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Electron-phonon interactions and the breakdown of the dissipationless quantum Hall effect
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The quantum Hall effect is manifested by plateaus in the Hall conductivity at which the current
Aows without loss. Recently it has been observed that as the current is increased to a critical value,

corresponding to a carrier drift velocity of the order of the speed of sound, there is a dramatic onset

of dissipation. We investigate the role in the breakdown of phonon-assisted transitions between

Landau levels and calculate the steady-state power absorption. As the drift velocity of the carriers is

increased there is a sudden onset of dissipation, and an upper limit for the critica1 current is ob-

tained.

The normal quantum Hall effect is manifested by pla-
teaus 1n thc Hall I'cs1st1v1ty p~ at which thc cuI'I'cnt car-
ried by the two-dimensional (2D) electron gas appears to
be dissipationless. ' If for a fixed filling factor v, which
is the ratio of the number of electrons present to the num-
ber of states within the lowest Landau level, the current is
increased, then there is a critical current density j„at
which the dissipationless transport suddenly breaks down
and the longitudinal resistivity increases several orders of
magnitude. This transition does not appear to be relat-
ed to temperature fluctuations, since the thermal conduc-
tivities of the GaAs heterojunctions and of the liquid-
helium bath in which the heterojunction is immersed in
the experiments are sufficiently large for any heat pro-
duced in the inversion layers to be rapidly removed. The
question thus arises of the microscopic mechanism by
which th1s transition occuI's.

At the onset of dissipation, the Hall voltage VH is
around 2.5 V, so that eVH is much larger than the cyclo-
tron energy fm, . Thus, given a mechanism that would al-
low transitions between Landau levels, electrons can al-
ways make transitions to states of lower energy. Howev-
er, the spatial translation of the electrons involves a con-
comitant change in wave number, and a source of crystal
momentum is necessary for this to occur. This may be
provided by impurities or phonons. The fact that at the
critical current the drift velocity Uz =Ec/8, with E—
representing the Hall field, is near the speed of sound U,

suggests that phonon Cerenkov radiation may be impor-
tant. Related phenomena have both been observed in
bulk GaAs (Ref. 10 and references therein) and modeled
theoretically. " Qn the other hand, j„is found to depend
on the location of the chemical potential within the gap
between Landau levels, with j„being largest at the center
of the Hall step. This suggests that impurities and local-
ized states may play an important role. The purpose of
this paper is to take the first step toward an understand-
ing of this phenomenon by investigating the simplest pos-
sible model, which involves only phonon emission and
neglects disordeI' and electron-electron interactions.

Our model is a 2D slab of ditnensions L„and Ly. The
magnetic field is B=Bz and an applied electric field
E=Ex forces a current to flow in the y direction. We
write the electron states as

gk„=LI e' p„(x —xk),
where k=2Irm/Ly with m =0,+1, . . . , where P„(g) is
the nth harmonic-oscillator function and where xk
= lttk+ Ud /co, . Here we have used the definitions
lII Rc/e——8 and co, =e8/m*c The en.ergies are then

ek ~ =(n+ 2 )fRU&+ 2 m Ud 'IIUdk— (2)

Wc confltllc ouI' a'ttcI1'tloll to acollsf1c plloIloIls, SIIlcc tl1c
dissipation starts when Ud is around the speed of sound,
and the optical phonons have energies too high to be
relevant. Since GaAs is piezoelectric, we must take into
account both piezoelectric phonon emission and
deformation-potential interactions. We will only consider
transitions between the two lowest Landau levels.

In treating the deformation potential, we approximate
the phonon system. in the 2D junction by that of a 2D
Bravais lattice of identical ions. ' Since the oscillator
wave functions have a width of the order of 10 nm, which
is much laI'ger than atomic dimensions, it is permissible to
use a deformation-potential formalism in which the in-
teraction between an ion and an electron is Vo5(r), with
Vo representing a constant and 5(r ) the 2D Dirac 5 func-
tion. The dynamic part of the deformation-potential in-
teraction then becomes

&(ck+e „ck „(a +a )s~,

(1) 4Vo4 . . 2Irtn-
3H=g No&I '(q„iq„)iic—

( 2+2)L a " poaro-

2

Xexp iq„xk — [q„—, (qy iq„)]——
I
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ere a is the GaAs lattice constant, pp the density o
G A V the area of the slab, s the p pa s,

X- the normalization constant ofor ~ (g) and
h d~—=k' —k. The operators a and c crea p

electrons, respectively.
comet of Refs. 4 and 7Following the experimental geometry o e s. a

we take the current to flow m the [ ]&110& direction, w ic
maximizes t e s rongh t ly anisotropic piezoelectric coupling.
We can t en wri eh 't for the piezoelectric interaction

1/22'Iree i4 &i RnII' '= g NpNi lti

k, q
6'p

2 q~
—iq„

)( (q~ +2q„q~ —q„
q

l2
X exp iq„xk — [qy —

2, .qy
—q„——'( i —)

kmox WA VE NUAfBER k

nds thatphonons. Energy conservation demand

FIG. 1. Two lower Landau levels oof a noninteracting electron
sed electric and magnetic fields are shown. esystem in crossed e ectric an

k 0) is connectede of the Landau levels is Avd. The state p, is

~

k 1) with transition rates 8'~ andto the states
~
ki, 1) and 2, wi

8' b honon emission or absorption.

