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The exact formulation of the soft-x-ray-absorption problem of previous work [Phys. Rev. B 28,
6833 (1983)] is generalized to the case of finite temperatures. By giving a closed-form expression of
the response function in terms of the overlap integrals between the initial and final electron states,
we demonstrate that the exactness can be pursued quite generally. The general formula, when ap-
plied to the case of a contact core-hole potential, leads to expressions of the dispersion integral and
the frequency shift, both modified from their T=0 forms by the temperature effect. In the near-
edge region, an analytical form of the response function can be derived, which reproduces precisely
the time and temperature dependences of that of Yuval and Anderson [Phys. Rev. B 1, 1522 (1970)]
and, in addition, provides an exact expression for the prefactor of the open-line contribution of the

spectrum.

I. INTRODUCTION

The method of Noziéres and De Dominicis' (cited as
ND) of solving the soft-x-ray-absorption problem>3 is
characterized by their time-space treatment of the Dyson
equation. In a series of papers®> [referred to as OT (Oh-
taka and Tanabe) and TO (Tanabe and Ohtaka)], we
developed for the same problem formulation in the fre-
quency space, using the Fermi golden rule for the absorp-
tion cross section. Our approach is composed of calculat-
ing the matrix elements of the dipole moment operator be-
tween the initial unperturbed ground state and the final
states perturbed by a core-hole potential, and then sum-
ming the transition probabilities over all possible final
states. We showed how the orthogonality catastrophe of
Anderson®—zero overlap between the initial and final
ground states in the thermodynamic limit—manifests it-
self in the overlap integrals and how it disappears in the
process of summing the cross section over the final states,
to make the absorption cross section remain finite even in
the limit of N (number of electrons) — . The expres-
sion we derived for the response function I(t) is exact,
whose validity is not restricted to the long-time behavior
nor to some particular core-hole potential. We demon-
strated that the integral equation involved, which can be
solved in the near-edge region in the case of a contact
core-hole potential, yields an analytical form for the pre-
factor of the power-law behavior of the open-line contri-
bution, besides reproducing the exact exponent of the
power-law response function obtained first by ND. It is

also to be noted that the total absorption intensities of the’

main and secondary absorption bands in the presence of a
bound state, whose exact forms are given by TO, are just
the quantities determined by the value at t=0 of the
response function. These points clarified by our approach
have been rather difficult to explore in the time-space
treatment of ND, because a lot of information is lost from
the start in deriving the asymptotic (¢~ «) formula of the
unperturbed propagator to be used in the Dyson equation.
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The purpose of the present paper is to extend the for-
mulation of OT at absolute zero of temperature to that of
finite temperatures. It is generally accepted that except
for a few tens-of-percents contributions in the case of
aluminum,’ the thermal effect on the linewidth of the
spectrum is rather minor, as compared to a finite lifetime
of a core hole due to the phonon and Auger effects.’ In
spite of that, however, how the infrared divergence is
suppressed at finite temperatures remains to be an in-
teresting theoretical problem in its own right.

There have been a number of studies on this topic.
Almbladh and Minnhagen’ calculated the spectrum by
applying the method of Schotte and Schotte® of approxi-
mating a particle-hole pair as an excited boson. They
showed that the power-law ¢ dependence of I(¢) at T =0
is replaced by that of sinh(#Tt)/#T in the case of a finite
T. The lowest-order calculation by Ferrell® of the core-
hole propagator involved in I(¢) as well as the perturba-
tion treatment of Mahan® suggests strongly the exactness
of this T and ¢ dependences. The work parallel to ND at
finite temperatures was given by Yuval and Anderson.!%!!
They showed that in the approximation of treating only
the long-time behavior, the Dyson equation can be dealt
with by generalizing the standard Hilbert problem en-
countered at T =0. They thus showed that the replace-
ment of time ¢ by sinh(#Tt)/#T is in fact the right way
of obtaining I (¢) for T5%0 from the ND solution.

Our interest in the present study is the same as that of
OT. We formulate the problem using the final-state wave
functions and calculating the cross section of x-ray ab-
sorption. Since the multiplicity of the excited states needs
to be considered even in the initial states, the calculation
is naturally much more involved than before. Our results
obtained finally are, however, exact.

In Sec. II we derive the matrix elements between the in-
itial and the final many-body states. In Sec. III the sum-
mation of the cross section over the initial and final states
is carried out to bring forth a closed formula for I(z). In
Sec. IV the response function in the case of a contact-type
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core-hole potential is derived. It is shown that in order to
obtain the absorption spectrum we need to solve two in-
tegral equations. One of them is solved in Sec. V. The
other integral equation is solved in Sec. VI. We solve the
latter in the asymptotic region of ¢, which appears to be
‘the only region where an analytical treatment is possible.
A summary is given in Sec. VIIL. '

In this paper we do not consider the case where a bound
state exists in the final state. However, the results of Secs.
IT and IIT may apply to this case as such, if one occupied
state considered there is regarded as a bound state.

II. MATRIX ELEMENTS OF THE DIPOLE
MOMENT OPERATOR

We adopt as in OT (Ref. 4) and TO (Ref. 5) the Hamil-
tonian of ND for the system of N (spinless) conduction
electrons plus one core electron. In the initial state the
core level is filled, while in the final state N + 1 electrons
in the conduction band suffer from scattering due to a
created core hole. Let .#” be the total number of states of
the conduction band. .#"—N, the number of unoccupied
states in the initial state, is denoted as M. Throughout
the paper N lowest states of the initial (final) conduction
band are labeled by the index m (1), and the remaining M
states are labeled by the index b(y). The sums 2", >
etc., in what follows have their respective meanings in ac-
cordance with this rule. When there is no need to specify
a state relative to the Fermi level, we use the index k (k)
for the initial (final) state. The ground state of N conduc-
tion electrons is expressed by the Slater determinant of the
states m =1,2, ..., N in the case of the initial state or
p=12,...,N in the case of the final state. The energy
of the state with m =N defines the Fermi level (chemical
potential at T =0).

At finite T our initial (N 4 1)-electron states are speci-
fied by the number of electron-hole pairs involved and the
way they are distributed in the conduction band. Let
|nYy=|my, ..., M,by,...,b,) be an initial state with
n excited electrons at the states b,b,, . .., b, and n holes
left behind at the states m,m,, ..., m,. The bar over
m; indicates that the state m; is empty. The existence of
the core electron in |n) is to be understood. Likewise,
the state |v)=|fy ..., Hy_1,¥1 ---»7Vy) signifies the
final state with v excited electrons at the states {y;} and
v—1 holes at {u;}. Since there is a hole in the core state,
there is v—1 holes in the conduction band in the state
|v). Our aim is to obtain the expression of the matrix
element (v | W | n) for the dipole moment operator W.

As the formulation of OT, the overlap integrals be-
tween two Slater determinants for N conduction electrons
are important. The inner product (x| k ) between the un-
perturbed one-particle state |k ) and perturbed one |« ) is
denoted by a,;. Let A be the overlap integral between the
ground states of the initial and final Hamiltonian for N
electrons:

A=detd , (2.1
with the N X N matrix 4 defined by (u,m =1,2,...,N)

(A)um=0apm - (2.2)
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Remember that the rows and columns of A4 are labeled by
the final and initial single-particle states, respectively. By
the orthogonality catastrophe, A vanishes in the limit
N — . In addition to 4, we need, in the following, four
matrices: A(Zy|), A(|mb), A(E|m), and A(y|b).
They are defined as follows: Replacement of the uth row
of 4d[=(aya, " ayy)] by the new row
y [=(ay; ayp -+ a,n)] forms A(@y |); its determinant
is an overlap integral between the initial ground state and
an excited final state with an electron at the state ¥ above
the Fermi level and a hole at u. The matrix 4 (| mb) is
obtained from A by replacing its mth column by the new
column b; it determines an overlap integral between a
thermally excited initial state and the ground final state.
The matrix A(f | 777) is defined to be —1 times the cofac-
tor A,, of 4. Finally, 4(y |b) is an (N +1)X(N +1)
matrix obtained by adding the new row ¥ and the new
column b to the original matrix 4, with a,, being insert-
ed as the (y,b)th element in the augmented matrix. Let
Ay |), A(|mb), Al@ | m), and A(y |b) be their respec-
tive determinants. By definition

A@Ey | )/A=3aym( A4, »

A( Iﬁb)/A=2(4_l)m;¢aﬂ.b ’
u

(2.3)
AE|m)/A=—(4 " Vpyu

Aly [B)/A=ay— 3 aymld =
m,pu

1
)m#a#b .

The matrix element (v|W |n) will be expressed in
terms of these four determinants. In OT, the expression
of (v|W|0) is given. To avoid unnecessary complica-
tions, we derive here (2| W |1) and (2| W |2) from
(2| W |0). The matrix element (2| W |0) is expressed
as

p(y1) AlEyy,|)/A

2/W|0)=
2IW[0)=Adet] ) A@is|)/A

=Adet|Q1 g2| s (2.4)

where

(V) =wy,.— J[A@EY |)/Alw,, , (2.5)
I

wy. (w,.) being the optical matrix element between the
state ¥ (u) and the core state ¢. The second line of Eq.
(2.4) defines two column vectors a; and a,. In calculat-
ing (2| W |1)={E,V1,¥2| W | m1,b1), we note that Eq.
(2.4) still applies, if we replace |0) of the initial state by
| /7161 ). Thus it holds that

p'(y1) A'(@yyi])/4A

(2| W |1)=A'det| , L )
L p'(rs) Ay |)/A

=A'det|a] a3 | (2.6)
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with Using Eqgs. (2.7) and (2.8) in Eq. (2.6), we find
p'(y)=wy—J[A (@Y [ )/A Tw)e - 2.7 ai=a;—c3(-D[AE|m)/Aw,, ,
n u
.. , o . (2.9)
The quantities A’ and A’(Ty | ) are the determinants of the o SR ,
matrices 4’ and A’(@y | ), which are defined by replacing a3 =a,—c[AE [m,) /AT,
the m th column by the new column b, in 4 and with the column vector ¢ defined by
A(@y | ), respectively. Note that A’=A(]|m,b;), by the
definition of A(|m,b,) given above. With regard to Aly,|by)/A
A'(y | ), Appendix A shows [the first relation of (A7)] €= |A( v2|b)/A | (2.10)
A@y|) _ A@yl) Alr[by) AE|my) 2.8)
AT A A A’ : : Putting Eq. (2.9) into Eq. (2.6), we obtain
A(|mby) Ay | my)
1w n=a |2 g0 gy pimdete gl - E ket g, ]

p(y1) A@y,|)/A Aly,|b))/A
=Adet p(y,) Al@y2]|)/A Aly,|by)/A |, (2.11)
' p(imy) Algy|my)/A A(|mby)/A

with
p(n'T)=~—2[A(ﬁ|ﬁ)/A]w#c . : (2.12)
uw .

