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I - =
Properties of Heisenberg models with higher-order exchange, H=+ 3,°, Sum JD(S,Sp ), are

discussed. It is found that there is a one-to-one relation between the set of all coupling constants
and the set of the energies of all v-magnon states with v < 2s, where s is the spin at each site. Neces-
sary and sufficient conditions for a ferromagnetic ground state are derived for systems with only
nearest-neighbor interactions as well as for systems which also include next-nearest-neighbor in-
teractions. These conditions are qualitatively different in the quantum and in the classical case.
Discussing the elementary excitations, a classification of the v-magnon bound states is found: an ex-
treme case is the pure exchange bound state, where the v spin deviations extend around the nearest v
sites; the opposite extreme case is the pure single-ion bound state where the v spin deviations are
most likely at the same site. Between these two cases there exist all combinations of both, if higher-
order exchange with /o > v is present. The case v=2 is discussed in more detail.

I. INTRODUCTION

In this paper we investigate the properties at T=0 K of
the Hamiltonian for the most general isotropic exchange
model restricted to pair interactions,

I .
H=33 SJmS,Sn), 1<l<2s, (1)
I=1nm
where J\! are the Ith-order exchange coupling constants
between sites n and m and §,, is the spin operator at site
n with spin quantum number s.
Harris and Owen! and Rodbell et al.? were the first to

show that (small) biquadratic exchange interactions must

be taken into account. Later it was shown that higher-
degree pair interactions between magnetic ions may be
comparable or even stronger than the dipolar couplings.
(For reference see Refs. 11, 17, and references therein.)
This led to a lot of papers investigating the thermodynam-
ic behavior of models (1).

Most of the theoretical work3—!6 is concerned with the
influence of biquadratic exchange (I =2) on properties of
the usual Heisenberg model [bilinear exchange (/p=1)]
with nearest-neighbor (NN) interactions. Let us review
some of these concerning the ground-state properties and
excitations of (1).

Munro® has proved that the ground state is a singlet if
the couplings J\\, fulfill certain conditions, thus extend-
ing the Lieb-Mattis theorem* up to biquadratic exchange.
Conditions (necessary and sufficient) for a ferromagnetic
ground state (FGS) were derived in Refs. 5 and 7—9 for
NN interactions. An interesting numerical result for a
chain with eight lattice sites was found by Parkinson.!°
He has shown that for all J! and J? with 0<JV
<1.3J? the ground state is neither ferro- nor antifer-
romagnetic.

30

Concerning the elementary excitations, Nauciel-Bloch
et al.’ were the first to derive the spin-wave dispersion
(1-magnon energy):

E((K)=Ep—s[JM4+20Ps(s —1)]

X S[1—cos(K-87)], ' )
5,

where &’ 1 are the NN vectors and Ep is the ferromagnetic
energy. The influence of the biquadratic exchange on the
2-magnon states and especially on the bound states was
investigated by several authors®—®!'-1# for s=1,2. The
most important result is the appearance of a single-ion
bound state where the two spin deviations prefer to be lo-
cated at the same site.
To our knowledge the Schrédinger model®

H=% JumPum 3)

nm

with P,, the transposition operator, a special case of
model (1), is the only case with /5 >2 which was studied
theoretically. For s=1, Uimin'® has calculated the
ground-state energy of model (3) for the linear chain.

The intention of this paper is to study for T=0 K the
influence of higher exchange interactions on physical in-
teresting quantities like ground-state properties, excitation
energies, bound-state behavior, etc. This is important for
the interpretation of experimental information as will be
shown. In addition, higher-order exchange gives rise to
stronger quantum effects.!”~!° This will be seen for the
conditions for FGS.

The paber is organized as follows.
(i) First we derive general properties of the spectrum of
model (1) for arbitrary Iy. In this context we discuss how
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the original coupling constants J,(,f,), can be determined
from experiments which only allow one to determine the
v-magnon_energies, i.e., some renormalized coupling con-
stants. In particular it is shown that from the v-magnon
energies with v <2s it is impossible to decide if higher
than vth exchange is present.

(ii) In the second section ground-state properties are
studied. Here we improve the necessary and sufficient
conditions for FGS obtained by other authors>’~® for
model (1) with l,=2. Moreover, the influence of higher-
order exchange (I, > 2), next-nearest-neighbor (NNN) in-
teractions, and an external magnetic field are discussed.
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(iii) The last section contains a study of a part of the ex-
citation spectrum. It is shown that the 1-magnon disper-
sion for Iy > 1 is equal to that of the bilinear model with a
renormalized coupling constant. With specialization to
Schrodinger’s exchange model a classification of the v-
magnon bound states, which appear for models (1), is
found.

These three sections are almost self-contained and not
necessarily dependent on each other as far as the results
are concerned.

