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A perturbative scaling theory for calculating static thermodynamic properties of arbitrary local
impurity degrees of freedom interacting with the conduction electrons of a metal is presented. The
basic features are developments of the ideas of Anderson and Wilson, but the precise formulation is
new and is capable of taking into account band-edge effects which cannot be neglected in certain
problems. Recursion relations are derived for arbitrary interaction Hamiltonians up to third order
in perturbation theory. A generalized impurity Hamiltonian is defined and its scaling equations are
derived up to third order. The strategy of using such perturbative scaling equations is delineated
and the renormalization-group aspects are discussed. The method is illustrated by applying it to the
single-impurity Kondo problem whose static properties are well understood.

I. INTRODUCTION

A variety of many-body problems of current interest in-
volves conduction electrons of a metal interacting with lo-
calized “impurity” degrees of freedom that can be
represented by a finite number of discrete “impurity”
states. Examples of such problems are the following: a
small number of magnetic impurities in a nonmagnetic
metal,! the x-ray absorption and emission problems where
a core hole interacts with the conduction electrons in a
metal,? the interaction of conduction electrons with the
tunneling states in a metallic glass,’ and the interaction
between conduction electrons and atoms chemisorbed on
metallic surfaces.*

The Hamiltonians that are normally used to model the
above problems have the following structure, which will
be called the “generalized impurity Hamiltonian,”

H=H o+ U + feu[%T(e,p)cs“+H.c.]
+ f,u f ,u’czﬂf(e’“;el’ﬂl)cf'#'_*_ T

Here 57, represents the conduction band of the metal, czﬂ
is the creation operator for a conduction electron of ener-
gy € (measured from the Fermi level) with u labeling all
its other attributes such as spin, angular momentum, etc.,
and %, 7", and & are operators in the space of impurity
states. If the impurity states and the operators %,
7", and ¥ are nontrivial, successive scatterings of con-
duction electrons from the impurity become correlated,
leading to a coupling of the various conduction-electron
energy scales in the problem. This renders the calculation
of the properties nontrivial, and exact results are known
only in rather special cases. In particular, perturbation
theory in %, 7~, and .% is plagued by the divergence dif-
ficulties typified by the logarithmic divergences encoun-
tered in the Kondo problem.’

In an attempt to handle these divergences, Anderson, in

(1.1)
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a pioneering paper in 1970,%® formulated a perturbative
scaling method for the Kondo problem, which, however,
provided only a qualitative solution. A quantitative solu-
tion was obtained by Wilson, who, in addition to develop-
ing the general conceptual framework of the
renormalization-group (RG) formalism’ for critical phe-
nomena and quantum field theory, devised a powerful,
nonperturbative, numerical RG technique for the Kondo
problem.® In this paper we present a new, thermodynamic
formulation® of perturbative scaling that attempts to gen-
eralize, and render more precise, Anderson’s method in
the light of the insights provided by Wilson’s work, so
that it is applicable to a broad class of problems involving
impurities in metals.

The basic scheme of the scaling method presented in
this paper is as follows: Let D, be the band edge or the
cutoff of the conduction-electron spectrum in #%. One
“eliminates” the higher (i.e., near the cutoff) energy scales
in the problem so as to reduce the cutoff from D to D,
but at the same time one changes the Hamiltonian from
Ho+3; to o+ (D) so as to preserve the low-
temperature properties of the problem. Specifically,
divide the eigenstates of %7 into a set { [p)} that con-
tains no electrons or holes of energy D <e<Dj and a
complementary set {|g)} that contains at [least
one electron or hole of energy D <€ <D,. Clearly Ey(q),
the energy of the state |g), is larger than D. Now con-
sider the evaluation of Trexp[ —B(5y +57;)] by pertur-
bation theory in &, and systematically neglect terms of
order e E°(q), since typically one is interested in tem-
peratures T <<D <D,. Then one can show that the
remaining terms in the perturbation correspond to
evaluating Trexp{ — B[+ (D)]}, where the trace is
now taken only over the states { | p)}.'° In this paper the
recursion relation between 7 and (D) is developed up
to third order in 5.

The above procedure, which essentially permits one to
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define a renormalization-group transformation (RGT),
can be applied to the generalized impurity Hamiltonian
defined by (1.1). The new Hamiltonian 5+ 57 ;(D) with
cutoff D can also be represented in the form (1.1), but is
different from the old Hamiltonian 5+ 2°; with cutoff
Dy in two ways: (1) It has altered “values” % p, ¥ p, and
& p of the couplings %, 7, and .. (2) It has new forms
of local coupling between the impurity and the conduction
electrons, corresponding to two-electron scattering, three-
electron scattering, etc.; but these new couplings can be
shown to be irrelevant in the RG sense, and hence can be
neglected for many purposes. One can therefore represent
the recursion relation between #°;(D) and 2°; in terms of
recursion relations between % p, ¥"p, and ¥, and
%, 7, and &, and explicit algebraic expressions for
these recursions are worked out up to third order in
X, 7, and £

The scaling method and the above “generalized” recur-
sion relations can be of great value in studying various
impurity-type problems. Setting up and solving such re-
cursion relations for the coupling constants in any specific
problem enables one to improve upon naive perturbation
theory considerably and is equivalent to summing up
specific infinite subsets of terms in perturbation theory.!!
We illustrate this using the familiar single-impurity Kon-
do problem, where the impurity is a spin-5 degree of free-
dom S and %I=—(Jo/2)§-§(0), where §, represents
the conduction-electron spin density at the impurity site.
In particular, it is shown that the dominant interaction in
(D) is of the form —(Jp/2)S-5(0), and that by
neglecting terms of the order of (T/D) and (D /D), J(D)
satisfies the recursion relation

d(poJ)

din(D /D) 1.2

=(podP+3(pod P+ "+,
in agreement with earlier results.”® There are many sub-
tle aspects associated with the use of scaling methods in
general, and with the derivation of recursion relations
such as (1.2) in particular. These are also discussed in the
context of the Kondo problem for pedagogical reasons.

It is worthwhile stressing the following important
feature of our scaling method. It is a thermodynamic
scaling theory: The main approximation is the neglect of
terms of order e ~‘?/T), and we are able to keep track of
coupling terms that determine the energy dependence of
7" and %, whose contribution to the thermodynamics is
of order (T /D,), whereas earlier scaling theories neglect-
ed these terms. Such terms can be shown to constitute ir-
relevant operators in the RG sense, but they can be cru-
cially important in some problems where they are accom-
panied by large coefficients. For example, consider the
two-impurity Kondo problem with a model Hamiltonian
in which two impurity spins §1 and §2, separated by a dis-
tance R, each interact with the conduction electrons via
the Kondo coupling. One can show that the recursion
procedure developed in this paper generates an interaction
of the form I(R)S; °§2, where I(R) is the Ruderman-
Kittel-Kasuya-Yosida (RKKY) interaction.'> However,
the correct oscillatory dependence of I(R) on R can be
reproduced only if the above-mentioned irrelevant opera-
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tors determining the energy dependence of (RD /Vpy) are
kept track of properly. The reason is that in the two-
impurity Kondo problem the irrelevant operators are ac-
companied by large coefficients of the order of (RD /Vy),
and must be included at least in the initial stages of the re-
cursions. This can be done in our formulation of the scal-
ing procedure, in contrast to previous methods.!

The basic strategy of the scaling method would be to
carry out the scaling until D~10T (since the main ap-
proximation of neglecting terms of order e ~2/7 is still
good at D~10T), and to calculate properties with the fi-
nal Hamiltonian thereby obtained, to be denoted H# e T').
The usefulness of this idea stems from the expectation!*
that the sequence of scaled Hamiltonians, i.e., the trajecto-
ry of 4 T) as a function of decreasing T in the space of
generalized impurity Hamiltonians, will often be in the
form of a crossover from the vicinity of one fixed point of
the RGT to that of another. In other words, the full
range of T < D, breaks up into various regimes in each of
which #.4(T) is close to some fixed point, whence the
relevant and marginal deviations of #¢{T) from the
fixed point constitute small parameters in the problem.
Perturbation theory in these small parameters is necessari-
ly divergence free as the effective cutoff in #g(T) is 10T
by construction. The important point is that one can
trace the trajectory of 7 .g(T) within each such “regime
of a fixed point”!® quite well using the perturbative scal-
ing techniques, in terms of some undetermined parame-
ters. Of course, in order to relate these parameters to the
initial coupling constants in the model Hamiltonian in
any given problem, one must be able to calculate the tra-
jectory of 4 T) through its crossover from one fixed
point to another. While this can occasionally be done
reasonably well using the perturbative scaling methods, in
general'® it needs the use of nonperturbative, numerical
RG techniques of the type developed by Wilson. But even
in such cases it often will be necessary to use our pertur-
bative recursion relations in the preliminary stages of scal-
ing, and thereby obtain the input Hamiltonians to be fed
into the numerical RGT: This is especially true if ir-
relevant operators with large coefficients are present in
the initial model Hamiltonian, as typified by the two-
impurity Kondo problem.

The rest of this paper is organized as follows: The gen-
eralized impurity Hamiltonian is defined and illustrated
with examples in Sec. II. Section III is devoted to the for-
mal development of our scaling method, where the recur-
sion relations between #°;(D) and #°;(D,) are obtained.
These results are applied to the generalized impurity
Hamiltonian in Sec. IV, and their renormalization-group
aspects are brought out in Sec. V. Section VI is devoted
to the illustration of the usefulness of the scaling methods
using the single-impurity Kondo problem as an example.
Section VII contains some concluding remarks. The Ap-
pendixes contain various technical details.

II. THE GENERALIZED IMPURITY
PROBLEM

For simplicity it will be assumed in this paper that the
conduction band of the metal is isotropic with some densi-
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ty of states pg(€) between D, about the Fermi level. It is
then convenient to label the conduction-electron creation
operators using the energy representation as czﬂ, where,
depending on the problem, u stands for other discrete or
continuous labels of the electron. For example, ,uE(I?,a)
where £ is the direction of the wave vector of the electron
and « is its spin, or p=(m,a) where m, is the z com-
ponent of the angular momentum of the electron, and so
on. [Actually, by letting the density of states po(€) depend
upon an appropriately defined u, more general band struc-
tures might be represented.] In this representation the
conduction-band Hamiltonian takes the form

%’ozf eczycey , (2.1)

where f stands for 3, f depg(e), the electron opera-
tors obey the anticommutation relations

(el cen) =8,,8(e—€)/pole) 2.2)
and 3, , and 8, have appropriate discrete and continuum
meanings depending upon the context. With the use of

this same representation, the generalized impurity Hamil-
tonian introduced in Sec. I can be written as

H=H+H1=H o0+ 1+Fn+H 3+,

(2.3a)

Fn==%, (2.3b)
wn=[_ 177 u>ceu+cIyV<e,m] : 2.30)
%13: f fel !Ceﬂce E,H—, ,,LL ) (2.3d)
where %, 7", and & are operators in the finite-

dimensional space of the impurity states, and where %
and ¥ commute but 7" anticommutes with ¢, and cz,,.
Clearly, 57, represents intra-impurity energy-splitting
terms, J°,, one-electron mixing terms, and 5’3, one-
electron scattering terms. It is worthwhile illustrating the
use of (2.3) with some examples.

