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Thermal vacancy concentrations in crystals of He have been directly determined from measure-
ments of the temperature dependence of the x-ray lattice parameter. Body-centered-cubic 'He was
studied for molar volumes ranging from 20.3 to 24.8 cm /mole for which the melting temperatures
range from 2.36 to 0.435 K, respectively. It was found to contain about 0.5% thermal vacancies at
melting, essentially independent of molar volume. A single hcp He crystal (18.8 cm /mole) was

studied, and was found to have 0.1% thermal vacancies at melting. From the measured vacancy
concentrations, free energies of formation are obtained and compared with results from NMR and
ultrasonic experiments. These comparisons suggest that in the bcc phase vacancies move by a tun-

neling process, while in the hcp phase their motion is thermally activated. Free volumes of forma-
tion are found from a comparison of the measured vacancy concentrations with existing thermal ex-
pansion and compressibility measurements. In the bcc phase the formation free volume is found to
vary from 0.4U, at 20 cm3/mole to 0.3U, at 24 cm /mole, where U, is an atomic volume. The ap-
parent heat capacity of the vacancies is calculated with use of a localized vacancy model and found
to be unreasonably high. Both this result and an analysis of the volume of formation suggest that
the vacancies are nonlocalized.

I. INTRODUCTION

Solid helium is a very interesting system in which to
study thermal vacancies. Its large compressibility means
that vacancies can be studied over a wide range of molar
volumes using easily attalnablc pI cssuI'cs. Thus thc
volume dependence of the various parameters describing
the vacancies can be determined. Helium also exists in
two structures at rather modest pressures. At low pres-
sures He is in the body-centered-cubic (bcc) structure,
which is loosely packed and allows the atoms a relatively
large freedom of motion away from their equilibrium po-
sitions. At higher pressure solid He forms in the hexago-
nal close packed (hcp) structure. The influence of crystal
structure on vacancy formation and motion can hence be
studied.

Also peculiar to solid helium is the dominance of quan-
tum effects due to the large zero-point motion of the
atoms. This affects the study of vacancies in two ways.
First, each vacancy may not be localized on one lattice
site. This idea has been discussed theoretically by several
authors, ' who all agree that nonlocalized vacancies or
"vacancy waves" should exist with a band of excitation
energies. This could result in a deviation of the vacancy
concentration from classical Arrhenius behavior. Howev-
er, experimental evidence for nonlocalized vacancies is
still inconclusive. The second result of the quantum na-
ture of helium is that vacancies can make a significant
contribution to the thermal properties of the solid. The
large zero-point motion of the atom means that solid heli-
um melts at temperatures T&0.10D where OD is the
equivalent Debye temperature. Therefore, the thermal vi-
brational contributions to the properties at melting do not
overshadow the vacancy contribution as is the case for al-
most all other solids.

nC= —3X+n +n, Ip ap

for a cubic crystal. X is the number of atoms, n is the
number of thermal vacancies, and n, is the number of hy-

Most previous information about vacancies in solid 3HC

has come from indirect sources. Nuclear magnetic reso-
nance (NMR) experiments "are sensitive to the vacancy
concentration as a result of the atomic motion which
occurs as the vacancies change atomic sites. Another
source of indirect information is precise measurements of
ultrasonic velocity and attenuation changes. ' It is pos-
sible to introduce dislocation pinning in helium at low
temperatures and to follow depinning by a thermally ac-
tivated process, as a solid specimen is heated to succes-
sively higher temperatures. These techniques depend
upon diffusive properties of the defects and not the actual
formation properties. In fact, from such measurements
alone, one cannot be sure that the observed diffusion is
due to vacancies instead of some other mechanism. How-
ever, once the nature of the diffusive mechanism is estab-
lished, NMR and ultrasonic experiments have the advan-
tage of high sensitivity.

Other indirect inferences about thermally-generated de-
fects have come from heat-capacity measurements. '
These depend, however, upon additional assumptions,
such as the form of the defects, the photon contributions
to the heat capacity, and other possible excitations. Such
indirect inferences must bc treated with great caution.
The specific heat in the absence of vacancies has not been
independently measured.