II. GENERAL (SPECTRAL) PROPERTIES

The following applies to model (1) with arbitrary lo. If not specified, the lattice and the coupling constants J., are ar-

bitrary.
Let |my,...,my), m,-E{—s,-s_j—_l: ..
lattice sites. Using the eigenstates of S;'S;, we obtain

Hlml,...,mN>=EF|m1,...,mN)
2s—[m,~+m|
1
-2 2 p>
i’jm.-':"'j' k=1
X |my...,mi,...

where (s,m;;s,m;|S,m;+m;) are Clebsch-Gordan coef-
“ficients,

=_2 ZJ(I) 21 (4b)
i,j 1=1
is the ferromagnetic energy, and
1
B = ZJ(!) s¥_ |s2_2sk 4 k(kz—l) l (40)
=1 N

are the renormalized coupling constants. This notation is
chosen because all exmtatlon energies are directly related
to B,J and not to J,J as follows from (4a).

The si, mflcance of the B is revealed by the eigen-
values E'? of the two-spin system:

IO
H,=3J](S;S;) ij fixed (5a)
1

1=

Iy
EXS)—EP= 3T ([58(S +1D)—s(s + D] —s?)
=1

=—BF~5 (5b)

with S the total spin.
Equations (4) can be used to prove the following.
Statement. Let H and H' be given by (1) for two dif-
ferent sets {Jj; P} and {J, ’J(”}. Then all eigenvalues and
eigenstates of H and H' in the v-magnon space are equal

., s} be the eigenstates of all SZ, n=1,...

’
,mj,...

, N, where N is the number of

(s,m];s,mj | 2s —k,m;+m;)(2s —k,m; +m; | s,m;;s,m; )B(k’

,mN> ’ (43)

T
if and only if

() Er({JPD=Ee({J;"}),

(ii) B(k)—B,-’j”‘) for all i,jk=1,...,v (v<2s).

Proof. Assuming (i) and (ii) it is obvious using (4a) that
the eigenvalues and eigenstates for Ns —v<M < Ns are
equal. Here M is the quantum number of SZ Since the
matrix built by the product of the Clebsch-Gordan coeffi-
cients is regular, the reverse statement is also true. Under
more restrictive conditions:

(i) Ep=Ef,
(ii") Bf¥=B;™ =0 forall i,j and 2k <v,
B* V=B Pk +V=p) for all i,j and 2k +1<v,

the statement even stays true for different spins s=£s’.
With (i’) ‘and (ii’) it follows that the Hamiltonian restrict-
ed to the v-magnon subspace #°, has the form

H|s3 =H'|3=Ep—+% EB(”+42B(”P . ©)

ij x,

v

For the proof see the Appendlx
Given B ) for k=1,2, . 2s it can be shown that Eq.
(4c) has a umque solution J, ,J , 1=1,2,...,2s. Using this
and the statement above, we find the following
Concluszon In order to determine all the model param-
eters J,J from experiment it is necessary and sufficient to
measure all magnon energies up to v=2s.
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Extension of the Munro theorem. As mentioned in the
Introduction, Munro® proved that for systems (1) with
l,=2 on a lattice A consisting of two sublattices A4 and
Ap, the ground state is a singlet (S =0) if the couplings
fulfill some conditions.> This statement can easily be ex-
tended to systems which include higher exchange interac-
tions: Performing  the unitary transformation
U=exp(—i[] Xiea S, the nondiagonal elements of
H'=U"'HU are not positive in the basis
{ |m1,...,mN)} if

(mi, ’mJ{ IHlt] | mi)mj > SO ’
for all i,j and (m; ,m; )=(m;,m;) .

Here Hj;=U"'H;;U with
Io — —
Hij= EJ,(JI)(S,SJ )I .
I=1

Under these conditions it follows similarly as in Ref. 3
that the ground state is a singlet (S =0). For the results
for ;=3 and s =,2, see the Appendix, Sec. 2.

III. SUFFICIENT AND NECESSARY
CONDITIONS FOR FGS

We first derive conditions for FGS for the models (1)
with only NN interactions:

lo

H=3J"3(S,S.1s) - ©)
I=1 NN

Here already the case I, =2 shows the qualitative features

of Gp, the region in the space of the coupling constants,

where the ground state is ferromagnetic.

A. Sufficient conditions

For deriving sufficient conditions we use the methods
developed and applied to systems (1) with only bilinear ex-
change in previous papers.?°~?2 The cell we use is the
two-spin system (5a). For this, G is given by

B® .0, k=1,...,2s (8)

which are all independent, except for /5 <2. Note that (8)
is sufficient for systems (7) for arbitrary lattice since cell
(5a) applies directly to systems (7).

1. ly=2
Let us now consider the case /[o=2 in detail. Here (8)
reduces to

jP<—2 [1—% ]j‘”, (9a)

. 1.
](1)<_;_J(2) . (9b)

j¥ is defined as j*' =527, (9a) and (9b) are presented in
Fig. 1.

Let us comment on (9a) and (9b). This will also be use-
ful for deriving necessary conditions.

L 3
j@)

FIG. 1. Spin dependence of Gy for H,=JS,§,
+JD(S, 8,2 j® =527k are the reduced coupling constants.

(i) Sector: j'V<0, j¥>0. The ground state for
j®'=0 is ferromagnetic and for j'"’ =0 nonferromagnetic,
except for s <1. (For s=1 and j"’=0, the FGS is degen-
erate with nonferromagnetic states.) Thus for s <1 there
is always FGS whereas for s > 1 the ground state is ex-
pected to be nonferromagnetic, at least for small jo.
This agrees with (9a).