The expression (2.11) may now be used to derive (2| W |2) ={@,y,¥2| W |m,,M2,b1,b,). Since the initial state
| 2) involves an additional excited electron at the state b, and a hole at m,, we need only to replace all the quantities in-
volved in Eq. (2.11) by the primed ones. The determinant A’ is now defined by the replacement m,—b; in the column
of 4, A’(z | ) is obtained by the same replacement in the column of A(fi | 777), and so on. Let us express the matrix ele-
ments in terms of three column vectors as follows:

(2|W|1)=Adet|b; b, bs3|,
(2.13)

(2| W |2)=A'det| b} by b3| .
The expressions (A7) of the primed determinants as combined with the relation A'=A( | /77,b,) then yield

by =b;—d3(— DIAGE | 7,) /A Tw,,
m

by =b, —d[AGE | y)/AT (2.14)
4 =by—d[A(| myb,) /A,

Alyy | by)/A
d= |Aly,|by)/A | . ‘ (2.15)
A(| 71b,) /A

Resolving det | b b5 bj | with respect to the column vectors as in Eq. (2.11), we obtain

pir1) Al@wi|)/A Ay |b)/A Alyy|by) /A
I\ W12)—Ad P(y2) Ay )/A Aly,|b)/A Aly,|by)/A
| W20 =Adet| ) A, |7)/A A 7by)/A A(| by /A | (2.16)

p(iy) ALy |my)/A A(| /b )/A A(|myb,y)/A
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Equations (2.11) and (2.16) are the results we have been
looking for.

Starting from the expression of {v|W |0) given by
OT, we can similarly construct {v|W |n). It is a deter-
minant of a (v+n)X(v+n) matrix, whose rows are la-
beled by v y’s and n m’s and the columns by (v—1) u’s
and n b’s. Note that the first column consists of p(y)
and p (), as exhibited in Eq. (2.16). It is interesting to
note that multiple excitations of electron-hole pairs can be
described solely in terms of the five types of the overlap
integrals, A, A(@y|), A(|mb), A(@|m), and Aly |b),
- even in the presence of the nonorthogonality between
one-particle wave functions of the initial and final states.

III. CLOSED FORM OF THE ABSORPTION
CROSS SECTION

The absorption cross section is now obtained by sum-
ming | {v|W |n)|? over all possible initial and final
states with energy conservation taken into account. The

energies of the initial state |n)= |y, ..., Ma3by,
.yb,) and the final ome [v)=|fy...,By_1
| 4TRERY 7’.,) are written as
n n
EIO+ 2 €p— 2 €m +€core (3.1)
b=1 m=1
and
(3.2)

v v—1
Ep+ Y e— €,
y=1 p=1
respectively, where €. is the energy of the core state and
E? (E) is the N-electron ground-state energy of the ini-
tial (final) conduction band. The difference of the ener-
gies (3.1) and (3.2) should be equal to the frequency o of
an x-ray quantum (#%=1). We measure all the single-
particle energies from the Fermi level (€permi=0). Thus

(3.3)

defines the threshold (th) of the absorption band at T =0.
Temperature effect is incorporated into our theory
through the Boltzmann factor for the initial energy (3.1).

The absorption cross section or the response function,
as obtained from the Fermi golden rule, now reads

0 0 0
WOth =Er— EI —€core

; 0
i(o—agy,

T@=2Re [ dre" ™10, 3.4
where
M N
I=3 X 1,01, (3.5
v=1n=0
with \
1 0,(1)0,, (1)
Lat)=— 3 ——r
Z piimy V!
0,(1)05(1)
yomemi KL EIIER
[p},[b} V—l)-n.
(3.6)

the factorials being put to eliminate double countings and
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v .
97(2‘)= I_I e—teyt ’
Y

; *
—lEmt

=1
0, (t)= InIe ,
: m=1
(3.7

xept

v—1
eﬂ(t)zIIe ’
p=1

n .
0,,(t)= Hexebt* )
b=1

The temperature T or B (=1/T with kg=1) is involved
in I(¢) through the parameter t* defined by

t*=t+iB (3.8)

and through the partition function & of the initial state
—BE9

e P g =3 exp[—Blex, +ex,+ 0 +eg)],  (39)

{k;}

the sum being over all possible different choices of N
states out of .#" states of the conduction band. Note that
double occupancy of the single-particle states ¥, y, etc., in
I(z) is automatically eliminated because the expression of
(v| W | n) obtained in Sec. II gives zero cross section in
such cases.

Our purpose is to obtain a closed form for I(z) by car-
rying out all the summations required in the above formu-
las. The calculation of I,,(¢) is illustrative for deducing
I, ,(t). The summation over {u} and {b] is first carried
out. Let us denote that part of I, ,(t) as I »(¢):

0,(1)6,(1)

112! (3.10)

I,()= 3, [(2|w|2)]|?

{r},{b}

with <2l :(FI’VI’YZI and
From Eq. (2.16) we have

I2>= Ir_ﬁhmbblabZ)'

Loa(0= | AL p(y) |2y + -+ + | pUms) | P,

—p*(yp(v2dmy y,—

—p* (AP (T, ] - 3.11)

Since the coefficient Ty yy for example, involves a prod-

uct of two determinants [two cofactors of Eq. (2.16)], we
can make use of the sum over {u} and {b} in Eq. (3.10)
to combine them into a form analogous to Gram’s deter-
minant. We thus find

2 Y2 my my
m=2"K ya my my|')>
@) Y1 Y2 M2
rr,,,l=2 Y1 72 ma t, (3.12)
2) Y1 mp my
Trin= 2K y2 my my|' |

etc., where we employ the notation K (::: | #) defined by
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ay a, a; K(ay,by|1) K(ay,by|t) Kay,bs|1)
K t | =det K(az,bl | t) K(az,bz | t) K(az,b?, I t) (3.13)
b, by b,

K(a3,b1 It) K(a3,b2 ‘ t) K(d3,b3 ] t)

The matrix elements therein are

K(ypya| 0= AG@y, | e “TA@my, )1/ A2,
"

K(y,m |)=3AG@y e “[A@| )]/ | A2,
"

) (3.14)
K(m,y |0=3AG| e “IA@y I*/142,

K(my,m, | r)—zAwml R VN(AEN) WAPNES
I

The notation 3® in Eq. (3.12) requires explanation.
Consider, for example, 7, v There are three columns, ¥,

my, and m,, in the determinant on the right-hand side.
We construct a new determinant by replacing two [as in-
dicated by the superscript (2)] of the three columns by two
new columns defined by the matrix elements K%(y,7, | ),
etc., given below. For example, the column
Y2 [=(K(’}’2,’)’2 | 1), K(ml,n | 1), K(mz,'}/z l t))tr, with the
symbol tr denoting the transpose] is replaced by
the new column y, [=(K%yyy2|t), K%miy,y,|t),
K%m,,y,| t))¥]. Totally, there are three different ways
of choosing two columns, each giving a new determinant
after the replacement. The sum 3,'?) represents taking
the sum over the three determinants thus obtained. [In
the general case of |{v|W |n) |? the factors m, Tym,
. etc., involve (v+n — 1)-dimensional matrices, in which we
should replace n columns by the new columns formed by
K%v1,72| 1), etc.] The matrix elements K%(y4,7, | t), etc.,
which define the new columns, are given by

i€, t¥*
K%y,72| 0= Ay, | ble " [A(y,|b)]*/|A|?,
< :

ie,t*

[
K%m,y | )= A( | mb)e
‘ b

ie. t*
i€yt

[Aly D)/ 1A%,

igyt*

K%my,m, |z)=zA( |mble " [A(|m,b)]* /| A2
We next sum I ,(¢) over {y} and {m} and divide the
result by (212 After the summation two terms propor-
tional to |p(y)|? in Eq. (3.11) contribute equally to
I,»(t). The same holds true for |p(#@)|>%m,,,
p*(yiplyy)my y, and p*(# ) )p ()} m,, While there
are four identical contributions of the type
p*(y)p(m)m,, and p*(m)p(y)m, my- This fact serves to
cancel a part of the factor 1/(2!)°. Then the sum 3 ?
may be carried out by using the following identity
|

(3.16)

1 @y az

@)
27K [bx b, bs

__1L pdr, |% %4
T 2mi Je )3 TA by by by

C being a contour enclosing the origin A=0 in the comb-
plex A plane. In terms of the matrix K and K°, the ma-
trix K is defined by

=K+AK°. (3.17)
The validity of Eq. (3.16) is checked by calculating the
residue at A=0, as. combined with the definition of the
summation 2(2’ Equation (3.16) completes the deriva-

tion of I, 2(2). I, ,(2) is obtained similarly.
We now proceed to sum I, () over v and n to obtain

K%y,m |)=J Aly |b)e’™® [A(|mb)]*/|A|*, (3.15) I(t). From Egs. (3.11), (3.12), and (3.16) it follows that
b
|
1 —i - —ie t*
1= —‘—‘— S 2T L3 o 27 Dy
Y m
- Zp*(y)eﬁiertDk(y,y' | t)e ()
v.Y
1 « —ie,t —ig,t*
- > p*(y)e TDyly,m |tle p(m)
v,m ,
1 *) — —-iemt* —i€e t
ey > p*(m)e Dy(m,y|t)e "p(y)
Y.m
1 * [ —iemt* ’ _iem"* —_
-2 Z'p (7)e D;(m,m’|t)e pm’| . (3.18)

Here
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=33 3 Eotg S et—i 3 et
ale —— K\l ... tiexp | —i 2 € t—i 2 €nl |,
e o B N A Pt =
(3.19)
N M AN=n ayiya  Yymp o my : 5 * ‘
D, (a,b, | )= - ' ¢ —i e t—iY e tt],
Mab, | EOZWEMJ,] ntd A byiyy s yymycceom, }CXP A AT

with a,b =7,y',m,m’'. The first term of D,(t) with
n=v=0 should be taken to be AM. Note that in
D, (m,m’|t) the term v=0 actually drops in Eq. (3.18)
due to the integral over A. This should be so, since the fi-
nal states always must have at least one electron above the
Fermi level.

From the theory of the Fredholm integral equation,'?
we may rewrite Eq. (3.18) as

’)—J_Lz,ln S drA A=Y~ detH, (1)
X[g*(y)e_ig"'g*(fn")e_ig'"'*]

XH (Opy)pm)]*,  (3.20)

—igt

where p*(7)e is understood to be a row vector of di-

i *
mension M and p*(7)e “m'" is that of dimension N.
They are row vectors within the spaces ¥ and m, respec-
tively. The vector [p(y)p()]” is a transposed row vec-
tor, i.e., a column vector of dimension 4 (=N +M).
The matrix H,(t), an important matrix that determines
I(t), is an A" X 4" matrix defined by
. i *

L+Kie ¥ K 320
i . ) * .
K ' AL, +Kpe

We have introduced four block matrices in the spaces
(7,7), (y,m), (m,y), and (m,m), with I, (I,) the M XM

(NXN) unit matrix and two d1agona1 matrices €,
(M X M) and €,, (N XN) defined by
—ie.t ——Ie,}, t
(e ™7 ),,1,,2=8,,”,2e L
. (3.22)
_'_mt* —iem t
(e '8 Ym my=Om m,e !