A. Single-impurity isotropic Kondo problem

Here a spin-+ impurity S interacts only with the s-
wave conduction electron localized around it via the
Hamiltonian

1 =JoS -5(0)

Jo + .
—
) feafe,a,ceaaaa'cs’a"s‘

In this case u need stand only for the spin label, and it is
easy to see that (2.4a) is of the form (2.3) with % and 7~
zero and

(2.4a)

Jo—

Fle,a;€,a')=— —2—S Coa -

To include potential scattering and permit anisotropic ex-
change interaction one would merely have to write

(2.4b)

J;
Y(e,a;e’,a')=Koﬁaa'*7

y 4
S0

J ‘

(S"U,m +S%7%,) , (2.4¢)
whereas the presence of a local magnetic field acting on
the impurity alone could be accommodated by adding
—gupHS, to % .

B. Nondegenerate (s-wave) Anderson model (Ref. 17)

Here the impurity is represented by an orbital degree of
freedom with four states, and one has =0 and

U =€d2 Rio+ Und +ha— (2.5a)
o

V(e,a)=Vdcda . (2.5b)

If one wants to consider more realistic models of magnetic
impurities in metals, such as the degenerate Anderson or
Hirst models,'® one can extend u to include angular
momentum or crystal-field channel labels, and % to in-
clude intra-impurity Coulomb energies, Hund’s-rule cou-
plings, LS term, crystal-field and spin-orbit splittings, etc.

C. The two-impurity Kondo problem
Here one has two spins §1 and §2 situated at

(0,0,+R /2), each interacting with the conduction elec-
trons via the isotropic Kondo exchange scattering, i.e.,

(2.6a)

Jo R I 3
?f:%o——z— "pa Uaa"/)a 2 -§,

R
2

0|

+ '/’l - azaa’lba'

where the ¥,(+R /2)’s represent the conduction-electron
annihilation operators localized at the impurity sites. For
concreteness assume that the conduction-electron wave
functions are plane waves labeled by k=( ke,l? ). In this
case it is enough to let u=(§, ), where a is the spin index
and £=cos6, with 6 the polar angle of K relative to the
axis passing through the impurity positions; and one has
% and 7~ zero and

Jo e e
f(e‘,g,a;E’,g’,a')=——2—(8—lQ(R/Z)S1+elQ(R/2)Sz) O e

with
Qo :(keg_ks’g,)

Note that the energy dependence of .% is quite crucial in
this case and has all the information that one needs here
in a two-impurity problem.

(2.6b)

D. X-ray absorption and emission problems
in metals (Ref. 19)

In the simplest of the models representing this process
one neglects the finite lifetime of the core hole, dynamical
screening processes, etc., and models the core hole by a
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deep two-state (occupied and unoccupied) level interacting
with spinless s-wave conduction electrons. In this case
the label m is unnecessary and d' is the creation operator
for filling the core hole. A screened contact potential in-
teraction between the core hole and the conduction elec-
trons is represented by .7 (€,€')=Gdd T and by the energy
of the core state of the form of % =¢,;d d. The Hamil-
tonian is easily modified, but still keeping it within the
framework of the generalized impurity problem, to in-
clude various complications, such as realistic band struc-
tures, momentum-dependent interactions between the core

o= [ clabaq+biba)
K=FHn+Hn+xi;,

Xn=,

K= fe” {[VT(e,u)a€“+V( ——E,M)bzﬂ]—!-H.c.}
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hole and the conduction electrons, coupling to other
angular-momentum channels, etc.

For later use it is convenient to normal order the Ham-
iltonian (2.3); i.e., to remember that the negative-energy
electron states are occupied in the ground state and that
the low-lying excited states correspond to the presence of
a few holes, and hence to represent (2.3) in terms of
positive-energy electron and hole operators. Letting
beu=c_g, represent the creation operator for a hole of
energy € and aeﬂsczﬂ the creation operator for an elec-
tron of energy €, one gets

(2.7a)
(2.70)
(2.7¢)
(2.7d)

%I3=fe,uf " [az;tae’y’y(enu';el’,u")+beuaepy(—E’.u';elnu")

+al#bzfylf(e,u; —e',u')—bi,,be'ﬂlf( —€,u';—eu)] .

D
In this case f ., Stands for ¥ f o Odepo(ie), depend-
ing on whether e'fectron or hole degrees of freedom are be-
ing considered. In writing (2.7) all constant (ground-
state energy) terms have been ignored, and the term
. & (—e,u; —e,u) that comes from normal ordering
(23‘d) is considered to be included in % . Hereafter, when-
ever any reference to the generalized impurity Hamiltoni-
an is made, the normal-ordered form (2.7) will be meant.

III. THE THERMODYNAMIC SCALING
METHOD—FORMAL DEVELOPMENT

In this paper we will discuss only the calculation of
static properties. Then without loss of generality one can
focus on the calculation of the partition function

_Bw ;)
e o

Z=Tre P =Tr (3.1

This is sufficient since any static property involves the
calculation of Tr( Ae —#%), where A is some operator, and
this can be obtained from Tre A¥+44) where #+hA
can itself be considered to be another generalized impurity
Hamiltonian.

As emphasized in the Introduction this can be a diffi-
cult many-body problem in the case of impurities with
nontrivial %, 77, and .#. In particular, even perturba-
tive calculations are plagued by divergence difficulties.
These divergences arise from the fact that for nontrivial
7~ and & successive scatterings of conduction electrons
by the impurity get correlated, leading to a coupling of
the various conduction-electron energy scales in the prob-
lem.® To see this, note that because of the Boltzmann fac-
tor e ¥ in Z, levels of & with energy much greater
than kpT above the ground state do not contribute, and
energy levels which are split on a much finer scale than

(2.7e)

f

kpT get smeared over. Hence, roughly speaking, it is the
difference between the energy-level structure of % and of
J¢ on the scale of kpT that determines Z /Z,. In pertur-
bative calculations of this structure states containing elec-
tron or hole excitations of energy Dy >e€>>kpT can come
in only as virtual states, but can thereby give rise to loga-
rithmic divergences via energy integrals such as

D,
kT

Dy de N

) (3.2)

since such integrals become large for Dy>>kpT. Thus
the divergences are due to the presence of coupled
conduction-electron and hole excitations of energy be-
tween kpT, the energy scale of interest, and Dy, the cutoff
energy scale. They are similar to the divergences encoun-
tered in critical phenomena and quantum field theory.’
The scaling or the renormalization-group transforma-
tion (RGT) is a recursive procedure to “eliminate” or “in-
tegrate out” the higher (i.e., near the cutoff) energy scales
in the problem so as to reduce the cutoff from D, to a
new value D <Dy, but in such a way as to preserve the
structure of the energy-level splitting of the Hamiltonian
on the scale of kzT. Our prescription to define this recur-
sive procedure is as follows: Consider evaluating Z given
by (3.1) treating 57°; in perturbation theory. The various
terms that result involve [see Egs. (3.3a)—(3.3d)] sums
over eigenstates of 27 as intermediate states, weighted by
appropriate Boltzmann factors. Now divide the set of
eigenstates of 5 into a set {|p)}, which contains no
electron or hole excitations of energy D >e>D,, and a
complementary set { |g)} (the two sets together span the
Hilbert space), which contains at least one electron
or hole of energy D<e<D,. Since E,>D and
kgT << D, one can systematically neglect?® terms in the
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perturbation series of the order of e ~PEq while making er-
rors only of order e ~P/7. It is shown below that, order by
order in perturbation theory, one can find a Hamiltonian
(D) such that the remaining terms in the perturbation
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series are equal to Trpe —BlH o+ Ty (D)], where the trace
symbolized by Trp is taken only over the set { |p)}. The
relation between 5;(D) and %, up to third order in
is given by

#1(D)=#D)+ P D)+ 7P D)+ - -, (3.3a)
V(D)=P3xP , (3.3b)
o 1 |—e PEE) | _ ,~BE~E)
(D)=—5 Y P,¥# H Py | — — , .
I z%q o1 19){q | H 1Py E,—F, £, (3.30)
7 P(D)=4 (2P + 21,
with
: ~BEy —E,) 1 —BE, ~E})
_e —
M= 3 P,#119:)(q: |1 |9:){q2 | H 1Py E _E + ;5 5
avbrqqu2 ql— a ql_ b
l_e—B(qu—Ea) lﬁe—B(qu—Eb)
X + (3.3d)
E, —E, E, —E,
and
|—o BE=E) | —BE,~E)
?M="3 (P |p)p|¥1)q){q| 5P +H.c.) +
a,b,p,q Ep—Ea Ep—-Eb
|—o BE—E) | _  —BE—Ey)
X —
E,—E, E,—E,

Here the notation used signifies that the states |g),
|q1),|q.) belong to the set {|g)} and |a), |b),|p)
belong to the set { |p)}, while E,, E, , - - - are the ener-
gy eigenvalues of 7 in these states, and P,, Py, and P
are the projection operators for the subspaces spanned by
|a), |b),and the entire set { | p)}, respectively. The re-
cursion relations (3.3a)—(3.3d) are the central results of
this section.?! Before proceeding to their derivation, it is
worthwhile commenting on several important features of
these relations.

A. Weak temperature dependence

The recursive procedure discussed above transforms the
old problem of evaluating Tre XD ver states with
cutoff D, into the new problem of evaluating
Trpe —AXAXID (er states with cutoff D <Dg. The
new Hamiltonian #7,+57;(D) depends both on D and on
the temperature kpT (strictly speaking D/D, and
kg T /Dy), although, as will be seen later, the temperature
dependence is weak and can be ignored for many purposes
(and hence has been suppressed in the notation). Since the
recursions have been derived for a finite reduction in the
cutoff, it is trivial to convert them into differential recur-
sions for an infinitesimal change in the cutoff by letting

B. Nonsingularity

Although the expressions (3.3c) and (3.3d) involve ener-
gy denominators that vanish, the complete expressions are
nonsingular and well behaved. The presence of the
temperature-dependent terms in (3.3c) and (3.3d) is crucial
in ensuring this and is related to the point made earlier,
namely, that energy levels split on a scale much smaller
than kT are smeared over, so that kzT provides a lower
cutoff for energy splittings.