(ii) Sector: jV <0, j*¥ <0. Similar as in (i) for
jV'=0, the ground state is antiferromagnetic (with energy
7P[14+(1/5)]%). Thus it is expected that Gy increases
with increasing s, consistent with (9b). This shows that
the qualitative behavior at Gy for (9) with /=2 is as ex-
pected.

Improvement. So far we used the smallest cell leading
to conditions for all s. The reason was that we were in-
terested more in qualitative results to study the influence
of s and higher-order exchange on Gp. ‘

By choosing larger cells we were able to improve the re-
sults. We used a cell H;, which is H, extended to three
lattice sites, for s = %, 2, and % The results are presented
in Table I. (For the calculation see the Appendix.) Com-
pared with the threshold values a=1/s of cell H,, the re-
sults for H; in Table I are an essential improvement. The
reason is that the antiferromagnetic ground-state energy
of H; is a much better approach to the N-site system
than of H,. This is similar as for the bilinear case.

2. Io>2

Here we study the influence of higher-order exchange.
The sufficient conditions for FGS following from (8)
describe a cone of 25 planes. This is illustrated for /p=3
in Fig. 2.
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TABLE L. Necessary and sufficient conditions for FGS for H=37_J?3 \(§,S, +8,)" in the sec-
tor j1,j® <0. (FGS for j'" <aj®.) The sufficient conditions are valid for arbitrary lattice and also
represent the threshold conditions for the cells H,, Hj, and HY. (See the Appendix for the definition
of HY®.) The necessary condition 16,0—0) holds also for the arbitrary lattice whereas |¥s(1;)) and

the Anderson approximation hold for the linear chain.

a Sufficient a Necessary Anderson
Spin Cell H, Cell H,4 Cell HYY |6,0~0) | ¥s(A)), ... approximation
1 1 1 1 0.5 1 0.363
% % 0.545454 0.476 19 0.2222 0.46503 0.242
2 0.5 0.373724 0.33333 0.125 0.28052 0.1815
% 0.4 0.274 307 0.23306 0.08 0.1452
5 1 1 0.363
s>%5 — — =22
2 s 2s? s
](3) =+
@ 3. Magnetic field and NNN interaction
ke We also studied the influence of a magnetic field and of
- NNN interactions on Gr. The Hamiltonian in the latter
/l' H I I case iS
Fes I < 3 1
H= 2‘,1 2(5,,'5,,_,,_51) +2J2 2 (sn'sn+§2) . (10)
I=1 NN I=1 NNN
As cells we again used (5a) with external field and for (10)
we used cell H; with NNN interactions:
~ 2 - — — — 2 — —
Hy=3 7188, +(S,-8)1+ S IP(S,S5) . (11)
s=2 Fos (,I' Fos ,’Mm} The results for the case of a magnetic field and simple-
/ i cubic lattices are presented in Fig. 3 and for system (10)
3 " for the linear chain are shown in Fig. 4.
& ,Lf«,"é Unfortunately for systems with higher-order exchange
2 ol B the eigenvalue problem is solvable only for simple cells for
> all s. For example, even for H; and H; the eigenvalues
R
S
\gn—m
s=5 ! ] s= % ¥ s=2
FGS I FGS p
i i \
i f il / Fos fl
A | ull | |
i
§=00
S=®
FGS FGS
3 FGS

FIG. 2. Necessary (dashed lines) and sufficient conditions
(solid lines) for FGS for H=3;_J "3 \n(S,-8s.5,). Condi-
tions obtained by | ¥3(A;)), | ¥4(A1,A;)), and AND are valid for
the linear chain, | ¥3(K )) for the simple-cubic, and all the oth-
ers for arbitrary lattices. The method of the convex hull was
used to obtain conditions denoted by Hs;. SPW denotes spin
wave (1-magnon) and AND the Anderson approximation.

speal

FIG. 3. Necessary (dashed lines) and sufficient conditions
(solid lines) for FGS for H=3]_J " Fn(SaSnss )~ 3,Sx
for simple-cubic lattices. The magnetic field is fixed to
h=z,/5. |:(A1)), |¥4(A;,A5)), and AND hold again for the
linear chain. [Spiral denotes states (16).]
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FIG. 4. Necessary (dashed lines) and sufficient conditions
(solid H=3]_J" ZanSnSnss)+ 21175
XENNN(gn -§,,+52)' for the linear chain. The thin solid ‘lines

- follow from cell H; with J{*' =0 and cell H, (convex hull).

lines) for

cannot be given in closed form for arbitrary s. However,
using the method of the convex hull??> we can obtain suffi-
cient conditions for such cases. This method is based on
the fact that the convex hull of some regions, each con-
tained in Gy, is itself contained in Gy (Ref. 22). We ap-
plied this method to cases (2) and (3), see also Figs. 2—4.

B. Necessary conditions

The general method to obtain necessary conditions is
based on the variational principle. The energies of trial
states are evaluated and compared with the energy of the
ferromagnetic state. Unfortunately there is not a simple
successful scheme to obtain such trial states. However, in
our cases, the states which were used can be classified into
three groups, namely generalized cell states, spin coherent
states, and physically adapted states. Since they are de-
fined separately in each case, we shall only present the
states and discuss the results.

