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The correlation theory is applied to a Heisenberg antiferromagnet in a magnetic field. Special
cases covered are the ferromagnet and an anisotropic Heisenberg model. The theory includes self-
consistently correlation effects in static and dynamic properties. It is a generalization of the
random-phase approximation and is applicable to the quantum spin case for any dimension and
temperature. The static susceptibilities and the excitation spectrum are calculated. Besides the
spin-wave excitations a central peak is found which can be understood as coming from local longitu-
dinal fluctuations. The results of the theory are exemplified by numerical calculations for the one-
dimensional S=1 quantum antiferromagnetic chain. Qualitative agreement is found with computer

simulations on a classical chain.

I. INTRODUCTION

An antiferromagnet in an applied field was discussed in
considerable detail by Lovesey and Loveluck! using the
Mori? theory. In this approach the dynamical variables
are usually taken to be the operators (and derivatives
thereof), which in the hydrodynamic limit satisfy conser-
vation laws. The rationale is that these modes should be
slowly varying with time and should therefore dominate
the dynamical behavior. For the antiferromagnet these
variables are the magnetization density M 3 and the ener-

gy density E 3 A coupling between these should occur

for finite external fields. Clearly, this basis is designed to
treat the long-wavelength limit ¢—0 and »—0. Howev-
er, this limit is not easily observable by either neutron
scattering or in numerical simulation studies. In the
correlation theory® an alternative set of dynamical vari-
ables is chosen, namely dynamical variables, which allows
the local or short-range properties to be calculated exactly.
This provides a description of the normal modes at high ¢
and o. It is therefore a theory designed to obtain proper-
ties which can be tested by the above-mentioned measure-
ments. This basis turns out to be the same as is con-
venient for the description of the ordered phase for
T < Ty. Consequently, all temperatures can be treated in
the same framework. The correlation theory does not use
the hydrodynamic concept energy modes, but gives a rath-
er simple picture of the dynamics determined by spin fluc-
tuations on different sublattices. If no approximations
were made the choice of dynamical variables is only a
matter of taste and convenience. However, since approxi-
mations are necessary, the most physical basis (i.e., the
one giving the best noninteracting normal modes) should
be the most adequate. It is therefore of interest to com-
pare the results of the correlation theory with the comple-
mentary theory by Lovesey and Loveluck. Another
motivation for this study is a comparison with the exten-
sive computer-simulation studies on a classical one-
dimensional antiferromagnet by Balcar et al.*

The correlation theory here presented is valid for any
dimension and lattice structure. The two-dimensional an-
tiferromagnet on a hexagonal lattice is particularly in-
teresting because it may represent a frustrated ground
state.>® The present theory has some bearings on this
question, but this will be discussed in a separate paper.
The theoretical frame work is also applicable to the fer-
romagnet for any temperature and field. The present
work therefore extends the discussion on the Heisenberg
magnet in the paramagnetic phase previously published.’
As stated in Ref. 3 the correlation theory is not intended
to go beyond the many existing theories on the Heisenberg
model addressing special questions.” In particular, for
one-dimensional systems, where the static properties can
be exactly calculated and frequency moments up to (w%.)

are known,? the correlation theory is bound to be less ac-
curate. However, the reason for studying this case is to
test the approximate theory in the presence of strong
correlation effects. The correlation theory is easily gen-
eralized to higher dimensions, small spin values, and other
regions, where the particular theories do not apply and
where the correlation theory may be expected to be more
accurate than in the test case. The discussion of an anti-
ferromagnet in a field turns out to cover the case of a
quite general anisotropic spin Hamiltonian as well.

The organization of the paper is as follows. Firstly, we
discuss the solution of the normal modes for a locally
correlated ground state. Secondly, we list a number of ex-
act moments or sum rules. Then the static susceptibility
tensor is calculated including pair-correlation effects us-
ing a mode-mode—coupling approximation. Explicit re-
sults are given for the ferromagnet and the antiferromag-
net for different temperatures and fields. Some exact re-
sults on the dynamics are given. The two-pole approxi-
mation, which was successfully used for the paramagnetic
phase,® is generalized to the present case with several
dynamical variables and finite first-moment components.
The results of the theory are computed numerically, in
particular for the antiferromagnetic quantum S =1 chain.
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Moreover, results on the .S dependence and the dimen-
sionality are also discussed. Finally, the results are sum-
marized and compared with other theories.

II. ANTIFERROMAGNET IN A MAGNETIC FIELD

Let us discuss the correlation theory for an antifer-
romagnet in a field with a nearest-neighbor exchange in-
teraction. The Hamiltonian is

%—ZJES s HES’ (1
’]

The basic idea is to attempt to solve the local properties
exactly and calculate the interaction effects as corrections
to these. The major effect of the field in combination
with the effective antiferromagnetic exchange field is to
orient the spins nearly perpendicular to the external field
with a small tilt angle 6 towards it. The minimum classi-
cal energy is obtained if the spins are tilted in the same
plane, say the xz plane. For a one-dimensional chain this
order is destroyed at long distances due to torsions of the
plane, which perhaps can be described by solitons. How-
ever, the local or the short-range behavior should be well
described by the above picture even in the disordered
phase at not too high temperatures. Let us therefore gen-
erally assume that the physics is most clearly described in
this two-sublattice framework, which is necessary for the
theory of the ordered phase. The assumed ground state is
shown in Fig. 1. The use of this framework for the theory
implies no approximations if the correlation effects are
accurately calculated. The classical internal energy per
spin is
. |

(8% )5 =(S%) g sin6+(5%) 5 cos, (§3)5 =(53

ANEHE; A

(%) =(P)5 »
(S% g = —(S% )i-cos9+(Sf4 )Esine,

)i» sinf—
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FIG. 1. Classical local ground state for intermediate fields
for an antiferromagnetic chain.

=1JoM?cos(20)— HM siné .
The tilt angle 0 obtained from 3E /360=0 is given by

sinf=H /(2J,M) . (2)

For p nearest neighbors, we define

M is the local average moment, which may be close to S
at low temperatures. The tilt angle 6, Eq. (2), will be
modified by correlation effects; see (84). By the following
transformation we obtain the local coordinate system for
sublattices 4 and B such that the z axis is the quantiza-
tion axis:

(ng)icose s

(3)

(.S~’§)i» =(S§)Kcos9+(ng)i sin@ .

Let us define R 4 as the vector connecting the two sublattices and the Fourier transforms by

(SA)_»—Ee (S,’f)R and (S3),= e

-

R

iq (R+RAB)

(S")_. . (4)

The index w111 sometimes be suppressed for simplicity. The total relaxation functions are expressed in terms of the

sublattice relaxation functions

R “m,_—_(S‘ %S’ ? o=1{[(S35% )a.m—(S§S§)a.w]cosze+[(Sf,Sf, )a.m+(S§S§)a.w]sin29} ,

§7 o=[(S55%) 5, +(S4SP), 1,

§% Do={[(5555)5,+(S585) 5, Isin0+[(S55%) 5, — (S555),1c0s%6} , (5)

A relaxation function in (5) is defined? as the Fourier transform of

(S8 )= [ ar(Se —inS1(0) —pEHE"

where S is the dynamical variable vector.

