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A IDOdcl foI' electron IDoblllty ln 8 hvo-dlmcnslonal electron gas conflincd ln 8 tflangUlaf well %'Rs

developed. All ma)of scattering processes —l.c., dcformatlon potcntlal RIll plczoelcctfl| acoUstlc, po-
laf optical» lonlzcd lmpUflty» Rnd 8110$ disorder —%'cfc lnclUdcd as %'cll Rs IntfasUbband Rnd lntcf-
sUbband scattcImg. Thc Inodcl ls applied to t%'0 types of modUlatlon"doped hctcfostrUctUfcs» QRIQc-

ly GaAs-GaAlAs and Ino 5368o @qAS-Alo 52IQo @8AS. In the former case phonons and I'emote ionized
impUritics UltimRtcly limit thc IQobility» %'hefcas 1Q thc 1Rttcf, alloy disorder ls 8 predominant

scattering process Rt low tcmpcfatUfcs. Thc calcUlatcd mo5111tlcs Rfc ln very good ag/ccHlent %'1th

recently reported experimental characteristics for both GaAs-Gal „Al„ASand Ino5308047As-
Alo. 5IIno.4sAs modulation-doPed heterostructures.

I. INTRODUCTION

The advent of modulation- (or selectively-) doped het-
erostructures (MDH) has prompted a wave of studies,
both theoretical and experimental, on the two-dimensional
electron gas (2D EG). As MDH with exceedingly high
electx'on mob1l1t1es have been obta1ncd, a new challenge as-
sociated with the understanding of the transport proper-
ties of the 2D EG has emerged.

The concept of separating electrons from their parent
donors in semiconducting systems was originally proposed
by Esaki and Tsu. ' Hmvcver, it was not Until molccular-
beam epitaxy (MBE) technology was sufficiently
developed that such structures were grown. It soon be-
came apparent that these types of structures are the key to
a new generation of high-speed semiconductor devices. s

Many of the studies concerned with electron mobility
treated the confining potential as a square well; this treat-
ment is only applicable to multiple-quantum-well struc-
tures. However, the highest electron mobilities have
bccn obscrvcd 1Q single-quantum-%cll structures, %vhere 8
triangular potential well is a better suited approximation.
The framework for the treatment of two-dimensional elec-
tron transport in a triangular well was originally
developed for silicon inversion layers. ' 's This approach
was adapted to the treatment of scattering by ionized. im-
purities, by alloy disorder, and by surface roughness in
GRAS-681 „Al„AsMDH. ' The treatIDCQt, however,
was limited to intrasubband scattering, and therefore it
was not apphcable to higher gas densities. The effect of
doping of GaAs on the electron mobility in GaAs-
Gai „Al„Asheterostructures has been also considered. '
S1ncc 1Q MDH ionized-iIDpUrity scattcriQg 18 substantially
reduced, even at low temperatuxes electron-phonon in-
tcx'action constitutes an important mechanism limiting
electron mobility. The problem of electron-phonon
scattering has been addressed 1Q general tcxTIls, Rnd thc
difflcul'ties a pl'oper description of optIcal-phonon scatter-
IQg %'ould cnt81l, especially Rt, higher tcIIlpcraturcs, %'crc
-pointed out. ' ' Electron mobilities have been also calcu-
lated for GaAs-Gal „Al„AsMDH taking phonon

scattering into consideration, however, the calculated
values are much lower than those reported recently. ' ' A
simplified approach to 2D EG mobility calculations in a
triangular well has been carried out by adopting formulas
valid for a square weil potential and using an effective
width taken as the average separation of the electrons
from the interface. In addition to these simplifications
alloy-disorder scattering %as not taken 1nto account.

An important feature of an electron gas confined in a
2D potential well is the quantization of the electron ener-

gy in the potential well leading to a splitting of the three-
dimensional (3D) conduction band into two-dimensional
subbands. The importance of intersubband scattering has
been imphcated in numerous experimental investiga-
tions. ' ' ' To date, however, apart from treatment of
the phonon scattering, ' *' the mobihty calculations of 2D
EG in MDH have been carried out considering only in-
trasubband scat tcr1ng.

In this paper we have formulated a model to calculate
electron mobilities in 2D EG confined in a triangular
~cll» tak1ng 1nto coIls1dcratlon 811 ma)or scattcr1Ilg mccha"
nisms, and considering both intrasubband and inter-
SUbband scattering. Preliminary res Ults oQ GRAS-
681 zA1~As hetcrostructux'cs have bccn cons1dcrcd prcvl-
ously. This paper has been structured as follows: In
Sec. II we discuss essential features of the MDH used for
the confinement of the electron gas. Also, the energetic
structure of 2D EG in a triangular well is described. The
relaxation times for all the considered scattering processes
including intrasubband as well as intersubband transitions
are obtained in Sec. III. Results of this section are then
applied in Sec. IV to calculate characteristics of the elec-
tron mobility for MDH based on various semiconducting
systcIQs. Thc rcsUlts Rrc compared %@1th published cxpcr1"
mental data. SUG1mRQ" Rnd conclus1ons Rrc g1vcn 1Q Scc.
V.