1. Generalized cell states

We have

l¢v(E))=2e
R,

i

ik-R

i(87)]0), v<2s. (12)

For lattices A with sublattices A4, and Ap, with B},"’:

fori,jEA,  or i,jEAp,

[93(A)) = | Pa)) +M | Do)y s> 5,
. - Nt
| YA, 02)) = | hay) + Ay | ¢(3,1)>+7Lz [Y2,2)), s>2,

and so on, where
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Buepi)= 3 | kp)slky)igs ) +(—D1HH

i€A 4,8

X [ (k1)is(K3)i 45,) -

i€AR,5,
Here

| (Ky)s,(Ky); ) =(57)41(877)*2 | 0)
with |0) the ferromagnetic state with all spins up.

2. Spin coherent states (Ref. 23)
. ON,¢N) with
(§n>=sgn(0n7¢n) (14)

and (6,,¢,) giving the direction of a classical spin. We
use the special cases

(a) |6,0—0) ; (15)
(b) 6,=0,

These states are denoted by | 6,,¢;, . .

(16)

3. Physically adapted states
We have
| Yap?: ground state of the NN antiferromagnetic

bilinear Heisenberg model (17)

(AF is antiferromagnetic). The conditions following from
states of types (1) and (2) are calculated in the Appendix.
Now we only discuss the results.

We first restrict ourselves to the case (7).

States (1). Extending the 2-site cell states of H, [which
led to condition (8)] to N-site states we try to approach
condition (8). In fact, the 1-magnon states |¢1(E )) and
the state |1,(0)) lead to conditions

B0 (18a)

and

B® .0, (18b)

agreeing with condition (9) for k =1,2. Therefore, the hy-
perplanes belonging to S=2s —1 (k=1) and S=2s —2
(k =2) of the threshold surface of H, also belong to the
threshold surface of Hamiltonian (7). The reason is that
states |9;(K)) and |4,(0)) are also eigenstates of H,
[Eq. (5)] on the hyperplanes B'" and B'®’=0, respective-
ly. Such states do not exist on the hyperplanes B"'=0
for v>2. However, the (corresponding) extended 2-site
states (13) are good trial states as shown by the results in
Table I for l,=2. Since the evaluation of the 2(s —1)
states (13)
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|¢3(}\'1)>’ |¢4(A’17}\'2)>) ey | ¢2x(}\r17 .. ~))

becomes tedious for large s, we only calculated the cases
for s up to 2. But, as will be seen below, states (17) will
complete the results of states (13) to larger s.

Remark. For s=1 (18a) and (18b) are also sufficient,
as follows from (8). Thus for s=1 the region Gy is
known for an arbitrary lattice. For J'V'=J@) (7) reduces
to the Schrodinger model (3) from which follows also that
JV=J2 .0 is part of the threshold. Note that for
JM=0<J? the FGS is highly degenerate.

States (3). As mentioned earlier these states extend the
results of (13) to larger s. This will be demonstrated now
for Hamiltonian (7) with /y=2 and for simple-cubic lat-

tices. Remember that for this case the sufficient condi- .

tions are (8). Since (9a) is also necessary [cf. (18a)], we are

interested in couplings jV,j® with jV,j® <0 and

| iV < | ¥ | /s. For this case Hamiltonian (7) becomes
2

iV
2
7?1

-
Sn +8;

’
s2

_ SaSnts
H=— . "+‘—§‘, > (19)

where the first term can be considered as a perturbation.
The ground state of the second term is some antifer-
romagnetic state. Using the Néel state as a simple trial
state we obtain as a necessary condition

V<= ™
This condition improves, taking quantum corrections to
the Néel state into account. Assuming Anderson’s spin-
~ wave approximation®* for the quantum corrections to the
energy of a state with Néel-type ordering, we would ob-
tain

(1)

j ol 2y 21)

< z[24+(y/z8)]

For the values of y for the various lattices see Ref. 24. z;
is the number of NN. We should point out that (21) is
only an approximation of the threshold and not a neces-
sary condition in a strong mathematical sense, since
Anderson’s spin-wave energy does not belong to a state in

the Hilbert space. More transparent than this approxima-

tion is a much simpler procedure, which even leads to a
better result. For the ground state | ¢¥5p) of the NN anti-
ferromagnetic bilinear Heisenberg model, using

- Nz
(var| 280 8n s, [par)=— 521761,
NN 2

we obtain
JV<jPp(s) . 22)

Clearly y(s) is not known ekactly for s > 1. But with the
Anderson approximation®* for y(s),

y(s)= —K—+o( 1/s2%),
zy8
we obtain

]<1)<J(2)_L (23)
52

i@ (20)
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Again (23) is only an approximation to the threshold and
not a necessary condition, in contrast to (22).

The results of states (12)—(17) for Hamiltonian (7) with
lo=2 for the linear chain are presented in Table I. The
extension to other lattices is straightforward, also see the-
Appendix.