The total susceptibility components are given by X ‘Z"— f (s a’S ¢ a)wdw For symmetry reasons, (S _,S x _.) and
(S ’l.S y _.) must be identical in the disordered state, but they differ in the symmetry-broken (antlferromagnetlc) state

The degree to which the symmetry is obtained serves as a check on the theory. The exact Hamiltonian in the
transformed systems is expressed in terms of the Fourier-transformed variables (4),
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H=Jo 3 (~do[(S5)S5)_+(8SD)(855)_1+y (S p(SH)_p+0 (88 (S5)_—(SH)(855)_-1}

—

k

—JoMh 3, [(S%) ¢ +(S5) 1+ 7J0M?,
€

where M =(S%)=(S3), SS% =S% —M58(q), ¢
='y?cos(20), and o=y sin(26). We have h =cos(26)
+ Hsin6/JoM, the molecular field in  units
of JoM. If we use (2), h=1 for 6<90° and
h=H/JoM —1 for large fields. The Hamiltonian (6) is
clearly a quite general anisotropic Hamiltonian, for which
the following discussion also applies directly. The
dynamical variables to be used in the correlation theory
are the orthogonal (S,’{r)-q,(S){f)a, and (8va)a. (for N=4
and B), which are also necessary to describe the properties
of the ordered phase.
III. RANDOM-PHASE APPROXIMATION

In terms of the sublattice Green’s function'”
G, =(SESE ) it is a straightforward procedure to
derive the random-phase approximation (RPA). This ap-
proximation means that we assume a spin S; and its
neighbors participating in a certain spin wave with wave
vector and frequency g and w,, respectively. If the neigh-
boring spins participate in other spin waves one assumes
that these have arbitrary phase, wave vector ﬁ, and fre-

quency W o). To a first approximation, S % therefore
only sees the local average of its neighboring spins,
(Sﬁ + §,> =M?Z. If there are couplings between the modes,

this picture is modified. Using the equation of motion,
1

and RPA decoupling, one finds, assuming that the z axes
are along the average direction of the moments,

G =G = %JOMh [0~ (JoMX(h*—72)1/D@)

XX XX
Gi3=Ggy

=M My g0~ FoMP$ ((h—y2)1/D (@) ,
27 4 d ¢

. )
Gﬂ:Gﬁ:i}:—Jth [0>— (JeMP(h*—$2)1/D (@) ,

G =G¥y
= =M M4 0~ ToMPy (B —$2)1/D (o) ,
21 d d 4
|
h 172
o +7-
Sx§* ). = 4
( q —q >m M h _¢a>

318w —0,)+(n, +1)8(w+o,)]sin?0+

(6)

f
where
D (0)=(0’ -0’ —o0?) .

The system has therefore, in the RPA, two pairwise non-
degenerate frequencies,

®)
o, =+JoM[(h +y )k —qsﬁ)]“2 .

If we use M =S and A =1 these frequencies are identical
to those derived by Lovesey’ using simple spin-wave
theory. They also agree with the classical results.®

Using the exact relation

1 Im{ 4B,
<AB>_2771' oo do ,
where B=1/kgT, one finds in the RPA from (7),
(S5873)4=(S585) g =W +V$_)/(h*—4%)
(85S5) ¢ =(S5S%) g =(Wo+ V)/(h2_¢'%) ,
9)
(S%S%) 4 =(S3SE) g =(W —Vy ) /(h*—y%),
(S4SE) 4 =(SpSh) g=—Wy 4 —V/(h*—y%),
where, in terms of w, from (8),
2J, l—cosh(Bw”)
and 10)
kyT Bo,sinh(Bw,)
2Jy, 1—cosh(Bw;) *

W4V =

W—V=

The RPA solution for the z part is more trivial and is
the same as the mean-field result X5,=1/J, and X% =0.
The RPA-type susceptibility including the interaction for
the zz part will be given in (45).

The original relaxation functions (5),
= —27ImG(q,w), and spin-correlation functions,

(855 _3do=wR, /(1—e=P),

oR

qo

are now easily derived. We find, using (5), (7), and (45),

kyT 1
2JO 1+¢71>

cos?08(w) , (11)
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172

— h—¢_

(§%8 o=M h+y; 380 —w)+(n, + 8o +,)], (12)
172

(§28% _),=M "7y 51 8(@—wy)+(n) + 1)8( )]cos?60 LN 2

?]» _a, @ h+¢_, 2 1 60“ + nH+ CU+0)H ]COS —+ 2J0 1—¢ Sln 98(60) 5 (13)
. 3
where 1, =™ _1)~"and n =Pn_1)-1,

In the paramagnetic phase we must symmetrize between X and ¥ in order to obtain the transverse correlation function,

gl gl
(54,84 o=

The interpretation of this result is that the transverse part
measures the antiferromagnetic mode »,;, which vanishes
fory,=-—1 or at the zone boundary g =; the longitudi-

nal part (S_,S .,) =(S _.S z _.) measures the fer-

romagnetic mode “’J , which vamshes at g =0, for small
fields where 6 <90°. Both parts have, in addition, a
central-peak component, which in the present theory can
be understood simply as a mixing in of locally longitudi-
nal spin fluctuations X#. Since |¢Tf | = |y_¢cos( 20)| is
less than 1, the central peak does not diverge and becomes
significant only when the respective spin-wave modes ap-
proach low frequencies. It may therefore be difficult to
separate or detect a central peak, especially since all peaks
must have a finite width. The width will be calculated
subsequently by means of the correlation theory. In the
RPA theory the spectrum is simply represented by a set of
& functions. In the next section we shall show that the
position and width of these are such that the first-moment
matrix of the relaxation function is correctly obtained,
when the RPA susceptibility is correct. The RPA suscep-
tibility is expected to be accurate when WH | is not too
close to 1 and for temperatures kzT <h. Using (7) and
X = —27iG(w=0) plus the local susceptibility approxi-
mation X%,=1/J, and X% =0, one finds the total longi-
tudinal susceptibility (5),

kgT
26)+}/_.(3 sin0—1)][n,8(w—w,)+(n; + D8 w+w, )]+ ——

cos?08(w) .

1
Yo T+og (14)

T
cos?6

+o

In the present notation, Lovesey and Loveluck! found,
near O=1/4, X, which should be equal to Xz_é

¥z=- 1 | cosO | Gn2e | . (15)

1

1 | cos®0 1.2
Jo

44y sin(20)" (16)

Xi=

The two expressions agree exactly at 6=w/4. Using
the susceptibilities including the interactions (45), one
finds

cos?0 sin%0

I+¢,  1—¢

q

—1— when 0=7/4 .