C. Semigroup property

There is some degree of arbitrariness in the choice of
(D), since only the partition function has been re-
quired to be preserved (up to terms of order e ~?/7) by the
transformation. Apart from considerations of hermiticity
and symmetry, the specific choice given by (3.3a)—(3.3d)
has been made such that it ensures the semigroup proper-
ty of the RGT. Namely, if D' <Dy, then the Hamiltonian
obtained by a direct transformation reducing the cutoff
from D, to D' must be the same (up to terms of order
e¢~2"/T and e ~P/T) as the Hamiltonian obtained from two
successive transformations reducing the cutoff first from
Dy to D, and then from D to D’. That the choice
(3.3a)—(3.3d) satisfies this requirement is proven in Ap-
pendix B, but it must be noted that this requirement still
does not uniquely fix the recursions.
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D. Ground-state energy terms

Ideally, one might have wished the recursion relations
to have the property that if %, —2°;+A where A is a
constant, then F(D)—#+A, while (D),
2’(13)(D), etc., are unaffected. We have not been able to
find a way to meet this requirement. In particular,
(D) given by (3.3d) does pick up extra terms, al-
though these terms do not make any contribution to the
partition function. It is convenient to avoid such terms by
ensuring that at every stage of the iteration (3.3) does not
contain any constant terms, i.e., ground-state energy terms
are always included as part of 7 and not of ;.

Next we present the proofs of the various results stated

J

n -—BEj
Z(")=—g.2.(jllyfll_h)"'(jnl%IUl) S e ,..I'I__l___

m=1

Jise-vsdn
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above. For convenience of exposition, only the basic out-
line will be presented in the text, and the algebra and the
technical details will be relegated to the Appendixes.

Consider the perturbation expansion for the partition
function (3.1).2 One can write this as

Z=7Z947ZV4Z?4 ... | (3.4a)
FAES R (3.4b)
J
(1) _ . .\ _—BE;
ZV=—B3 (j|#1]jde "7, (3.4¢)
j
and the nth-order term (for n > 1) is given by
(3.44)

k#m Ej - Ef

A proof of this result is presented in Appendix A. In the above expressions |j), |j;), - denote the eigenstates of 7%
and Ej, E; , - -+ denote their energies. Note that the entire expression within the large parentheses in (3.4d) is an analyt-

ic function of all the energies E;, .

Next one makes the division of the eigenstates of 77 into the sets { |p)} and { | g )} discussed earlier. The subspaces
spanned by these sets as well as their projection operators will be denoted P and Q. To any order the term in which all

the intermediate states belong to Q is of order e ~?/
using obvious notation,

T and can be neglected. The remaining terms up to third order are,

Z0=3 (3.52)
)
ZW=_B3 (p|#;|pre ", (3.5b)
P
5 —BE BE,,
Z(Z)—z-_? > (b1 p)p2 | X1 | p1) Z _E
PP, Py~ Py
o ~PEr _ P,
+22p | ¥l a)a |1 |p) | —F—% , (3.5¢)
Pq p—E£q
B P
Z¥=— 1 3 Ap || p2)p2 | 1 | p3)p3 | %1 | p1) = +
3 |pioops v (E, —E, )E, —E,,)

+3 3 q|Zr|p)p1 |1 |02 p2 | 1 | q)

py>P29

+3 3 (pl#ila1) a1 |1 19:2){q2 |1 |p)

P99,

Now consider the question of whether one can find
(D) such that Trpexp{ —B[H#o+#(D)]} agrees or-
der by order in perturbation theory with the terms in (3.5)
(up to terms of order e ~2/7). Breaking up (D) into its
various orders as in (3.3a), one can write

Trp exp{ —B[# o+ 1(D)]}
=Trexp{ —B[Ho+ D)+ 7P D)+ -+ 1} .
(3.6)

—BE
P —BE,
e I_e 79

(EP1 _Eq)(Epl _EPZ)

+(p1opy)

— —BE,
e BE, —e 9,

(E, —E, (E, —E,)

+(g1+>q>)

T

Now one can expand the right-hand side using the pertur-
bation expansion (3.4), and compare order by order with
(3.5) to obtain various conditions on #7"(D). The
zeroth-order terms evidently agree. Comparing the first-
order terms yields the condition

—B3 (p |2V |pre P
14

Ep.

=ZW=_B3 (p|#;|ple (3.7)
p
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Clearly (3.3b) is the obvious (but nonunique) choice for
ﬁ/‘ll)(D). This choice is convenient, as it automatically
generates those terms in the perturbation series where all
the sums over the states are restricted to the subspace P,
such as the first term in (3.5¢) and the first term in (3.5d).
Consequently, the conditions on A P(D) and P (D) are
determined by the terms containing at least one set of in-
termediate states belonging to Q, and are exhibited in Ap-
pendix B. There it is also shown that the results (3.3b) for
#P(D) and (3.3d) for #>(D) represent one possible
choice satisfying these conditions. Again, there is no
reason to expect any difficulties of principle in carrying
out this procedure to higher orders in perturbation theory.
The requirement that the recursion relations satisfy the
semigroup property is an important one. The proof that
choice (3.3) does meet this requirement is also part of Ap-
pendix B.

1IV. THERMODYNAMIC SCALING THEORY
APPLIED TO THE GENERALIZED IMPURITY
HAMILTONIAN: RECURSION RELATIONS

In this section the formal scaling procedure developed
in the preceding section is applied to the generalized im-

P#1,Q=0,
P Q= [ PI¥Nqplag+by,? (—aw]Q

purity Hamiltonian with %,2",.% being treated perturba-
tively. The essential result is that #°;(D) can also be writ-
ten in the form (2.7) with %p,7p,*p replacing
% ,7",.%; recursions relating the two are derived.

To proceed, divide the electron and hole creation oper-
ators a z,‘,bzy into the following two sets:

(@pusbpy) for 0<p <D
and (4.1)
(a;,,,b;ru) for D<q <Dy .

Because of the definitions of the subspace P as containing
no electrons or holes of energy D < € < D, one clearly has

8guP =bg,P =Paj, =Pb},=0. @.2)

Hence one has the following results for operators such as
P37 P, Q;Q, P 1Q, etc. The expressions correspond-
ing to PP and Q57 Q are essentially the same as in
(2.7) except that for PS¢ P the energy integrals in (2.7d)
and (2.7e) are restricted to P, i.e., to 0 <€ <D. Further-
more,

(4.32)
(4.3b)

P%I3Q=fp,y fq’vp[a;paqu(P’lléq,V)'i'bp,ﬂqu(—P,Hv;q,V)'f'bqﬂppY("q,V;P;#)—b;ybqu( —P:,U-,—q,V)]Q
+fq1,y1 fqz,,‘ZP[qu“qzuzf(—Q1,#1;‘12,ﬂ2)]Q . 4.3¢)

The operators Q%P are Hermitian conjugates of the above expressions.

One can now use the above results in the recursions (3.3) and carry out the sums over the intermediate states and ob-
tain explicit expressions for #°;(D). Since the first-order result PSP is of the form (2.7) with the energy integrals in
(2.7¢) and (2.7d) being restricted to P, one has, for the first-order contributions to % p,? p,-*p,

AY=w, 7Pleuw)=7"en), Foleue.pn)=Seue,u) . 4.4)

The second-order result for 52 (D) can also be shown to be of the form of (2.7b)—(2.7e) with the conduction electrons
being restricted to P and with the operators % p,7 p,.* p, replaced by their second-order contributions,

_eo—Ha
2= [ a7 am+ 7 (—gur —gu)tTe—
1—e B+
—_ f(—,;,v).}”(,v;—,)-kf(— ’V;’)y(’;—;)————
Lo LS psan S gy —pop 9vipa) S popts — gV
_e“ﬁ(ql+qz)
_fql,vl fqrvzy(_ql’vl;qbVZ)'y(qZ?VZ; “41"’1) q1+q2 (45a)
—Blg—e) —Bq
(2) _ 1 . l—e 1‘—e
VD (e,,u.)—-—-2 fq,v f(f»/‘,%")y(q,v) q—e¢ q ]
1—e—Bate) |_o—A
— 7 (g Feu;—q,v) + , (4.5b)
q u;—q g+e q
__,—Blg—e 1— —Blg —¢€)
f(Z) e —_ 1 . ’ ot l1—e €
b (&u;€,pu')=—3 fq’v F(6,139,v).(g,v,€,1") s g—¢
gy P et —aw) 1—e—PBlg+e€) 1—e—Blg+e 4.50)
s V€ 1 adl ’ q+€, q+€ 4 *
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where it must be reemphasized that f stands for f dq pol £g) as appropriate.

The algebra that leads to the above results is perhaps tedious, but is sufficiently straightforward if one notes the
following basic points: (i) For a given choice of terms drawn from P2;Q and Q2P the energy denominators are
fixed, and the sum over | ¢){q| in (3.3c) can be reglaced by the identity operator. (ii) The a,’s and b,’s in P;Q can
be “matched” and “contracted” with the aq ’s and by s in Qa‘l’,P respectively; otherwise, they can be antlcommuted and
moved until a,,b, are next to (to the left of) P and a;r s and b s are next to (to the right of ) P and this gives zero in view
of (4.2). As an illustrative example, consider one of the terms arising from 5, treated in second order given by

1 Vel . Tt
-2 fp,u fq,v fq',V L,’”,P[bq’v’ap’p’f(-q yViD U )][f(P,#,—q,V)apybqv]P
1—e—Bp+d __o—Bp'+d)
+ ’ ’
p+q p+q
Anticommuting the b,’s and b; ’s, one has

P (bq'*’ap'ﬂ’a;ub;u )P =P [ap'u’a;u(sqq’aw _quubq’V')]P ) @.7)

(4.6)

where the second term (with b, P) on the right-hand side can be dropped in view of (4.2). Normal ordering the
remainder gives

8 gqBvv(Bpp Sy — Payyy) - (4.82)

It is easy to see that the first term above makes a contribution to ¥ given by

TABLE 1. Third-order contributions of the type P#;Q5%;Q5;P [i.e., arising from the first term in (3.3d)] to #p(e,u;€’,u’') and
% p in the case when 7"=0. Each of the operator terms listed is to be multiplied by the corresponding energy denominator term
hm(E,,,E,,,E E ) [cf. (B11a)], which can be calculated using the energy differences listed and then integrated over repeated labels

such as (g,v), (pl,ul) (q1,H41), etc., with f f dq po(£q) and f f dp po( £p) as appropriate.