A more direct method of measuring vacancy concentra-
tions is by x-ray diffraction techniques. Thermal vacancy
concentration C can be found by using the relation
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pothetical zero-point vacancies. I is a macroscopic length,
a is the x-ray lattice parameter, and the subscript 0 refers
to values in the absence of thermal vacancies. Thus Eq.
(1) states that the thermal vacancy concentration is equal
to the change in macroscopic volume minus the change in
the microscopic x-ray volume. Since n, is at most a few
percent of N, for the most cases it can be ignored in the
application of Eq. (1). Also, for helium constant macro-
scopic volume conditions can be closely achieved which
means Eq. (1) becomes

is the vacancy free energy of formation and the subscript
U indicates the parameters referring to a vacancy formed
at constant volume. e„and s„are the energy and noncon-
figurational entropy of formation, respectively, which
obey the following thermodynamic relations:

r r

, a(f m
8 TlP

The validity of Eq. (1) has been considered in several arti-
cles, ' and successful applications to the heavier
noble-gas solids has been made. ' Equation (1) [or
equivalently Eq. (2)] has not been rigorously shown to ap-
ply to the case of nonlocalized vacancies. However, since
a nonlocalized vacancy state can be written as a linear
combination of localized vacancy states, it seems reason-
able to assume that Eq. (1) applies equally well to helium.
This assumption is made throughout the rest of this pa-
per.

Partial experimental justification for the application of
Eq. (2) to bcc He is obtained from the pioneering work of
Balzer and Simmons. Although their measurements
were limited in scope, they found a reversible change in
the lattice parameter, and showed that the thermal defects
observed in NMR measurements are indeed vacancies as
predicted by theory.

The present work greatly extends the measurements of
Balzer and Simmons on He to cover much wider ranges
of molar volume and temperature. Extension of the mea-
surements to small molar volumes (high pressures) allows
the first direct observation of vacancies in the hcp He
phase to be made. The extension of the measurements to
lower temperatures means that a reference state almost
devoid of thermal vacancies can be achieved. Thus, for
the first time knowledge of the absolute number of
thermal vacancies is obtained. Consequently, such vacan-
cy parameters as the free energy of formation and the free
volume of formation can be calculated. It is also possible
to commence detailed comparisons of various measure-
ments to check for consistency with localized and nonlo-
calized vacancy models.

II. THEORY

For later use we also write the pressure of formation on
the vacancy. The pressure of formation at constant
volume is the analog of the volume of formation at con-
stant pressure and is related to f„by

Because the constant-pressure situation is more com-
mon than the constant-volume situation, calculations of
vacancy properties have generally been done for the
constant-pressure case. Since most experiments on helium
are done at constant volume it is useful to have relations
between corresponding isobaric and isochoric parameters.

We start with the observation that for a given pressure,
volume, and temperature the number of vacancies is in-
dependent of how the state was achieved. Therefore, we
have

gp(T')= f„(T),
where g~ is the Gibbs free energy of formation at constant
pressure. %hen a vacancy is created at constant volume
the pressure will rise an amount dP. Equation (8) then be-

f„(T+dT)=gz+~z(T+dT)=gz(T+dT)+uzdP,

where U~ =Bg~/BP is the isobaric free volume of forma-
tion. Using Eqs. (5) and (6),

e„=hp —vp T BP
(10)

A. Thermodynamics

Most previous work on the thermodynamics of vacan-
cy formation is concerned with the constant-pressure situ-
ation where the total Gibb's free energy must be mini-
mized. For the constant-volume case only the Helmholtz
free energy F( V, T) need be minimized. s Following
analogous arguments as for the constant-pressure case, we
obtain for the concentration of noninteracting vacancies

(3)

BP
P

V

where hz
——ez+Puz is the isobaric enthalpy of formation.

By applying the same arguments to the constant-pressure
situation it can be shown that

where BT is the isothermal bulk modulus and U~ is the
atomic volume. .
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B. Vacancy contribution to crystal properties

The vacancy contribution to the properties of a crystal
has been thoroughly discussed by several authors~7 2 for
the isobaric case. Reference 28 is a detailed discussion for
constant volume. This section gives some of the relevant
results for later reference.