X\
A

-1
Jo

.nl_

(17

This reduces to the noninteracting susceptibility 1/J, for
0=m/4, as would be expected when the two sublattices
are perpendicular to each other. This implies a vanishing
correlation length (or diverging inverse correlation length
as formulated by Lovesey and Loveluck). In addition X l’lq’
changes from antiferromagnetic to ferromagnetic
behavior for fields larger than those corresponding to
6=m/4. This was also emphasized by Lovesey and
Loveluck.

IV. EXACT RELATIONS FOR THE FIRST AND SECOND MOMENTS

Let us consider a dynamical variable vector

A'=((SD) (S5 (S%) - (SH) )

and the transverse response matrix (4 4 T)%m. By the exact relations (@) X, ={[4,

(Qz)lxl: < [4)%]) 1_4T> ’
one finds, straightforwardly from (6),
0 0 10

. 0 0 0
<Q>1XJ_=1M —1 0 00"

A471) and

(18)
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30
h Y3 0 ay b;ya. 0 0
Vg h b;ya. a, 0 0
(@) X, =JM? +J . , 19
00 h —¢.|7"° 0 chy  —¢yby (19
0 0 —¢4 A 0 0 —¢4b, cby
T
By (19) we have proved rigorously that X3, =XWar =0 for _

any N,M =A,B. Similarily, for a dynamical vector
BT——{(SA)_.,(SB)_,}, one finds for the longitudinal

response matrlx (BB ) g o

1 1
K k

They represent essentially nearest-neighbor correlations

(@) Xy = 00 20) between different sublattices (conventionally denoted by a
Q1A= (o 0 prime) and within the same sublattices. They appear in
, ) the following combinations:
a; b, Y3
<Q2>||X||E b’ a’ (21)
Vg % ay=s%ys+Cp+c%n, a;=—cy,+cc ,
The results involve a number of pair-correlation terms by=cl(cyy+cz), by=—cecp+cy,
which will be defined as 2 P 2 . , '
) : A, =CCxx +Cyy+5(cz +M"/p), a; =—cyy+cCxx
Cl = ‘}’—»(st">—>, Copy = — yz_,(SXSX>_’ , , ) , (23)
*x = a7 % K \PA49B/ *T N % p 4247 bz=C(ny+Cxx)» b, =—ccp +Crx
o1 1 a,=(c2 45 ey +¢z)+5M2/p, b =clx+cl ,
ny=FZY?(SﬂS£)?, ny=F272¥(5’;‘;Sﬁ)?, Y xtCz)+ Py by =Cxx+Cz
X I'$ ¢ =cos(20), s =sin(20) .
(22)
|
The susceptibility tensors at low temperatures, neglecting correlation effects, may be obtained using (7),
2 -1
h ¢p O —¢%) 0 0 0
¢~ h O 0 0 h2—g¢2)~! 0 0
yrea_ L |9 g (24)
=710 0 —rg 0 0 (h?—y2)~! 0 ’
0 0 —yy 4 0 0 0 (h?—y%)~!
h _¢71’ 0 0
——¢a. h 0 O
—1)RPA
=J
xXr" o| o A Y4 (25)
Y3 h
I
We notice that XXF” is independent of the temperature. A. B
From (18) and (19), neglecting the correlation term, one q q
finds, by multiplication with (25), RPA_ ) B, 4, 0 0
<CO2> <Q>L=(J()M)2 0 0 A. B_ | (27)
¢ 749
0 0 k vy 0 0 B. A
q “9
(@)*PA— iy M 0 0 vg & 26) where Aﬁ’=h2_7’”q’¢a’ and B =y h[1—sin(26)]. The
@/ =Ho h ¢4 0 0 diagonalization of (26) or (27) gives the RPA frequencies
6. —h 0 0 o) _:«;md @, [Eq. (8)]. .Clearly, the RPA frequency for
4 X,(d,w) is zero according to (20). By investigating the
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remaining terms in (19) and (21) one observes that the
fluctuation corrections of the second moment are quite
similar for the various variables.

At high temperatures the susceptibility may be obtained
by the high-temperature expansion. One finds

1 $g/t 0 0
TV 0 0
L=7710 o 1 —ygst| BT
0 0 —yg/t 1
(28)

where t=T/Ocy, and Ocw=J,S(S +1)/3kp is the
Curie-Weiss constant. It is straightforward, but very la-
borious, to derive the expansion to higher order in 1/t.
Here, for simplicity, we already neglect the 1/¢> terms in
the diagonal. The structure of (28) is the same as (24),
and the first-moment matrix can be diagonalized to yield
the eigenvalues for large T,

a)“=iJoM[(t —"'}/a»)(t +¢a~)]1/2 )
(29)
o, =+J M[(t +7/a»)(t—¢.q+)]1/2 )

Since t =1 for T =®cw we conclude, by comparing with
(8), that the RPA theory might be adequate for T~ ®Ocw.
For T>>®cw one has M =HX —H/Jyt and the fre-
quencies (29) reduce to the Larmor frequencies in the ap-
plied field H. In this limit a 8-function representation of
the spectrum is only relevant for H >>kpT.

V. CALCULATION OF THE SUSCEPTIBILITY
TENSOR INCLUDING PAIR-CORRELATION
EFFECTS

We now need to calculate the static susceptibility more
accurately, including correlation effects. This is done in
the correlation theory by going to second order in the
equation of motion for the Green’s functions, which give
the identity

(AB)={[[4, #),B]) . (30)

Using a Hartree-Fock—type decoupling of the four-spin
relaxation function

(SesBsesh) . (s252)(SPSH)

which is equivalent to the mode-mode decoupling to be
used for the dynamic properties, one finds, from (S S %)
for a=x, y, and z, the equations

A%, Baya, X% pa
By, 4% | |x% |7 o)’ (31)

where
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A% =J(2)[M2(h2—ya.¢a.)+ax —y%cb,; +s27/%.c;y] ,
P*=Jy(M?*h +a,)
B*=J3[M?h(1—c)+by —ca, +5*(2c; +c)],
Q*=Jo(M?+b))
2 2 ’
A% =JO[M2(h2—7/a.¢a.)+ay —v5eby1,

P?=Jo(M?h +cby)
(32)
B’=J3[M?h(1—c)—a,+cby], Q¥=—clo(M*+b;)

A% =J3(a, ——y%cbz’ +s2y%c,',y), P’=Jya,
B*=J3[b, —ca) +sXci+2¢L)], Q*=Job, .

The solutions of (31) for the matrix elements X33, of the
susceptibility tensor are given by

P“iQ“q/a,

Xxizxaaixaa —_— 4
T AAAB A% +B% .,
q q

=X GX %), (33
where X %5, is an element of the inverse susceptibility ma-
trix. X% and X% represent the physically important com-
ponents of the uniform and staggered susceptibility ma-
trices, which are diagonal. It is clear from (33) that

Frg)=Xl(=r4).

The results (32) and (33) reduce to the exact high-
temperature results (28) for T— w0, and to the RPA re-
sults (27) and (24) if the pair-correlation terms c,, and
Coq are neglected. Let us discuss a number of limiting
cases of the quite general solutions (33).