Energy differences

Operator qu —E, qu —E, qu —qu
Contribution to $(e,u;€’,p")

F(—=pi,p139,v)F(€,u;€,u" )5 (q,v; —p1, 1) q +p1 q+p; €—¢
— L (6,1;q,v)F (—p1 i €,0") .5 (,v; —p1,p1) q—¢ q+p1 —pi1—€
—F(—p1,u139,V)F(6,1; —p1,101)5 (g, v;€',u") q+p: q—¢€ €+py
F(—q,v;p1,p1) (€, p;€ 1" )T (p1,y; —q, V) pi+4q Pi+q e—¢
—F(—q,v;p1,101)F (pr,p1;€,1") .5 (6,15 — g, V) p1+4q €+q p1—€
—F(—q,v;€,1" ) (6,50 1,101)F (P15 1015 — G, V) €+gq P1+4q €—pi
F(—q,113q2,102). 5 (€, ;€ ,14"). S (@2, 1125 — 1, 441) @+ g2+ e—¢
— L (—q1, 11392, 142) (G2, ;€ , 11" ). (€, 115 — g1, 01) @+q €+q, q,—€
—F(—q ;€10 ) (614592, 102)5 (g2, 1025 — G 1, 141) €+q; 92+4q: €—q;
—Z(6,13q1,11)F (—qa,p2; € 1" ). (g1, 1015 — G2, 1) q1—€ q91+492 —q,—¢€
—L(—q1,113q92,12). 5 (6,105 — q1,11). (G2, p2; €, ") 9+ q—¢€ €+q,
Fle,1391,18) (1, 01392, 142)-F (2, 2 €', 147) q1—€ g,—¢€ 91—
F(—qu i€ ,10" ) (—qaia; —q1,101) 5 (6,05 —q2, h2) €+q; €+q; —q2+q,
Fe,pu;q,v)% F(q,v;€,u') q—€ q—¢€ 0
—F(—q,v;€,u")U P (e,u;—q,v) €+q €+gq 0
F(—q,v;p1,p1)F (P, 113P2,142)5 (P25 123 — G, V) Pi1+4q D2+4q P1—D2
—F(—p1,1134,V)F (=P, tia; —P1,101)5 (q,V; — P2, 142) q+p: q+p, —p2+pi
F(—p,1;q1,v1).7(q1,v1;02,v2).5(q2,v2; —p, 1t) q1+p g2+p q91—4q2
y(—lh,V1;P,#)f(P,.U;QLVz)y(qz,Vz;_‘11,1’1) p+a q2+q1 p—q
—(—q1,vi;p, ) (—q2,v2; —q1,v1).F (p,pt; —q2,v2) p+q: p+aq: —q2+q;
F(—q1,v15q2,v2) 7 (q2,v2;,0,0).F (p,v; —q1,v1) 9+q; P +q 9—p
F(—p,u;9,v)% L (q,v; —p,1t) q+p q+p 0
F(—q,v;p,)% S (p,p; — g, V) p+q p+q 0
F(—q1,1015q2,102) U 5 (G5 102 —q 1, 41) g2+, g2+q1 0
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l—e—Bp+9

= Jou S (v S o =) | =

, (4.8b)

which is one of the terms in (4.5a). The second term in (4.8a) gives rise to the contribution to %%’ corresponding to the
second term of (4.5¢c). Similarly, the other terms of (4.5) can be obtained.

The third-order contribution J7°;(D) can similarly be obtained with the use of the above procedure. For the purposes
of this paper it is sufficient to present the results only for the case when #"=0. As these are too lengthy to be exhibited
as equations we have listed them in Tables I and II. It must be noted that in addition to terms considered above the fol-
lowing additional terms arise:

#1D)=[_ [, lebcky ¥ rplepme ) +Hel, (4.92)
H'15(D) =f€“ fevlh ffz’#z [cq‘celylcebuz7/3,D(e,,u;e,,u,;62,,u2)+H.c.] , (4.9b)
H16(D)= fw1 S Mcll,,lci,ﬂzc%%chf 4,D(€1,1415€2 423 €3, 1433 €45 4) - 4.9¢)

It will be shown in the next section that for impurity problems 773 and .#, constitute irrelevant variables in the RG
sense and can hence be ignored (unless they are present, accompanied by large coefficients, in the initial Hamiltonian it-
self). 7, is a marginal variable, but (unless present initially) it is generated by the recursions only when 7~ is present
and the latter turns out to be a relevant variable. Thus, compared to 7 the effects of %", are seldom worth considering.
Hence, the most important aspect of the thermodynamics of the generalized impurity Hamiltonian can be discussed just
in terms of %, 7", and ..

The scaling procedure that has been discussed so far gives rise to a continuous trajectory (as a function of decreasing
cutoff D) of generalized impurity Hamiltonians, characterized by % p, 7 p, and .#p, all of which describe the same
low-temperature physics as the starting model Hamiltonian with cutoff D,. Invoking the semigroup property of the
scaling transformation discussed in the last section, one can obtain differential recursion relations for the variation of %,
7", and . with D. For this purpose one has to start with the Hamiltonian with cutoff D, characterized by % p, etc.,
and scale D down to D — 8D to obtain % p_sp, etc. In Egs. (4.5) one can hence replace f . by 8Dpy( +D) as appropriate,

TABLE II. Third-order contributions of the type P PJ¢ Q5P [i.e., arising from the second term in (3.3d)] to #p(€,u;€’,u’)
and % p in the case when ?"=0. Each of the operator terms listed is to be combined with its Hermitian conjugate term [in case of
b, this is obtained by taking the adjoint of the operator term and interchanging (€,u) with (¢’,’)]. Then it is to be multiplied by the
corresponding energy denominator term hm(E,,,Eb,E E,) [cf. (B11b)], which can be calculated using the energy differences listed
and then integrated over repeated labels such as (g,v), (py,u1), (q1,1), etc., with f f dq po( £g) and f f o dp po(£p) as ap-
propriate.

Energy differences

Operator E,—E,; E,—E, E,—E,
Contribution to 3 e,u;€e’,u’)
FLe,u;€,u" ) (—q,v;p1,11)5 (P, 115 — G, V) €—€ pi+q —q—p
Lleu;€,u" ) (—pru;g,v)7(q,v; —pr,u1) €—€ q+pi —P1—q
L(6,u;p1,p1)F (pr,p139,v).5 (g, v €, u") p1—€ q—¢ pP1—4q
F(=prui€,u) L (—q,v; —p,u)S (6,u; —q,v) € +pi €+q —q+p;
—Lle,u;p1,01) S (—aq,v;€,10') . (pr,pr; —q,v) D1—€ P1+4q —q—¢
= (—pr,u;€,u") 7 (,u;q,v).5(q,v; —p1,t1) €+pi q+p; €—q
Le,u;€,u" ) (—q1,v1;42,v2).5(g2,v2; —q1,v1) €—e g2+ —q1—q2
2 S (,;9,v).7 (g, v;€', 1) 0 qg—¢€ €—q
— % (—q,v;€ 1) (e,u; —q,v) 0 €+g —q—¢
Contribution to Z§’

F(—=pi,pi;p2,12) 5 (P2, 10234,v).F(q,v; —p 1y 1) P2+D1 q+p: P2—4q
— L (=piL,p1;p2,12) L (—q,v; —p1,101)F (P2, th2; — g, V) P2+D1 P29 —q+p
% S (—p,u;q,v).7(q,v; —p, 1) q+p q+p —p—q
% S (—q,v;p,p)S (p,u; —q,v) p+q p+q —q—p

UL (—q1,101592,142)5 (g2, 1425 — 15 141) q2+4q1 92+ —q1—q2
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and replace g by D. It is then easy to verify that to second order the differential recursion relations are
a%p _ [ 175D 7 p(D,u)po( D)+ 7 p(—Do) 7 h(—D wpe —D)]+
dD P' b b b b D
+[ on [ 17 b(—=p,t;D,9).7 p(D,v; —p,p)po( D)+ pl —Dypipyt)- b (pof; = Dyv)pof —D)]B—L; ,
(4.10a)
d7ple,un) 1 l—e—BD—©
— =3 [, | 7 ple;D,v)7 p(D,v)py(D) A v
1
— VD(~D v)Z ple,u; —D,v)po( —D) ‘D Die (4.10b)
d S ple,u;e,u') , 1—e BD—- |_o—BD—€)
—E =1 [, | I plems D). p(Dyvie uipo D) | == o 5o
1 1
—Fp(—D,v;e',u' ). ple,u; —D, —D) | ——— s 4.10
ol v;e, ') ple,n Vv)pol ) Die + Die (4.10c)

where terms of order e ~#P have been dropped unless

necessary to ensure nonsingularity. Note that the term
with the double integral over g in (4.5a) drops out of the
differential recursion relations since it is of order (8D)%.
The third-order contributions to the right-hand sides of
(4.10) can be written down straightforwardly from Tables
I and II by similar manipulations. We will therefore not
record them separately.

V. RENORMALIZATION GROUP ASPECTS

The scaling transformation discussed in the previous
sections can be used to define a renormalization-group
transformation (RGT) in the space of generalized impuri-
ty Hamiltonians. There is a technical difference between
the scaling transformation and the RGT, as the latter is
defined so as to be independent of the scale of the cutoff,
while in (4.10) D appears explicitly.

The most convenient way to define the RGT is to rede-
fine the conduction-electron degrees of freedom in terms
of dimensionless energy variables, and to rescale the cut-
off D after each stage of thinning the degrees of freedom
so that the dimensionless cutoff at each stage of the recur-
sion is unity. This is easily accomplished by defining, for
each value of the cutoff D, new conduction-electron
operators

(5.1)
and similarly for E:w dyy, etc. Clearly, from (2.2) one has

=8, 8(x —x') . (5.2)

Gxﬂz[po(e)D]l/zceﬂ, e=xD, —1<x<«1,

{c,,,u,cJc W=

It is easy to verify that, in terms of these conduction-
electron variables, #°y(D), 7 ,(D), and 7 3(D) become

H#oD)=D f”xd,,am, (5.32)
,Do(Dx)

#pD)=D [ 1=
X[ h(Dx,p)E,+Hel,  (5.3b)

I

#1D=D [ [ [po(Dx)po(Dx")" e} Z

X & p(Dx,u;Dx',u') ,  (5.3¢)

where f now stands for f dx. Now define the follow-

ing dimensionless quantities:

H (D)=, D)+%#,(D)

=[(D)+21(D)]/D , (5.4a)
Zp=2/D, (5.4b)
7 p(x,u)=[po(Dx) /D17 1 (Dx,p) , (5.4¢c)

F p(x,u;x" 1) = [po( Dx)pg( Dx")]'2
X p(Dx,u;Dx’,u') . (5.4d)

Then it is evident that #, is a generalized impurity
Hamiltonian with (dimensionless) cutoff 1, and can be ex-
pressed in terms of the dimensionless conduction-electron
variables exactly in the form (2.3) or (when normal or-
dered) (2.7) with the dimensionless couplings % p, 7 p,
and % p replacing %, 77, and .¥. The above transforma-
tion also makes evident that the thermodynamics of the
Hamiltonian determined by

(Do) H (Do)
Trexp | — kyT =Trexp _kBT—/Do
=Trexp |— Ii;(e.)D ] (5.5)

depends only on the dimensionless variables (kpT /D),
% Dy 7 p,» and 5% Dy OF equivalently, via the scaling
transformation, upon ( kgT/D), % p, 7 p, and .7 p.