We consider the single quantum well at the interface of
two semiconductors of different electron affinities and
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band gaps. As shown schematically in Fig. 1, the larger
affinity semiconductor (Sl at z)0) is nominally un-
doped, while the lower affinity semiconductor (S2 at
z & 0) is selectively doped, i.e., it contains the undoped re-
gion —d &z &0 (commonly referred to as the "spacer")
and the region z & —d highly doped with shallow donors.
As a result of the electron affinity difference, electrons
from the donors in S2 are transferred to S 1, and accu-
mulate in the vicinity of the interface; this results in a
strong electric field perpendicular to the interface. This
field leads to a quantization of the energy band structure:
the subband energies and their separation depend on the
electric field. In general, the electric field varies with the
distance from the interface, and an accurate description of
wave functions and eigenvalues would require elaborate
nuinerical calculations. However, it has been found that
the single quantum well of the MDH can be effectively
approximated by a finite triangular well. In this approach
the eigenvalues and wave functions for the ground and
first-excited subbands can be expressed in a simple
manner, using one independent parameter related to the
electric field within the well. For the ground subband (0)
and excited subband (1},the wave functions are' '

functions derived from the Airy-function solutions for a
triangular well. For a given effective mass of the electron,
m*, there is a relationship between bp and bi T. hus, for
GaAs it is found that bi-0. 754bp, which in turn gives
the following relationships: 2~0.47bp and B=0.292bp.
Therefore, the forms of the wave functions (la) and (lb)
are determined by one parameter, bo. On the other hand,
the parameter b p is determined by the electric field within
the well, or equivalently, by the electron gas density,

b (N,
' )0.36 (2)

where N,
' =(N, + —",

, Ndc~i), and Ndc&I is the areal concen-
tration of charge in the depleted region of S l.

The energies of the (0) and (1) subbands are

III'kz
Ep, 1(k} Ep, 1 + (3)

2ppT

where k=(k„,k~} is a two-dimensional wave vector and
Ep I are the energy band minima of the ground (0) and ex-
cited (1) subbands, respectively. The total number of elec-
trons in the well per unit area, i.e., the electron-gas densi-

ty, N„is given by the equation,

z exp( bpz/2)—
40(r z) =4k, k (")~0(z)=4k, kx y (bp/2)' '

yi(r, z)=yk k (r)XI(z)

(la)

where

ILX

g [(EF—E, )e(EF-E;)],
SPY f —p

(4)

k 2 (2/bp)' z(1—Bz)exp( biz/2), —(lb)

where pk k ( r ) is the two-dimensional plane wave

2 =[3b Ibp/4(bp bpb, +b I )]—'

and B=(bp+bi)/6. The parameters bp and bi were
evaluated by comparing the roots of the wave-functions
and their first derivatives for (0) and (1) subbands, given
by Eqs. (la) and (lb) with roots of corresponding wave

r

0 for E&0,
1 fo E&0.

k]p= 1.23 X 10 bo' meV. (5a)

Equation (4) is used to determine the Fermi wave vector
for the electrons in the ground subband .

In our approach the energy separation h&p ——E~ —Eo de-
pends on the electric field, or equivalently on the parame-
ter, bp. For example, for the case of GaAs
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where bp is in cm '. Thus the critical gas density N,'"' at
which the Fermi energy E~ reaches the first excited sub-
band is given by

%%2Ecslt Ncslt
1p F m* S (5b)

since bp can be expressed in terms of N, in the present
model [see Eq. (2)], one has to include only two parame-
ters, N, and N,'"', to completely define the system. For a
GaAs-Ga~ „Al„Asheterostructure with Nz, ~&

——5 X 10'
cm, N,'"'=7.5X10"cm, which corresponds to an en-
ergy separation of 24 meV, the values of bp calculated
from Eq. (2) do not differ by more than 20Wo from values
estimated from the self-consistent calculations of Ref. 15.

In equilibrium the transfer electrons from the doped re-
gion to the well' of the MDH shown in Fig. 1 is
governed by the following equation:

4ne (Ns+Ndepl)
Eo+&F= Vo —Eb-

2e,
FIG. I. Schematic representation of (a) the doping profile,

and (b) the energy configuration for a single-quantum-we11
modulation-doped heterostructure; see text.

4me
(N, +NdcP) )d, (6)
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where Vo is the conduction band energy offset, E& is the
donor binding energy in the doped part of semiconductor
S2, 6, is the static dielectric constant, and Xd,~~ is the
areal concentration of ionized donors in depleted regions
of S 1. The above equation was used to calculate the con-
centration of ionized remote impurities, N,', as a function
of electron-gas density E, and undoped spacer width d.

—+tan
2 I'

A. Phonon scsttcring

There are certain features which distinguish electron
transport in two and thx'cc dimensions. For example, 1Q

the case of ionized impurities, there are two distinctly dif-
ferent types of scattering in the two-dimensional case:
Electrons can be scattered by remote impurities located
within the doped region of the S2 semiconductor as well

as by residual background impurities in the S1 semicon-
ductor. Also, there is the possibility of scattering by in-

terface charges, located at the heterojunction interface.
The dominant scattering mechanisms for bulk III-V

compounds are now well established. In our calcula-
tions of electron mobility in the 2D EG we included all
these mechariisms, and in addition included scattering
processes unique to the 2D EG structures, as alluded to
above. We consider a range of electron-gas densities,
which justifies the use of degenerate-electron statistics at
temperatures below 60 K. Therefore, the inverse of the
total relaxation time 1/~„,can be calculated from the
sum of the scattering rates for the individual processes:

It has been shown that phonon scattering plays an im-
portant role in limiting the electron mobility in III-V
semiconducting compounds. The most important phonon
scattering processes are (i) deformation potential acoustic,
(ii) piezoelectric acoustic, and (iii) polar optical. To calcu-
late the matrix elements for the appropriate scattering
process, R quasi-three-dimensional approximation was
adopted, in which the perturbing potential has a spherical
3d-type symmetry. Using the two-dimensional wave
functions of Eq. (1), the squares of the matrix elements
for phonon scattering are