)&c ~ ck (a +a )s, .k +$,71 k, lf q q
(4)

COc
2

e is the staticHere, e&4 is e p'th iezoelectric constant and ep

dielectric constant.
An electron in t e owesh 1 t Landau level may make a

ition to the n= eve y e—11 lb emission or absorption of a
in Fi . 1. The probability of a tran-phonon, as illustrated in Fig. . e p

=0 to 1 with absorption o a ongi u insition from n =0 to 1 w
ill be denoted as W(q i,phonon wi
) (l) where f and n are the averagw ra e elec-—f(k+qi, l nq, , w

ncies res ectively. Similar ex-tron and phonon occupancies, p
pressions apply or o erf ther transitions and for transverse

I

qx= qy-
Us Us

for all transitions and polarizations. y
'

p
'

ns. B ins ecting Eq. (5)
an ig.d Fig. 1 we see that the upper limit for qit is

and that the/( +u )=q t [while rp, /(ud+u„)—=q„, h
—u )—= [whilelower limit foi' q2g is co& /(Ud —

Uzt

v —v )—:qLi, w ere weh e have dropped the subscript

y on the phonon wave vectors. e ca
rite the transition rates ] q ~approximation, wri e

—= W(qi, l)+ W(qi, t) with

2I.x/g
Wi(qi )= ~

v 2meei4

&pUs~

2
COc lg coc

2

q~ exp
2 Ust

Ud

Us~

2

4Vp

(V 2+ 2)QLy Uqi

2

Usl

Ud

q& q ~exp
~st

lg uc
2

Usl

han in rp /u, udqi/u—, with udqzlu, ro, u„—a similar e uation upon interc ang' g
w we must

and 2 q2W =W(q )+W(q2, g y a s' '

q
1 forwhichro =v, ~q . n cine

~ ~ ~

is su
' ' c rons w' da of the system in the x direction.

where q2& . e
ctrons will not cross the boun ary o

~ ~

is sufficiently small so that the elec rons w'

rais to be rapidly attenuated for increasingials in the transition rates will cause the integra s o e
o —k,„d h li i of o+k,„, h

off fo
i ~

hde endent of the va ue o ek 1 f the electron making the transition. e cu oP

he rate e ua, i
' '

ce the tern erature at which the
sider Urnklapp processes.

he rate e uations in the steady state. Since e p
f kO),

To cacua e e1 1 t the dissipated power we study the rate equa, i
e can ne lect thermally excited phonons, an wed we find for the rate of change o f(experiments are done is very low we can neg ec errn

df(k, O)

dt

(7)

I f(k+q, , l)[1—f(k, O)][1+nq, (t)]W(qi, t dqi2~ ~ max

t d z —f f(k, O)[1—f(k+q„l)]nq (t)W(q„t)dqif(k+q2, 1)[l—f(k, O)]nq, (t) W(q2, t dq~

k, O)[1—f(k+qz, 1)][1+nq (t)]W(q2, t)dq2+ t~l
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For the phonon occupancies we have

dnq

dt

max
k+q~, 1 1.—,0 1+nq, 8' q& dk

max
k,0 1 — k+q), 1 nq 8' q) dk

nq

for either polarization, and similar equations for the q2,
and q2i modes. Here, r; is the lifetime of the ith mode.

If we start with the n =0 Landau level precisely filled,
then in the steady state the electron and phonon occupan-
cies are constant in time, and f(k, 1)—:fi and f(k,0):—f0

for all k. The integrals in (8) over k must then equal N,
the number of electron states in a Landau level. The
po~er P dissipated is then

q nq t E'qi

2' max 7 t q~

k nq, (&)e(q2)
q, + t~l

qLi r, (q2)
(9)

where e(q) =A'U,
~ q ~

for all modes.
The set of equations (7)—(9) was solved for the parame-

ters given in Table I. The value for M is the average
atomic mass of GaAs.

The lifetime was taken to be the same constant for all
phonon modes since at these low temperatures and for the
ultraclean GaAs heterojunctions used in the experiments,
the limiting factor for the phonon lifetime should be
boundary scattering. ' The transit time of the phonons
then gives a lifetime of 1 ps, which is the same as the time
scale for fluctuations in the dissipative voltage V„noted
by Cage et al. This assumption is not critical to the re-
sults we obtain: This was verified by repeating the calcu-
lation with ~=10 " s, which surely represents a lower
limit for the phonon lifetime, and noting that this only
slightly increased the threshold current. The magnetic
fields used were 8=5.5 and 4.5 T, to facilitate compar-
ison with Refs. 4 and 5.