Finally we mention that the inclusion in (13) of states
with spin deviations at three different sites improves the
result only a little. For example, for

| B3(A1,02)) = | Bi3)) + A1 | a,1) +Aa | D))
where
[ Paun)= 3 S Sz+s1 i +8, |0)
i€A,,
81,8
8,8
S SiSisS s |0),
i€Ay,
5,8,
8,#8)
we obtain for the linear chain and s =3, a=0.467 38 in-
stead of @=0.46503 with |#3(A;)). For models includ-
ing higher-order exchange, a magnetic field, or NNN in-

teractions, trial states (12)—(17) lead to conditions present-
ed in Figs. 2—4.

IV. EXCITATIONS, MAGNONS

In this section we use periodic boundary conditions and
NN interactions.

A. 1-magnon states

The 1-magnon states are

| y(K)) = (2N e 2 ze iS710) .

Using Eq. (4a) one finds the corresponding eigenvalues

(1)
E\(K )—EF—LE[I——cos(k 501, (24)

8 1

which is a generalization of the result in Ref. 5. Thus
measuring the spin-wave dispersion allows one to deter-
mine only BV

Remark. We should mention that not only the disper-
sion relation (24) is the same as for the bilinear model, but
also all other properties of (1) restricted to the 1-magnon
space, e.g., surface states, etc.

B. 2-magnon states

Separating for the 2-magnon states

[42) =3 ®,j)S;7S;|0),
ij
the center of mass
@(i,j)=exp[ 3iK-(R,+R,)16(Fy) ,

where ru—R R is the difference between the lattice
vectors R; and R], the eigenvalue equation
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H | ¢2>=E2 [1/12)takes the form

= =

K-6
BYY [cos[ 5 :
5,

J¢(?+S’1)—¢(?> +B'5(0,7) cos

L

where
2s
B'= B?Y_pgW
4s —1
2s —1
B=_B(2)_B(l) ,
4s —1
and
€=E2—EF .

This generalizes the eigenvalue equation obtained by
Chiu-Tsao et al.!! to arbitrary spin s and arbitrary high-
order exchange. Equation (25) also demonstrates that in-
dependent of [, the 2-ma%non energies are determined
only by two parameters, B'" and B?.

From (25) follows the 2-magnon continuum

K5, q-8,
2

cos

b

ek»(ff)=!B(”|§ 1—cos
5, |

(26)

where q is the relative momentum of both magnons.
This holds with the restriction BV=— | B"| <0. Simi-
lar to Chiu-Tsao et al.!! for s =1 we have discussed the
2-magnon bound states for hypercubic lattices in any di-
mension limiting ourselves to K=K( 1,1,...,1). The en-
ergies of the bound states in the functions of a=cos(K /2)
and B=B? /B are qualitatively independent of s. Thus
the detailed discussion of Chiu-Tsao et al.!! also applies
to arbitrary s. As an illustration we give the “phase” dia-

grams for the existence of bound states as a function of a

and B. For s-type!! bound states the “phase” diagram is
presented in Fig. 5. d-type!! bound states exist if
4s —1 Ip—Da

27
<%-1 1, ° @n

B

where

2
1 COS“q | —C0Sq1CO8q,

Ip= d>,

P (27)Df T1=2(1/D), cosq;

j

and D is the dimension.

Figure 5 shows that for FGS (i.e., 8>0) in the three-
dimensional case no bound state exists for K~0. This is
necessary for the application of the spin-wave theory to
low-temperature thermodynamics.

Besides the [at most D (Ref. 25)] exchange bound
states, a single-ion bound state can exist, depending on the
coefficients B’, B, and B‘" of the “point interaction,” the
“NN interaction,” and the “kinetic energy” in Eq. (25),

H.-P. BADER AND R. SCHILLING . 30

- —

—BY 8(T,8,) [qﬁ(gl)—cos

S W(1) _ZS—I (¢t _-az)z[t_sgn(t)(tl_aZ)l/Z]Z 4

= -

.81

L J [d}(gl)—cos ]qs(b’)

- —

—

#(0)

=ed(T), (25)

8,

T
respectively. This generalizes the result of other au-
thors®%1! to arbitrary s and higher-order exchange. The
existence of a single-ion bound state is illustrated in Fig. 6
which represents, for the linear chain, the ratio

W)  sa®  [t—a’—sgn(e)(t*—a?)! ]

(28)

where t=14(e/2B'V) and W(r) is the probability of
finding the two spin deviations at rth neighbor sites.

Remark. If the coefficient B'Y of the kinetic energy
approaches 0, i.e., if B— + «, then a single-ion bound
state exists. This is based on the uncertainty relation and
is similar to the effect of #—0 on the bound states of the
H atom.

C. v-magnon states

For arbitrary {J¥} the v-magnon states for v> 2 prob-
ably cannot be determined analytically, even for one di-
mension. Therefore, we will study the special case, where
model (1) reduces to the Schrodinger model (3),

J
H=52Pi,i+81 . (29)
NN

This simplifies the eigenvalue problem as follows.
- (1) The subspaces spanned by the vectors

. (Vn )i,,)=(s".1— )Vl ce (S,: )v" ]0) ’

I (‘Vl)il, .o

FIG. 5. “Phase diagram” for the existence of 0,1,2 s-type 2-
magnon bound states below the continuum. Case (4) (with
D=1,2) and case (B) (with D=3), K=K(1,...,1),
a=cos(K /2), and B=B?¥ /B, W;=1.516.
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FIG. 6. Probability ratio W(0)/W(1) for the 2-magnon
bound states for the linear chain (D =1). Single-ion bound
states exist below (B<O0) and above (B>0) the continuum.
B=B? /B is the parameter.

where X7 _v; =v and in+i,, for all m+#m' are in-
variant with respect to Hamiltonian (29).