I
~o I'=

I &4«) I
e' "

I
4(&)& I

'

b6
z 35(k —k' —q),

(bo+q,')'

where Q=(q, q, ) and R=(r,z) for intrasubband scatter-
ing~ axld

At higher temperatures, relation (7) may not be valid due
to the limited applicability of degenerate statistics, and
also of the relaxation-time approximation for the polar-
optical-phonon scattering. However, for temperatures
higher than 60 K the scattering in 2D EG is dominated
by polar scattering. Accordingly, we have calculated this
scattering separately using general Fermi-Dirac statistics
in a three-dixnensional approximation. In our calculations
of electron transport, we consider the two lowest subbands
(0) and (1). In general, to calculate electron transport ln
such systems, one must treat the two subbands as coupled
through . intersubband [(0)~(1)] scattering. For low
electron-gas densities, subband (1) is empty, and the con-
ductivity within this subband does not contribute to the
total conductivity. The major effect of subband (1) is
through the density of the final states available for the
scattering of electrons; it increases abruptly when the Fer-
mi energy exceeds the energy separation between two sub-
bands, 61O. Intexsubband scattering would result in an
abrupt decrease of the electron mobility for electron con-
centrations exceeding X,'"'. However, since the .actual
density-of-states function is broadened, one expects a
gradual increase of intersubband scattering for X, close to

We included these effects by considering the
broadening to be described by a simple I.orentzian func-
tion with energy-independent broadening parameter I.
The xclaxation time for intersubband scattering is then
modified in the following way:

(10)

where a=38=(bo+b&)i2 for intersubband scattering.
The relaxation time for acoustic-phonon scattering is
given by

f dg f dq, f dq q C;(1—cos8)
I
Io ) I

X&(EO(k)—&0,)(k+ q))

where i refers to either deformation-potential or piezoelec-
tric scattcflng, w'1th

D2kg T
C; =C„=

2C)

. for the deformation-potential scattering, and

e kgTP

e, (qz+q, )

for piezoelectric scattering. 8 is the angle between k and
k+q, D is the deformation-potential constant, P is the
piezoelectric coefficient, and C~ is the longitudinal elastic
constant.



According to Eq. (11), phonon scattering rates are
linear functions of temperature. This dependence is valid
only at temperatures satisfying the condition

whcic 'flQg ls tllc Rcoustlc-p11011011 cllclgy. A't lower tcnl-
peratures (in our case for temperatures lower than -5 K)
only phonons with small wave vectors, q, can participate
in the scattering. For this reason the scattering-rate de-
crease with decreasing temperatures is faster than linear.
Ho%ever, since at these low temperatures the m8)of con-
tribution to electron mobility comes from temperature-
independent scattering processes, such as remote ionized-
impurity scattering, the approximation used in Eq. (11)
has a negligible effect on total electron mobility.

Standard integration of the Eq. (11) gives the following
results for the relaxation times:

e kIITP m*bo
I(k,bo)

2n.e, Ill k

(14)

(15)

3Ir(4k —b 0 ) —4kbo(5b o —8k 2)
I(k, bo ——

16bo(4k —bo)I

2k —(4k —ho )I ~I

(4k' b,')'" —2k+ (4k' bl )
I~'—2k) bo,

16(4k —bo)
4k2

2 )~2 alccos
(bo —4k )

2A e2kIITP rn q
I z z~dq .

c,fi'k ~—"(k'+q.')(II'+q, )

The scattering rates given by Eqs. (15) and (16) were ob-
tained by adopting a three-dimensional Rvcragc of Rmso-

tropjc electron-piezoelectric ph011011 llltci'Rctloll potcIltial.
In the two-dimensional case this average depends on thc
crystallographic plane in vvhich the electron gas is con-
f1ned. ' ThC 1'ClaxRtloI1 tlII1C fol jntetsubband SCRttCrlllg

was Ob'taincd 111 all RpproxinlRtc 111RIlllcl'. S111cc thc wRvc
vectors of electrons in the excited subband are much
smaller than those in the ground subband, we have as-
sumed that the weave-vector change can be approximated

by ( ko —ki )
=

( ko (
=kz. This is a good approximation

for the electron density N„hiwhics not much larger than
N,'"'. Even for the highest electron-gas densities con-
sidered in this paper, occupation of the first excited state
does not exceed. I.5 X IO" cm-'.

Both of the aforementioned scattering processes are
elastic, and therefore the relaxation-time approximation
could be used. However, polar-optical scattering in GaAs
is highly inelastic, due to the large optical-phonon energy,
fuuo 36 meV. Therefor——e, a proper treatment of this
mechanism in a two-dimensional formalism would neces-

I

sjtatc thc 1IlclusioI1 of Rll tile excited subbands whjch RIC

separated fi'0111 tile Fermi energy be less than the optjcal
phonon energy. The scattering rate js thus the sum of
many intersubband and intrasubband scattering processes
over a wide energy range. This will result, in a smearing
out of the features which are characteristic of confine-
ment of electrons in a two-dimensional system, ' includ-
ing the electron-density distribution within the well.
Therefore, it can be argued that the three-dimensional ap-
proach to polar-optical-phonon scattering is justifiable
also for 2D EG. A.ccordingly, the optical-phonon limited
mobility was approximated by the mobility calculated for
bulk semiconductors.