To reduce Eq. (3.20) to the final form of I(z), we first
rewrite the partition function 2. As in Eq. (3.16), the
definition (3.9) of & leads to'?

g L[ aaa-V-1 [T (1pae P 32
e py- fc kI;[l( +Ae ). ( .23)

Next, the response functxon (3.20) is proportional to the
orthogonality factor | A |2, which originally comes from
the A-proportional matrix element (v| W | n). This fact
does not, however, imply that I(¢) vanishes in the limit
N — « by the orthogonality catastrophe. It simply means

that the summation over the initial and final states should

be carried out before taking the limit N— o, as we have

done so far in obtaining Eq. (3.20). In fact, Appendix B

shows
t d
detH, (t)=detH, (0)exp deTET—TrmgA(T)
(3.24)
with
detH, (0)= | A | ~2%"% ﬁ (14-he Py . (3.25)

k=1

Thus, the factor |A|? of I(f) just cancels that of
detH, (t), making the response function I (¢) remain finite
even in the limit N— . With Egs. (3.24) and (3.25), we
can safely take the thermodynamic limit.

Finally, we consider the A integrals involved in I () and
Z. In the limit N— o, they are evaluated by looking for
a saddle point in the complex A plane. From Egs.
(3.23)—(3.25) we see that the integrand of (3.20) involves
the same factor u (A) as the partition function &,

. A —Pe
uM=A"N1T[(1+2e™ ),

(3.26)
k=1
whose saddle point A, is determined by
N 1 Be
S (1427 %)~ '=N or A;=eP*, (3.27)

k=1

i being the chemical potential. But the integrand of Eq.
(3.20) has an additional A dependence originating from the
factors detH, (¢)/detH,;(0) and Hjy '(¢), showing that the
saddle point of Eq. (3.20) is not exactly the same as that
of &. The point is, however, that these factors are inten-
sive quantities which remain finite in the limit N — oo, in
contrast to the factor u(A) whose exponent is related
directly to N. This may be seen by examining the N
dependence of these factors with the use of that of
A(fy | )/A, etc., given in the next section. So that one
can perform the A integral in Eq. (3.20), only over
A~N=1detH,(0), and put A=A, in the rest. Then the A
integral of I(¢) cancels precisely the partition function Z,
leaving only the additional A; dependence due to
detH) ()/detH; (0) and Hj 1(l‘) Ultimately, we arrive

at

t
H=exp [ [rdran |Iote) (3.28)
with
A=Tr| | L, () ]I_I;TSI(T) (3.29)
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Io(t)= [I_’*(Y)e —l'frtgt("—,l)e —igy,t ]

XH  (O[p(y)p(@)]" . (3.30)
The matrix H }‘s(t) is, from Eq. (3.21),
I +sze_i§71 Ky, ~iemt®
H, ()= Ko™ Lt | G3D
with
Kj, =K+AK° (3.32)

Equations (3.28)—(3.32) are the final closed forms for the
response function. They are exact, having, in particular,
no restriction on the form of the core-hole potential.

Let us consider the limit T—0 of our result. Because
of the definition (3.8) of ¢*, the factors exp(—ie€,t*) and
explie,t*) then vanish (note that €, <0 and €, >0). Thus
in the final form of I(¢) all the quantities involving the
block m disappear together with the matrix K° which
contains in its summand the factor exp(i€yt*). The
present result thus reduces correctly to Eq. (2.36) of OT,
as it should.

Finally, a comment is in order concerning the optical
sum rule—the total intensity of the absorption band. It is
determined by the magnitude of the response function in
the short-time limit. In contrast to the analysis of TO, in
which two absorption bands are involved because of the
existence of a bound state in the final state, the sum rule

concerned here is understandable intuitively. From Eq.
(3.28), it is found that
I(t=0)=3 | wk | X(1—f%), (3.33)
k
where
fe=1/(147 %) (3.34)

is the occupation number of the initial state | k ) and

w,,c=za.,kwkc (335)
k

defines the optical matrix element wy, between the state

{k) and the core state. If the k dependence of wy, is

dropped by putting

(3.36)

the total intensity of absorption becomes |w |2 times the
number M of the unoccupied states. Though we omit the
derivation (for details, see TO), the sum rule (3.33) illus-
trates the capability of our result of reproducing correctly
the short-time response of electrons to the created core-
hole potential.

Wge =W

IV. REDUCTION OF THE FORMULA
IN THE CASE OF A CONTACT CORE-HOLE
POTENTIAL

In order to calculate A(z) and Iy(z), we must know
p(y),p (), K, and K° By Egs. (2.5), (2.12), (3.14), and

(3.15), they are related to A(gZy | ), etc., which are in turn
obtained from the inverse of the matrix 4 of the overlap
integrals [Eq. (2.3)]. To proceed further, therefore, we
need an explicit form of the overlap integral a,;. Hereaf-
ter we restrict ourselves to a contact-type core-hole poten-
tial with the strength V:

Vie=—V . (4.1)

The forms of a,, and 4! of this case are given in OT.
The overlap integral is expressed in terms of the phase
shift §,=25(¢,) of the final state:

sinSKP 1
7N, €.—¢€

aKkZSKkCOSSK-—‘ ’ 4.2)
where 8, =6(e,—e€r)/N, with N.=N(g,), the state den-
sity of the conduction band at e=¢€,. The inverse matrix
A-lis -

| Xue |

A Ypy=—7
4 )m“ |Xm+| Nm

(cosd,, )o(€,, —€,)

sind,, 1
—_—P— . 4.3)

€m—E€yu

The dispersion integral with complex variable z

_ 1 O(e)

X(z)=exp |— f € ¢
(4.4)

S 1 po0, &)

X(z)=exp _ﬂf5d6—2~e

defines X, =X(e,+i€) with e=0+, etc., where D and
D are the upper and lower band edges, respectively, of the
conduction band, measured from the Fermi level
(D >0, D<O0).
The quantities A(fZy |) and p (y) are also given by OT.
The other quantities such as A(fZ | 71) are obtained similar-
ly by using Eqgs. (4.2) and (4.3) in Eq. (2.3). We have

_ 1 7
A(,u}’l)/A=6 —V | Xut | [ Xyt |
"
. CO m
Al |m)/A=— N, S(em —ey)
1 _—
+ Pe— VlXp+||Xm+|:
w
1 _ 4.5)
A(|mb)/A= VIXosl [ Xmil s
€p—E€py
cosd
Aly | b)/A=——"L8(e,—€;)
N,
1 —_
+ |P . VI Xpy| [ Xyyl
Y
and
PV=X,y |w, (4.6)
p(m)=|Xpy |0, \ .7)
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with the (k-independent) matrix element w introduced in
Eq. (3.39). In case denominators vanish in Eq. (4.5), the
principal part is needed as indicated therein. To obtain K

and K° from their definitions (3.14) and (3.15), we use the

identity

Y L ET__ 1 _ _1__
lfo dre = Etic —PE imo(E) .

(4.8)
'Ihen, for example,
K, y' |0=—NoV?* | Xyy | | Xy |
X fowdrfow dre e T
Xt +174+7),
K%m,m'|t)=—NoV?*| Xy | | Xy |
Xfowd'rfow dr'e

Xt +74+7),
where N, is the state density at the Fermi level and

Noa(t)=2 I‘Yy+ | zeie‘ut
n

(4.9)

—iemre —i€,, T

I

) (4.10)
Nopi()=3 | Xp 4 | e haele! -
b
The expression of the other matrix elements or the explicit
form of the matrix Hj (2) defined by Eq. (3.31) is given
by (C3) of Appendix C.

With Egs. (4.6) and (4.9), we are now ready to derive
the response function I(¢) for a contact core-hole poten-
tial. The procedure to be taken here i 1s made up of form-
ing H; (2), inverting it to obtain Hj (¢), and arranging
the terms in the expressions of 4 (¢) and Iy(¢) to give their
final forms. The calculation is outlined in Appendix D.
In writing the result, several quantities need to be intro-
duced. First, let g, and g, be

g, = 1/(1+62i8"e ——B(e,,.—/.t)) ,

218meﬂ(em —p)

(4.11)
gn=1/(1+e - ),
with g, and g, defined similarly. In terms of them, we
define ‘

—ie (t+74+7)
No®prv= 28y | Xys |%e 7
Y

’

_ Ble,—n) —i€,, (t+1+7)
+2gme " | Xm + l 2€ "
m

= - 2 —Bleg—p) igy(t+7+7)
No®@riyr= 285 | Xp4 | e e
b

— = ie (t+7+7)
+23p IXy.+ Ize # T ’
1’3

(4.12)
27i"71,1" =2mrin, +Tt 4T

2i8, —-ie,r(‘r—‘l’)

= Ejfr_ye"’“r“"’(e " —1)e

—p), —2i —ie, (1—
+2 8m ﬂ(em u)(e :a,,,__l)e i€, (T—1')

I

Mo =Tt 4rt 7= 771’,r >
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where the presence of two subscripts shows that the quan-
tities defined here are treated in what follows as matrices
with respect to these time variables. The way the variable
t is involved in the labels of their rows and columns is to
be noted.

Then it follows that

A= [ "dr [ "doifio(1- M)z 1—iT)5g

+ (N2 [ Tdr [ Tdo ¥, (1- A7 1Y, ,

4.13)
Io(t)=Now? fo”dT fowdo\ll,,a(l—A);l(l—iﬁ);(} ,
with
Age=(NoVP [ “dp %o ¥, s
(W e =[(1—in) @) 4, (4.14)
(O, gr=[1=i]) '@y -

The product involved in the right-hand side of Eq. (4.14)
should be treated as

[(l_in)_lq)]t+f,f' =fo dp( 1\_i17)t—-+}T,t+pth+p,f’ ’

(4.15)

for example, where we have inserted the variable ¢ +p, in
accordance with the definitions of 1 and & given by Eq.
(4.12). The inverse (1—in)~! is hence obtained by solving
an integral equation.

Equations (4.13) and (4.14) show that, to push forward
our program, we need to solve integral equatlons twice,
once for obtaining (1-—177)_ (1—i7)~!, and then for
(1—A)~1. The first step is taken in the next section.

V. SOLUTION OF THE FIRST INTEGRAL
EQUATION

_ In this section we obtain (1—im)~ !, (1—if)~Y, ¥, and -
¥ involved in Eq. (4.13) and reduce A4(z) and Iy(¢) to
their final forms by making use of them. The derivation
of the four quantities are analogous. Let 7 be the inverse
of (1—in):

Fre=(—in)s}. (5.1)
By definition, it satisfies
rf,f—ifomdp Nr,plpr =0(T7—7') . (5.2)

Note that 7, is a function of (r—7') by Eq. (4.12), while
r.» is not. Equation (5.2) has a typical form solvable by
the method of Wiener and Hopf.!* In writing the solu-
tion, the Fourier transform of the kernel 7, . is needed.
We define

Nw)= fjwnf,oe"“"d‘r .
From Eq. (4.12), we find

(5.3)



) [14+(e¥¥@_1)f(0)]™!, D>0>0
1—in(w)= (2B |y (¢28(@)

{e —2i8(@)[ | 4 (¢ —28(@)_

~ [1+(e~ 2% _1)F(0)]"!, 0>w>D

and
1—inlw)=1, ©>D, 0o<D
with the Fermi-distribution functions

flo)=(14ePlo—#)~1

flo)=1—f(o) .
Note that Eqgs. (5.4) and (5.5) are rewritten as
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(5.4a)

(5.4b)

(5.5)

(5.6)

xp[ —i8w)w/ || )jeosh[Blo—p)/2] 5 _. 5

cosh{[B(co——u)—Z:S(w)]/Z}
1, o>D, w<D.