A. Ferromagnet at all T with or without
a magnetic field

For this case §=90° or ¢ =—1, and s =0. The fer-
romagnetic Hamiltonian is obtained by replacing
Jo——(Jg)and —h by h'=H/|JoM | +1. We then ob-
tain, from (23) and (33),

MXh'—y_)+by(1—y_)
== — — AT 4 ,
[Jo| MXR'—y 4P +(ax—y by )(1—75)
. ) (34)
X4 = .
T ol ey /bl —v4
The total susceptibility components (5) are X %’f
=X%2 =X, and f%z)(ﬁ. For the external field H =0
we find
1 1
X=X = —_—, (35)
T ol Ry—vy
where

R,=(M’+a,)/(M*+by) .

Equations (34) and (35) also apply in the ordered phase.
The transition temperature is given by R,=1, or
Cxx +Cz =Cyx + 4z, Which is the same condition as found
previously for the Heisenberg paramagnet.’



30 CORRELATION THEORY OF THE HEISENBERG . . .

B. Antiferromagnet in no magnetic field for any T

For this case, =0 or ¢c=1, and s =0 and h=1. In
the paramagnetic case, M =0. From (23) and (33) we find

1 1 1 1
XL =— B
YT 0o Re—yg T Jo Ryt
1 1 (36)
Xy=—7—,
JO Rz_y?i’
where

Ry=(M*+a,)/(M*+b),)

for a=x, y, and z. By symmetry, R,=R,. The Néel
temperature is obtained by the condition R, =1, or when
Cxx +Czz =Crx +Cz. There is full symmetry between the x
and z components. The X% components are obtained by
changing the sign of Vg The total susceptibility com-

ponents, Eq. (5), are f‘g:f”q =X*, and Y"_:.=X’;. In the
paramagnetic phase they are all equal and diverge at Ty
for g=mor Yg=— 1.

C. Antiferromagnet in a large magnetic field

When the induced moment along the field is large, the
angle 6=90° or ¢ =—1, and s =0, as for the ferromag-
netic case, but now h =H /JoM —1. Using (23) and (33)
we find
« L M?(h +y4)—by (1—7 )
T o Mk 4y P ay—y by (=)

(37
1 1

£ —_—— ———

T Jo yg—ai/b;
The total susceptibility components (5) are X "::f ’%Z
=X%, and X T =X7%.
|

(M?*+a, +ya>szc,',y )1 +771’)_Cy?1’[b" —a, +5%2c), —cpy+cz)]

2735
D. Antiferromagnet in a small magnetic field
for any temperature

Near Ty and below, the angle 6 is between 0° and 90°.
In this case both ¢ and s are finite and 0 is determined
such that # =1 if we use (2). We find

MX(1—¢)+a,(1-7)
MX(1—¢ ) +cby(1—y)
(38)

, R% =

When a, >cb, or R"lq. > 1, the ordering wave vector at

which the X’ diverge is § =q,one. The Néel temperature
is given by

ay=cb, OF Cxz+Cp+s*M?*/p=clcyx+cz) .
For small fields we may write the equation as
e +el=(1—KH*)(c& +c2)

where K is a constant and the superscript O indicates
functions calculated in zero field. This gives the classical
result Ty(0)— Ty (H)~H? if the short-range correlation
functions are assumed to depend linearily on 7T near
Ty(0). However, the self-consistent calculation may
modify both the exponent 2 and the sign of the constant

K. By expanding near {=0,qn and writing
Yg=— 14g% we have
1 1 ) a, —cb,
X=— , Ki= ) (39)
T Jo k34q?” T MP(14c)+2chy

where k, is the inverse correlation length.

In the case when a, < cby, R'% is less or equal to 1 and
the ordering may occur at an incommensurate wave vec-
tor. This will be discussed further in the numerical sec-
tion. For the x and z components we may write

9 (M?+a; )1+ ) +7 by —ay)

RE— (a,+7a.s2c;y)( 1 +77]»)—ya.[b,+a,+s2(c;x —cyy+2c5,)] ‘

x 1 1 z 1 1
= X =—— (40)
+ x ’ z ’
where
’ (41)
(42)

q "z'(l“'?’—cr)_?’a'(bz' +a;)

Here R%, _ =-—cand R%_ =c for y;=—1, when the

following relations between the correlation functions hold
at T = TNI
Oy =(Cxx—€z)/2,

Cxx =205,c0820+ (1 +c08%0)(cxx +7)
—(2cos?0—1)M] /p , 43)
€z = —2c;,c0820—(1+5in?0)(cxx +Cz)

—(14-2cos’0)M} /p ,

-
where M| =M sinf is the moment induced along the ap-
plied field. The susceptibilities (40) and the relations (43)
ensure that the symmetry relation

~ ~ ) 1 1
X2 =X =sin’0X% +cos?0 X" =—
3 g =SIn“0 X7 +cos"0X 7o 1 e

holds at T for q§ close to the zone boundary. Since XX
and X% are obtained from (40)—(42) by changing the sign
of Vg We find, at Ty,
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X Z =cos?0X* +sin?0 X?, 1 _1 .
q Jo 1—’}/6

(44)

This shows that the longitudinal susceptibility is simul-
taneously divergent for ¢ =0. The negative sign means
that the induced moment along the field increases with a
vertical slope at Ty with increasing temperatures. The
symmetry requirement that X2 =XX for all 4 and T
gives (if at all possible to fulfill in the present theory) even
more strict relations between the correlation functions
than (43), which contains the weaker condition a, =cb,
for T=Ty. At low temperatures T—0, where the corre-
lation corrections vanish, R% —1 and R”, —1, and we
recover the RPA solutions for X% and X’,. The RPA X%
is, however, modified to take into account the interac-
tions. Let us call this an improved RPA result,

1 1 2 _ 1 1
Jo 1=¢5" "7 Jo 14+¢5

It is interesting that we incorrectly would obtain the RPA
result even if the correlation corrections were not assumed
to be small, but just assumed to obey the relations found
in the RPA theory (9) and (23),

Xz (45)

(Cax) = CCxxs (Cpy) = —Cpyy Czz=0CCyy . (46)
X ppA XV Wigpy W EOTE

If we now neglect only terms proportional to s2, all
primed and unprimed quantities in (23) are equal, and in
(38), and (41) and (42), R% =R%. =R% =1+0(s%. What
we should learn from this is that the introduction of RPA
relations and simplifying assumptions in a theory which
includes correlation effects may seriously impair the ob-
tainable results.