For MDH involving ternary compounds, the additional
scattering due to aBoy-disorder potential should be includ-
ed. Two distinct types of heterostructures may be in-
visaged in which the 2D EG is confined either within the
alloy, ol vflthin the compound semiconductor. In the
latter case, alloy-disorder scattering affects only the elec-
trons which have penetrated into the alloy. In the former
case, practically all of the electrons are subject to alloy-
disorder scattering. Since both deformation-potential
acoustic and alloy-disorder scattering result from short-
range potentials, there is a formal similarity between the



ELECTRON MOBILITY, IN MODULATION-DOPED HETEROSTRUCTURES

0, 1
+alloy

where x is the mole-fraction composition of the ternary
alloy, ( V) is the alloy-disorder scattering parameter, and
Q is the unit-cell volume. For electrons within the alloy,

I,'„.„=f I X,(z)
I

'dz =+,bo, (1&)

I,'g, y
——f IXo(z) I

IX)(z) I
dz= ,', b,r—r, (19)

with b,rr given by Eq. (14). However, for the 2D EG
wlthlI1 thc coIQpound scIDlconductoI'

Ialloy +0 ~ (20)

relaxation times in both cases. Thus for intrasubband
scattering the relaxation time can be written as

1 m*x(1 —.x)Q( V) (17)
A3 aHoy ~

where

4me
( —,x, +m„p,),

e, V0
(22)

(giv, +x„p,),4me

e, V0

Xo g(z)=Mo )exp[(2m*Vo/A' ) /zz] for z»0
is the part of the wave function for both ground (0) and
first excited subband (1), which describes penetration of
the electron gas into the alloy. For large parameter V0,
Mo, and M& can be approximately determined from the
balance of the forces acting on electrons at the interface.
Using the approach of Ref. 15, one obtains,

Ihi.,=f IXo{z)I'I+(»
I

'dz (21) where

4Ag= ~ 1—
bo(a+ho)

6 3 1 u 10 4 1

(&+bo) (~+bo)bo bo &+bo (~+bo) (&+bo)bo bo
2+ + 2— 2+ +2

In our calculations the screening of acoustic-phonon and alloy-disorder scattering by free carriers was neglected. This
effect certainly should be included for all long-range interactions such as electron —piezoelectric-acoustic-phonon interac-
tion. However, it is not obvious whether the short-range potentials, such as alloy-disorder and deformation-potential
acoustic, should be screened by free carriers. Most of the analyses of transport in three-dimensional electron gas have
neglected this type of short-range potential screening.

C. Ionized impurity scattering

The scattering of electrons confined in a triangular well by a screened ionized-impurity potential was originally con-
sidered for silicon inversion layers. ' The relaxation time for this scattering process can be written in the following gen-
eral form

0, 1
+ion

f" de, (z) f de f q, QEo(k) —Eo (k+q))I+"(q, )zI',—I, 0 e'(q)
(24)

where

Z' '(q, z) =f dz'Xo(z')Xo, (z')exp( —q I
z —z'

I
) (25)

and q, is the screening parameter defined in the Appen-
dix. I. —d is the width of the depletion region in S2.

As an approximation for the dielectric function for in-
tersubband scattering the dielectric function for ground
subband was used. This approximation is expected to be
good, as long as the occupation of the excited subband is
small. The function N;{z) represents the impurity distri-
bution in the heterostructure and is shown in Fig. 1{a).
The integration over z can be divided into four integrals,
corresponding to remote scattering from the doped region
of the S2 semiconductor, L»z» —d from t—he un-
doped spacer ( —d»z»0), from interface charges at
z =0 and from background I'csldual impUritics 1Il thc UIl-

I

doped semiconductor (z ~0). The expressions for relaxa-
tion times due to all of these scattering processes are given
ln thc Appendix.

As discussed in the preceding section, Eq. (6) gives the
relationship between the 20 EG density in the well and
the concentration of remote ionized impurities. Thus, the
only unknown parameters are the densities of residual ion-
ized impurities in the spacer, N;, residual impurities in
the well, N~, and the charge localized at the interface,

It should be noted, however, that the contribution
of ionized impurities located within the spacer is negligi-
ble for densities lower than about 3 X 10' cm

Another scattering mechanism which has been found to
be important for silicon inversion layers is the surface- (or
interface-) roughness scattering. ' In the case of MDH,
part of this scattering process is included in the alloy-
dlsol dcl scattering. Furthermore, interfaces cxtfcIIlcly
flat (on an atomic scale) are obtainable by the state-of-
the-art MBE, and thus, this scattering mechanism was ex-
cluded from the present calculations.
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IV. MOBII.ITY CHARACTERISTICS OF
MODUI. ATION-DOPED HETEROSTRUCTURES

Lattice matching represents one of the most severe limi-
tations on achieving high-quality MDH. To date, three
semiconducting-alloy systems have been shown to be suit-
able for MDH, namely, GaAs-(Ga, A1)As, Ino 51Ga047As-
InP (Ref. 30), and Ino 53Gao qyAs-Ino qsA10 52As. ' In
the first case, the 2D EG is primarily confined in the
GaAs, whereas in the latter two cases the electrons are lo-
cated within the Inty 51Gao q7As. In Table I all the param-
eters used to calculate the electron mobility are listed.
The values of the effective masses given are somewhat
higher than for the bulk material; this is commo'nly at-
tributed to the nonparabolicity of the conduction band. "
There is a large margin of uncertainty regarding the
values of the alloy-disorder parameters. However, several
StUd1CS OIl GR1 „Al„AShRVC CSt1IRtC«I th18 PRI'RICtCI' tO

lie in the range of 0.8—1.0 CV. * In the case of
(Ga,In)As MDH, since aHoy-disorder scattering dom-
1QRtCS 10%'-tCIPCI'RtUX'C SCRttCr1Dg, %'C %CI'C RbIC tO «iCtCI'-

mine this parameter by fitting the available experimental
data with our theoretical model.