The results of the calculations are presented in Fig. 2.
%'e see that the model used here is in qualitative agree-

I

I

ment with experiment in that the onset of dissipation
starts dramatically, growing as exp[ —8/(U& —U, ) ]. The
drift velocity is proportional to the Hall field E, and thus
this expression differs from that predicted for Zener
breakdown, in which dissipation grows as exp( —Eo/E).
The mechanisms are, of course, totally different as in the
present case the electric field alone cannot cause the elec-
tron tunneling, and the presence of phonons or impurities
is essential. The value j„ofthe threshold current scales
with the magnetic field as 8'~. The calculations were
terminated as fo approached 0.5 asymptotically and nu-
merical instabilities arose.

A discrepancy between experiment and the present
theory lies in the fact that the predicted breakdown
current is about a factor of 20 larger than the observed
breakdown current per Landau level. This high current
comes from the large separation of the Landau levels,
which is due to the small effective electron mass, and so
the wave-function overlap is negligible until the Hall field
is so large that the electrons can make a transition for
which Ak —1/lii. In this model we have not considered
intra-Landau-level transitions; in the Born approximation
for an impurity-free system at an integer filling factor,
intra-Landau-level transitions cannot start until inter-
Landau-level transitions have emptied electron states in
the lower Landau level, and this is when we observe the
onset of dissipation anyhow. However, if intra-Landau-
level scattering were permitted, for example, by reducing
the filling factor below unity, the breakdown current
would be observed exactly at vd ——u, as a consequence of
intra-Landau-level scattering by phonons with any wave

vector ( q ~ ~ j ). This breakdown current would then be in-
dependent of B. We have not included tunneling among
higher Landau levels, but that would affect j„only to the
extent that these wave functions have a somewhat larger

TABLE I. Input parameters for calculating the dissipated
power.

L„(p,m}
380a

U,I (kms ')
5.29b

ei4 (GV m ')
1.4'

I.y (mm)
4a

U„(km s ')
2.48b

v (ps)
1.0

a (A)
5.65

m /m
0 072c

M (kg)
1.2 &&

10-"

Vo (eVA )

5.6

2.5

2.0

/, 5

I.o—
0.5

———EI= 5

B=&-

I
I

l

I

l

I

I
I

/

/
/

J~~
'Reference 4.
Reference 18.

'Reference 19.
Range assumed to be 1 A. Depth taken from Ref. 20.

'Reference 21.

3.5 4.0 4.5 5.0 5.5

CURRENT DENS/ T Y &A ~ )

FIG. 2. Predicted longitudinal voltage is plotted as a function
of current density per quantum level for v=1 and magnetic
fields B=5.5 and 4.5 T.
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width. Levels for which n-5 would be rapidly depopu-
lated by optical-phonon emission. In our model, we used
a two-dimensional phonon system. One could have pro-
ceeded differently' by taking the phonon system to be the
same as in bulk GaAs, and allowing the phonon wave vec-
tors to have a q, component. However, the net effect of
that would only be to multiply the transition rates by
a/L„where L, would be the relevant thickness of the
phonon system, which in the final result would only
slightly increase the threshold current. For example, mul-
tiplying the transition rates by, ~ only increased the
breakdown currents by —10%.

In conclusion, the predicted j„would necessarily be an
upper bound for the critical current since the experiments
by Cage et al. show that. the breakdown is highly inho-
mogeneous spatially, so that the observed j„is an average
current density, whereas the current density might locally
be much higher. Since the current density is extremely
high in corners of the Hall bridge, ' the breakdown prob-
ably always occurs in corners, even at low total current.
%'hether intra-Landau-level transitions do cause the
breakdown should in principle be determined by experi-
ments measuring j„as a function of 8. Alternatively, ex-
change of virtual phonons between electrons within a

Landau level could broaden it, and since the spacing be-
tween Landau levels is only of the order of 10 meV, a very
small broadening could, by reducing the gap between lev-
els, increase the transition rates for tunneling between lev-
els significantly.

Since for long wavelengths the piezoelectric coupling is
vastly more important than deformation-potential cou-
pling, one could possibly detect tunneling involving pho-
non emission by measurements of Brillouin scattering, '

or electrical detection of ultrasonic vibrations from
piezoelectricity. ' Another interesting experiment would
be to drive the current in other than the [110] direction,
since the piezoelectric coupling is strongly anisotropic and
vanishes in the [100] direction. The significance of im-
purities in the breakdown mechanism could be determined
by the manufacturing of several Hall bridges, differing
only in their mobility, and measurement of the variation
of breakdown current with width of the plateaus in p„~.
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