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Anisotropy in weakly localized electronic transport: A parameter-free test of the
scaling theory of localization
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We have measured the negative magnetoresistance of an anisotropic two-dimensional electron gas at low

temperatures. We report the first observation of the predicted anisotropy in the strength of the logarithmic

terms in the weak localization theory for a system with effective mass and scattering time anisotropy. The

results provide the first parameter-free test of the scaling theory of localization.

Experiments on disordered two-dimensional (2D) elec-
tronic systems such as metallic films' and silicon inversion
layers ' have shown convincing quantitative support for the
scaling theory of localization by Abrahams, Anderson,
Ramakrishnan, and Licciardello. ' These results indicate that
there is no true metallic behavior in two dimensions no
matter how weak the disorder. These effects manifest
themselves as a logarithmic dependence on length which in

an isotropic system yields a temperature-dependent conduc-
tivity of the form

e2
o.(T) —»r(Tp) —(~+) ln( Tp/ T)

27r't

where the inelastic scattering length has a power-law tem-
perature dependence of 1;„~T . In this Rapid Communi-
cation we report the first measurements of the role of effec-
tive mass and scattering time anisotropy in weakly localized
transport in a two-dimensional electron gas. Our experi-
ments consist of temperature-dependent resistance and
low- and high-field magnetoresistance measurements on
(110) Si metal-oxide-semiconductor field-effect transistors
(MOSFET's) which have an anisotropic effective mass and
elastic scattering time. We report the first observation of an
anisotropy of the n parameter as well as an anisotropic
Coulomb interaction parameter F. Our results are in quanti-
tative agreement with the calculation of Wolfle and Bhatt.
In the theory of Wolfle and Bhatt the ratio of the strength
of the anisotropic logarithmic terms is given by»T„/»rr in-

dependent of all other parameters of the system. Our mea-
surement of nrtppl/arttpr therefore represents the first
parameter free test of the sca-ling theory of localization

Our samples were N channel MOSFET's fabricated on a
(110) surface of p-type silicon with a mobility of —1000
cm'/V sec at 4.2 K. The measurements were performed in
a He -He dilution refrigerator at temperatures from 10 mK
to 2 K in parallel and perpendicular magnetic fields to 12
kG. Our samples had a van der Pauw geometry with the
current and voltage leads oriented along the [110] and
[100] directions (see Fig. 1). The resistances were mea-
sured using a four-terminal bridge and the anisotropic resis-
tances per square, calculated using the algorithm of
Montgomery and Logan, Rice, and Wick.

At low temperatures the samples had an anisotropic con-
ductivity ratio less than the ratio of effective masses. For
examPle, for the data shown in Fig. 1 Ror"P' =1903 0/a
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FIG. 1. Shown is the change in resistance with field for the two
orientations on the (110) surface of a Si MOSFET. The solid line is

a fit to the data.

and Ror' ' =1041 0/o. Because mr, Tpl
——0.585 and mrtppj

=0.190 we conclude that on the (110) surfaces there exists
anisotropic elastic scattering as has been shown by previous
workers. '

In Fig. 1. we show typical low-field perpendicular magne-
toresistance curves for the two orthogonal directions ([100]
and [110])of the silicon MOSFET.

Fukuyama, Hikami, Larkin, and Nagaoka, and Lee and
Ramakrishnan' have studied the effects of a magnetic field
on transport in the weakly localized regime. For a perpen-
dicular magnetic field these workers have shown that the lo-
calization effects are diminished when the size of the first
Landau orbit is comparable to the inelastic diffusion length

(~l;„l,~)'t2. Thus in the weakly localized regime one obtains

a negative magnetoresistance which depends on the magni-
tude of the perpendicular component of field. Lee and
Ramakrishnan' show that the change in conductivity with
field at a fixed temperature should be given by

»

r(»HT ) = »]I
—+
2 2eHI, (I;„
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where I;„and l, ~ are the elastic and inelastic scattering
lengths.

