart from T& ef-
fects) for this pulse sequence below 240 mK is taken as
evidence that there is no significant motion occurring for
frequencies co & 80 Hz at T& 240 mK. This means that,
within experimental error, G(t) is essentially flat for
D '&t & —,0 sec. We can now say that the molecular
orientations appear to be "frozen" for this time scale.

Returning now to the general terms that have been used
to discuss the molecular ordering in solid hydrogen mix-
tures, a rigorous definition of the term "frozen molecular
orientations" for a specified time scale t„,&, is now given
by the following:

(i) G(t) is flat over the time scale D '&t &t„,~,

+D —1.

(ii) G(t„,t, ) ~ q,q, where q,q is the statistical average
of q obtained by taking into account all possible configu-
rations.

essentiaIIy f lot ~ T= O.I5 K

.4K

I
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FIG. 4. Example of a possible evolution of G(t) with tem-
perature consistent with NMR measurements. The behavior
beyond t =10 sec is unknown, and the discrepancies in the T~
data of different .groups leave the region 10 & 10 sec un-
determined. It is important to realize that the question of glass
formation is determined by (i) the flatness of G (t) for
10 & t &t,„=10 sec, and (ii) the difference between
G(t,„)and G(oo).
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VII. CONCLUSION

We have presented here a definition of the
orientational-order parameters for ortho hydrogen mole-
cules in solid-hydrogen mixtures. These parameters are,
in turn, used to write generalized single-particle autocorre-
lation functions which determine the results of various
NMR experiments.

This formalism is used to provide unambiguous defini-
tions of terms such as "freezing, " "dynamic gel, " and
"quadrupolar glass formation, " which have been used to
discuss and interpret the NMR results. It is shown that
two conditions must be met in order to claim the existence
of a quadrupolar glass as we have defined it. The NMR
results obtained by most groups are certainly consistent
with these conditions. While the first condition seems es-
tablished, the second condition related to the lack of ergo-
dicity (whether it be due to a "transition" to a glass re-
gime or a "slowing down" of the molecular dynamics)
needs to be tested by further experiments sensitive to the
thermodynamic properties of these systems.
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APPENDIX: LONGITUDINAL
NUCLEAR-SPIN LATTICE RELAXATION

The total Hamiltonian A T governing the rate at which
the nuclear spins of ortho molecules come into thermal
equilibrium is given by the sum of three Hamiltonians:

~r ~z+A ~+~c .

The Zeeman Hamiltonian

~z= g ir OI'

(A 1)

(A2)

in the temperature dependence of the molecular dynamics.
A schematic representation showing the evolution of G (t)
as the temperature is lowered in given in Fig. 4 for the
case of a smooth dynamic gel.

One fact is clear, namely that all the available NMR re-
sults are consistent with condition (i) and no experiments
of any kind have disproved condition (ii). Evidence
against quadrupolar glass formation (according to the cri-
teria and definitions given here) has not been found.

The B2 are the irreducible tensorial operators defined in
Sec. II and (I,J ) „ is the mnth component of the
quadrupole-quadrupole coupling between the ith and jth
molecules. ' The coupling between the nuclear spins
and the orientational degrees of freedom which provides
the mechanism for achieving thermal relaxation is given
by the intramolecular nuclear dipole-dipole interactions
P'DD and the spin-rotational coupling P sR of each mole-
cule,

and

A c—A DD+A sR

A ~D
——h g D g T2~(i)A 2~(i),

m

(A4a)

(A4b)

~c= —h QCI 'J (A4c)

T2+2 ——( —', )' (I+)

D/2m=173. 1 kH. z and C/2m = 114 kHz .

As a result of the coupling A c, each nuclear spin ex-
periences local fluctuating magnetic field, and it is the
components of these fluctuations at the Larmor frequency
coo and at 2coo that induce transitions between the
nuclear-spin levels and thereby assure thermal equilibri-
um.

In the limit in which the nuclear spins can be con-
sidered as only very weakly coupled, the longitudinal re-
laxation rate of each molecule i can be written as an in-
tegral of the local spin-torque correlation K(t), 9

T i; JK;(t)dt, —— (A5}

where

K (t)= ([Iz A c](t)[Iz A c] (0) )T (A6}

The time dependence indicated for the operators is given
tP pt —sA pt

by the interaction representation A (t) =e A e
with A o——A z+A M. [This form for K(t) is only valid
for times t & h /k' T. ]

After evaluating the commutators in Eq. (A6) and cal-
culating the thermal averages ( )T, we find

The T2 are irreducible tensorial operators for the
nuclear-spin degrees of freedom in the manifold I= 1

analogous to the operators Bz for the orientational de-
grees of freedom,

3 2
T2o ——1 —

& Iz

T2 +i ——+( 8 ) (I+Iz+IzI+),

describes the energy levels of noninteracting nuclear spins
is an external magnetic field Bo (coo ——yBO). The index i
labels a given molecule. The molecular Hamiltonian

T; =T1D+T1c—1 —1 —1

where

(A78)