VI. DYNAMICAL PROPERTIES

Let us first list a number of exact results. The exact
first-moment matrix (@) is obtained from (18) by multi-
plying with an exact X[ !. The diagonalization of (@)
gives the exact eigenvalues in terms of the diagonal sus-
ceptibility components defined in (33),

=+tMX*X)"12,
_ _ _ _ 47)
o =0, =+t M[X+HX 58X 2+X18)] 2
=+tMX X )",
It is sometimes convenient in the following to replace the
index || by — and 1 by + . If we insert the RPA suscep-

tibility components (25) we recover the RPA frequencies
(8). The exact first-moment matrix squared is simply

ww 0 0
5 w w 0 0 4
<Q>:OOww” (48)
0 0 w w
w=MXTXU+X 55X )= (0} +0}) /2,
(49)

w' =M X 55X P+ X 5X ) = (0] — ) /2 .
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The RPA expression (27) again checks with this.

In the notation introduced in the preceding section,
(23), (38), and (40), we can write the exact second-moment
matrix (19) as

0 0

wy wy, 0 0

2y __
(@?) = 0 0 w w |’ (50)

Wy Wy

’
0 O wy, w,
where

wy, =Jo(M?h +a, )X 55+Jo(M?>+b, )yﬁ)?’,‘;; ,

i =T\ M +a, 5 +ToM+b, )y (X355
(51)
wy :Jo(Mzh +Cb; )Y'ri‘;;—-]o(Mzﬂ—b; )¢a>f"3’3 ,

wy =Jo(M?h +cby X s —Jo(M*+b, )¢a.)?§{, .

The exact result for the dynamical response matrix for the
variable vector A, introduced in Sec. IV, is formally
solved by the Mori theory.? The Laplace transform is

(44h, , =Xilz1-i(e) +(4,aDT AT, 62

where z =iw+ € (we use the notation z’ if there is a possi-
bility for confusion with the coordinate z) and A4 is the
random-force variable. A4; is the part of —id
=[x, A]=-L 4 which is orthogonal to 4. Using the
Mori projection operator &, which acts as
PB=(BANA44N)7'4, one writes 4,=(1-2)L4
=.YA4—(w)A. The random-force response matrix can
be written as follows:

A F(z) A F,(z) 0 0
(4,42 X7 = AFla) ALz 0 0
L1481/ 41 0 0 A, F,(z) AJF,(2)

0 0  AyF,(2) AF,(z)

(53)

The gpectral weight functions F,(z) are normalized;
ie, [ Fhwldo=1. By integration of (53) one there-
fore has‘by definition, that the coefficients A} are the ma-
trix elements of (@?)—(w)%: ie, Ay,=w—w, and
Ag=w'—w, for a=x,y. As carefully discussed by Mori,
the time evolution of the random forces is not governed
by the total Hamiltonian, but must be considered in a ro-
tating coordinate system, which follows the regular spin
procession. This ensures that the orthogonality
(4 l(t)AT)=O holds at all times. Therefore F,(z) must be
calculated using the modified Liouville operator
ZL1=(1—Z).Z, where the regular precession is project-
ed out from the original .. The (1_414}‘) matrix is 22
block diagonal for x,y (and also z). Let us consider only
one such block and write, for a=x,y (and also z),
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‘ X (z) Xo(2) oy 1 X,—X, 5
(4,41)z|a= X;(Z) Xa(z) and (4141) ZX?I_(X;)z .__X;Xa ’
where
S a Sa vt Z ' Sa Sayt \Z
Xa(z)=([1—g’](SA)a.|[1—9](SA)E), , Xa(z)=([l—.@](SA)a.|[l—?](SB)Tf), . (55
By definition, X, = f_w X (@)dw and X, = f_:X,’,(co)da). Then,
(4:4D.X7'=(4:4]:(4,4D7 (4,414 4N 7' =(414].(414D 7' U — ()P
{ X, (2) Xo2) | | X —Xo| [Aa A (56)
TXE (X, |Xal2) X2 | |—Xy X, | |AG Ag
r
By comparing this with (53), we find that does not give any qualitatively different results from the
o ) V2 simple pole approximation (58), but may give up to a 40%
Fo(2)=[XoXo(2) = XoXo(2)]/[Xo—(Xo)T, 57 increase of the calculated linewidths. The consequences
since X X&(z)—X,X,(z)=0 because f ® oF(w)do=0  of a cutoff will not be considered further in the present
- case.
and w It is convenient to consider the diagonal uniform and
f _ XoXo(0)—XoXo(w)dw=0. staggered susceptibility components X% and X*. The ma-

trices are obtained by transforming each 2 X2 matrix M
in the preceding section to M;=T—!'M T, where

/ﬁ.

The first-moment matrix (@)X does not change by this
transformation, but remains as (18).
The frequency dependence for the z,z susceptibility
It was found for the Heisenberg magnet that it is a ~ components is then, using (52) and (56),
great simplification and a good approximation for the fre- e , 1
quency interval of interest to parametrize F,(z) as a single +(q,2")=X%— (A+A) /2 +K.)
Lorentzian.®> This corresponds to assuming an exponen- 218, 28:)/12 + R,
tial decay of the random-force correlation functions (for  where, according to (20) and (21), A, +A, =a, +b, Vg If

The frequency dependence of F,(z) may be quite compli-
cated, and must be such that all moments of (4 /_IT)—(TZ

are finite.
l" =

1 —1
1 1

A. Simplifying approximation for the frequency
dependence

(59

intermediate times) with the decay time 1/K,. We write A, +A, «<K,, (59) simplifies to
F,(2)=1/(z+K,), (58) X3(4,z)=X4%(q) '+II" where T4 =(A, +A,) /K, .
z +

where K, is assumed to be nearly independent of z for
frequencies 0 < | @ | <max(w,w,). Inserting (58) in (53) (60)
gives a solution for each component with eight poles and

such that the second moment is finite. The spectrum The frequency dependence for the transverse, diagonal
could be cut off at high frequencies to yield the fourth  susceptibility components is obtained by transforming (52)
moment and to make all higher moments finite. As dis-  and (53) by 7. Explicitly, we find, for (4 AT);]»,Z a trans-

cussed for the Heisenberg paramagnet,® this procedure  verse, diagonal
J

-1

@0 0 0 Jlz43 0 i 0
0 X@ o o 0 z43* 0 W
0 0 X(@ o0 |[[-¥ 0o z43% 0 ’ (61)
o 0 0o x@|| 0 - 0 z+¥

where for a=x,y,
«_ AL+A,
= +K,

A tA,=a, ib;ya, and AyiA,',———cb;(li'ya.). (63)

and Vi =M/X%(q) . (62) For a more accurate determination of the weight fac-

tors for =% in (61) one should, of course, use the correla-
If we, for simplicity, use the RPA static X%(q), we find  tion theory susceptibilities X%(q) from (33). We notice
from (19) and (27) that that (61) can be block-diagonalized and can represent two
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independent families of modes belonging to », and o,
each described by four poles. Another independent family
of modes is the longitudinal @ =z, which is also described
by four poles. A line shape described by four poles is
clearly still quite general. Let us therefore discuss some
limiting cases, which also are useful for setting up the
self-consistency equations for determining the damping
constant K.