(2) The eigenvalue problem for (29) in the subspaces of
the same type are identical. By subspaces of the same
type we mean

11D I~0121~[13)]1~"-"-,
[Ilialj)]"’[lzi’zj)]"’"' ’
[126101~01361)]1~013520]~ -,

and so on.

(3) The eigenstates of (29) in the subspaces
[1,...,1; )] are equivalent to the v-magnon states of
the Heisenberg model with s = 5.2

Let us now consider the 1-, 2-, and 3-magnon states in
more detail.

v=1: There is of course no new insight.

v=2: For s>1 there are two subspaces [ |2;)] and
[]1;1;)]. In the first subspace the eigenvalues are equal
to the 1-magnon energies

E,(K)=E(K)=Ep—J 3 [1—cos(K-5))],  (30)
LY

as follows from above.

In the subspace [|1;,1;)] the bound states are ex-
change bound states. For the linear chain the eigenvalues
of these states are

E,(K)=Ep—J sin?

K
2

v=3: The two subspaces [ |3;)] and [|1;,1;,15)] are
already discussed, using remarks (2) and (3). The third
subspace [ |2;,1;)] can be decomposed into a symmetric
and an antisymmetric part,

[120,1;0%]25,1)] .

The eigenstates for the symmetric part are again identical
to the 2-magnon states for the Heisenberg model with
s = % Thus there exists a 3-magnon bound state (depen-
dent on the total momentum and dimension) which is
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composed of a single-ion 2-magnon bound state and a 1-
magnon bound state. The antisymmetric eigenstates have
eigenvalues, which are in the continuum.

For arbitrary v the following classification of the bound
states is now obvious: Besides the pure single-ion and
pure exchange bound states there also exists all combina-
tions of both. The reason is that for model (29) in the v-
magnon equation, similar to (25), the coefficients of all
the interaction terms and the kinetic energy are equal. We
believe that this classification for model (1) stays valid for
more general coupling constants {J,'(j”}. If not all higher-
order exchange interactions up to 2s are present, then it is
expected that only part of these types of bound states ap-
pear. This was already true for v=2. (See Fig. 6.)

V. DISCUSSION

For the Heisenberg model with higher-order exchange
we showed that for determining the coupling constants,
all v-magnon energies up to v=2s have to be measured.
In particular in the v=1 [(v=2)] magnon space it is im-
possible to decide if higher than bilinear (biquadratic) ex-
change is present if s > 3 (s > 1).

Extending the Munro theorem? to bicubic interactions
we obtained conditions for the couplings such that the
ground state is a singlet. The results indicate that this
method is not so successful as if only bilinear interactions
are present. For example, for NN interactions, /o=3 and
5§— 0, it is obvious that the ground state is antiferromag-
netic for couplings j'V, >0, and j® <0 whereas the
conditions of the Munro theorem only describe a part of
this domain.

Generalizing the methods presented earlier we derived
conditions for FGS for such models. Let us comment on
the results.

(i) The spin-wave stability?® is stringent in a subspace of
the coupling space as the figures show. However, in con-
trast to the bilinear case, it represents only a part of the
threshold in the classical limit s— oo. This could indicate
that even in the classical case for higher exchange interac-
tions the local stability of FGS is not sufficient.

(ii) Besides the spin-wave states, we used trial states
which were “extended-cell states.” This procedure im-
proved the results.

(iii) The typical situation of the spin dependence of Gg
in the coupling space is given in Fig. 1, which was dis-
cussed in Sec. III. Here we only want to point out the
qualitative difference between the classical and the quan-
tum case: For couplings J'V,J?) <0 there is always FGS
in the classical case, in contrast to the quantum case. The
same holds for each pair of an odd and even power ex-
change. For example, the spin dependence of the region
for FGS in Fig. 4 can be discussed as those in Fig. 1.

(iv) The coupling constants belonging to even powers of
the exchange influence the domain G in a similar way,
which differs only by numeric values from one power to
another. The same holds for the odd powers. For bilinear
and bicubic interactions this follows from Fig. 2: There is
only a quantitative difference between the diagrams of
Fig. 2 and the corresponding ones where j‘!)=+1 fixed,
instead of j.
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" (v) The inequalities®? for the thresholds of the Ising,
classical, and quantum models are no longer true as can
be seen in Fig. 1. For the corresponding Ising model the
threshold is

1
1—— .
2s ]

Note that including higher-order exchange, the ground
state of the Ising model with spin s may be different from
that of the s =1 Ising model. Clearly G"—G§ as
s — o0, consistent with the classical spin limit.

(vi) The threshold surfaces are composed of curved and
flat pieces. On the curved pieces the ferromagnetic states
are degenerate with a state which changes continuously
along the surface, whereas on a flat piece the degenerate
states are constant. On the intersection, the ground state
changes its symmetry discontinuously (Fig. 4).

