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Significance of the low-field magnetization maximum of a spin-glass near Tg
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When the low-field magnetization of a spin-glass is analyzed within the framework of a scaling
assumption for the order parameter, three kinds of very different qualitative behaviors are found for
the maximum of the magnetization, depending on the value of the critical exponent P. These dif-
ferent behaviors seem to be found experimentally among the various existing spin-glass systems.
The ability of scaling hypotheses to describe the spin-glass transition is questionable as long as phys-
ical reasons are not given to justify the absence of universality for the critical behavior of these sys-
tems (even as near to one another as AgMn to CuMn).

The existence of a line in the plane (H, T) separating
the spin-glass phase (where the irreversibility occurs) from
the paramagnetic phase has been experimentally found in
most of the known spin-glasses. ' Furthermore, the
low-field behavior of this irreversibility line in most cases
is found to coincide with the mean-field-theory result

H'~r', r=
~

T Ts ~

/T—s .

This even occurs for systems where the determination of
critical exponents characteristic of the transition gives rise
to values very far from those given by mean-field theory.

We have pointed out this paradox in Ref. 5. As a pre-
liminary approach of the problem, for a non-mean-field
spin-glass, we have analyzed the variation in field of the
maximum of M ( T) which coincides with the
Almeida —Thouless instability line in the mean-field
theory. However, the question of the coincidence between
the power laws characterizing on the one hand the oc-
currence of irreversibility and on the other hand, the vari-
ation with field of the maximum of M(T) remained
unanswered, for a non-mean-field system. A further step
has been inade by Malozemoff, Barnes, and Barbara in
Ref. 6 (which we will refer to as MBB in the following).
In this paper the following identification is made between
the irreversibility line and the crossover line: K =H+"
when a scaling assumption

q =PS (H'/8+r)

is made for the order parameter. p and y are defined by

q ar =forH=0, T&T

q =H /rr for H&0, T & T (3)
The connection between this so-called crossover line
(MBB approach) and the low-field behavior of the max-
imum of M(T), which is the approach to the problem we
have made in Ref. 5, is still obscure in our opinion, how-
ever.

Here we try to clear up whether or not, and for what
values of the critical exponents, a coincidence between the
crossover line and the field variation of the maximum of
M(T) is expected in a non-mean-field spin-glass. This
leads us to a precise description of the behavior of the

low-field magnetization in the neighborhood of Ts both
above and below Ts. This behavior is found to be very
strongly dependent on whether the value of the critical ex-
ponent P is smaller, equal to, or larger than 1. We then
show that this discussion is not a purely academic one
since both behaviors either characteristic of P & 1 or P& 1

are apparently found to be experimentally in different sys-
tems.

MAXIMUM QF M(T) FOR T &Tg

For the mean-field Ising case, Parisi and Toulouse
have shown that the position of the maximum of M(T)
occurring below Ts follows a H ~ law identical with the
low-field equation of the instability de Almeida —Thouless
line. In Ref. 5, assuming a scaling behavior for the order
parameter, it has been shown that the magnetization
below Ts can be written as the following:s'9

HHarf+v f—
HM=H 1+r uH Hf—

with f(x)~x, when x~0 and f(x)~x~~'~+r'=x'~s,
when x~ ao. In the cases where P & 1, or P= 1 and a & 1,
M(T) has a maximum at T below Ts with

(T, T)/T, H'"~+r' —. (6)

For this case the exponent describing the temperature of
the maximum is identical with the one characterizing the
low-field equation of the so-called crossover line by
MBB. However, a different behavior can be expected in
the case where P= 1 and a= 1 (independent of the value
of the other critical exponents; this case is less restrictive
than the mean-field one). As is obvious in (5), the first
term of the development of q cancels exactly the term
coming from the Curie law in M. Then one must consid-
er higher-order terms in the development of q in zero
field, and the following

(Ts —T~)/Ts &xH ' + '
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TABLE I. Discussion of the maximum of M(T) and T for the different values of the parameters a and P characterizing the or-
der Parameter q =a [(Ts —T)/Ts P=arS below T~ in zero magnetic field.

Existence of a
maximum in M(T) for:

T Tg
H=O
T )Tg
T' increases with H
T(Tg
T decreases with H

P&1
[see Fig. 1(a)]

Yes: H~ 0(:~~+'

Yes H ~v~+~

P=l, a&1
[see Fig. 1(b)]

Yes
H' v.&+&

Yes

No

P=1, a=1
[see Fig. 1(b)]

Yes
H2 ~ v~+2

P=l, a&1
[see Fig. 1(c))

No

No

P&1
[see Fig. 1(c)]

variation for the maximum of M( T) is obtained.
Contrary to a previous statement by MBB, we do not

give any conclusion in Ref. 5 concerning whether this
cancelation should occur in non-mean-field systems (even
if p is equal to the mean-field value). To make this dis-
cussion complete one must also consider the cases where
p&1, or p= 1 and a&1. In those cases [see Eq. (5)] the
contribution of the order parameter is not sufficient to
compensate for the increase of the magnetization due to
the Curie law, in the zero-field limit at T =T~. There is
no maximum in the zero-field limit of M(T)/H at
T =Ts [see Fig. 1(c)] without more assumption about the
zero-field development of q(r); it is not possible to dis-
cuss the eventual existence of a maximum in
lim~ oM(T)/H at T & Ts. Furthermore the validity of
(4) becomes doubtful when attention is turned to a neigh-
borhood not close to Tz.