,' y g (r-,, ) „e, (i)e,„(J)
ij mn

describes the electrostatic quadrupole-quadrupole interac-
tion between the molecules, and determines the quadrupo-
lar degrees of freedom of the molecules in the interaction. and

2

TiD ——, D f dt g m—(B2~(t)ez~(0))Te
m = —2

(A7b)
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1

T)g' ———,'C' f dt g m &J (t)J (0))Te
m= —1

(A7c)

g~ (co)= f dt&J (t)J (0))re'"'. (A8b)

This gives the compact form

T~ ——
2 D [g 2](cop)+4/ 22(2cop)]+ 2 C g &&(cop) . (A9)

In the Pa3 phase for high ortho concentrations the
spectral densities can be evaluated in a straightforward
fashion since the fundamental excitations (librons or libra-
tional waves) and their densities of states are well under-
stood. ' The dominant contribution to the spectral den-
sities is given by the Raman scattering of the librons by
the nuclear spins. The result is

T&;' ——[(—,'C + —',D ) —( —,C + —,'D )Pz(cosy;)]I, (A10a)

where y; is the angle between the applied magnetic field
Bp and the equilibrium orientation of the ith molecule.
We have

(The site index i has been dropped where no confusion
arises. ) These results can be written in terms of the spec-
tral densities of the correlation functions,

gz (co}= f dt&82 (t)6z (0}) re'"' (A8a)

and

spread of frequencies in the absorption spectrum. (The
order parameter o. has the same value at each site in the
Pa3 structure. ) The value of T& therefore depends on the
particular isochromat of the spectrum. This inhomo-
geneity has not been observed experimentally and we be-
lieve that this is due to a rapid homogenization of the
nuclear-spin temperatures in the Pa3 phase. The rapid
homogenization or spectral diffusion is affected by the
flip-flop terms in the intermolecular nuclear dipole-dipole
interactions between different molecules.

In the quadrupolar glass phase we do not know the na-
ture of the excitations and we cannot proceed with the
calculation of the spectral densities. Care is needed in
even formulating the relaxation rates since (i) the observa-
tion of an overall quadrupolarization at low temperature
shows that the correlation functions defined in Secs. II
and VI are nonzero in the limit t~ oo, and (ii) the local
principal axes vary from site to site. In order to attempt
to evaluate the overall behavior of T&, we will hypothesize
that we can separate the behavior at long times from that
for short times and further that it is the fluctuations for
short times that determine T, . We therefore assume that
the limit

lim &e, (t)e2 (0)),=&e, )',
f~ ao

exists, which implies that the orientations are partially
frozen. In this case the relaxation is determined by the
fluctuations

I= f dE p (E)ri(E), (A10b)
&62 )T &62 )~T —and &J )T &J )T . —

where p(E) is the libron density of states and
ri(E) = [exp(PE) —1] ' is the boson population factor. '

The result given by Eqs. (A10) shows that the relaxa-
'

tion time is spatially inhomogeneous as a result of the fac-
tor Pq(cosy; ), which varies from one sublattice to anoth-
er, and also depends on the orientation of the individual
crystals in the sample relative to the applied magnetic
field. This variation is also that which determines the

I

The calculation of the spectral densities is carried out in
the local reference frame for each molecule (given by the
principal axes for the quadrupolarization). The relaxation
rate for each molecule is found to be given by

—1 —1 —1
1 1DD + 1SR

where

g) 2

T1DD
12

(1 o)(1+2cr)[—,'(1+y —2y')j, p(cop)+ —', (1—2y+y )j2p(2cop)]

(1+cr/2)[ —', (2—y+8y )j2~(cop)+ —,(8 —4y+4y )j2~(2cop)]

(1—cr)[ —,(2—y+y )j2q(cop)+ —,
' (7+10y+y )j2p(2cop)]

(Al la)

and

—1
T1SR

Q2

9
[(1—cr)(1+2y)j,p(cop)+2(2+cr)(1 —y)j))(cop)] . (A11b)

a is the local quadrupolarization which is assumed to be
axial, and y; =(I/cr;)P2(cosy; ), where y; is the angle be-
tween the local symmetry axis of the ith molecule and the
applied field. The normalized spectral densities

f dt e'"'& 8, (t)8, (0) ) T
j2~(co)= t. , (A12)

&e, (0}e, (0)&,

where

e, +e, —&e, &.

The importance of the above result is that even if we as-
sume that the local dynamics is uniform from site to site,
the nuclear relaxation rates are nevertheless inhomogene-
ous. This inhomogeneity is due to two factors: (i) the dis-
tribution of the angles y; due to the different orientations
of the local symmetry axes, and (ii) the variation of the
quadrupolarizations from one site to another. While the
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authors of Ref. 21 did offer an explanation for the varia-
tion of T& with hv, the results obtained here are more
general.

These results can be used to explain recent observations
of the spectral inhomogeneity by Washburn et al." '

These authors found that the relaxation time depended

strongly on the position of the line in the absorption spec-
trum with the wings of the line shapes relaxing very slow-

ly compared to the center of the spectrum. This behavior
is described by our result given in Eqs. (A 1 I), for which
the factor 1 —I~0 in the wings of the line.
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