B. Limiting cases

In the case when the amplitude of the random forces is
small compared to the mean forces, (®?) — (w0 )? << (w)?,
the spectrum is only slightly modified from the §-function
spectrum at *o, and o). Consequently, one finds that
the poles of (52) simplify to four complex poles and, in
addition, one central, purely imaginary pole at
-1

S [2—(Ag+ AL /0 —(A,—AY /0 1/K, | =iK
a

(64)
where 1/K =2(1/K,+1/K,). The central peak is ap-
proximately Lorentzian with a half width ~K. If we in-

|

K20l — (A, — A, + A, — A2 /4] i
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S (A, +AL)/2—0)
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troduce only this average decay constant, the renormal-
ized and damped regular precession modes are given by
the complex poles:

B =10, +(+0,+iK) 3 (A,+A,) /20 +K?)
a

i&\)l +irl ’
(65)

Il
I+

CO||+(+(0||+1K)2(A —A, )/2(60||+K2)

i(l)“-‘}—iru .

We notice that the half widths T'; and I'|| are smaller than
that of the central peak, since by assumption,
A}, < {min(e},w}). The relative spectral weight of these
modes will be discussed below in (69)—(71).

The above case is clearly not relevant at the transition
temperature near g =0 and g =7, where @, and @ van-
ish. When w? and AY, are small compared to w”, one finds
the same high- frequency pole @ as in (65), but the low-
frequency part of the spectrum is described by the follow-
ing two poles:

&,=K
t 3 (A4 AL —K2—0}(1+ K% /0?)
a

When wﬁ and A, are small compared to w?, one finds, equivalently, the @, of (65) and the low-frequency poles at

K 0] — (A — A, — AL +A))2 /4] i [2 (A,
a

o,=K
! S(Ag—A) —K2—0}(1+K%/})
a

These solutions are expected to be relevant at T near
g = and g =0, respectively. We notice that the poten-
tially soft modes w, or o, merge with —w, or —a,
respectively, and go into an overdamped-oscillator form
with two purely imaginary poles. One of the poles van-
ishes at Ty, i.e., —i0. In other words, the soft modes
are being absorbed into the previously discussed central
peak. The expected critical slowing down at Ty is there-
by obtained.

It is instructive to consider these solutions of (52) in the
real time space (i.e., the inverse Laplace transform). First,
let us assume that the description with two damped modes
given by (65)—(67) is sufficient. We then find from (52),
for a=x,y,

—ry¢
e eos(w?)],

(68)

where the partial susceptibility components X% and Y%
are defined in (33). If we include the central peak (64) it
contributes to a first approximation simply by an addi-
tional term exp(— K1), with the appropriate relative spec-
tral weight. The result is

(S558) , =+[X%e ™ Voos(w, X2

—Ay)/2—of

l
(S,‘;‘Sﬁ)a.’, +(S§S§‘)3’,

=X%[Pfe X'+ (1—Pf)e _rltcos(wlt)] , (69)
(S559) ,—(S558)

=X [Pl =Kt (1—PD)e  Weos(oy)].  (70)
The weight factors for the central peak are

f=(Ag+A0)/ (0l +A+47) ,
(71)

“—(A —A! )/((l)”""A A )
Equations (69) and (70) comprise the generalization of the
RPA result (11) and (12). The correlation theory gives the
damping and also a central peak for the y,y component,
which is required by symmetry.

Finally, we need to calculate the decay constants K.
This is done using the mode-mode—coupling approxima-
tion, which was found to be excellent for the pure Heisen-
berg paramagnet.’ In the present case there is the compli-
cation that we have the regular precession modes (47)
which must be projected out. This is difficult to do exact-
ly and we shall use the following approximate scheme.
Consider, for example, the complete equation of motion
for (S% )4 using (6) for h =1,
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& . y X . y
k

The last part shows the terms which are explicitly proportional to the components of 4'={S% )H’(SS)T;"(SZ‘ )T],,(Sﬁ )T],} .
This is the dominant part to be projected out, and we shall neglect the (in a sense, higher-order) contributions from the
rest. The first part of (72) therefore yields an approximation for the first component of 4. In other words, 4, is ob-
tained from A4 by neglecting the terms proportional to M (the RPA part). Inserting this into (55) and using the mode-
mode decoupling, we then find

© <z Z &z
X2 =k TIZ S [ 7 ([($h+7%_ )(855855)% ) +0L(SISDT 1SUSDL ! ¢
k .
Z < .
+26 v (8548852 (SUSEI, ¢ Je ™ dr, (73)

© <z <z Z
X2V =kyTTE S, [ ([(@%+73_ )BS85 855)L ! —o%(SESH)L 184S, ¢
4

&z & o
+2627 ¢ _4(85% 855)% (S4SH)L ¢ Je ™ dr . (74)

t

The z parts X,(z’) and X, (z’) are identical with (73) and (74) if 6S? and S* are interchanged. The y part is a little more
complicated:

© & <z &L
X,(2')=kzTJI3S fo {[(¢%+¢}_E>(ssg Ssj)Y,'t+o27(.(S,’§Sj)r"t](SjS,’i)a,'_?’t
¥

2 z z fl z z zl z z '5"1 X QX fl
+a?(8SA SSA )?,t(SSA SSA )a_?,t—2¢?¢¥__q.(8SA SSB)?,I(SASB )H“T{J
Zz <z L Z '
topop_(SISE)L (SASE), 1 +(855855)% (854 855). " & e *"dr . (75)

In analogy with X (z’), the Xj (z’) part is obtained by ig)terchanging the A4 and AB terms. Under the sum and in-
tegral in (73)—(75), the precise time dependence of (SﬁSﬁ)?It is not too important. Let us therefore use (68) to estimate
the time dependence under .#;. Consider one of the dia§ona1, dynamical susceptibility components (33),

X(z)=X%(z)/X%, and the corresponding memory function (54), #~ (z)=X% (z)=X,(z)£X,(z). Then one has exactly?
that

L D=t L @) — T X @)l 2 X (76)

Using the full .Z [or (68)] introduces erroneously long-lived (oscillatory) behavior from X(z) in the memory function,
which is not present when .#(z) is calculated in the correct, rotating coordinate system. However, for A,+A} < w4 (g)
the relative weight of this contribution is P% [Eq. (71)]. Thus, if the central peak can be neglected, it is consistent to also
neglect the last term in (76). It can be included in a complete calculation.