1—in(w)=

Let us decompose [1—in(w)] as follows:
Z_(w)

Z, (o)’

where Z , (0) [Z _(w)] is determined so that it is regular

and free of zeros in the upper (lower) half of the w plane.
Explicitly, we find!®

1—in(w)= (5.8)

n[1—in(e")]

o' —oFid (5:9)

1 D
Z,(w)=exp —Zr—i-fﬁ

The required analytic properties and the validity of the re-
lation (5.8) are easily confirmed. Now Appendix D shows

0 dﬂ) elarr

T G0

[(1—im]er=[(1—iM] 0=

With regard to the quantities other than (1— in~!, we
note that (1—i7)~! is a transpose of (1——171)“ as shown
in Eq. (5.10), ¥, . defined by Eq. (4.14) is obtained if
the & function on the right-hand side of Eq. (5.2) is re-
placed by @, ., », and, finally, ¥,,,  is obtained if the
kernel i7 and the 8 function in Eq. (5. 2) are replaced by
i7 and ®,,, , respectively. Thelr expressions are thus
obtained similarly to (1—in)~! (see Appendix D):

i —ig(t+7)
No¥s prr=Fi | X4 | 2o(m)e ™ * ,
k

(5.11)
— 5 ae i (t+7)
No¥p v =i | Xuy | sl <7,
3

with the simplified notations of the Fermi-distribution
function [Egs. (3.34) and (5.6)],

Je=r(€&),
Fe=Flex) ,

and

(5.12)

(5.7

Z,(0)/Z ()
€ —w—id

—l'arr

1 ] ©
oun=75—[_ do

(5.13)
Z_(&)/Z_(o)

€ —w+id

i T

~ 1 e
our)=—5— [ do

In A(2) and I(2) of Eq. (4.13) we only need the expres-
sion for 7,7/ >0 for ¥, . » and ¥, , . By the analyticity
of Z, (Z_) in the upper (lower) half » plane, as com-
bined with the asymptotic property Z4(w)—1(|® | — )
obtained from Eq. (5.9), we see that both o4 (7) and G (7)
vanish when 7 <0. Thus as long as the expression (5.11) is
used, all the integrals in A4 (¢) and I,(¢) may be changed to
those from — o0 t0 .

Now we proceed to reduce 4 (¢) and Io(t) We substi-
tute Egs. (5.10) and (5.11) into Eq. (4.13) and evaluate all
the integrals involved there. The details are given in Ap-
pendix E. The result is

A()=in"+(NoV)? ,
><f daf dr¥(t +0)
XF(t+0,t +7)W(t +7),

B (5.14)
Io(t)=N0w2f0 drW(t +1)F(t +1,t +) ,
where t 4+ =t +€ with e=0+4 and
Ddw 1 1
P aw _
=050 {Z_((o) Z (o) ] .13

is the quantity independent of z. The two functions W(z)
and W¥(#) are given by

NoW(t)=SFi | Xic 1 | 1 Z 4 (€)Z _ ()] e ",
k
(5.16)

i€t

No¥(t)=Sfi | Xy | 2Z () Z _(er)e"*"
< .
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and F(t+o,t+7) is defined by the following integral
equation:

Flt+o,t +7)— [ “dp Alt +0,t +p)F (¢ +p,t +7)
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Alt+0,t +p)= (N V)?

X fowdé‘T’(t +o+EW(t +p+E) .
(5.18)

The definitions of [1—in(w)] [Egs. (5.4) and (5.5)] and

=8(c—7), (5170 Zz+(w)[Eq. (5.9)] enable us to rewrite i7°, W(¢), and W(z)
) ) in terms of the one-particle quantities. First, from Eq.
with the integral kernel (5.15) we have
|
ln[1+f(6)(e2i5(€)_l)]

T Lpe g [ e

in°= fcz—exp

w—E€

where the contour C encloses the branch cut in the range D <o <D on the real axis of the complex o plane. Since the
integrand of the  integral is analytic everywhere except having the cut on the real axis, we can enlarge the contour C in-

finitely. The residue at = oo then yields

8(6) 1 i
in°= —zfﬁ et e fdeln[l+f(e)(e”“’ D].

For W(¢) and ¥(z), Eq. (5.16) leads to

f— de Pln[1+f(6)(e_2’5

(5.19)

exp

No‘l/(t)=2f_ke —iet
k

€ —€

—1)] ]
| (5.20)

exp

Now(t)__—szeiekt
k

___f e Pln[1+f(6)(e215(6)
€ —€

where use has been made of Eq. (4.4). Equation (5.14)
with Egs. (5.17)—(5.20) is the conclusion of this section.

With Egs. (5.19) and (5.20), A(¢) and Iy(z) are now
directly comparable with those derived in OT. The limit
T —0 is easily taken there to show

(i"IO)T=0=0a
D
[NoW(t)]7—o= [, deNle)
_2__ D ’ 8(e') —iet
X exp —Wfo deP-=— , (5.21)
— 0
[No¥()]r—o= [ deN(e)
p Oe)
X exp f de Pe o ]

Hence W(¢) and W(¢) tend respectively to ¢(z) and ¢(¢) of
OT [OT Egs. (5.3) and (5.6)] and the response function
reduces correctly to that of OT in the limit 7—0. In oth-
er words, W(z) and W(¢) of Eq. (5.20) present the exact
form of the dispersion integral!® at finite temperatures.
Also, the limit 7(w)—0 as T—0 is the reason why in the
formulations in OT and TO we encountered only one in-
tegral equation.

VI. THRESHOLD BEHAVIOR AT FINITE
TEMPERATURES

The spectrum of the soft-x-ray absorption now depends
entirely upon the solution F of the integral equation
(5.17). In this section we treat F in the region of large ¢

1)] J

and obtain the exact asymptotic ¢ dependence of A4 (¢) and
Iy(t) from Eq. (5.14).

Before concentrating on F, however, we consider the
constant term in° [Eq. (5.19)] involved in 4 (¢). Since the
response function I () depends on A (¢) as follows [Eq.
(3.28)]:

i 0
ilo—ay)t

exp [fotd'rA('r) ]Io(t) ,

(6.1)

the ¢ independence of in° shows that the real part of 7°
provides us with a shift of the spectrum as a whole, while
its imaginary part describing an exponential decay of I(z).
Although a clear-cut absorption threshold no longer exists
at finite T, let us define the modified threshold frequency
as follows:

on=(Ef—Ef—

I(w)=2Ref0wdt e

—Ren®

ecore )

=w%—Ren?, (6.2)

0% belng the threshold at 7T =0 [Eq. (3.3)]. The differ-
ence EQ—E} of the ground-state energies arises from the
potential scattering by the core hole. Thus, by Fumi’s
theorem, the exact expression of it is!’

8(e)

T

0
ER—Ef=— [ de 6.3)

The quantity 7° is given exactly by Eq. (5.19). From Egs.
(5.19) and (6.3), therefore, we find
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1 P i
wth=-——2-;fﬁdelmln[l+f(e)(e2'5(e)—1)]-€core .

(6.4)

The first term tends in the limit T—0 just to Eq. (6.3),
thus showing that the phase shift in Fumi’s theorem at
T =0 is replaced by the quantity given above, which is
determined by the combined effect of the phase shift and
the Fermi-distribution function. At moderate tempera-
tures and for ordinary conduction bands, however, it
holds that T/D, T/|D| <<1. The dev1at10n of oy from
% in these cases is therefore small, because +ImIn[ - - - ]
in @y, is different from 8(¢) only in the frequency region
of the order of T near the chemical potential: The correc-
tion involved in wy, is of O (T /D) relative to 0%, which is
in general of the order of the bandwidth of the conduction
band.

The imaginary part of 7° will be combined with anoth-
er (t-dependent) term of A(t) as seen later. Now we turn
to solvmg Eq. (5.17). The analysis based on Eq. (5.17) re-
quires an explicit form of the integral kernel
A(t +0,t +p) which is determined by ¥ and ¥, We re-
strict ourselves to the asymptotic region of t. Also, in
parallel to the above estimate of wy, we are concerned
with the temperature region much lower than the band
parameter D and |D|. In the following discussion,
therefore, ¢ and T are respectively confined to

tD,t |D| >>1 (6.5)

and

T«D,|D]| . (6.6)

Consistently with the second condition, we can now put u,
the chemical potential, to zero (energy of the Fermi level),
neglecting the correction of O(T /D) as in @y,

First we write Im 7°, whose expression valid for
T <<D,| D | is obtained in Appendix F:

2

8
Imn°=7T |— | , 6.7)

where § is the phase shift at the Fermi level.

In order to obtain I(z) for large ¢, we require only the
asymptotic forms of ¥ and ¥, as is obvious from the way
the time ¢ is involved in Egs. (5.14), (5.17), and (5.18). We

1
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derive W(¢) and ¥(t) using Eq. (5.16). The expressions for
Z  (») and Z_(w) needed there are obtained i 1n Appendix

G. The expressxons of |X;,|? and |X;, |2 valid for
€;~0 are given in OT:
| Xpey | 2= || ~*1X(0) |2,
_ _ (6.8)
| Xey | 2= e |21 X(0) |2,
where [OT Eq. (5.10)]
D 8(e)—6
| X(0) | 2=D"exp _2_f0 de#)— ,
(6.9)
T2 R —a 2 0 8(e)—8
| X(0) | 2= | D | ~%exp ﬂfﬁde—————e ,
and
a=28y/m . (6.10)

The combination of Eq. (6.8) with (G10) in Eq. (5.16) then
leads to (G12):

l1—a
Y(t)= le_ IX(O) | 2e—Tn-Tt(1—a)[1-\(1____;_a)]2
XF(1—3a,1—~a,1|e~2T")
" 6.11)
W(t): <l IX_(O)!Ze—ﬂTt(1+a)[I\(1+_;_a)]2

XF(1+5a,1+5a,1|e~2"T),

where F(li—;—a) is the gamma function and F(a,b,c |z)
is the hypergeometric function.!®

Several expressions different from Eq. (6.11) are possi-
ble, using Kummer’s relation for the hypergeometric
functions. One of them is given by (G13), which shows
that our W(¢) and W(¢) tends precisely to #(¢) and ¢(¢) [OT
Eq. (5.9)], respectively, in the limit 7 =0. The results de-
rived in what follows are based upon Eq. (6.11).