The scaling transformation that was discussed earlier,
and the rescaling in (5.4), defines a transformation con-
necting #p to #p ,» and this is indeed a renormalization-
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group transformation. In particular, the differential RGT
that relates % _sp to #p has the form

Ao

din(Dy/D) ~Z1#p] 5.6

where the transformation Z is now independent of D.
This follows from the fact that the procedure for obtain-
ing #p_sp from 7#p can be carried out entirely in terms

I
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of the dimensionless variables: Namely, by eliminating
the dimensionless conduction electron and hole degrees of
freedom between (1—8D /D) and 1 and by rescaling the
dimensionless cutoff back to 1, in exact analogy to what
was done earlier. Either by such a procedure or by mak-
ing use of (5.4) and the recursion relations (4.5) it is easy
to derive the recursion relations for % p, ¥ p, and %)
explicitly. Up to second order these recursions read as
follows [compare (4.5) and (4.10)]:

d%p =Zp— [ 7L p(Lp)+ 7 p(— 1, P p(—1,p)]
d n(Dy/D) u , , , ,
1 ~ -~ -
_ fx,u f,, 1+x [.?D(—x,H;l,v)fD(l,v;—x,#H-fD(—l,v;x,u)fp(x,p;_l,y)] (5.72)
d7px,n) 7 3 ~ 1 _ | Poti—®
= — —— e — 0 1
dln(Do/D) 2 xax VD(x,,u) 2 f yD(xa,U«,l,V)VD(l,v) 1—x +
_%L(—l,v).?p(x,ﬂ;~l,v) 1+ ﬁ; ] ] , (5.7b)
dZ p(x,u;x',p") d Lo |~ .
TdmDy/D) T [Fax TX axr | o)
—B,(1—x) —Bp(1—x")
! o et l_“e D I—e D
-y fv }DOC,,U/,I,V)yD(l,V,x 1y ) —x -+ ' ]
.? 1\ 1 1
—Fp(—=Lvx",u') S plx,u; —1,v) Tt o || (5.7¢)

where B, stands for the inverse scaled temperature:2>

Bp=BD =(BDy)(D/D,) . (5.8)

One important difference between these RGT recur-
sions and the scaling equations (4.10) is the presence of
the first-order terms on the right-hand side; these have
arisen entirely out of the rescaling transformation (5.4). It
must be emphasized that the above RG recursion relations
(5.7) give only a specific perturbative realization of %, but
A itself (in the sense of the scheme of eliminating the
high-energy conduction electrons and holes and rescaling)
has meaning in an abstract, nonperturbative sense. For
example, the numerical RG method developed by Wil-
son?* is essentially a nonperturbative realization of % and
is hence much more powerful. Yet another realization
could be obtained by carrying out the elimination of the
conduction-electron degrees of freedom by treating % p
not as a perturbation, but exactly as part of 27

In fact, the particular realization of % embodied in
Eqgs. (5.7) constitute nothing but the perturbative RG re-
cursions relations around what might be called the “free-
impurity fixed point” of #. The reason is_that if % p,
7 b, and |, were zero, 5, would just be #4(D), which
is characterized by a one-electron density of states po(Dx)
and if, furthermore, py(€) is a constant p,, then J7(D) is
independent of D and is a fixed point of #. Physically,
this free impurity fixed point corresponds to the situation
in which all the states of the impurity are degenerate, and

|

are decoupled from the conduction electrons. Now % p,
7 p, and .#, constitute deviations of #p from this fixed
point, and indeed the recursion relations (5.7) are the non-
linear RG equations for these deviations, and are valid
only when these dimensionless couplings are small (com-
pared to unity).

Examination of the linear terms in the RG recursions
(5.7) shows that % p and the energy-independent part of
7"p constitute relevant deviations, the energy-independent
parts of *p constitute marginal deviations, and the
energy-dependent parts of ¥, and .%, constitute ir-
relevant deviations around the free-impurity fixed point.
This can be seen by Taylor expanding ¥~ p(x,u) and
7 p(x,u;x",u’) in powers of x and x’, which is justified
as 7"p and % p must both be smooth functions of the en-
ergy variables in order that they describe the interaction
of conduction electrons with localized impurity states.
Then one has

—~ ~ x"
Zoum)= T ol » (5.92)
" (x )
n! (')~
Clearly, from the lmear terms in (5.7b) and (5.7¢c) ¥ Din
has eigenvalue (3 —n) and 7 dinne has elgenvalue
—(n +n’). In the same way, one can also verify that the
dimensionless couplings 77; p and ., p obtained by re-

Fpxu;x’,p') = 2‘, Z pimn ot ) (5.9b)
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scaling #;5(D) and 57 4(D) defined in Eq. (4.9) constitute
irrelevant deviations, and that the energy-independent
part of %", p constitutes a marginal deviation.

Next we discuss the question of how the scaling pro-
cedure relates to the calculation of the thermodynamic
properties of 5 at a temperature T (typically
kg T <<Dg). The basic strategy is that one carries out the
scaling until D is reduced to 107 during the entirety of
which the approximation of neglecting terms of order
exp(—D/T) is justified. Suppose that during this entire
process Zp, 7 p, and #p continue to remain small so
that the higher-order terms which should in principle be
present in the recursions (5.7) can be neglected. Then one
can integrate these recursion relations until D =107, and
thereby obtain the final scaled Hamiltonian, to be denoted
ol T), and calculate the thermodynamics from
Trexp[ — 10#e(T)] [cf. Eq. (5.5)]. The point is such
that a calculation can be done perturbatively in terms of

U g T), 7 4 T), and Z (T, and will result in good ex-
pansions, i.e., expansions free of divergences, since the ef-
fective ratio of the cutoff to the temperature in (T is
fixed to be 10 by definition. In fact, such a procedure can
be shown to be equivalent to summing up specific infinite
subsets of terms in perturbation theory. This will be illus-
trated in the next section with the use of a specific exam-
ple.

Of course, in general, U D> 7 p, and 7 p do not remain
small once D /D, becomes sufficiently small, since %p
and 7 p,o are relevant and *p.q o can be marginally un-
stable. In this case perturbative RG equations such as
(5.7) break down when any of the dimensionless couplings
become of order unity. However, this does not render per-
turbative scaling useless because # has a nonperturbative
meaning, and so do 57p and H# ( T). Indeed, the numeri-
cal RG methods developed by Wilson permit one to fol-
low the trajectory of F(T) with decreasing T even
when any of the effective couplings become large. The
understanding of the general character of the trajectory of
Ho(T) gained by the application of these methods to
many problems suggests the following method of using
perturbative scaling repeatedly to trace pieces of the trajec-
tory of i T).

The method depends on the fact that typically,'* the
trajectories of . T), or equivalently of #(D), are in the
form of flows from the neighborhood of one fixed point
of # to that of another, and that the crossover of
(D) away from a fixed point takes place when one of
the relevant or marginally unstable deviations around the
fixed point becomes of order unity. What is more signifi-
cant is that the fixed points often correspond to some new
effective impurity degree of freedom with all its states de-
generate and decoupled from the conduction electrons.

@g) (POJO

D, D, ., P
+ fD dq, fD dq, S'S/[Tr(a'o’)]

f dpf qu’S"[Tr(aa’)—!—Tr(afa)]
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Hence, when D (or T) is in the regime of such a fixed
point, i.e., such that (D) [or }feff( T)] is in the nelghbor-
hood of this fixed point, (D) can once again be
represented as a new generalized impurity Hamiltonian
with new dimensionless couplings. Furthermore, new RG
recursion relations can be written down with the use of
(5.7); solving these relations permits one to trace the tra-
jectory of 2(D) as long as it stays in the vicinity of that
fixed point. In other words, the entire range of T (or D)
can be broken up into various regimes in each of which
Ko T) is in the neighborhood of some fixed point of the
RG transformation Z#. Also in each of these regimes, the
physics of the problem can often be understood in simple
perturbative terms, albeit these terms are of undetermined
“phenomenological” parameters that specify the various
dimensionless couplings in each regime. Of course, to
connect such phenomenological parameters to the cou-
pling constants of the initial model Hamiltonian one must
be able to follow the trajectory of 2#(D) through its cross-
over regimes. While this can be done with the use of the
perturbative scaling equations occasionally, in general it
requires the use of nonperturbative realizations of . For
a textbook illustration of the various ideas presented
above, their power and their limitations, the interested
reader is directed to our treatment of the two-impurity
Kondo problem.!?

VI. ILLUSTRATION OF THE USE
OF THE THERMODYNAMIC SCALING
TECHNIQUES: THE SINGLE-IMPURITY KONDO
PROBLEM

In this section we apply the methods discussed so far to
the single-impurity (isotropic) Kondo problem. This is a
well-studied and reasonably well-understood problem, so
our purpose is partly to check that our methods reproduce
known results and partly to bring out some of the subtle
aspects associated with the use of these scaling methods.

As discussed in Sec. II, in case of the single-impurity
Kondo problem p stands for the spin label only, and in
the model Hamiltonian one has

U =Y"=0, f(e,a;e',a'):-!;-g-a'aa 6.1)
where S represents the impurity spin. For concreteness, it
will be assumed hereafter that the density of states po(€) is
a constant, po. It is then just a question of straightfor-
ward, albeit tedious, spin algebra to work out % p and
& p (¥ p=0 for all D) using the relations (4.5) and
Tables I and II.
Consider the second-order results. One has

—Bp+q)
p +q

—B(g,+q,)
(6.2a)
q91+9>
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D
FPe,a;€,a' )= —+poJ3 fDoquiSj (0709) e

1—e —Bla—e) 1—e—Blg—¢€)
+
q—e€ q—€

(00 [ 1—21‘-‘:%) + l—f]ff:+e) H (6.2b)
Using
o'ol=8;;+i€e"*o* and €7k S'SI=iSk (6.3)
performing the integrals, and dropping terms of order e ~#P and e _B(DO‘D), one obtains
U3 = —(poJy)’S (S +1)(D0—D)1n25El‘,2’ , (6.4)
S e,a;€',a' ) =KP e,€ %J(DZ)(e,e')§~Eaa' , (6.5a)
where
K (e, €)= _Po SJ Ei(—B(D —e))—Hn D — ll))oiee +(e—€') ] , (6.5b)
I (e,€)=— p S(S+1) Bi(—B(D —e)+1n| 22=¢ Pote | (o o) (6.5¢)
D—e D+e

Note that the only temperature dependence of the couplings is generated via the exponential integral function Ei(x) and
is hence negligible unless | D —e| or | D —€'| <kpT. Note that the form of the results (6.4) and (6.5) is consistent with
the symmetries, namely rotational invariance and particle-hole symmetry, present in the problem. In particular, %, can
only be a trivial constant and K (€,€’) has no energy-independent component, i.e., there i 1s no contact potential scattering.