The highest electron mobilities reported for MDH were
obtaintxl for the (Ga,A1)As-GaAs system ' ' at low tem-
peratures. In fact, most of the work on single-quantum-
well MDH has been reported for this system.

A. Temperature dependence of mobility

A basic mobility characteristic of MDH, which reveals
the importance of the different mechanisms, is tempera-
ture dependence of the electron mobihty. In Figs. 2 and 3
the calculated electron mobilities in the range 1—300 K
are given for (Ga,A1)As-GaAs together with experimental
data of Rcfs. 21 a11d 20, 1'cspcctlvcly. T11c component
IObilit1CS RI'C RISO PrCSCIltCd. At 4lgh tCIPCI'RtUrCS,

1 j I I j j ~ j j j

Ba(:kgf'GUnd j)T) PUf)tg

Optical phonon
Deformation potential

+ Piezoelectric

Remote impurity +
WWWWIW 4 a~

tnherent iimit

O~~
Total +

Abeoiute
limit

Temperature (K)

FIG. 2. Temperature dcpcndcncc of thc clcctx'on molM11ty in
GRA8-Gal „Al„Ashctcrostructurcs. Points are experimental
data of Rcf. 21 foi R' carIMf density of 3g 10 CQ1 . T1M
cuI'vcs ax'c calculated Dlobilitics foi this carrier density Rnd R I'e-

mote ionized-impurity concentration of 8.6g 10' cm

POIRr-OPtlCR1-P40QOQ SCRttCXIQg 18 thC dom16Rfit 8«;RttCAQg

mechanism; on the other hand, at low temperatures elec-
tron mobility is limited by deformation-potential acoustic
and piezoelectric acoustic-phonon scattering, together
with alloy-disorder scattering and ionized-impurity
scattering. The equihbrium concentration of remote ion-
ized impurities in the doped region of the semiconductor

In() 536ao 47A8-Alo 52Ino gsA8

TABLE I. ParaIYlctcrs CIQployed in present publication.

Gal „Al„A8-GRAs

ParaInctcr
Electron cffcctivc mass Pl

Deformation potciltial D (cV)
Elastic con8taQt cl (dyn/cGl )
Piezoelectric constant I'
Static dielectric constant e,
High-frequency

dlclcctric constant E

Optical-p4onon encl gy %coo

AHoy-disorder
parameter ( V) (cV)

Conduction-band
energy offset Vo (cV)

RCfCX'CQCC 33.
bReferencc 3 j..
'Reference 26.
~Reference 34.
Rcfcrcnce -35.
RCfCX'CXlCC I5.

Reference 30.

0.076mo
7c

13.97' 10"'
0.064
12.9'
10.9'

39.3'
O. 63—O. 55
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I I I I II I I I I I I II I

~O7 Ab I„t ",. +ptezo|. lectric
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g/ impunttr
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Tofat (darky

'ha .
e

Gaar Alas As-Gains

d= 250 A

e
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FIG. 3. Temperature dependence of tbe electron Inobility in
GaAs-Ga& „Al„Asheterostructure. The experimental data of
Ref. 20 were obtained 0 in the dark and O under illumination
with %,=2.2g10" and 3.8~10" cm 2, respectively. The
component mobilities given in the figure were calculated with

X,=2.2&10"cm

S2 is related to the interface-electron density N, and the
spacer width cjt, by Eq. (6). Therefore, remote ionized-
impurity scattering is always present in MDH. Thus, an
"inherent limit" determined by alloy-disorder, phonon,
and remote ionized-impurity scattering, exists for a given
MDH. In Fig. 2 the inherent mobility limit saturates at
low temperatures at about 1.8X10 cm /Vs; the experi-
mental data points of Ref. 21 lie very close to this limit;
indicating that the other scattering mechanisms are not
significant in this case. Similar values for ionized-
impurity mobility limits were reported previously. ' '6
Slightly lower values of experimental mobility at low tem-
peratures may be attributed to temperature-independent
scattering processes. In fact, an excellent agreement is ob-
tained when a small contribution from background
ionized-impurity scattering at a concentration of 9X10
c111 (wl11cli is very close to tile ioilizcd-1111pjlr1'ty coilceil-
tration one expects for "undoped" GaAs) is included.
This result is a clear indication that additional scattering
mechanisms such as surface-roughness and/or interface
charge scattering are not appreciable in this case. Alloy
disorder is also insignificant for such low electron densi-
ties. As seen in Fig. l, these mechanisms become impor-
tant at very low temperatures, where the phonon-limited
mobility scattering is negligible. In the T—+0 K limit the
absolute mobility limit is given by the alloy-disorder
scattering.

In Fig. 3 experimental results of Ref. 20 for MDH with
spacer width of 230 A are given, together with the results
of the theoretical calculations. The closed circles corre-
spond to experimental data taken in the dark. These ex-
perimental mobilities are much lower than the inherent

limit. To account for this discrepancy additional contri-
butions are required from scattering by background
impurity„ interface charges and/or surface-roughness
scattering. The higher mobility values (open circles in
Fig. 3) correspond to data measured under illumination.
As a result of the persistent photoconductivity effect, il-
lumination increases the 2D EG density in the well from
2.2X10 to about 3.8X10 cm . Taking this into ac-
count, we have calculated the total electron mobility both
in the dark and under illumination, assuming additional
contributions from background ionized impurities at the
same level of 1X10"cm . Good agreement with exper-
iment is seen in Fig. 3 at both electron densities, As dis-
cussed in Ref. 15, the surface-roughness scattering rate
rapidly increases (corresponding mobility decreases) with
increasing N„therefore, the observed mobility increase
upon increase of intr, could not have been explained if
surface-roughness scattering was important.