It looks difficult to obtain a closed analytical form for

"A(t +0,t +p). Thus we express A as a power series with

respect to the variable e ~2"7",

Eg. (5.18) then leads to

and the integral over £ in

Alt+o,t+p)=—57Ta® S 3 exp[ — 7T (1+a+2m)(t +0)]Ay pexpl —aT (1—a+2n)(t +p)] , (6.12)
m=0n=0
-
where , | X(ey) | | X(ey) | =sin[8(e)]/[mVN(e)]
(1+3a), 1 (1—1a),
Amn= — mn _’{_1 oy , (6.13) [OT Egs. (3.13) and (3.14)].
. : With Eq. (6.12), the power-series expressions for
with Pochhammer’s symbol (y),=I'(y+m)/I'(y) F(t+o,t +71), A(t), and Iy(t) are straightforwardly ob-

=y(y+1):--(y+m—1). In eliminating |X(0)| 2,
| X(0) |2, and I'(1+a/2) involved in Eq. (6.11), we have
made use of the relation

Fained. They are given by (H2) and (H4). Our final task
is to find analytical expressions for A(z) and Iy(z) by
summing the infinite series for them. Since the form
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(6.12) of A involves a double sum and A (¢) and Iy(¢) are
written in terms of (1—A)~!, the proof cannot be so sim-
ple. Though clumsy, our treatment given in Appendix H
provides us with asymptotically exact solutions for A (z)
and Iy(2),

2

coth(#Tt) , (6.14)

8
A(O)=i(Ren®)—7T -173
Sl

27T

Io(t)= Now? | X(0) |r(1—5a)]?

- X[2sinh(7T1)]~'+e (6.15)

where i(Ren®) yields the first term of Eq. (6.4) whose
meaning has been discussed there, and the term
7T (8,/m)* of Eq. (6.7) is absorbed into the second of Eq.

(6.14). They are our final results, bringing forth the
response function I(z) as follows:

I(t)= NoDw?A4,[T(1— —;»a)]zpoei(Re'qO)z

] —1+&
9 w%ﬁ , (6.16)
where .
8 [ |
0 0
=2—— |— ’
b=2——|—|
__sinh(#Tt,) |/
po= |[iD————
7T

, (6.17)

t
X exp[ —i(Ren®)tolexp [food'rA('r)

2 oD 8(e)—§
[Pa2=b

T

Ao=|X(0)|2/D*=exp

The coefficient p, describes a short-time contribution of
A(t), as introduced in TO by assuming that the long-time
form (6.14) remains to be valid down to #~t.

The result (6.16) reproduces the result of Yuval and An-
derson.!®!! Also our treatment yields an exact expression
for the prefactor of the power-law behavior of Iy(#), the
critical amplitude introduced by Penn, Girvin, andI
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FIG. 1. Absorption spectra near the threshold at a finite tem-
perature 7. The spectrum I'(Q) is defined by Eq. (6.18). Q is
the frequency measured from the absorption threshold at T =0.
D is the distance between the Fermi level and the upper band
edge of the conduction band, which normalizes Q, T, and I'(Q).
The curves for four different temperatures are plotted for 8, (the
phase shift at the Fermi level) chosen arbitrarily to be 7 /3.

Mahan.'? It is identical with that of T'=0. Note the ex-
istence of an additional contribution from the short-time
response summarized by the factor p,, which shows that
the exact form of the prefactor as a whole requires in-
herently the information on 4 (¢) in the whole region of ¢.
Note also that within the restrictions (6.5) and (6.6) the
relative magnitudes of # and T are completely free. Equa-
tion (6.16) thus shows that the power law in the case of
tT << 1 is replaced by the exponential decay in the oppo-
site limit of T >>1.

Some typical absorption spectra are plotted in Fig. 1.
We put arbitrarily §,=7/3 and treat 7 as a parameter.
Because of the ambiguity due to the factor p, involved in
(6.16), the curves for I'(Q) defined below are plotted in-
stead of I(w):

. —1+¢&
® i D sinh(wTt)
I'(Q)=Re [ “dr el | =TT
(Q)=Re f , dte T
_ LD [TRe |omraN—1460 2 2 2T 6.18)
D | 27T F 1 N ﬁ 0
2 2 27T
. T
with with that of T =0 (power-law spectrum of ND), while in
Q=w—0% . (6.19) the region Q < 1/T the divergence at T'=0 is removed by

We see that when Q> 1/T the spectra coincide nearly

the temperature effect to yield a rounded peak near the
absorption edge. In the opposite side of the threshold
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(Q <0), the sharp cutoff of the spectrum at T =0 be-
comes gradually blurred with increasing T, inducing a
nonzero absorption spectrum spreading roughly of the or-
der of T below the Fermi level.

VII. SUMMARY

The present paper gives an exact treatment of the
thermal effect on the soft-x-ray absorption spectrum using
the Hamiltonian of Nozieres and De Dominicis.! The
formulation in the first half of the paper consists of ob-
taining the matrix elements of the dipole moment between
two Slater determinants and summing the transition prob-
abilities over all possible initial and final states. Because
of the multiplicity of excited many-particle states, the for-
mulation needs several careful steps before arriving at the
closed formula for the response function. For example,
because of the orthogonality catastrophe,® the summation
of the cross section should precede the process of letting
the system size tend to infinity.

The thermal effect is incorporated in our formulation
through the Boltzmann factor. The need of treating the
Slater determinants led us to consider the system with a
fixed number of N electrons (canonical ensemble). This is
why our final form of the response function [Egs.
(3.28)—(3.32)] involves a distinction with regard to the
roles played by the states above and below the Fermi level
at T =0. The distinction perhaps implies that the formu-
la may be further reduced quite generally, leading to a
description of the thermal effect solely in terms of the
Fermi-distribution function. (The calculation for a con-
tact core-hole potential in the rest of the paper shows that
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this is indeed the case.) However, to see the relationship
between the exact formula for T =0 given in the previous
work* to that for 740 obtained in this paper, the results
in the present forms (3.28)—(3.32) will probably be best.

In the second half of the paper, the exact formula was
applied to the case of a contact core-hole potential. The
explicit use of the wave functions in the final state reduces
the response function to Egs. (5.14)—(5.20), whose validity
is not restricted to the asymptotic region of ¢. The result
shows the way the ground-state energy shift and the
dispersion integral are modified by the temperature effect.
We showed that the dispersion integral, when dealt with
in the asymptotic region, in fact, reproduces the result of
Yuval and Anderson.!%!!

Even in the asymptotic region of ¢, however, the deriva-
tion of the final answer [Eq. (6.16)] has not been straight-
forward at all. This is because of the unwieldy form of
the dispersion integral at finite temperatures [Eq. (6.11)].
But it is worth pointing out here that the complication
arose mostly because we had kept with an analytical for-
mulation for the whole problem. We have in fact con-
firmed that the power-law behavior exhibited by Eq.
(6.16) is derived quite easily by the numerical analysis
based on Eq. (6.12). In this sense, it will be interesting to
test the efficiency of the formulas (5.14)—(5.20) numeri-
cally in the frequency region far from the absorption edge.

Finally our approach yields the exact form of the pre-
factor of the power-law formula of the open-line contribu-
tion. It is expressed by the same form as that of T'=0,
given by our previous study. The results of Yuval and
Anderson are thus improved in this respect by the present
analysis.

APPENDIX A: EXPRESSIONS OF A'(zy | ), A'(|mb), A'(E | ), AND A'(y | b)

~ The determinant A'(Zy | ) is defined by

A'(py | )=det | [AEY ]Im,—sb, | -

(A1)

The symbol (m;—b;) means the replacement of the m;th column of A(fy|) by the new column b;. Expansion of
A’(@zy | ) with respect to the row ¥ and column b, using the cofactors leads to

3%A

AEy | )=ayp Dym + D' Qymay p —— , (A2)
Yo T pmy e ym=p,0q aa”m aa!‘]"‘]
the primed sum meaning the exclusion of the terms with p;=u and (or) m=m,. By Jacobi’s theorem?® we can
transform the derivative in the second term into a determinant of the cofactors A,
32A N Aym /A Ay m/A

————=Adet

9aum aaplml € AI""1/A Aﬂl"‘l/A (43
Thus

A(@y | )/7A zayma,,lblAplm/A
l‘]xm
AI — — A .
(#'}’ | ) a'ybl p,ml+Adet Aﬂml/A A( Iﬁ‘l_lbl)/A (A4)
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Combining the first term with the second and using Eq.
(2.3), we find the expression of A'(fiy | ) given by (A7).
Likewise, the determinant A'(Z | 777) is defined by

A'(p |m)=—det | [A(E | 7)]lm b, | - (AS)
Expansion with respect to the column b, yields
P OA(x | m)
A | m)=2a“1blm‘u—l—
3 #ymy
2
= ga (A6)

Bymy

ayp =
2 by
Yy da,, da

Then we can make use of the identity (A3). In this way,
we obtain all the primed determinants. In summary we
have

Ay |)/A Ay |by)/A

Alpy |)/A=det| \ 1 72 /8 A 71b,) /A

A(|mb)/A Al |7by)/A

ACImD)/A=det| x| 7 b) /A A(| by)/A

(A7)
A@|m)/A - A(|mby)/A

A | m)/A=det A(p|my)/A A(| @by /A

A(y |b)/A  Aly|by)/A

Ny [b)/A=det|\ | = b)/a A by /A |

APPENDIX B: CALCULATION OF detH,(t)

The rows or columns of the matrix H,(¢) defined by
Eq. (3.21) are labeled by ¥ and m. We extract the factor
| A | =2 from detH,(t) by converting the representation of
the matrix H,(z) to that in terms of the labels p and b.
This may be carried out by the identity det(I+XY)
=det(I+ Y X), valid for arbitrary two matrices X and Y.
The forms (3.14) and (3.15) show that the matrices K and
K have in fact the form of a product of two matrices.

For our purpose, it is convenient to extend the dimen-
sion of the matrix A4, originally defined by Eq. (2.2). Let
&/ be an A" XA matrix defined by

A4(——) A(—+)

L= 4(+—) A(++)

(B1)

with four block matrices: the N XN matrix A(— —) in
the block (u,m); the N XM matrix A(— +) in the block
(u,b), the M X N matrix 4(+ —) in the block (y,m), and
the M XM matrix A(+ +) in the block (y,b); here thc?

—AN =A=' I

[4-4(—-" 0

detH,; (t)= det det |-

A47H==) =4~ ——)4(—+)
0 I

Xdet

—ig,, t
e -m

*
+AB(——|1)
AB(+— 1)

N
Il
p=1
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indices +, —, etc., are introduced in relation to the Fermi
level to make explicit the labeling of the row and columns
of «7. In this notation, 4 used in the text is 4(— —). In
terms of o, the quantities A(gy |), etc., defined by Eq.
(2.3) are rewritten as-

Ay [ )/A=[4(+—-)A (=),
Aly |b)/A=[A(++)—A(+—)4 (= =)A(— )]y »
(B2)
A |m)/A=—[47(—=—=)]my »
etc. The identity det|I+X Y | =det|L+Y X | then leads
to
Hi(—— |8t Hi(—+ |1

detHal0=det g (4 — 10 Hi(++]0)

N . M . o«
% H ete#t l—I eze,,t , (B3)
p=1 b=1

where the block matrices Hj(— — | ), etc., labeled by u
(for minus) and b (for plus) are defined by (dagger stands
for Hermitian conjugate)

Hi(——|=[4"(——)]

x[e " L AB(— — |14~ ——),
Hi—+ | )= A[4~N(——=)]"B(—+ |D) (B4)
—[4~N—)][e " L AB(—— 0]
XA N —=)4(—+),

with the N XN diagonal matrix €, given by Eq. (3.22).
H,(4+—|t) and Hj(++ |t) are expressed similarly.