(vii) For models (1) with FGS, there exist no 2-magnon
bound states for K ~0 in the case of a single-cubic lattice.
This is important for the theory of low-temperature ther-
modynamics.

Finally, studying the elementary excitations of the
Schrodinger model, which contains all powers of the ex-
change, the v-magnon bound states were classified into
pure single-ion, pure exchange bound states and all com-
binations of both. Similar as in the case of the 2-magnon
state, it is expected that this classification stays valid for
more general couplings J\1, if still lo=v. If Iy <v then
only part of these types of bound states appear. Thus
higher-order exchange interaction manifests in the types
of bound states which appear.

(viii) Finally, let us say a few words about the
. molecular-field approximation (MFA). For only bilinear
interactions, to obtain G, the MFA is a first simple ap-
proximation. Using the spin-wave stability condition, the
results are improved. In a further step, s-dependent re-
sults were obtained using the cell method and better
adapted trial states.20~%2

Of course MFA can be extended to higher exchange in-
teractions. It then includes at least /; ordering parameters
(magnetization, quadrupole momentum, . . .) and must be
performed for each spin s separately.>?’ Therefore, for
determining G in functions of s, it is rather tedious and
does not necessarily give a good result. This is explicitly
shown for Hamiltonian (1) with s =1, s =3, and [,=2.

MFA: s=1,

j(l)<0 ,

j(l)< _2j(2)

j(1)<0, j(1)<j(2)’
3
§ =7
=~ 2 T (1 =
](1)+?](2)<0, ]()_?](2)<0,

where j K= s2kjk).
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APPENDIX

1. Proof of the statement for s£s’

Let |(v))i, . .., (v,); ) be the normalized state with v,

spin deviations at site iy, k=1,...,n. Clearly these
states with > 7_,v;=v and n <v form a basis of the v-
magnon space #%°,. The analogous states exist also in 7,
the v-magnon space of the system with spin s’. Thus for
v< min{2s,2s'}

leﬁvEHl 'Z,:.

means that

(H—H') | (Vl),'l, ey (Vn)in)=o

for all these states with ,7_ ,v;=w.
Proof of the statement by induction. Suppose that from
H |4 =H'| . follows (i’) and (ii") for v=2ko+1. Us-

ing this we obtain from
H | (v4+1);)=H' | (v4+1);)
that
Bi(nv+1)=Biln(V+l)=O ,
and from
H|(v+2);)=H'| (v+2); )"
that
BU+ g v+ _ph_
in M

Thus (i’) and (ii’) are true for v=2ky+2, 2ky+3. The re-
verse statement follows directly from (4a).
Consider now H, of Eq. (5a) with

B =0 for all 2k <v,
(A1)
BtV =B forall 2k +1<v .

Then it can be seen, using (5b), that

Hy |5 =Ef —$B + 1B Py | 5 .
Since (A1) holds for all i,j, it follows that H | s, has the
form (6).

2. Conditions following from the extension of Munro’s theorem

We have for s =7,
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@ _ 1173
() _17(2), 103 7(3)
Jij ==+ 6 i <0,

(D__ 5 7@ 191 7(3)
i =3+ 5 i <0,

L, jJEA,4 or Ag

@) _573) 53

Jij ST-’ij),Jij)ZO,
(1), 3 7(2), 6 5(3)
Jij +35Ji + 16 >0,

For s =2,

JP <50 <0, o
T _27@ 1979 <0 LjEA  or Ag
i —y + 19057 <0,
I < -7 <0,

IP+arP+1675 >0,

3. Threshold condition for cell H; and H;
We have
H3 =J(_§1 ‘§2 +§2'§3) +J’[ (§1 ‘§2)2+ (§2'§3 )2] ’
(A2)
H~3 =H3 +K§1§3 +K'(§1‘§3)2 .
The matrix elements for H; were calculated by Griffith?
for s =1 and 3 using the technique of irreducible tensor
operators. Clearly from these the threshold conditions

follow. Here we only give the conditions for K =K'=0.
(Conditions for K,K'+0, see Fig. 4.)

For s=1

J<0, J<J', (A3)
for s=+

J<Zr, 7<-3r, (A4)
for s =2 |

J<1.495J" , J<—4J', (A5)
and for s=3 |

J<1.714), J<—2J' . (A6)

Cyclic cell (can be applied to hexagonal lattice),
H$"=J(8,"5;+8,75;+5,°5)
+I'1(S1°8,2 + (8,832 + (53-8 . (A7)
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—i€Ay, jEAp or vice versa .

i€EA,, JEAp or vice versa .

From the eigenvalues of H'*! in Ref. 26 it follows for the
threshold condition

J<—2(s—1)J' (spin waves) ,
(A8)
J<ald',

with e, =1, 1, 3, and & [24(V19—1)—+]for s=1, 3,
2, and 3, respectively. From (A2) to (A8) sufficient con-
ditions follow for FGS which are listed in Table I and
given in Figs. 2—4, respectively.

Illustration of the method of the convex hull.

(1) Model (7) with ly=3. The sufficient condition fol-
lowing from H, is a cone of 2s planes (see Fig. 2). In the
plane J®=0 this condition improves using cell Hj;.
Now, from the convexity property of G it follows that
the convex hull of the conditions obtained by using H,
and H; is also sufficient (see Fig. 2).