For

this development can be restricted to the first two terms.
A maximum at T~ of M(T) is found above Ts as already
shown in Ref. 10:

T ~ ~2/(y+1)
m g~ (10)

MAXIMUM OF M ( T) FOR T & Tg

In the vicinity above Tz the magnetization can be
developed as

M/H =1/(I+&) H /r'r+rIO—((H /v +r) ) . (8)

However, it is very important to note that this result is
only valid if T~ also satisfies the condition T~ —Ts
&H /(~+r) in order to be compatible with (9). This
occurs only if p is strictly & 1." For p& 1, one must con-
sider the expression of the scaling function in the limit
where H2!H+r »1:

1+0 ~2/(P+y)

( 1 H2/s) &(1 uH2(P —i)/(P+r) H2/s)
H

When P& 1, the variation of M/H with the temperature
is dominated by the Curie law, so there is no maximum in
M(T) in the region H /v +r »1. The case where P= 1

is more delicate because the position of the maximum
when it exists would coincide with the point where
Hz-rl+r, at which point the scaling hypotheses do not
yield any small-parameter expansion of the scaling func-
tion. However, when one makes a reasonable, smooth ex-
trapolation for this scaling function between its two
asymptotic forms, one finds" that for p=1, dM/dT is
remaining negative for every temperature above Ts.
Hence we find that the existence or absence of a max-
imum in M(T) above Tz moving up in temperature with
increasing magnetic Geld can be used as a criterion to
characterize a system whose critical exponent p is strictly
less than or greater than l. A suinmary of this whole dis-
cussion is given in Table I.

rie Iaw
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T'{H) Tt) T)i) (H)

qb

FIG. 1. Low-field magnetization M/H for (a) P & 1; (b) P= 1 and a & 1; and (c) P= 1 and a & 1 or P & 1. [These sketches should be
only taken as a qualitative guide. The transition temperature Tg is defined as the branching point between the low-field limit of the
M( T) curve obtained after zero-field cooling and the M (T) curve obtained after field cooling. Question mark denotes uncertainty. ]
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We achieve an unexpected result for P&1: the ex-
istence of two maxima in the M(T) curve, one above Ts,
the other one below Tg. A simple scaling hypothesis is
not sufficient to perform the calculation of M(T) com-
pletely between T and T' . However, one can easily ver-
ify both relations:

M(Tm)=1 aH —/r=M(Tg),

but

M(T' )=1 bH —/r&M(Tg) .

The maximum at T~ is hence more pronounced than the
maximum at T~ and this can perhaps explain why the ex-
istence of two maximum in M(T} has not been observed
so far in a spin-glass.

EXAMPLES OF EXPERIMENTAL DATA

The distinction we have made among three kinds of
qualitative behaviors of the low-field magnetization, ei-
ther characteristic of P&1, P=1 and a&1, P=1 and
a&1, or P& 1, are apparently found among the various
existing spin-glass systems.

(a) Low-field studies on GdAl (Ref. 10), CuMn (Ref.
10), and AuFe (Ref. 12) have shown the existence of a
maximum in M(T) moving up in temperature with in-
creasing field (behavior characteristic of P & 1).

(b} On the contrary, systems such as AgMn (Ref. 1) and
AuMn (Ref. 13) show a decrease with magnetic field of
the maximum T of M(T). The low-field limit of this
maximum coincides with the temperature characterizing
the occurrence of irreversibility within an accuracy of 1%
(behavior characteristic of P= 1 and a & 1).

Such different behaviors observed in the twin systems
CuMn and AgMn are striking when it is related to values
of critical exponents different in the two systems. Howev-
er, one must confirm that these differences are physical
and not due to differences, for instance, in the metallurgi-
cal states of these two systems. '

(c) The third type of behavior characteristic either of
P&1 or P=l and a&1 (Ref. 15) is also found in other
systems such as YEr (Ref. 16) and CsNiFeF6, ' where the
irreversibility in the low-field magnetization occurs at a
temperature Tg which is above the temperature of the
maximum of M(T): T~, the quantity (Tg —T~)/Tg
varying from 5% in YEr systems to more than 10% in
those of CsNiFeF6. '7

The conclusion of this analysis is that the diversity of
the low-field inagnetization maximum behaviors found in
the different kind of systems called spin-glasses may re-
flect the same diversity in the values of the critical ex-
ponents P in these systems when a scaling assumption is
made for the order parameter of the spin-glass transition.
If this experimental diversity is confirmed and if one
wants to prove in the future that this scaling assumption
is not absurd (i.e., the spin-glass transition is a real phase
transition) one will have to justify the physical origins
(range of interaction, nature of anisotropy, etc.) of dif-
ferent classes of spin glasses.
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