The matrices B(— — |?), etc., in' (B4) are the block ma-
trices which constitute an .#" X .#" matrix Z (t) defined by
B(—— |t B(—+]0)

Bt)=ole (BS)

T |B(+—|t) B(++|0]|"

Its rows and columns are labeled by the unperturbed
states m (for —) and b (for +) in accordance with the
definition of /. The diagonal matrix € in (B5) is

€ 9

0 ¢ (B6)

€=

with €, and €, defined similarly to ¢,,.
By a direct matrix multiplication, it may be shown that

AB(—+|t)
e LAB(+ 4 |1)

.M *
ie,t ieyt
“Tle ™ .

b=1 (B7)
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From A=detd(— —) and (B5), it follows that

1 igot*
dCtI_I}‘(t)z Wdet|1+}»£(t)e |

N . N ) *
Xne‘eﬂtne i€, t , (BS)
p=1 m=1
with
€m 0
€= 0¢ |’ (B9)

from which, as combined with
[Z(0) =L L =8

due to the completeness of the initial and final states, we
have Eq. (3.25) for the expression of detH, (0).

The form (3.24) is obtained by the identity
detH, (t)=exp[Tr InH;(1)], (B10)

and
]
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fw=0)+ frardL B11)
with

f@)=TrInH,(¢) . (B12)

APPENDIX C: DERIVATION OF EQ. (4.13)

First we write down the full expression of H A (1. We
introduce

I, 0

0 AL,

& 0

h()=H,, (1) 0z

) (cn

where I, (L,) is the M XM (N XN) unit matrix in the
space y(m), and

(g?’ )7172=g718717’2 ’ (g"' )’"1'"2=§'"18”‘1"'2 (€2

define the diagonal block matrices 8y and g, with g,
and g, given by Eq. (4.11). Substitution of K and K°
into H, () [Eq. (3.31)] yields

h()=I—iV [ “dr[E\(1)e Ey(r)+Ey(t +7)e Ei (t +7)]=NoV?2 [ “dr [ "d7E\(1)e®\(t +7+7)Ei(t +7) . (C3)

All the matrices involved here are of dimension .#"X.#" and except for the matrix e defined by

(c4)

they are diagonal. In the rule of writing only the (y,y) and (m,m) elements in the form ((y,y), (m,m)), the diagonal ma-

trices are defined by

E(n =X,y e, | Xy e T, .
E’l(t“i"r):( |X7'+ le—iey(t+r)gy’ le+ Ie—iem(t+f)eﬂ(em —u)gm) ,
E,(t +7)=( |fy+ leisyeie.’,(t+‘r)e —ﬁ(ey—u)’ _ lfm+ le—ismeiem(wr))" €5
Eyn=(|%,, Iei&reiey‘re —ﬂ(ey—u)gy’ N ,e—iﬁmeiemreﬁ(em —mgm) .
The quantity ®,(t +7+7') in (C3) is
Byt +74+7) =8t +T+7)+ A (t +7+7) , (C6)

& and ¢, being given by Eq. (4.10).

form:

Making use of the matrix k(¢) and E(2), etc., we can express A(¢) [Eq. (3.29)] and Iy(¢) [Eq. (3.30)] in the following

A(t)=iVTr[g1_5'1(t)}_zfl(z)gz(t)]+N0V2f0°°d72131(t+T)Tr[_e_ga(t)h—1(t)gl(r)] ,

Io(t)=w’Trle E{ (A~ (DE;(0)],

(cn

where the derivative d /dt in A (t) has been used to evaluate the integral over 7’ in (C3).
The calculation of the inverse matrix & —'(¢) is most involved. By expanding k —'(¢) using (C3), the form of A~ is

found to be

h=\O=L+ ["dr [ "dr[ E\(r)eMyi(7, t +7)E’ (¢ +7)+Ey(r)eMyy(7,7)E3 (7')
+Ep(t+7)eMyy(t +7, ¢ +7)E} (8 +7)+Eqt +7)eMa(t +7,7)E5 ()], (C8)

with four c-number (not matrix) unknowns M (7, +7'), .

e s Moy (t +1,7).

They are determined so that they satisfy

h(t) h—Y(t)=L I being an #"X.#" unit matrix. A lengthy calculation using (C3) and (C8) then leads to the following

matrix relation:
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1—iff—Ay —iVNo®(1—in)+iNo VP

My My,
My My

where 7, 7, ®, and ® are defined by Eq. (4.12), ®; by
(C6), and A by

A=(NoV) P D . (C10)
The multiplication between the time-dependent quantities
is understood to be the matrix multiplication, as in Eq.
(4.15). The time variables defining the rows and columns
of M;; are shown in (C8). In accordance with the labeling
made expllclt in Egs. (4.12) and (C8), the matrix elements
(r,t+1), (t+7,t+7), (1,7), and (¢ +7,7') of the time
variables are needed for the (1,1), (2,1), (1,2), and (2,2) ma-
trix elements of (C9), respectively.
Equation (C9) is solved algebraically. The result is

M“(T, t+T’)=N0V2[\—I;(1—X)—l(l—i'ﬂ)_llﬂt.“-' ’

My (r,m)=iV[(1-A) " 1—if) ], .,
(C11)

My (1 47,1 +7) =iV [(1=RD) T A= Jir, 4

My(t+1,7)= —Non[wu—A)—1(1~iﬁ)—‘],+,,,,
All the quantities involved here are defined in Eqs. (4.12)
and (4.14), except for A, which is defined by

A=(NoV) WV . (C12)

The right-hand sides of (C11) and (C12) should be dealt
with in a fashion similar to the example of Eq. (4.15).
The inverse matrix & ~1(¢) with M;; given above is then
inserted into (C7) and arranged to give the final form. To
convert A to A, the identity

(A=A e=w(1-A)"", (C13)

which is confirmed straightforwardly by the power-series
expansion with respect to A or A, is useful. After a tedi-
ous but elementary calculation we reach the result sum-
marized by Eq. (4.13).

APPENDIX D: DERIVATION OF EQS. (5.10)
AND (5.11) BY THE METHOD
OF WIENER AND HOPF

In order to solve Eq. (5.2), we introduce the following

two functions,
J

—ie) (t+7)

fjwe(T)(pr”’eidet# 281X
0 v

Using the fact that g,,exp[B(€,, —u)] and g, defined by
"Eq. (4.11) are both rewritten as fk(l—m(ek)) (k=m or
y) with the Fermi distribution function Ffe=1—fr [Eq.
(5.12)], we obtain
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] [N0V2<T>1 iv

12
" w—e,+id

iv 0] (C9)
[
. ey, >0
»T = 10, 7<0
(D1)
_ 0, 7>0
Fro= —rrys T<O0

for the extended region of — o <7< o0 and 7 >0. Equa-
tion (5.2) is then rewritten as
rto—riv—i [’ dpn.gyio=6(sr—7), (D2)

O(7) being the step function. In Fourier space we have

rt(w) r~ () ior
v v__e i (D3)
Z,(w) Z_(0) Z_(w)
where the decomposition (5.8) is employed, and
rfe),= [ j“d'rrf,,.;e""” : (D4)

defines the Fourier transform. By (D1) and (D4), r Y (w).,
[ ~(w),] is regular on the upper (lower) half @ plane.
Thus, solving for #*(w), and r (@), of (D3) is just a
standard Hilbert problem. We find'®

z, (w) el ™

+ r
rile)r= f— A o —o—ib)

(D5)
The inverse Fourier transform leads to
rge=lim rt,
e—0+

ta)‘r’ © do Z+(a))e—i(o(0+)
—f—w 21 Z_(o') 2mi

-0 2w 0 —-w—Ii8
(D6)
Since
f Z‘Jr(a))e""‘"o“_Lfm p Z, (o)
2mi Y — o' —0—i8  miJd-w wco’—-co—iﬁ
=1, D7)

as obtained by making use of the contour integration, it
holds that

m"r‘

rOf'—f—w 2r Z_(0')

(D8)

which is Eq. (5.10).
In deriving \Il,+, » defined by Eq. (4.14), we have only
to replace e’“” in (D3) by

- v
+2g | Xy | 27~ e (D9)
m [ Smt ©0—€, +i8
—ig (t+7)
Z ( )e lEk
+29 (D10)

+ . 2
No‘l/ (w)f~l§fk|Xk+[ Z (e o—ep+id)

For the Fourier transforms for ¥ and i7, it is con-
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venient to define them in terms of the factor e ~'! (the
complex conjugate to that used in ¥ and i7), because it
then holds that 7(w)=7(w). In this case, ¥ *(w), is reg-
ular on the lower half » plane. We find
Z_(e k Je
Z_(oNw—ex—id)

(D11)

The inverse Fourier transform of (D10) and (D11) then
gives Eq. (5.11).

i (t+7)

No¥ H(@)p=—i3fi | X+ |?
%

APPENDIX E: DERIVATION
OF EQS. (5.14)—(5.18)

In accordance with the form (4.13), we divide A4 (¢) into
two parts,

A)=A,()+ 4,0, (E1)
where

A () =[i(1—=A) " (1 —iF) o0
and (E2)

A5()=(No V) ¥(1—-A)"1¥],,
|

——ieklt

are the matrix forms of the first and second terms of Eq.
(4.13), respectively. The prescription of the transforma-
tion is given prior to Eq. (5.14). As an example, we calcu-
late the term of O(A) of A,(¢),

AP ()=(NoV)HYAY),, . (E3)
Since A=(NoV)*¥¥ [Eq. (4.14)], the explicit form of
A1) is
A ()= (No»*

X fowdafowdpfowd’rq’t,a‘ia,t+p\I/t+p, T\Tlf,l .
(E4)

From Eq. (5.11), the first factor ¥,, contains o;(0+),
which is
Z (0)/Z ,(e)

ek—w——iﬁ (ES)

oy re —ia(0+)
o, (04)= i f_wda)e

This integral is evaluated as in (D7) by the trick of drop-
ping the exponential factor and adding an integral along
the semicircle in the upper half o plane. The result is

o1 (04+)=1/Z (&) . (E6)

With (E6) three integrals in (E4) are easily carried out.
We find

Z_(er,)/Z (&)

AV =iV*S F 2. ¢
2 (1) lV%fkllel+l Z+(€k1)fk2,Xk2+{

Z+(ek2)/Z+(ek3) —iek3t

iekzt_ X 2
Xe -
Fiey+ 1 X+ | ek, —€x, 15

€k, — €k, +id

Z_(6k4)/Z_(€k3) i€yt

- (E7)
€k, — €k, +id

Siey | Kiey1 12

The energy denominators are then rewritten using Eq. (4.8). In addition to W(z) and W(z) defined by Eq. (5.16), we must

introduce the third quantity ¥,(z),

NoB (=S fi | Xy |2Z_(er)e'*" . (ES)
k

Then, ) v

A(zl)(t)=(N0V)2fowdafowd'r\l/(t+a) [(NOV)ZfO“’dp Ut +04+p)W(t +p+7) |Ty(t +7) . (E9)
The term in large parentheses gives A(t + o, t +7) defined by Eq. (5.18).