At very low temperatures the electron mobility satu-
rates at a level determined by the alloy-disorder scattering
which is —10 cm /Vs for N, = 2. 2X1 0" cm and at
-4X10 cm /Vs for%, =3.8X10"cm

B. Electron density dependence of mobility

The 26 EG density may be continuously varied in
MDH by external means: for example, illumination or
gate voltage. Corresponding mobility changes are very
pronounced, and they are of practical and fundamental
importance. In Fig. 4 the calculated values of component
mobilities of individual scattering processes are given as
functions of N, . There are two reasons why these pro-
cesses exhibit N, dependences; first, direct dependence on
the k vector, and second, dependence on the parameter
ba. For example, acoustic deformation-potential scatter-
Ing moblhty decreases wIth its solely due to the depen-
dence of ba on N„driedveusing considerations of Sec. II.
Alloy-disorder scattering exhibits the strongest 5, depen-
dence, which originates from the enhanced penetration of
the 2D EG into the alloy with increasing N, [sec Eqs. (22)
and (23)].

The alloy-disorder mobility values in Fig. 4 are more
than one order of magnitude greater than mobility calcu-
lated by Ando, ' for the same MDH and using the same
alloy-disorder potential. The reason for such a large
discrepancy is not known at plcscnt; however, it certainly
cannot be attributed to our approximate description of the
penetration of the electron gas into the Gai „Al„As.It
should be emphasized that the present model is in agree-
ment with calculations reported in Ref. 28. Using our
formulas, we have calculated alloy-disorder mobility lim-
ited by scattering within the barrier of InP-In, „Ga„As,
i.e., for the conditions similar to those outlined in Ref.
28(b). Adopting the same set of parameters we obtain
Itj,,ij,„-1.06X10B cmz/Vs as compared with the value
9.5 X 10 cm /V s of Ref. 28.

The increase of the experimental mobility seen in Fig. 4
with increasing N, may be attributed to the presence of
background and remote ionized impurities. The mobility
due to these scattering mechanisms increases strongly
with X,. Accordingly, as seen in Fig. 4, for the MDH
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FIG. 4. Electron mobility at 5 and 77 K versus interface car-
rier density. Closed and open circles corrcspond to the experi-

mental data of Ref. 21 measured in the dark and under il-

lumination, respectively. Theoretical mobihties were calculated

using remote and background ionized-impurity concentrations

of 8.8& 10' and 1&10' cm, , respectively. The critical con-

centration is 8&10" cm corresponding to Nd, „~——5&10'o
cm 2. The inset shows the effect of intersubband scattering,

The upper curves correspond to the intrasubband mobility,

while the lower curves include the effect of the intersubband

scattering with the broadening parameter I =0.5.

C. Spacer width dependence of mobility

The basic concept of MDH is to separate the 2D EG
from parent ionized donors, thereby limiting ionized-
impurity scattering from these remote centers. This con-
sideration would dictate maximizing the spacer width, d,
to maximize the mobility. However, according to Eq. (6)
Rn 1nclcasc of d leads to a dccrcasc 1n thc 20 EG dcns1ty
in the well, which has a deleterious effect on the electron
mobility.

Importance of high X, is highlighted in device applica-
tions of MDH, where one is more concerned with maxim-
izing the channel conductivity (ooh eN, p——, ) rather than
just the mobility values. Figure 5 gives the calculated
component electron mobilities evaluated at maximum
conductivities as a function of d.

The inherent mobility limit increases rapidly with in-
creasing spacer width, reaching mobilities of about
2& 10 cm /V s at large spacer widths ( & 350 A). The in-
troduction of 1&&10' cm background ionized impuri-
ties significantly alters this dependence, resulting in a
peak mobility at d = 160 A. Higher background impurity
concentrations shift the peak mobility to successively
lower d values. The background concentration as a func-
tion of d at which the electron mobility attains its max-
imum value is given in Fig. 6; for MDH exhibiting high
mobility, the maximum shifts to very large spacer widths.
This behavior can qualitatively explain the reported mo-
bility dependenccs on spacer width given in the literature;
it has been found that in very high mobility MDH the
mobility increases continuously with d, 'z' whereas it has
a distinct maxima for lower mobility MDH.

In Fig. 7 the maximum inherent conductivity o;„h'

oy dIsorder

0

with the spacer width d =150 A, the ionized-impurity
electron mobility can be expressed in the form p-Ã~
with y=1.4 and 1.2 for remote and background impurity
scattering, respectively.

At higher N„lvaue(s&7X10" cm ), effects of inter-
subband scattering Rre important. They 1csult 1n R lowe1-

ing of the electron mobility compared with simple in-

trasubband scattering, as seen in the inset of Fig. 4. The
most pronounced drop in the electron mobility is obtained
for alloy-disorder scattering; this may be attributed to the
large overlap of the parts of the electron wave functions
for ground (0) and (1) states, which describe penetration of
the 20 EG into the GR1 „Al„As.On the other hand, in-
tersubband scattering for remote ionized impurities at fi-
nite spacer widths is negligible, owing to the exponential

factor exp( —2
l

ko —ki
l
d} [see Eq. (A2)]. The combina-

tion of all the aforementioned scattering processes can
provide an excellent explanation of the experimental data
of Ref. 21, both at 5 and at 77 K. In the latter case opti-
cal phonons were included, with )M'p'-6. 5 X 10 cm /V s.