One can similarly work out the algebra for the third-order results and verify that %} is also a constant Ey), and that
&3 is also of the form (6.5a). For the purposes of this paper, it is enough to exhibit the result for the energy-
independent part of Jp(€,€'), i.e., Jp(0,0), to be denoted J (D). One has

JD)=2p3J3 | In? |[— [[S(S+1D)+1]—In |— | — I, —L)[S(S + D) —1]+ L[S(S+1)+1] | , (6.6)
where

I,= f;oiiln _I% , (6.7a)

IzEfDDO%l Pral, (6.7b)

I= f;"d?qm =/, °d" [ ae| < E) Ly e-pe|e®=l (6.70)

Note that the result (6 6) has contributions coming from both the sets (Tables I and II) of third-order terms. It is quite
clear that J, (2) and J5 have logarithmic terms mvolvmg In(Dy /D), and since the thermodynamic propemes of # at
temperature T are supposed to have good expansions in powers of Jp for D of the order of T, their expansions in powers
of Jy will have logarithmic terms involving In(Dy/T) as stated in Sec. III.

Next consider the recursion relations. The dimensionless couplings are given by [cf. (5.4)]

-~ .  Ep
D=EDE—D— , (6.8a)
Zp(x,a5x",a')=po.” p(Dx,a;Dx’,a’) , (6.8b)
and in view of (6.5a) one expects that
.?D(x,a;x’,a’)=I?D(x,x’)—%fD(x,x')g'&’aar , (6.92)

where

Kp(x,x")=poKp(Dx,Dx’), Jp(x,x")=poJp(Dx,Dx") . (6.9b)



30 THERMODYNAMIC SCALING THEORY FOR IMPURITIES IN . . .

2819

Substituting these forms into (5.7) and going through the same algebra as before now enables one to write down recursion

relations for Ep, Kp, and Jp. They are given by

dEp = U dx [
——— Kp(—x,DKp(1,— Kp(—1,x)Kp(x,—1
TnD./D) ~Er— Jo Tax | HEn(=x DR (1, —x)+Kp(~1,x)Kp(x, ~ 1)]
+ 3D (7, (1, =) 4 T~ 1T (= DI | (6.10a)
dKp(x,x") 9 3 |~
- v Y K , ’
d1n(Dy/D) [" ax T axr |Kplxx")
—Bp(1—x)
~ Ry DR (1) + S(S4+1)JD(x,1)JD(1 x| 1= e+ (x—x)
= = S(S+1) + 1 1
— — —1,x")+— — — , 6.10b
Kp(x,—1DKp(—1,x")+ 2 Jp(x, — 1)Jp(—1,x") T + Tox’ H ( )
dJp(x,x") 3 , 0 |+ ,
dIn(Dy/D) "‘ ax T¥ axr |T2X)
_ _ ~ _ 1— —Bp(1—x)
— =+ [[Tp(x, DI p(1,x") +2K p(x, 1T p(1,x") 4+ 2T p(x, 1)K p(1,x")] 1 +(x—x")
1
+[Tp(x, — 1)JTp(—1,x") —2K p(x, — 1)JIp(—1,x") — 2Jp(x, — DK p(—1,x")] T-l' T+x' ” .
(6.10c)
|
It must be emphasized that if one keeps track of the ener-  lowing:
gy dependence of Jp(x,x') and Kj(x,x’), these are recur- ~ ~3
sion relations for infinitely many variables, even though ____.4‘]_ —_J2_ I { 14+[S(S+1)—1]1n2
all of them except for Jp(0,0), to be denoted J(D), consti- dIn(Dy/D)
tute irrelevant variables about the local moment (LM) LSS +D+1L) (6.12)

fixed point (which corresponds to ¥ =0, i.e., to the im-
purity spin being decoupled from the conduction elec-
trons). This is seen, as before, by expanding J, Jp(x,x’') and
Kp(x,x")ina Taylor series as in (5.9). One thus has

(x)" (.x)

JD(X X )— 2 E JD inyany 1 P (6113.)
n;=0 n,=0 ny nj

_ 0 0 — n nh

KD(X,X’)= 2 2 KD;nl,nz (X)‘ (L)T— (611b)
n1=0 ny -0 n! njp!

Converting the recursions (6.10) into recursions for
Jp. ;nyn, and K D;ny,n, ONE notes from the linear part of the

recursion relatlons that both J, and K have
D;ny,n, D;ny,n,

eigenvalues —(n;+n,). But K, D;0,0 is not generated
by the recursion relation and hence .'IVD;O,O, which is the
same as J(D), is the only marginal variable and is the
dominant coupling constant in the problem, and all other
variables are irrelevant variables.

As a first approximation, therefore, one might think
that it is sufficient to consider the recursion relations for
J(D) alone and ignore all other coupling constants. It is
easy to derive these up to third order, indeed just by in-
spection of Eqgs. (6.5¢) and (6.6). The results are the fol-

where I, is just the inner integral, over €, in (6.7¢)
evaluated at ¢ =D (cf. Appendix C) and is given by [cf.
Eq. (C7b)]

I,= e ~PP[Ei(BD)— In(BD)—y]
+[Ei(—BD)—In(BD)—7v],

where ¥ is Euler’s constant. This does not agree with re-
sult (1.2) and is indeed wrong because the approximation
ignoring all couplings other than J, even if they be ir-
relevant, is invalid. _

In order to see this let G; label all the irrelevant vari-
ables and A; their eigenvalues. Then the recursion rela-
tions will clearly be of the form

(6.13)

Y740y T+ ShIG (6.142)
dG; ~
dt' =Mt T2, (6.14b)

where the ellipses stand for other terms unimportant for
the ensuing discussion and where for convenience D has
been parametrized as
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D =Doe_t ’
i.e., (6.14¢)
In(Dy /D)=t .

Indeed, the two terms in (6.12) correspond to the first two
terms of (6.14a). Now one must note that, although @
decreases because of the negative eigenvalues of A; as ¢ in-
creases, they are constantly generated to order J? via the
second term in (6.14b). Thus the G; affect dJ /dt to order
J 3 via the third term of (6.14a). Hence, dJ /dt cannot be
obtained to third order correctly if all the irrelevant vari-
ables are neglected outright. The way to treat this prob-
lem is to solve the equations iteratively as suggested by

Wilson”: Integrating  (6.14b), one has [since
G;(t=0)=0]
Gi=c; [ e ar Ty (6.152)
B ot .
~=~c,.[J(:)]2[ A +0WJ) (6.15b)
i
F( 4112
= [J;\‘t)] ’ (6.15C)
i

(6.15b) is obtained by noting that (6.15a) is dominated by ¢
of the order of ¢’ and by Taylor expanding J(¢') around
J (_t})k tand usingk (6.14a); Eq. (6.15¢) is justified because
e ""=(D/D,)" can be neglected for D <<D,. Hence
one gets

"'2% =a zJ ? —+

b;c;
as + E )‘\,-,
1

i

7. (6.16)

Thus, to obtain the correct third-order scaling equations
for J alone, the scaling procedure one adopts must
correctly handle the coupling of J to all the irrelevant
variables in second order. We demonstrate below that our
scaling procedure does this, not by directly using (6.16)
but by a simpler alternative procedure.

The demonstration is based on the idea of “good expan-
sions” discussed by Wilson,?> where he has shown on gen-
eral grounds that for a problem with a single marginal
variable, as is seen here, (dJ /dt) must have a good expan-
sion in terms of J and one can obtain such an expansion
by inverting the perturbation series for J [=pyJ(D)] in
terms of J, [=poJo] as follows: With the use of (6.5¢c)
and (6.6) one can obtain an expansion for J in powers of
Jo in the form

T =T+ Ay (0T 24+ A5(0T3+ -+,

where, neglecting terms of order (e —BD) one has

Ay(t)=—In(Dy/D)=—t , (6.17a)
As()=5{tS(S+1)+1]—¢
—[21,() —L,()][S(S +1)—1]
+I(O[S(S+1)+1]1) . (6.17b)

Here I,(¢), I,(t), and I;(¢) are obtained by setting
D =Dye'in (6.7). Equation (6.17) is a bad expansion for
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large ¢t (small D/D,) since A,(t) and A3(¢) can become
large. From it two more bad expansions can be obtained;
one by differentiating (6.17a) to get dJ /dt in terms of J,
and another by inverting (6.17a) to get J in terms of J:

L 4y OT 4 50T

To=T— ;0T >+ (2[4 () P— A5 ()} T4 - -+ .

(6.18)

However, the important point is that the expansion ob-
tained by substituting (6.19) in (6.18), namely

daJ _
dt

is expected to be a good expansion, and to be the same as
(6.16) [provided that irrelevant variables have been
correctly handled in obtaining the expansion (6.17a)].
From (6.17b), A5 =—1, and it is shown in Appendix C
that

[A45(0)—24,()A5]=—+

AY (DT 2+ [A5(0)—24,() AT >+ -+ -, (6.20)

if one neglects terms of order (D /Dy) and (T /D). Hence
one has

%zazfz+a3js+ S LN S N
in agreement with earlier results. Note that our formal-
ism permits the evaluation of the order ( T'/D) corrections
to as, the coefficient of the J3 term in (6.21); these
corrections may be significant for quantitative calcula-
tions. But they will be ignored for the purposes of the en-
suing discussions.