The higher-order terms of 4,(¢) and the terms A4,(z) and I(¢) are similarly treated. In this way we obtain

A= [ Tdri®nF(t +r,t4)

AO)=(NoV? [ “do [ "dr¥(t +0)F(t +0,t +1)T(t +7) (E10)

Io(t)zNOwaowdfr\I/(t +7)F(t+7,t+),
with

, Ddw 1 1 ;

0 — b _ —iwp
M=) 5o | Z @) " Zota) ’ E1D

where the quantity F is the solution of the integral equation (5.17). In (E10), I(¢) has just the form given by Eq. (5.14),
while in A4 (¢) some more transformations are required before reaching Eq. (5.14).

Note first that

3 . _ ©w d —iwp
No\lll(t)=f0 dPNo‘I’<t+P)f_w7:_Ze+(w) ’

(E12)
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as confirmed by integrating over p with the use of the definition of W(¢) given by Eq. (5.16). Dividing 1/Z () into two

parts,

1 =
Z (o)

I+

1
’ -1},
Z (o) ]

we find

Ay(0)= (NOV)2f0°°dafo°°d¢\p(t +0)F(t +0,t +7)T(t +7)

+(NoV? [ do [ ar [ Tdp W +o)F(t +o,t + DUt +74p) [T T2

Dividing F as well into two parts within 4,(¢), we find

A ()=in+ fowdpi‘no(p)[F(t—}—p,t+)—8+(p)] :
(E15)

where 8, (¢)=lim,_,o,8(t —e) and 7° [=7%0)] is, from
(E11), given by Eq. (5.15). The sum of the first terms of
A1(¢t) and A,(¢) is just given by Eq. (5.14). Our remain-
ing task is thus to confirm the exact cancellation between
the second term of A4,(¢) and that of 4,(¢). By means of
the identities

(E13)
dw 1 _ —iwp
N lle . (E14)
I
*» do b b ©)dw
"w-Z;= [f~oo+f5+f0 ]3; ’
(E16)
oy~ (Pdw 1 1 —iap
in(p)= 524 tz‘(a)) 1 — Z(@) —l”e ,

Z . (0)=Z_(0), o>D, o<D

as combined with the series expansion of F [=(1—A)~]
with respect to the factor A, the cancellation may be, in
fact, checked.

APPENDIX F: DERIVATION OF REAL PART OF i%°

The real part of in° is, from Eq. (5.19),

D -
Relin®) = [ delnl1-4f (] (esin’8(e)] ,

(F1)

with f(€)=1—f(€) [Eq. (5.6)]. The Taylor expansion of the integrand yields

. 1 1 P . ., T
Re(m%:—;ngl; f5d6[4f(6)f(e)sm28(e)] e

2

n=1

2, (2sin80)*" [(n— 1)1]?
n (2n —1)!

(F2)

In the second line we have set sind(w)=sin8y, D= |D | =w. The procedure is obviously allowed when T << D, |D|,
because of the factor f(e)f(€). Comparing (F2) with the Taylor expansion of (sin~'x )2, we find

Re(in®)=— %[sin"’(sin&o)F: —aT(8y/m)?,

which is Eq. (6.7).

APPENDIX G: ASYMPTOTIC FORM OF ¥(¢) AND ¥(z)

We present the derivation of Eq. (6.11) based on Eq.
(5.16), which is reproduced here for ¥(z),

No¥()=3Fi | Xe i | AZ 1 (€)Z_ ()] e "% (G1)
k

The quantity Z (o) is defined by Eq. (5.9). For simplici-
ty, let us write Z + () as

- Zi(w)=exp[J+(0)], (G2)

(F3)

FIG. 2. Contour C, for .7(.,3_)(0)) and C_ for 7 () used in
(G7). Since the integrands ,# ,(z) and # _(z) have branch
points at z=w, and z=w_, respectively, the contours are
chosen so that they do not include the branch point inside.



In this way we obtain

Ji(@)=IP(0)+JP(0), (G3)
where
So )
——(In|w| Fm), 0>0
JP@={ 7 \ (G4)

——Oln|w[, <0
T

]
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. J+(w) being the exponent of Eq. (5.9). Substituting T 3 T®(a)
1—in(e) given by Eq. (5.7) into J+(w) and integrating it * _k§1 o/,
by parts, we find | with
0
1) _ _L _ i5(€) COSh(ﬁf/Z)
Trlw)= -5 | Inle—ouin e [Be—2i8(6)1/2) | |5
D
—i h(Be/2)
1 _ 1 i8(e) cos
+ In(e—w)in e cosh{[Be—2id(€)]/2} ||,
D .
Jg)(w)=—ﬁf5de I:rl In(e—w4) [1— Iil tanh{[Be—2id(€)]/2} |d(e) ,
) B P sind(e)
=L [“deln(e— )
T 0= [pdeln(e—a.) cosh(Be/2)cosh ([ Be—2i5(€)]/2}
l
From 8(D)=8(D)=0, (()lr}ly the phase shift 80=8((()2))at the and
Fermi level enters in J+'(w). The integrand of J¥’'(w) is TP
appreciable when €<pB~!. The derivative &(e)=(d/ Jilw)= f_wde/i(e) ’ (G3)
de)b(e) is generally of the order of w/D, so that  with '
JP(@)=0(T/D), which we neglect by the condition
(6.6). In J¥(w) the integrand is again appreciable when 74 e)=—B—sin80 In(e—w4) .
€<T, but it has a value independent of D,D. In view of - 41 cosh(Be/2)cosh[(Be—2i8y) /2]
Eq. (6.6), we can set D= |D | = and 8(e)=3§, therein. (G6)

J3(®) is derived by the contour integral. Let J° (i”(w) be -
T()= |, ¢, 42 1), (G7)

where C, (C_), shown in Fig. 2, is chosen so that it may
not contain the branch point z =w, (z=w_) inside it.
Within C, or C_, therefore, there are only a series of
poles due to [coshBz/2]~! and [cosh(Bz—2i8,)/2]"".
Dropping the contributions along the vertical parts which
vanish in the limit R — «, it follows that

In(x —w4)—In(x F4aTni—w+)

=3) B R
Ji (a))=—4—1-r-sm80f_Rdx

cosh(Bx /2)cosh[(Bx —2i8y) /2]

(G8)

In the limit R — oo and n,— o, the term with In(x —w4) yields just J' (), while the rest may be evaluated by direct

integration over x by setting

In(x F47Tn,i—w4)—In(F47Tn,i) .

On the other hand, .7? (@) is expressed as a sum of the residues at the poles inside C+. Hence, we have

80 © -1 Bw+—21801(2k+1)7ﬂ
J(3) = i —In(F i)+ —
+ (@) ncl_x’nw - n(F4nTni)t kgo In o t(2k + i (G9)
Combining (G4) and (G9) and making use of the definition of Weierstrass for the I" function, we obtain
Bo ~%/T (5 —i(Bw/2m)) i8g0/2| 0|
Z,(0)=|"— 1 € ’
2T (5 —i[(Bw—2i8;)/27])
(G10)

Z_(0)=

2 I'(5 +i(Bo/2m))

o ~8/T (4 +i[ (B —2i8)/27]) 820l

Now substitution of (G10) into (G1), as combined with the definition of | X; . |? given by Eq. (6.8), leads to
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207 _ (L —i[(Bex —2i80) /20 )T+ +i(Bey /2)) e
NoW(n= |2 [X(O)lzsz f LBy ~2io)/2a I 3 i K
2w ©  T(+—i(Bex/2m))T(+ +z[(ﬁek—2180)/21r])
(G11)
_ — 2%/ T(4 +i[(Be, —2i80) /20T (+ —i(Bey /27r)) e
No\P(t)= 2_ |X(0)Izsz 2 [ k 0 ] 2 k Kt )
T r(+ +i(Beg /2m)T (5 —1[(B€k—2180)/27r])

The sum over k may be changed to the integral over — o <€, < 0, which is evaluated by adding an integral along the
semicircle in the lower [for W(¢)] and upper_ [¥(2)] half of the complex €; plane We have only to calculate the residues
at the poles. Noting that the poles due to F% are removed by the zeros of I'(5 —i(Bex /2m)) ! [in the case of W(¢)], we
obtain W(¢). The calculation of ¥(¢) is similar. The result is

l—a . 2
wo= 2L x©eri-ar 12 F[l—%,1—%,1 et
20T 14+a 2 . (G12)
W= || KO O (14 2 F 142 142 1 e =

For the notations, see text. By means of Kummer’s relation for the hypergeometric functions, we may rewrite (G12).
For example, we have

l—a 2
T 2 a a «a —27Tt
= a1 —5 1 "
W(t) T sinhn Tt | X(0)]°I" |1 ) F )
14a 2 G13)
= wT = d 2 a a a — 27Tt
= |—/— X(0)|°T = | F|—, —,1 &
#e) i sinhwTt | X(0)] I+ 2 2 2
In the limit T =0, the identity
\ , 2
F i%,i%,l 1|=C(1Fa)/T 1¢% (G14)

reduces (G13) to ’ ,
[\Il(t)]T__.o=(it)"1+“[X(0) [°T(1—a), [‘T/(t)]T=o=(it)’1"’|f(0) | T(+a), (G15)

which are precisely the asymptotic forms of ¢(¢) and @(¢) used in Eq. (5.9) of OT for the analysis of the edge anomalies
at T =0.

APPENDIX H: POWER-SERIES FORMS FOR 4(t) AND I,(t) AND THE DERIVATION
OF THEIR ANALYTICAL EXPRESSIONS

Using. the expression (6.12) for A(z +o, t+p) the integrals over the time variables in Eqgs. (5.14) and (5.17) are now
straightforward. In the following, the symbol x is used in place of e 277"

x=e—21rTl . . (Hl)

All the summations over the integer variables, such as zm , are to be understood to run from zero to infinity.
From Eq. (5.17) we find

F(t4+o,t+7)=8(c—7)—37Ta*x 3, exp[——1rT(1+a+2m)a]

m,n,l
X[Z_L(x)]m,l{[_I_—L(x)]‘l}l,,,exp[—'rrT(l-—a+2n)1'] R (H2)
where ,
2 2
(14+a/2), 1 (1—a/2), o? 1
—_m | n _— —— SO AU,
[AGO)]mn =2 ~ j T [ | LWl =— xS o Bk, )
Substituting (H2) into Eqgs. (5.14) and using the expressions (6.11) for W(¢) and ¥(¢), we find
—a 2
A =in"— +7Ta’xS(x), Iy(t)=Nyw? Z’ZT [X(0)]%T |1 x1-9/28,(x) , (H4)




30 GOLDEN-RULE APPROACH TO THE SOFT-X-RAY-ABSORPTION PROBLEM. III. ... 4255

where
S1(x)= 3 [ I m {IL—=L)] 10 5 Sa0)=3 0 +DAX) o {[L—Lx)]™ 0 - (HS5)
m,n,l n,d
From (H3), the explicit form of S;(x) is obtained as

Sl(x)=[2}[(ml7ﬁz)xml+mz+(—%azx)(ml,mz,m;,,m“)x""*"' +my
m
+(—%a2x)2(m1,,,_,ms)x'"1+"'+m6+.”]’ -

where
(m1,m2) = (o (s (P1y -+ ey M) = () (= I e (D (= s » (HD)
P2 mi(1,2), M2 bt m1,2); 0 ™2(2,3); ™3 (3,4), ™
with
. (1+a/2), |’
(£ = TR
(H8)
1 1
= , k=0,1,2.
(L,2)y my+my+k
For S;(x) we have
« Sz(x)=12][(ml)xml+(—%azx)(ml,mz,m3)xm‘+m2+m3
o (—daX)Hmy, S mex™ T T, (H9)
with
(ml)=(_)ml’
(1 1y m2m3) ==y, = (4 ) (=) (H10)
15/782,M103 /] = m‘(1,2)1 m2(2’3)1 ~/my >
A slightly different form arises in S,(x) because of the presence of the factor [A(x)]y ; in place of [A(x)],, ; in (H5).
Now we show that
Si(x)=1/(1—x), Sy(x)=(1—x)"1+o (H11)

If (H11) is established, substitution of (H11) into (H4) leads immediately to Eqs. (6.14) and (6.15) [note that
Re(in®)= —7T(8o/m)*= — +7Ta? by Eq. (6.7)]. The proof for S(x) is given here. That for S,(x) is performed analo-
gously if the several key relations summarized at the end are employed.