(2) Model (11). Cell H, leads to a condition in the sub-
space J3'=J%=0. The same is true for cell H 3 with
J{¥ =0 for the subspace J¥’=0. Again the convex hull
of both is sufficient for FGS (see Fig. 4). Note that this is
easily feasible for arbitrary s, since H; with J{?’ =0 can
easily be diagonalized.

TABLE II. Values a, 3, and ¥ for the simple-cubic lattices.

Linear chain Quadratic Simple-cubic
a 1.046312 0.7946 0.70313
B 1.12206 0.90575 0.699 32
v 0.726 0.632 0.58
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4. Necessary conditions

States | ,( K)): (12). For the Hamiltonian (1) with external magnetic field we obtain as necessary conditions, using
(4a),

(2s)1(4s —21 +1)(4s — 1 —v)!
(2s =) v—Dl(4s —1 +1)

S B P0)+(— 1B N(E)] <hv, (A9)
=1

where

=~ iK(R,-K )
B”)(k)=2B,-(,f)e' i L

States | 3(A;)): Using the matrix elements of Hamiltonian (7), including a magnetic field, for simple-cubic lattices in
the subspace | ¥3(A,)) are

3(s —1)
An=Ep—z1 |7, — B“’+4 — B |43,
3s(s —1)z,]?
AlzzlﬁwU)_B(s)):An , \ (A10)
g S pm_36—=1),3_ ) )
Ap=Ep———B 3 BY (=D B+ _IB +3h .

Similarly one obtains the matrix elements in the subspace | ¥4(A;,A4;)).
Spin-coherent states. For the Hamiltonian (1) with /;=3 and a magnetic field we obtain

(01,01, ..., 0n 0N | H [01,61 - .., On,¢n)

2
- S?z @08+ 3 DI Ls2s — 7€, 87— (€, ) +5%s + )]
i,j ij

+7 2J‘3’ —1DXs —5)%(€;,€;) = 25%(s — 5 )%(€;,€;)?

+ 52 {3s2——z—s2+%+%

(8,8))+s> l%——l ! y—hsz cosh; . | (A11)

We specialize now to the cases Hamiltonian (1) considered in Sec. III.

a. Hamiltonian (7) with ly=2: Arbitrary lattice and spin
We have
|91(K)),16,0-0): TV < —25(s —1)J,
| 55(K)), |6,0-0): JV < Lg@
Simple-cubic lattices. For s =+
[¥3(A)): TP <caJ@
for s=2
[ PaApA)): TV <BID

and for s large

| Yar): J(1><s_z‘}’_J(2) ,
1

. . 2
Anderson approximation: JV s~——LJ @)
PP < z[24(y /z;15)]

where a, B3, and y are listed in Table II.

’
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b. Hamiltonian (7) with lo=3: Arbitrary lattice and spin
We have
[(K)): TV425(s — 1T P+ (3s*—65°+45H)]P <0,
[Po(K)): TV 4 (252 —4s+ 1IP 4 (35*— 125+ 1952 —8s + 1P <0,

[3(K)): TV (252—4s + DI P 4 (3s*— 1253+ 2152 — 115 +2)J P < (s — 1)(2s —l)J(3)-1—Zcos(E§1) ,

Zy 81
| 6,0—0): follows directly from (A11) .
Simple-cubic lattices. For s=3
| ¥3(A1)): 592 — DIV — (152, +57)(T D)
92745z, —6561 | .., e . |9512i=15 ] o [ 66924627 |
512 I+ 5z =D T+ 16 JHTN %) JETE >0,
s=2: |14(A,A;)) is a complicated condition, we only give the result in Fig. 2. For s larger
2 2+(3y /sz;)
g _g Y @ 4| 2P 503 o
| Yann) z1[24(y /szy)] § 2+(y/szq) <

c. Hamiltonian (7) with ly=2 and a magnetic field h: Simple-cubic lattices

We have
E’ :J(l) 2s(s — (2) ,
|1k )) +2s(s —1)J <2sz1
[9,(K)): J“’+(2s2—4s+1)J<2’<s%.
1

States (15) with $=0. We have

(14cosO)[J NV +2s(s —1)TP]—2(s — 3)%(14cos0)*(1 —cosd)T ¥ < é‘— ,
1

3
for s=+

21(921—1) 321(52x+19)

16

T2 _ (J‘z’)2+gﬂ(—al~——l)J‘”J(2’—h 32,0V (21;4)J<2) +h250.

| ¥3(A1)):

I
s=2: |94Ay,Az)) is a complicated condition, the result ~ We therefore have the Anderson approximation
is given in Fig. 3. For s larger

JO_g Y @) 2h

L 2 <.
Anderson approximation: JV_s——=¥ ___j@ z szy[24+(y /28
Z 2+ /2] 1 1[2+(y/zy5)]
21
5z, [2+('y/szl)] ’ d. Hamiltonian (10)
2h Similarly as above; necessary conditions can be derived
s T _g2(5)J @ . \larly e, ary
| Yar? L4 < szi[24+y(s)] for this case.
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