C. Self-consistent determination of the damping constants K|,

For the diagonal susceptibility components we can write the self-consistency equations (57) and (58) for a=x,y,z sim-
ply as

1 _1

z+K, 2

, (77)

X%(z) X°(2) ]
a + a
xe X

z=z;

where X% (2)=X,(2)+X,(z), and z, is a characteristic frequency. For the transverse damping with a=x,y we shall use
Zo=iw,(q) and equate the real parts of (77). One clearly obtains the same result by using zo= —iw,(q) or
zo=tiw_(q). For a=z the characteristic frequency is zo=I%(q). From (61), (62), and (68), we then find the damping
constant I' , (q) for the frequency w_ (q) to be

2| x° X

Iy (=3 3 (A,+ALRe

a=x)y

, (78)

2

and similarily for the longitudinal central peak,
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[ (§)—(a’ +b! 7 )Re | L X%(T%)  X°.(T%) l
d)=(a; +b;74)Re | .
+ z z2r4q 2 Xz+ Xz
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(79)

Using the property that any quantity F (ya»):F _( _7/71')’ we find explicitly the mode-mode coupling contributions for

the one-dimensional case, where y,=—7v,_

X3(2)=kpTJ3 3, (($ptv_ _.)2)( (K%

X

-1 3

1
z+4+T% (K)+D%(G—K)
1

(80)

+o—.X (k)

K53

5,8’ Z—{—Ds_;_

(K)+D%(G—Kk)

where the sums over s run over s =1 and 2, and D% (k)=T"x( K)+(—1Yiw+(X). For the.z component the result is the
same, when x and z indices are interchanged and the corresponding frequencies inserted. Finally, we find

—K)+

s

X% (2)=kgTJ3 3, 2V (Ki(q

X

(o,

-5

2
+(o?iaa._¥) Y (KXE(d

1
z4+T%(K)+D%(G—K)
1
(K)+D%(G—K)

5,5’ Z+D

+Hopto. WA ENEG-K)

The interpretation of (78) and (79) is quite simply that
there is a contribution to the damping from the coupling
at all wave vectors of the various normal modes associated
with the susceptibilities X% (k) In general, when
Y7 — Y4 —n We must separately also consider the contri-
butlon to (78) and (79) from X°X® and X®X2. When
solving the self-consistent equations (78)—(81) it is con-

venient to assume a functional form for I'(§). As was
done for EuO, let us assume a Fourier expansion,
(@)= 3 r,cos(ng)
n=0,1,...
and (82)
I (g)= 3  A,cos(ng),

n=0,1,...

where the coefficients 7, and X, are to be determined.

D. Numerical results

The numerical evaluation of the results falls in two
parts. First, the static properties, the correlation func-
tions (27), the local moment M, and the angle 6 must be
determined. For a classical one-dimensional magnet one
could obtain these properties exactly by the transfer-
matrix method. However, here we shall test the self-
consistent correlation theory and make a comparison with
the known results for the classical chain. The self-
consistent calculation of the eight static quantities is quite
tricky, but can be done easily for not too small magnetic
fields by iteration. The results are independent of the
start values for the iteration. In the evaluation of the
correlation functions we have used the self-consistent
first-moment frequencies (47) and the susceptibilities (33).
The local moment is obtained from the exact relation

1 81)

z4+T%(K)+T%4(G—K)

M2=5(S +1)—(S3SF) —(S38%) —(85%8S3) . (83)

The theory is therefore dependent on the spin value S.
The angle 0 is determined by minimizing the free energy,
which gives (35°/00)=0. Using (6) we find the exact
relation

N

ENERGY wq/J, S(S+1)

N

0 1 | 1 L
0.2 0.4 0.6 08 1

WAVE VECTOR q

FIG. 2. Classical spin-wave dispersion for an antiferromag-
netic chain in a magnetic field. It is identical to the RPA solu-
tion (8).
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1 T T
RPA
M Mind
pd
o
=
N o5 - {e
i 90°
=z
g
e 1 600
4 30°
0 1 1
0 1 2 3

MAGNETIC FIELD H/J,S
FIG. 3. Induced moment M4, the local moment M, and the
canting angle 0 calculated by the RPA as a function of the mag-
netic field for the antiferromagnetic chain.

sinf=HM /[2Jo(M*+ (SFST)+ (855 68%))]. (84)

This expression is more accurate than the classical expres-
sion (2). If one uses (2) one finds 4 =1 in the canted re-
gion where 65£90°; this is no longer exactly true in the
presence of nearest-neighbor correlations (84).

For § = o (here we have used S=1000) the magnitude
of the correlations vanishes compared to M 2, and one ob-
tains the RPA results (8)—(17). The plot of RPA frequen-
cy versus wave vector is shown for different fields in Fig.
2. It agrees with the exact classical result and the com-
puter simulations. The canting angle and the induced mo-
ment is shown in Fig. 3. When the external field H
equals 2J,S the angle 6 becomes smoothly 90°. For
H =V"2J,S the canting angle is 6=45°.

Here, we shall present results for S =1 for two tem-
peratures T /JoS(S +1)=0.025 and 0.3. The first-
moment frequency is shown in Fig. 4. Because of the
pair-correlation terms in (84), it shows an energy gap,
which is not present in the RPA result, Fig. 2, in the cant-
ed phase. Figure 5 shows the local and induced moment
M,M;,4, and the canting angle 6. The transition to the
6=90° structure now occurs abruptly for fields lower than
2J,S, although it approaches this at low temperatures. It
is interesting to follow the correlation functions in the
canted phase. In Fig. 6 we plot, for T/J,S(S+1)
=0.025, the normalized, total correlation functions for
the same site, nearest and next-nearest neighbors,

Cl=(S858)/S(S+1), Thu=(SoST)/S(S+1)
and
Coa=(S§S5)/S(S+1).

First, we notice that we have not obtained full symme-
try between X and y as required by symmetry. The same

3 T T T T
S=1
T=03
= 2
+
(V2]
w
3
G
[0 4
w
P4
w 1
05
0 1 1 1 |
0 0.2 0.4 0.6 0.8 1.0

WAVE VECTOR q

FIG. 4. First-moment frequency calculated by correlation
theory for an antiferromagnetic quantum S =1 chain for
T =0.3J,S (S + 1) and different magnetic fields.

was the case with the RPA in (11)—(13). By symmetriz-
ing, we find the dashed curves for ¢9, ¢/, and ¢,. These
together with the z components agree qualitatively with
the exact classical correlation functions calculated by
Lovesey and Loveluck.! The obtained asymmetry be-

0.025|

MAGNETIZATION
o
o

30°

00

0] 1 2 3
MAGNETIC FIELD H/J,S
FIG. 5. Induced moment Mj,q, the local moment M, and the
canting angle 6 calculated for an antiferromagnetic quantum
S =1 chain for various temperatures T /JoS(S +1) as a func-
tion of a magnetic field H /J,S.
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TOTAL CORRELATION FUNCTIONS

T ‘ T
0.5 9=16.7° 9=45°

o
N

o
=

o

<S, Sp>/S(S+1)

-01

0 1 2 3
MAGNETIC FIELD H/J,S

FIG. 6. Total correlation functions in the original (X,5,2)
coordinate system normalized by S(S +1). They are defined as
on site, ¢2,=(S35&)/S(S+1); nearest neighbor, g4
=(S85¢)/S(S+1); and next-nearest neighbor, Ty
={(5859)/S(S +1). €1 represent the average of ¢}, and T,.
All are calculated for the antiferromagnetic quantum S =1
chain for T=0.025J,S (S +1).