The Taylor expansion of (H6) for S,(x) is a little involved: The term of O (x°) comes from the first term of (H6), that
of O(x) from the first two terms, etc. Let us denote the coefficients of 1,x,x% ..., of S; as shown in Table I. S is
then written as
2

2 2 2 0
Si )=S0 4 [zg”+ — LS et 204 - L 204 -2 3@ e =S A, @D
n=0
with
2 n
2 (n) 2
An=2£|n)+ % 2n-—1+ _%‘_ ;an'*'"' + —T g')' (H13)

The following key relation exists between the two neighboring columns of Table I:
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TABLE 1. Definition of Z("’ used in (H12) for S;(x). The quantities (m,m,), etc., are defined by
H7). If (my), (mj,my,m3), (my,...,ms), etc., defined by (H10), are used in place of
(my,my), (my, ..., my), etc., respectively, with an appropriate change of the constraint for, say, 2 m;
to that for 3*m;, this table defines 3\ for S,(x) used in (H30).
2 (mhmZ) E (my,mj;) 2 (my,m,)
2 2 2
o 2(1) @ o ‘,El'": =0 i§1’ni=l ’_EI’"FZ
(1) (2) (3) e z (ml,...,m4) E (ml,...,m4)
0 1 2 ‘. .
:)2) 2(13) T = ,'E]m'=0 igl’"i=1
3 ..
0 2 (ml, N ma)
6
zml=0
i=1
;n)= (n—1)+a(n) Tal(ri)l , (H14)
with
a\"=0,
a;(x'21= 2 (my,m,) L ’
2"'.-="—1 (m1+1)(m2+l)
! (H15)
aVy= 3 (mmymamy) |— 1 — 1 + 1 ,
Sm—n—2 (mi+1)my+1)  (my+1)m3+1)  (m3+1)my+1)
- 1

The first of (H15), a\”=0, is easily checked by a direct
calculation of 2(”’ and 2;":1” using the definition of

(”) given in Table I. The last of (H15) holds due to the
restnctlon > m;=0. If the relation (H14) holds, we then
have, from (H13), 4,=A4,_;= -+ =1, i.e., the relation
(H11) follows.

Our aim is thus to prove (H14) with (H15). The proof
for I =n —1 is given below, since it is easily extended to
general /. By definition, it holds that

(my,my,m3,my)=(m;—1,my,msz,my)a,

=(m1, mz—-l, m3,m4)a2 N (H16)

with
mi+as2 |7 (1,2)
ar= m; (1,2);°
. |[ma=ar2 2 (1,2)0(2,3)
2 mi (1,2)1(2,3)1 ’

(H17)

o | matar 2(2,3)(3,4),
= ms (2,3),(3,4), °
my—a/2 > (3,4),
as= R
e ma (3,4),

(1,2), etc., being given by (H7). For ¥ m;=n —1, (H16)
relates E(") y with "= When m; =0, for example,
the term (m;—1, m,,ms3,my4)a, loses its meaning. These
cases are discussed later.

Let us define py, ..., py by
pr=pilmy, ..., my)= 2
p2:—..p2(m1,...,m4) [(12)0 (2 3)0
) (H18)
p3=p3lmy, ..., my)= [(2 3)0 3. 4)0
Pa=pslmy, ... ,my)= EWIN 4)0
and
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pl =p1(m1 +1’ m2’m3’m4) ’ p1(0,0,m3,M4)=lim =‘%‘ 2
p’2 =P2(m1, my+1, m,3)m4) ’ (H19) e>0€+€ (H20)
(0,0 )=1i I
When, e.g., m;=m,=0, the definition of (H18) for p, P2iD T3, me )= 1 € €+e e+ms | 2°
_and p, breaks down. In these cases we define p; by taking
the limit of (H18). For example (m3m ,5-0), With these {p;} and {p/ }, it holds that
]
(A) p1+p2+p3+ps=1,
(1,2), (1,2)4(2,3); (2,3)4(3,4); (3,4),
B) p] ; ; y =1, (H21)
B) P, TP 02,280, TP 23,634, PG,
) o (1,2); (1,2)4(2,3), + (2,3)4(3,4) . G4
U v 01,2, P2 my+ (1,2052,3), P my 4 1(2,30,3,4), P4 g+ 1(3,4),
They are confirmed by direct substitution. By condition (A) as combined with (H16), it holds that
(ml, ceey m4)=(ml_ 1, m21m3,m4)a1P1+(m1, mz'—l, m3,m4)a2p2+ cee (H22)

When, e.g., m; =0, the first term with (—1,m,,m3,m,) loses its meaning. In such cases, the decomposition is revised as
follows: For example (m3m4=0), :

(0$0’m3ym4)=(0,0,m3am4)p1 +(O,O,m3ym4)P2 +(0a09 ms3— 1’ m4)a3P3 +(0:03m3’ my— 1)(14[74 . (H23)

Namely, when (m,, ..., m,) has no zeros, we use (H22), and when there are a number of zeros, we replace the terms
containing — 1 in (H22) by the original (m, ..., m,) times p;.

Suppose that we have already carried out the decomposition of all the terms in 2;"’_1. The result is composed of a
number of terms, which are divided into two groups: group I, consisting of the terms involved in 2;"__"2“ (apart from
the m;-dependent constant), and the rest, called group II. In the example of (H22), the last two terms belong to group I
and the first two to group II. Group I gives 2;"_‘2”+(a2/4)a,‘,'ﬂ2, and group II gives a\™ ,, as proved in what follows.

Let us first consider the terms in group I. There are, altogether, four ways in which (mi,...,m}) (with
> m{ =n —2) arises by the decomposition mentioned above; from (m} 41, m5,m%,m}), from (m', m5+1,m5,m}),
etc. After the decomposition, therefore, 2;"11 carries the factor (m1, ..., mj) in the following form:

[mi+1+4ar2 P (1,2 o [matizas 2(1,20,(2,3),
P i @20, P27 me | @,
It is checked that the coefficient of O(a/2) thereof vanishes by condition (B) of (H21) and that of O((a/2)°) is equal to

(my,my,m3,mj,) . (H24)

unity by condition (C). Calculating the coefficient of a?/4 of (H24), we then find that (H24) equals

2 1 1

1

14+ 2=

4 [ (mi+1my+1)  (my+1D(ms+1)

Considering all the terms in 3" !, we have

2

=25 a4 X
with a”, just given by (H15). The first and third terms
of (H14) thus arise here.

We next examine X, which represents collectively the
contributions of group II in the decomposition. They
come from (my,...,my)(¥m;=n—1), which has at
least one zero. As an example of the term containing one
zero (called the one-zero term), comsider (0,m,,mjz,my)
with mym3m45£0. Its contribution to X is
(0,my,m3,my)p, by our rule of decomposition, which is
actually zero because of p(0,m,,m3,m4)=0 from (H18).
The same holds true for the other one-zero terms, showing
that the one-zero terms do not contribute to X. Consider

(H26)

(m3+1)(my+1)

(H25)

](mﬁ,m'z,m's,mk).

|
next two-zero terms. There are two kinds of them, de-
pending on the position of zeros. Two zeros of the first
kind occupy separate positions such as (0,m,,m,0) or
(my,0,m3,0), etc. They again contribute nothing because
p1=p4=0 for (0,m,;,m3,00 and p,=p,=0 for
(my,0,m3,0). The other terms of the first kind may be
treated similarly. The terms belonging to the second kind
are those which have zeros occupying two neighboring po-
sitions such as (0,0,m3,m,). The contribution to X from
this example is, by (H20) and (H23),

(O,O,ms,m4)(P1 +p2)=(0,0,m3,m4) . (H27)
The sum of the three two-zero terms then leads to
2 [(O,O,ml,m2)——(m1,0,0,m2)+(m1,m2,0,0)] .
m;#0
(H28)

my+my=n—1
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The terms with more than two zeros are treated similarly.
We find that their contributions to X amount to removing
the restriction m;=<0 in (H28). By rewriting each term of
(H28) in terms of (m,m,), we find

x= 3

my+my=n—1

1
(my+1D(my+1)°

(ml,mz) (H29)

which is @, defined by (H15). With (H26) and (H29),
our proof for /=n —1 of (H14) is completed. Hence,
(H11) for S;(x) follows.

The proof for S,(x) proceeds similarly. Using (H9), we
‘define 3{" for S,(x) as in Table I. The key relation be-
tween 3" is (ay"'=0,af" =1)

5
(A) Ipi=1,
i=1
B o L (L2 S
Pra2), TPY(1,2)42,3), ”5(4,5)2 =
(1,2) (1,2),(2,3)
(C) p, 1 . 1 1 ,

Tmi+10(1,2); P2 my+10(1,2),(2,3),

+p3(...
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2
- a
=300 (1= (e el (H30)
with new a/™ defined below. In the Taylor expansion,

Sy(x)= A,x", the relation (H13), which still holds for
S,(x), yields

(H31)

Thus (H30) leads to (H11). To prove (H30) for / =n —2,
conditions (A), (B), and (C) given for S;(x) by (H21) are
replaced by the following ones for five p;’s [we need five

Di, because 25"’ with / =n —2 involves (my, ..., ms)],
(H32)
) AEEED) '(4’5)1__1_
_p4 +p5 (4’5)2'Tn

If the { p;} are found, the proof of (H30) may be performed in exactly the same way as S;(x). Now the {p;} are found to

be
_ ml(l,\2)1 _ m,(1,2), _ ms(3,4), _ m4(3,4), _ms (H33)
P12, PP a2 PTG, P T Th G, DT
In terms of (H32), the validity of (H30) is confirmed with
(n) 1 m2+m3+1 1
-2 ( ’ ,m ) B}
e Emzn—zmlmz ’ [.m1+1+(m2+1)(m3+1) n
(H34)
) 1 my+mj3+1 my+ms+1 1
—3= ( IEEEE) )
W= 2 ms)[mH-I (my+ Dmy+1) " (myt Dims+1) |

with (m,m,,m;), (m,, ..
Thus we obtain (H11).

., ms), etc., defined by (H10). The proof of (H30) for the other / can be performed similarly.
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