~ ~ 0 ~ 0 ~ l S ~ ~ 1~ ~ '~ ~ 0 ~ 0 ~ OI 4 4 0 0 ~ 0 Sly ~ y y ~ ~ y y y ~ ~ + + + + + + +
~Weel

absolute limit

remote impurity .-
r

inherent limitto'—
,.«~ background~- ~

impurity

l l l

l00 200 300
Spctcer Width {A)

FIG. 5. Electron mobility values at maximum conductivity
( eN, IJ„)versus spacer width for CraAs-Ciao 7Alo 3As at 5 K. The
"total" curve coIrcsponds to a backgIound impurity concentra-
tion X; =1&10' cm
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FIto. 6. Background ionized-impurity concentration and. mo-

bility for CxaAs-Ciao 7Alct 3As as a function of spacer width at
which mobility attains its maximum value.

(maximized with respect to X, at a given d), is plotted
versus spacer width. Also, the N, and Ã~" values required
to maxtmum 0'ttth arc glvcll 111 tllls fllglll'c. Tllc lolllzcd-

1IIlpllrlty scattering ls very scllsltlvc 'to tllc dlstrlbutlon of
ionized impurities and is therefore altered by smearing out
the doping profile resulting from diffusion of impurities
into the spacer, or even the well. This would have an
especially profound effect at small spacer widths. Howev-

er, it should be negligible for MDH with larger spacers
exhibiting higher electron mobilities.

2D EG is confined within the ternary compound
In& „Ga„Asrather than on a binary system (GaAs) dis-
cussed above; therefore, it has been soon realizedls 2g that
alloy-disorder scattering should play a much more prom-
inent role. We have applied our model to the
Ino 536ao g7As-Alo 52Ino 48As MDH.

Figure 8 gives the total electron mobility, calculated as
a function of temperature using the parameters listed in
Table I, and compared with the experimental data of Ref.
31. As stated in Ref. 31, for N, ~4.5)&10" cm, the
first excited band is already occupied, and thus intersub-
band scattering should be included. We have calculated
the electron mobility including both intrasubband and in-
tersubband scattering processes. It should be noted that
our results for the intrasubband alloy-disorder scattering
are in very good agreement with calculations of Ref. 28
where only the ground subband was considered. Inclusion
of the intersubband scattering results in about 29% lower
alloy-disorder mobility. Background impurity scattering
was calculated using the limits for the background
ionized-impurity concentration given in Ref. 31
[¹( =(0.5 to 1)X 10 c111 )]. By fl'ttlIlg tllc calculated
mobilities to the experimental values at low temperatures,
we were able to determine the aBoy-disorder scattering pa-
rameter in this system. This determination is believed to
be very accurate, as alloy scattering is the primary scatter-
ing mechanism limiting the electron mobility. Within this
range of background impurity concentration, we have
determined this parameter to be in the range 0.55—0.63
eV, which compares favorably with the bulk value of 0.60
eV as determined in Ref. 38.

D. Ini „Ga„As-basedMDH

MQH based on Ino 536ao 4.qAS, and lattice matched to
either InP (Ref. 30) or Ale 5zlnc&SAS (Ref. 31) have re-
cently attracted a lot of interest. In these structures, the
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FIG. 7. Maximum inherent channel conductivity (maximized
with respect to the charge density) as a function of the spacer
width. Thc corrcspoIld1ng charge dcns1ty and reInotc ion1zcd-
impurity concentration are also given in thc figure.

PIC". 8. Electron mobility is Inc 536ao.47AS-A4. 51&ua4ttAS with
80-A spacer width. Experimental data points are from Ref. 31.
The theoretical mobility was calculated for N, taken fI'om Ref.
31 with Pf,'"'=4.5&10" cm and Xd~~ ——0. The upper and
lower background ionized-impurity limited mobilities corre-
spond to X; =0.5&10' and 1& 10' cm', respectively. Alloy-
disoI'der scattering potential was used as a fitting parameter.
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In the case of Ini „Ga„As-Gai&A1&As, MDH, one
may expect a different electron-mobility dependence on
N, compared to GaAs-Gai „A1~As MDH. This ori-
ginates from the opposite dependence of the electron mo-
bility on N, for alloy-disorder scattering as contrasted
with ionized-impurity scattering. X, dependence can
therefore provide information about the relative contribu-
tion of alloy-disorder scattering to the total mobility.

There are two major factors affecting accuracy of the
present calculations: first, the approximations used in the
calculations of the electronic structure; second, the ap-
proximations used for the description of some of the
scattering mechanisms. In the former case the accuracy
of the present calculations depends solely on the accuracy
with which parameter bo is determined. Comparing our
results for remote ionized-impurity scattering with those
of Ref. 15 based on self-consistent calculations of energet-
ic structure, we conclude that the present calculations give
mobilities -20% higher at low electron densities
(10" cm ) and agree very well with the results of Ref.
15 at high electron densities (10' cm 2).