There are several important aspects connected with re-
cursion relations such as (6.21) that are worth reemphasiz-
ing, even if they have been discussed elsewhere in the
literature.?® First, one can integrate (6.21) to obtain

(6.21)

O(J)— D)=t , (6.22)
~ 1 as ~ ~
dJ)=—————IJ4+0U),
azJ a
which can be solved iteratively to get
-1
~ ~ ~ az ~ ~
T =Ty [1—aot + —To In(1—ayJyt) (6.23)
aQ

The result for J(z) is equivalent to summing specific in-
finite subsets of terms in the perturbation series expressing
J(t) in powers of J,. Indeed, the general expression relat-
ing J(1) to J, can be expected to have the form

Fo=Tot S 4,07y

m=2

. o m
=To+ 3 S Apat™To

m=2n=1

(6.24)

Then, deriving the recursion relation (6.21) up to order Jr
and integrating the result to obtain J(¢) in terms of J, is
equivalent to summing up the infinite subset of terms in
(6.23) that include all the coefficients up to 4,, ,_; for all
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m. The labor involved in calculating aj, . . ., a- is little
more than in doing perturbation theory up to rth order.
Hence it is clear that, as long as the dimensionless cou-
plings remain small, setting up and solving the perturba-
tive scaling relations permit one to improve upon naive
perturbation theory considerably without very much extra
labor.

Second, consider the calculation of physical thermo-
dynamic quantities at a temperature T, such as the free
energy, or the magnetic susceptibility, etc., which will be
denoted by F. As emphasized in Sec. V, this is best done
in terms of J(t) [obtained by evaluating (D) at
D=10T]. By the arguments made earlier it is clear that
in the present problem (D) has a good expansion in
powers of Tuu(T) [obtamed by evaluating J(D,T) at

=10T1] as long as T is in the local moment regime, i.e.,
feff(t) is small. Hence one expects to obtain a good ex-
pansion for F in powers of J.g. It is convenient to write
this in the following form:

F=¢o+$:1(J er+ 027 e+d3T sg+ - V=do+$1F .
(6.25)

Now consider calculating the perturbation series for Fin
powers of Jy. It will be of the form

Fy=Tot+ 3 fuloT D (6.26a)
m=2

-3 ﬁ Fmnt™ "I (6.26b)
m=1n=1

The important point is that knowing f,,(¢) in (6.26a) up to
m =r permits one to evaluate ¢, in (6.25) up to m =r by
substituting the bad expansion for J, in powers of J¢ up
to order r in (6.26a). And this is equivalent to summing
the infinite subset of terms in (6.26b) that include all coef-
ficients up to f,, ,, resulting once again in a considerable
improvement of perturbation theory.

Third, as is well known, the above results imply scaling
laws and universality. From (6.22) it is clear that J.g(T)
can be written

ST (D)) =In(Tx /T) ,

where (6.27)

Tx=(Dy/10) exp[®(Jp)] -

Thus jeff( T), and hence all thermodynamic properties of
the system, can be expressed as a function only of T /T,
and their dependence on the initial coupling constant Jy,
etc., enter only through the scaling temperature T, called
the Kondo temperature. Note further that the scaling law
continues to remain valid even when T gets small enough
that 7 .(T) is no longer in the local moment regime and

T et T) has no meaning. This has been verified in the case
when J,, is antiferromagnetic [whence | Jo(T) | increases

as T decreases and becomes of order unity when 7' =Tk]
by Wilson® with the use of numerical RGT methods to
trace the entire trajectory of (7). In the ferromagnet-
ic case the effective coupling decreases as T decreases, and
in this case the perturbative scaling procedure itself is
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enough to calculate all the thermodynamic properties.

Finally, we comment on the fact that the second- and
third-order coefficients ¢, and a; in the recursion relation
(6.21) can be obtained in two other ways: The first way is
to note that since F has a good expansion in powers of
Jesr(t) [t=In(D,/10T) below] one can obtain a good ex-
pansion for dF /dt using (6.25):

F
4ar _.( 1420 2T o+ 3¢3Jeff)

~2 ~3
= apJ ofp + (a3 + 2000, ¢

~4
+(ag+2a30,+ 32030 s+ -+ . (6.28)
Now one can invert (6.25) to express Jo in terms of F,

and substitute in (6.28) to obtain a recursion relation for
F:

a'F

0 _azF +a3F +[as—aspr+ay( ¢3—¢2)]F

(6.29)

The first two coefficients are identical to the coefficients
in the recursion relation for J (7). Hence an alternative
way to obtain them is by using the procedure adopted to
derive (6.21) with any thermodynamic property which has
an expansion in powers of J, starting with the linear
term. Had this been done for F, one would have obtained
[compare (6.17a), (6.26a), and (6.20)]

£"—15—sz S O—260f5 04 . (630a)
Thus one must have
fa=ay f3=2ft)fr=a;. (6.30b)

The second alternative way to derive a, and a3 is by
determining how one can compensate a small change in
the cutoff D, by a suitable change in J,, so as to keep F
invariant. Suppose that as Dy—>Dg+dDy, t—t +dt and
Jo—Jo+dJT,. From (6.26a) the condition is clearly that

dF = dT[1+2f5()To+3f3(0T 0+ -+ 1

~2 ~3
+dt[frJo+f3Jo+ " 1=0, (6.31a)
whereupon
dJ,
“‘“_f2-70+(f3 —2f2/f2 )Jo+ (6.31b)

Comparing with (6.30a) and (6.30b) one notes that the first
two coefficients of this expansion also correctly give a,
and a;.

It must be emphasized that the coefficients of the
fourth-order terms in the “recursion relations” (6.21),
(6.29), and (6.31b) will not, in general, be the same. The
fact that the second- and third-order coefficients are the
same depends entirely on the question of good expansion.
This has not always been stressed in the literature, except
by Wilson.
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When the initial Hamiltonian is more complicated than
the Kondo Hamiltonian, in general there will be several
marginal variables, and perhaps relevant variables, in the
problem. Even in such cases, one expects that a discussion
similar in spirit to the one presented here, but different in
detail, will be possible in each of the regimes of the fixed
points.

VII. CONCLUDING REMARKS

We have found the thermodynamic scaling techniques
developed in this paper to be of considerable value in
analyzing two-impurity problems. In particular, we have
used the techniques to study the two-impurity Kondo
problem!® and the two-impurity Anderson model®’ (espe-
cially in the mixed-valence regime). These studies will be
discussed in detail elsewhere.

Furthermore, we envisage that the scaling techniques
will be useful for calculating other static properties, e.g.,
spin correlations in the Kondo problem. The promise of
the method lies in the possibility of using it in conjunction
with nonperturbative RG techniques to study more realis-
tic models of magnetic impurities in nonmagnetic metals.
This will be especially true if one can learn to set up per-
turbative scaling equations with %, and perhaps with
some parts of 7, treated exactly as part of 7. Even
more attractive is the possibility of extending the scaling
method discussed in this paper to include dynamic proper-
ties. All these questions are being investigated.

ACKNOWLEDGMENTS

We gratefully acknowledge the hospitality of
NORDITA, Copenhagen, where this work was written up.
One of us (C.J.) is grateful to the Department of Physics
at Cornell University for financial support in the form of
an IBM fellowship during the initial stages of this work,
HR.K. would like to thank Dr. P. Bhattacharya for
stimulating discussions. Our thanks also go to Dr. P.
Muzikar and Professor J. W. Wilkins for comments on the
manuscript.

APPENDIX A: DERIVATION
OF THE PERTURBATION EXPANSION
FOR THE PARTITION FUNCTION Z

In this appendix we present a proof that the perturba-
tion expansion for Z is given by (3.4), i.e.,

—BF g+ )
Z=Tre P70t
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~— Re w

FIG. 1. Contour in the complex w plane for the integral in
Appendix A, Eq. (A2).

70 _ Ee_ﬂE" , (Alb)
j
z0=—L 3 G Gl
e dn

i=1

1
Il %
ki EJ, _Elk

X

b

(Alc)

where | j; ) is an eigenstate of %, with eigenvalue E;.
i

Consider the Laplace transform representation of e ~#%,
—Br _ 4o  _po_ 1
e =
comi’  o—a’ (42

where C is the contour in the complex @ plane indicated
in Fig. 1. Therefore,

Z =Tre % =

(A3)

where {|j)} is the complete set of eigenstates of #%.
Now one can obtain the perturbation expansion for Z by
using the operator identity

1 1 1 1

= % P
0—(Ho+H)  0—, + o—, ! +

(A4)
in (A3). The first term in (A4) gives Z'? as given by

=ZO0 4 zMW 7@ ... (Ala)  (Alb). The nth-order term in (A4) gives, for Z™,
|
dw 1 1

Zm— &Y, —Bo < e U S—

Je i 2\ P o rract R e B .

where 57 occurs n times. Introducing » sets of intermediate states { | j; )} appropriately into (A5), one gets
Z(n):f _dﬂe—ﬂw > <j - Jl)(]l %I__l___ Jz)(] Zﬁ_._!‘___ j (A6)
comi- ;< Vo= —0 " -
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Since |j;) are eigenstates of %, with eigenvalues E j;» Eq. (A6) can be simplified to read

. . do 1 1 1
Zm_ < > )( 217 > _Te—ﬁm . (A7)
N Zl IEZANE 120l J o5 £ 7 o=, oy
By symmetrizing (A7) with respect to all the |j; ), one gets
1 do d n 1
Z(n)= _ 2 i N i) i | | do _g, 0
n}.l’;’jﬁ Gil 2172 (n | Il]l)fc i 30 ,-I=11 o-E, , (A8)

where 1/n compensates for the n equal terms that arise from the differentiation with respect to w. Now (A8) can be in-
tegrated by parts; the contributions from the ends of the contour C vanish and one is left with

1
II —Ej,.]' (A9)

i=1 @

mw__ B . SN . do _g,
Z"= n.2.<hlﬁ’1ln> (Jn|9/1|]1)f02m.€

(A9) is trivially evaluated by distorting the contour C to pick up the contributions due to each of the poles at o =E j; and
the result is nothing but (A1).