In our analysis I,~ is calculated from the value of the
zero-field conductivity at 4.2 K and then I;„and o. are ob-
tained through a fit to data such as is shown in Fig. 1. For
the data shown we obtain a [,—,p]

= 0.693 and n [~pp] = 1.256.
In Fig. 2 we show the results of fits to different tempera-
tures for o. and in Fig. 3 we show the inelastic scattering
lengths obtained as a function of temperature. In measure-
ments on the isotropic (100) and (111) surfaces we ob-
tained n-=1.0 and an inelastic scattering time varying as
1/T implying P = 1. This was consistent with our measure-
ments of the temperature dependence of the conductivity
which showed nP = 1 and indicated electron-electron
scattering as the dominant inelastic process. From the data
in Fig. 3 we see P[]pp]=P[,Tp]=1. We have also measured
the temperature dependence of the zero-field conductivity
and obtain (AR/R )[tpp]=4.55%/decade and (hR/R )[,—,0]
=4.45%/decade for the same density. As for the isotropic
case this is consistent with our determination of o. []pp] and
o, [,»] from the magnetoresistance fits. In Fig. 4 we show
the dependence of o, [~~p] and o. [~pp] on electron density. Our
measurements indicate that as for the isotropic case a is in-
dependent of both temperature and electron density.

Wolfle and Bhatt" extending the previous calculation of
Ref. 12 have calculated the effect of mass anisotropy on the
low-temperature conductivity of disordered two-dimensional
systems. They have considered a model with an anisotropic
mass and an anisotropic elastic scattering time of relevance
to the present experiment. In their results they obtain a
logarithmic divergence of o.(T) analogous to (1) indicating
localization of all states at T =0 in two dimensions. How-
ever they find that the anisotropy changes the universal
coefficient (e2/27r ff) in Eq. (1). They obtain
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FIG. 3. The ratio I;„/le] is shown as a function of temperature.

COIIlpafttlg 1t to (n[ttp]/tr[100])theory 0 [100] /0 [110] we can ob-
tain a parameter-free test of the scaling theory used to cal-
culate (1) and (3).

As an example for the data shown in Fig. 1 we obtained
tr[tpp]=1. 256 and (n[ltp]=0. 693. Using Rot]00] =10410/a
and Ro["0] =19030/CI, and the assumption that n=1.0 we
obtain (a[top])th«ry=1. 352 and (tt[IT0])rh«ry ——0.740 to be
compared with (a[top])e pt 1.256 and (n[t]0]),„0,=0.693 in

good quantitative agreement. However, the ratio
(tx [tpp] /Cx [11p])rh y contains no assumptions concerning or

and one expects (tt[tpp] /tx [Itp]) rh„„y ——1.828 in excellent

o.(T) —o. (Tp) — (uP) ln(Tp/T)
o 27r

(3)

where a = (o. o-~)'i'.
Therefore they find that the effects of anisotropy can be

completely absorbed into an anisotropic diffusion coeffi-
cient. This result can be compared to our experimental ob-
servations. By taking the ratio of (ct[IT0]/n[tpp]) „~r and
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FIG. 2. The o, parameters for the [110] and [100] directions are
shown as a function of temperature.

FIG. 4. The e parameters are shown as a function of electron
density.



30 ANISOTROPY IN WEAKLY LOCALIZED ELECTRONIC. . . 3541

quantitative agreement with the experimental value of
(o.i Ippi /a i,—,pi ),„„,= 1.812. Our measurement, therefore,
represents the first quantitative parameter-free test of the
scaling theory of localization and we find excellent numeri-
cal agreement. Therefore the theory correctly obtains both
the magnitudes of o, ~loo] and 0.~,—,0] as well as their ratios.

Finally we have explored the impact of anisotropy on the
strength of the Coulomb interaction terms. Altshuler, Aro-
nov, and Lee' have shown that these many-body effects
are also important. Lee and Ramakrishnan' have shown
that these effects give a high-field positive contribution to
the magnetoresistance of the form

2

ba(H, T) = —G(h)
2mt 2

where h = p, gH/kT and

G (h ) = 0.084h 2 for h » 1

G(it) =ln(h/1. 3) for h « 1

We have measured the high-field parallel magnetoresis-
tance and have observed an anisotropy of the F parameter.
For example, at a density of 1.18x 10'2 e/cm2 and a tem-
perature of 1.0 K we find Flloo]=9.92 and F[~Ip]=6.24.
Our measured value of F[lpp]/Fi, 1pi is 1.60 which is also

close to the conductivity ratio.
In conclusion, we have reported the first observation of

the predicted anisotropy in the strength of the logarithmic
terms in the weak localization theory for a system with ef-
fective mass and scattering time anisotropy. The observa-
tions are in good quantitative agreement with the theory of
Wolfle and Bhatt and provides the first parameter-free test
of the scaling theory of localization.
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