Another source of errors in the present calculations
could be our approximate description of piezoelectric pho-
non scattering. We have found that the piezoelectric
phonon-limited mobility calculated according to Eq. (15)
is in good agreement with the calculations of Ref. 22
based on expressions obtained by two-dimensional averag-
ing of unscreened electron-piezoelectric phonon interac-
tions. Since the screening by free carriers will decrease
the efficiency of the scattering, the present results can be
treated as a lower hmit for the piezoelectric phonon mo-
bility. It should be noted, however, that piezoelectric pho-
non scattering contribution to the total mobility is impor-
tant only in a very limited temperature range (20—60 K).
Accordingly, it will not affect significantly the results for
the total mobility.

V. SUMMARY AND CONCLUSIONS

These calculations provided limits on the electron
mobilities that are attainable in various semiconducting
systems. In GaAs-Ga~ „Al„Asheterostructures the in-
herent mobility limit increases with decreasing tempera-
tures, reaching at very low temperatures a limit of about
2X10 for x=0.3 and at large spacer widths. On the
other hand, for Ino 53Gao 47As-based heterostructures,
alloy-disorder scattering limits the mobility to a level
( —10 cm /Vs) at temperatures below 60 K. An accu-
rate determination of alloy-disorder scattering potential
parameter, (V), for In& „GaAs mixed crystals was
therefore made. For both semiconducting systems con-
sidered, at temperatures above 60 K, optical phonons be-
gin to limit the mobility. Furthermore, we have analyzed
the effect of spacer width in optimizing channel-electron
conductivity. Our results show that for the highest quali-
ty heterostructures maximum channel conductivity is only
achieved at very large spacer widths, whereas for hetero-
structures exhibiting mobilities well below the inherent
limit, an optimum spacer width is predicted.
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APPENDIX

The integration in Eq. (24) for the ionized-impurity
scattering rate can be divided into four integrals, corre-
sponding to regions of different ionized-impurity concen-
tration: (1) remote ionized-impurity scattering from the
heavily doped region, z & —d, with N~(z) =N,", (2) remote
ionized-impurity scattering from the ions located within
the spacer —d &z&0 with N~(z)=¹'. Scattering rates
from the ions in both of the above-mentioned regions can
be expressed in the form

b &k [¹'(1—e 2'i~)+N'(e v —e e )]
k 0 Po(q bo )(4k q)'~—=Co

In conclusion, we have presented a model for electron-
mobility calculations which is directly applicable to
single-quantum-well Inodulation-doped heterostructures.
In this model a triangular well approximation for the con-
finement potential was used. All the major scattering pro-
ccsscs werc 1ncludcd, consldcring both 1ntI'asubband and
intersubband. transitions. Within the limitations pointed
out above, we described the electron mobility over a broad
range of temperatures (1—300 K) and electron densities
(10"—10' cm )

for intrasubband scattering and

1 —2k~d=CiPi(kF, a)[N,'(1—e "
)

+P,S

for intersubband scattering, where

(A 1)

(A2)

Co —— 2, Ci —— z, a=(ho+bi)/2, Po(q, bo)=[8q(q+ bo) +qg(8bo+9boq+3boq )]
128+m*e 2n m e 3 3 2 2 2

Az(a+2k)
(k+q, ) (k+a) k

2~e2 &.
I +exp ln I+exp

8
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&cN'"' &k q'dq=2co (A3)

for intrasubband scattering and

=2CtPt(k~, a)kFN "'
+int

(A4)

for intersubband scattering. Although the concentration
of residual background ionized impurities is typically very
small, their proximity to the 2D EG results in very effec-
tive electron scattering. The scattering rates for intrasub-
band and 1ntersubband scattering are, respect1vely,

y 6 IIIt
1 2C

IA q dq (A3)k' ~ ~ (q b )(4k' —q')'"

is the inverse screening length. ' The relaxation times for
remote ionized-impurity scattering depend on the de-
pletion layer width I. We have found, however, that for
tIM cases cons1dcI'cd 1Q thc PIcscnt PRPcI' —I cRQ bc 1c-
placcd bg —ao. Thc crroI' 1ntrodnccd bp this Rpprox1ma-
tion is about -e s' + where (I. d)—=N, /N, "~2.5
X10 cm. Thus, for the average momentum transfer q
=kz-2X10 cm ' the error is less than 1%. The insen-
sitivity of the remote i'mpurity scattering to the depletion
layer width was also reported in Ref. 15. Also, as seen
from Eq. (A2), the intersubband scattering rate due to re-
IDotc lonlzcd-lmpUr1tg scattcr1ng depends on thc cxponcn-
tial factor exp( —2kzd) which becomes very small at large
spacer width, d. Scattering from charges located at the
interface with Ã, (z) =N~'"'5(z) gives an inverse relaxation
time of the form

I 8A Xg
I

——C) (4+qs)'
C(kp) —2C(kp)R (kp) ~ T(kp)

(A6)

C(k)=l-
a.—k '

Qo Q1 2az 6a3R(k)= + z+, +(a+k)' (a+k) '

Qc QoQ ) Q t +2QcQc 3(QcQ3+tt to
T'(k) = + + +

2A 4c4

3(az+2a~a3) 10aza3 45a3
+ 4a' e' 8e'+

38 (a —k) 38 (a —k)
ao ——

, +1— 3+(a+k)' (a+k)'
(a —k)

ut =(a—k) 1—
(a+k)z

38 38 (a—k)+a —k (a+k)3

(a —k)
1

a —k 38 38(a —k)
2 a+k a —k (a+ k)2

69—336x +630x —580x 3+264x 4—4gx 5

[32(1—2x)(1—x)'+P(10—15x+6x')]'
k ggxk= P=

bo
'

bo
'
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