TOTAL CORRELATION FUNCTIONS

T
*9= 45°

T
©:=25°

~° —
CZZ

<5, S >/ 5(S+1)

iwon

1
03

S
T
I

-04 .
0 1 2 3

MAGNETIC FIELD H/J,S

FIG. 7. Same correlation functions as in Fig. 6 for
T=0.3J,S(S +1).

S=1 T=0025 J,S(S+1)

—_—s s —> —> —> —> —> —> 9=9(0°

(a) H>2 J,S

%
Jse b o b sk p e
Y(b) & I r H=151 J,S

b ﬁﬁ ri f*f‘f‘9=15°

(c) H=06 JoS
LOCAL SPIN COMPONENTS

FIG. 8. Arrows represent the components of the local-
moment structure (schematic) deduced from the correlation
functions on Fig. 6. (a) is the fully aligned high-field state. (b)
shows that an antiferromagnetic y component is present at
0=45°. (c) At still lower fields an antiferromagnetic component
is also induced for the Z component. The general structure for
6 <90° is most likely a complex cone structure with an incom-
mensurate spiral vector.

tween X and J is, however, very instructive. It shows that
the assumed structure, Fig. 1 (which is correct for the
classical case S = ), is modified by twisting the various
sublattices. Analyses of the correlation functions show
that the structure is a complex cone structure, as shown in
Fig. 8. Such a structure automatically has full symmetry
between X and J and will also make the frequency on Fig.
4 vanish at an incommensurate wave vector. If the cone
structure has a long wavelength, the correlation functions
calculated using Fig. 1 are still valid. However, difficul-
ties appear at small fields. For H <0.7J,S, Xz_;. develops
a pole for 0 < g < ; this also happens for X"a’f, and Xy.q.’l for
H <0.5JS, indicating that a complex cone structure is
needed. The results for low fields are therefore not reli-
able before a full self-consistent cone situation has been
considered. Figure 7 shows the equivalent results for
T =0.3J,S(S +1). In this case there is better symmetry
between X and y—until X‘%ﬁ‘ develops, the finite-q poles

for H <J,S and H <0.6J,S. Notice that 6=45° is now
very close to the field at which the abrupt transition to
6=90° occurs. This is very different from the RPA, Fig.
3. The indication that the structure of an antiferromag-
netic chain in a field for small S is a kind of cone struc-
ture might have been guessed from the exact calculation
by Ishimura and Shiba!! for § =+. This shows that the
spin waves develop zero-frequency modes for field-
dependent g values between O and 7. The present calcula-
tion brings some physical insight into this interesting re-
sult which should be investigated experimentally. It is not
just the case for S =7, but holds also for other small spin
values.

The results for other small values of S are qualitatively
similar to those reported for S =1, when plotted on the
relative field and temperature scales H/J,S and
T /JoS(S +1). The relative importance of the correlation
effects is largest for S =+ and decreases with increasing
S. For S=17 the fact that (S%2)=+ at all fields and
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temperatures is exactly fulfilled at high fields, but at low
fields deviations between {(S2) and + are found of the or-
der of 10%. For all values of S, the relative local moment
M /S approaches 1 for large fields. The quantum effects
are therefore quite accurately obtained by the theory. The
result that the theory reduces to the RPA theory for
S— 0, which is temperature independent and has no
damping on the relative field and temperature scale, may
be a problem with the numerical calculation of the limit
S—> 0. Certainly, if we use the RPA results for a classi-
cal spin of formal length 1, one would calculate a tem-
perature dependence and damping rather similar to that
found for the quantum spin S =1.

The correlation theory is not restricted to the one-
dimensional case and it is easy to extend it to higher di-
mensions, where it actually should be more reliable. As
an example in Fig. 9 we show the induced moments and
canting angle for the two-dimensional square case. An
analysis of the correlation effects in the frustrated tri-
angular lattice will be considered in a separate paper. It is
found that the correlation effects introduce local ordering
with incommensurate wave vectors.

After having investigated the static properties, the
second part, the dynamic properties going beyond the
first-moment frequencies, remains to be calculated. Equa-
tions (59) and (61) show that there are three independent
families of excitations, two transverse with first-moment
frequencies w_ (q) and w_(q), and one longitudinal with
zero frequency. Furthermore, w_ (q) is equivalent to
@_(q —m). The Fourier coefficients of the expansion (82)
of the damping constants T (q) and I'%(q), Egs. (78)
and (79), can now be calculated using (80) and (81). The
result depends strongly on the static properties and the ac-
curacy with which these are obtained. For S =1 and
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FIG. 9. Induced moment M., the local moment M, and the
canting angle 0 for a two-dimensional square lattice for S =1
for T =0.025 and 0.3J,S (S +1).
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FIG. 10. Lower part shows the Fourier coefficients for the
damping constants I'+(q) and I'4(q) for the spin-wave mode
w (Fig. 4) and the central peak as a function of the magnetic
field. The upper part shows the intensity of the spin wave and
the central peak for [X"(q,@)+X”(q,w)]/2 (solid line) and
X #(§,) (dashed line) for g =.

T =0.3J,S (S +1), on Fig. 10, we show the damping con-
stants and the intensity of the spin-wave and central-peak
contributions to the total transverse and longitudinal
response functions (5), [X™(q,0)+X”(q,)]/2 and
X #(q,0). The corresponding spin-wave frequency is
given in Fig. 4. In the 6=90° region the spin waves and
the central peak have widths which vanish for large fields,
but grow strongly near the transition to 6s490°. In the
field range for 20° < 0 < 90° we find damping constants of
the order of 10% of the spin-wave frequencies. For
6 <16° we are in the region where )(%5’ has poles for

0< g <m. The calculated damping is strong in this re-
gion, indicating that the assumed structure shown in Fig.
1 is not adequate in this region. The magnitude and field
dependence is in qualitative agreement with the
computer-simulation studies for the classical (S = )
chain. We were unable to make a direct comparison be-
cause in the present numerical calculation the correlation
effect, and thereby the damping, vanishes when S — .

VII. SUMMARY

The static and dynamic properties of a Heisenberg mag-
net in a magnetic field was derived using the correlation
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theory. This gives results including correlation effects for
various lattice dimensions, spin values, temperatures, and
signs of the interaction constant. As an illustration of the
results, the one-dimensional antiferromagnet, when corre-
lation effects are expected to be large, was treated, partic-
ularly for S =1. The results agree qualitatively with the
computer-simulation results on the classical chain. How-
ever, indications are also found of a complex cone struc-
ture similar to that expected, leading to the exact results
for the S =% chain. By choosing dynamical variables
which diagonalize the local properties, we found a
central-peak component, which can be understood as com-
ing from the local longitudinal susceptibility. This pro-
vides an alternative, simpler description of the central
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peak than the hydrodynamic energy-mode concept. It
would be interesting to calculate the dynamics using the
exact static properties known for the one-dimensional sys-
tem to test the mode-mode—coupling approximation. For
two dimensions the present theory allows a calculation of
both static and dynamic properties which have not previ-
ously been obtained.
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