APPENDIX B: DETAILS OF THE DERIVATION OF THE RECURSION RELATIONS (3.3c) AND (3.3d)

The conditions on /(D) and /(D) obtained by the procedure described in Sec. III are given by

- _BEP__ _ﬁEq
—B3p|#PD) | ple Pr=—BS (p|#:|a) a1 |p) |* < (B1)
p bq EP—E‘]
and
—BS (p |70 |pre - L1 S [ () |54 12)p2 | # D) | p1)
P 130 2]
B
+{p1 | #PD) | p2)(py | D) | py )] F—2
EI,I——EP2
e_BEPI e—BE
=— X —
B pl%’q(4|%1|171><P1|%I|P2>(P2| rlg) (Epl_Eq)(Epl_Epz)+(p1<—>p2)
e—ﬁEp e_Bqu
+ (p| 1 q1){q1 |1 |92)(q2 | 2, |p) = +(g1<>g,)
p,ng 119 1 1192 2 1 (Ep—qu)(qu—qu) 1 2
(B2)

Equation (B1) is obtained by comparing the second-order term in the expansion for (3.6) with Z'? given by (3.5¢c) while
(B2) is obtained by comparing the third-order term of (3.6) with Z‘* given by (3.5d). In obtaining these the choice (3.3b)
that % (D)=P2, P has already been used to cancel some terms, as noted in Sec. IIL

The simplest way to satisfy (B1) is to choose

| o PEE)
(p|#P D) |p)=—Zp| #1149 q |51 |p) (B3)
q Eq —EP
Note that this determines only the diagonal elements of #{*/(D), the operator itself can be of the general form
D)= (P51 q){q | #1Py)h'P(E,,Ep;E,) (B4)
q
as long as h'*(E,,Ep;E,) is symmetric when E,<>E; and satisfies
| — o~ PE~Ed)
hE,E;E)=————— . (BS)
arBasliq Eq —E,

The expression (3.3c) for #4* (D) corresponds to the obvious choice
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—BE, —E, _BE,—E
11— BB 1, BE,—Ep)

hE, Ey;E,)=—— .
EoErE)=—5 |5 p 5 g (B6)

Note that the specific choice one makes for the off-diagonal part of 2 P(D) influences the condition on the diagonal
part #4°/(D) via Eq. (B2).
By substituting the choices already made for 2 V(D) and #? (D) into (B2) and simplifying, one gets

—BE, —BE,
—BE T l
S 2P pe = 3 p|Hr|a ) ai| #1100 | ¥ 1P)Y |5 g @)
4 P491:92 v ne
1 e_ﬂEp‘+e—ﬂEp2
+ 3 a| e X pi [ Za e | 114D —p
P1:P2:9 nr
l—e_B(Eq—Epl)
w | lze )| . B7
(Ep[""Eq) P1<oPD2 w7

Note that the choice for S#2(D) influences only the second term in (B7). It does not seem to be possible to choose it in
such a way as to get rid of this term.
A simple way to ensure (B7) is to choose

—B(E, ~E,)
1—e !
(p| D) |py=3 (p|#11q1){q:| ¥ |92){q2 |1 |P) +(g143)
. (E,—E, NE, —E, )
1292 1 91 92
+5 > Up| & p ) p1| X1 19)(q | |p)+ He.)
P9
—BE,—E,)
1 1—e 9 P
X —( )| (B8)
(E,—E,) | (E,—E, 7
But (B8) still fixes only the diagonal elements. 571 (D) itself can be of the general form
FPD)= 3 (Pr]q1)$q1| 71 192)4q2 | #1Py)hY (Eg,Ep3Eq ,Ey))
a,b,41,9;
1
+= 3 (P | pXp |1 |9)q| % Py+ Hc)hy (Ey,EyEp E,y) (B9)
a,b,p.q
and (B8) is satisfied as long as one ensures that
. —BlE, —E,)
B (Eq EaiEq Eq)= | g +(g10g2) | » (B10a)

(Eq—E, NE, —E,,)

1 o ~PE—ES)

(E,—E,)

1—
(E,—E,)

h$(E,,EqE, E,)= —(a—p) |, (B10b)

and provided h(13)(Ea,Eb;qu,Eq ,) is symmetric under the interchange of E, with E, and E, with E; . The specific ex-

pression (3.3d) for #7)(D) corresponds to the choice

L —BlE, —E,)
—e
h‘l”(Ea’Eb;E‘h’qu):I E, —E, +(a<b) |(g1<g2) , (Bl1a)
1
—BE,—E,) —BE,—E,)
1 |1—e p e l—e 7 "a
hSUE, Ep;EyE))=— | —————— — )
2 ( a>£bstp q) ) (Ep"Ea) +(a<>b) (Eq—Ea) (a—»p) (B11b)

Note that while (B11b) satisfies (B10b), (B11a) reproduces (B10a) only up to terms of order exp(— D /T), which is admis-
sible. The particular choice (B11) has been guided by the important requirement that the recursion relation (B4) and (B9)
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[or (3.3)] connecting /(D) to 5 must satisfy the semigroup property. We discuss this aspect next.
Let D' <D <D,. Then a direct scaling transformation reducing the band edge from D, to D’ leads to 7#;(D’) given
by

D" =P'P, (B12a)
HPD)=3, (P |q')(q" | Py)h (B, Ep;Ey) (B12b)
a,b,q’
(D)= 3 (Pa'%llq'1><q'l]%I|q’2><q’2|yIPl,1)h(13)(Ea’Eb;EquyEq'2)
a,b,91,9)
+3 3 (P | pYp' || a' ) g’ | Py + Hoc)hS (Eg,Ep;EpEy) (B12c)
a',b',p'.q'

where |a),|b),|p’) belong to P’ and |q}),|q5),|q’) belong to Q' such that P’ contains no electrons and holes of
energy between D’ and D, and Q' contains at least one electron or hole of energy between D’ and D,

But 57;(D’) can also be obtained by two successive applications of the scaling transformation: First by reducing the
cutoff from Dy to D so as to obtain (D) as given by (3.3), then by reducing the cutoff from D to D’ to obtain #°;(D")
in terms of #°;(D). The requirement of the semigroup property is that the result must agree order by order with that ob-
tained by (B12).

Let R denote the subspace of states with no electrons or holes of energy above D, but with at least one electron or hole
of energy between D' and D. Then 57;(D’) obtained by the two successive transformations can be obtained in terms of
(D) by replacing #°; by (D) and {|q1),|92),1q')} by {|71),|r2),| )} ER. Collecting together the various

orders of 2;(D') so obtained, one gets
(D) =P (DP,

#(D")=P' AP (DP' +

a,b,r

a,b,r

S PooA D) | r)(r | Py P NE, EyE,) |,

(B13a)

(B13b)

HD)=PHPD)+ | S [P,oAD) | r)(r | P (DIPy + P, P (D) | r)(r | 2 (D)Py 1 E,,Ey;E,) ]

+ l S [P D) | ) ry | D) [ 12) s | FADIPY W g, By Ey)
a,b,ry,ry

+5 3 [P D) | p ¥ p' | 24D | r)r | ] (DIPy + H.c.]h‘;)(Ea,E,,;Ep,,E,)] :

a,b,p',r

The requirement of the semigroup property is equivalent
to the demand that the results obtained by substituting for
#’1(D) in terms of #°; in (B13) must agree with (B12).

It is evident that (B13a) with #4(D) being given by
(3.3b) is consistent with (B12a) since P’ is a subset of P.
In order to compare (B13b) with (B12b), one makes use of
the expression (B4) for 5#?)(D) and notes that R is also a
subset of P and that

Q+R=Q” i-e" 2+E=E .
q r q

Hence it follows that (B13b) agrees with (B12b) for arbi-
trary choices of 4 ?.

Next consider the comparison of (B13c) with (B12c).
The easiest way to make the comparison is to substitute
for #°7(D) and (D) from (B9) and (B4), respectively,
in (B13c), and to replace 3, + 3, by 3, .. Similarly re-
place 3, by 3, — 3, in (B12c), and then compare the
resulting expressions. It is then a matter of straightfor-
ward, albeit tedious algebra to show that they agree, pro-
vided that

(B14)

(B13c)

|
h(ls)(Ea ’Eb;Er)Eq ): -;—h (23)(Ea ’Eb;E"’Eq )

+hDE,,Ey;E, )b D(E,,Ey;E,)(B15)

It is important to note that, since terms of order e ~2/7

and e ~P/T have been neglected in deriving the expres-
sions for #°;(D) and 27;(D'), one can only demand that
(B15) be satisfied up to terms of order e PFaE) et
h®, as given by (B6), and k> and 25>, as given by (B11),
are the simplest we have been able to find that meet the
above demands. Clearly, other possibilities are not ruled
out.

APPENDIX C: EVALUATION
OF THE COEFFICIENTS IN EQ. (6.21)

Recall that
az;=A3(t)—2A4,(t)4; , (ChH
where A3(t) and A,(2) are given by (6.17). One has

Ax(t)=—t, Ay=—1, (C2a)



2826

Ay(t)=+{2t[S(S+1)+1]—1
—[2I1()—I5(D][S(S +1)—1]
+I5([S(S+1)+1]},

where 1,(t), I,(t), and I;(t) are given by (6.7) with the
substitution D =Dgye ~".

First consider Ii(t) and I5(¢). It is easy to verify that
by rescaling the integration variable g one can write

(C2b)

1 d, 1
I,(t)= fe—’_qq—ln % ,
(C3)
—t
L= fle glqg_ln Jqﬂ .
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Hence, we obtain
I(t)=t +In(1+e7%),
I(t)=In(14e7") .

(C4a)
(C4b)

A careful evaluation of I is more tedious. Recall that

D, d
I,= fD —q‘1—14(q), (C5a)
where
D —Blg—e) _1 Be__1
g [ ae| Lo | 2L
(C5b)

I, can be evaluated in terms of exponential integral func-
tions:

I4(q)=e ~P4[Ei(Be)—In(Be) 15+ [In(B(g —€)) —Ei( —Blg —e)]T

=e B[ Ei(BD)—In(8D)—y]+[In(B(g — D)) —Ei(—B(g —D))—In(Bg) +Ei(—Bq)] , (C6)
where 7y is Euler’s constant. Hence one has
, 813 Do dq 814
I5(t)=—D D =I,(g=D)—D b ¢ D (q), (C7a)
I,(q =D)=e ~PP[Ei(BD)—In(BD)—y]+[Ei(—BD)—In(BD)—7], (C7b)
aly PP 1 —1 e Ba-D 1—e— P
T4 y—e—Ba | —(o—Blg—D)_ q 7
aD(q) e D D’+,q—D+ 4_D (e I)D(q—D)+ D ) (CTc)
so that
Dy gq oI
29 "4 (o) = IFj
D [, < f5p @= [Ei(—B(Do—D)—In(B(Do—D)~7]
+[In(BDy)—Ei(—BDy)—In(BD)+Ei(—BD)] . (C7d)
Putting all the results together, noting that for large x,
x
Eib)=5 1444 } (C8)
x x
. . . __BD —BDO —B(D()—D) . —t
and neglecting terms which are outright of order e =%%, e ,or e , one gets (with D =Dge™’)
I3 (t)=e—PPEi(BD)+1n 1—D£ —e—BPln(BD) . (C9)
0

Note that the first term is of order T'/D, but the last term can be neglected. Substituting the results (C4) and (C9) into

(C2b), one has

A4y ()=1{4t —14+[S(S +1)+1][e ~PPEi(BD)+In(1—e "] —[S(S +1)—1][In(1+e 9]} ,

(C10)

so that, if one neglects terms of order T'/D and D /D, one indeed gets, as stated,

ay=(2t—Y)—2t—— L.

(C11)
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