With the assumption of noninteracting monovacancies
the free energy of the entire crystal can be written

Fo+-nf„Ts,—.
Fo is the free energy in the absence of vacancies and s, is
a configurational entropy term. With Eq. (13) the energy
of the crystal is

which gives the vacancy contribution to the constant-
volume heat capacity as

o Bev Bn
Ci Cff —n +eyV, y

For localized vacancies n =N exp( —f„/kT) and we have

2
Beq ep

Cy Ci =—n
kT~

Similar relations can be derived for other properties of a
solid and these are listed in Table I. It is straightforward
to extend these relations to include the effects of divacan-
cies and larger vacancy clusters, although the expressions
themselves rapidly become very complicated.

For example, the equilibrium concentration of the jth
type of vacancy cluster is given by a generalization of Eq.
(3),

where E~ is a geometrical factor related to the number of
ways of orienting the defect in the lattice. For localized
monovacancies, K~ ——1, and for localized divacancies in a
bcc lattice E2 4. ——The free energy of formation for the
jth type defect can be written as

(18)

where bj is the binding free energy associated with the
formation of the cluster from j monovacancies. Because
of the binding free energy such parameters as the energy
of formation and volume of formation will be different
from the values associated with j monovacancies. In
practice we expect that only the case of bJ p 0 has to be
considered, which means the energy and volume will be
reduced from their corresponding monovacancy values.
Considering only vacancies and divacancies, and using
Eq. (17), it is thus easy to generalize Eq. (16),

Be„(e,)
kT

Be„(e„)2
y kT2

Self-diffusion is another process in which vacancies
may participate. At temperatures near melting, diffusion
and ionic conductivity acquire the Arrhenius behavior
characteristic of a thermally activated process, at least for
He molar volumes less than 24 cm .

Nuclear magnetic resonance experiments measure the
diffusion of He atoms which at high temperatures move
through the lattice with a characteristic frequency,
~3——Ceo~. Here C is the vacancy concentration and m~ is
a characteristic frequency for vacancy motion. The tem-
perature dependence of cod depends on the process by
which the vacancies move. If they move by classical dif-
fusion then a He atom must jump over a potential barrier
to reach the vacant site. co~ is then thermally activated

TABLE I. Noninteracting monovacancy contribution to the properties of a solid. The symbols are
n —number of vacancies, hp —isobaric formation enthalpy, U, —atomic volume, Up

—vacancy volume,
V—crystal volume, p„—isochoric pressure of formation. The superscript 0 signifies the property in the
absence of vacancies. These formulas are compiled from Refs. 27—29.

Property

Isobaric heat capacity

Vacancy contribution

Bhp hp

+T2

Thermal expansion O,' —CL
0

XU,

8Up, Up Ap

BT T KT

Isothermal compressibility
BUp Up

BP,+ kT
Pl

PT P'r=—
XU,

Pressure
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and ~3 has an associated diffusion activation energy

ed ——E~+e„where Eb is the barrier height. There may
also be an entropy of migration associated with jumping
over the barrier, but this is incorporated into the preex-
ponential factor. If the vacancies tunnel then it is shown
in Ref. 30 that for a bcc lattice co~=5.2r0„, where co, is
the rate at which 8 He atom tunnels into an adjacent va-
cant site. This results in ard being temperature indepen-
dent Rnd g1vcs 8d =8~.
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A. Apparatus

The cryostat and x-ray diffractometer used for this
%'ofk Ilavc bccn described elsewhere. FlgUfc 1 shows 8
schematic drawing of the arrangement of the cryostat and
x-ray diffractometer. The specimen crystal is held in
fixed orientation and location in space, and the diffrac-
tonlctc1 1s Used to scan thc x-fay tUbc and pIloton dctcctoI'
slit about 1t. Thc scaQQ1Ilg, 1Q oppos1tc angular d1fcctlons,
can be succinctly described as 8-8 scans of the source
Rnd dctcctoI', fcspcct1vciy.

The system was controlled by a Digital Equipment Cor-

50 crn

FIG. 2. Bragg-peak S-e scan, 6 scc/step. The solid lines are
quadratic least-squares fits used for finding the peak location by
bisection of chords drawn between them. Reproducibihty of
f1ndlng thc locat1on on Icpcatcd scans %vas 2 to 3 steps, which 1S

equivalent to about 50 pprn relative change in He lattice param-
eter.

poration PDP-8/L interfaced to the external equipment
through the "Blox*' system developed at the University of
Illinois. A staQdald NRI scintillation dctcctol Rnd ancilli-
ary electronic components %'crc used. Thc scaIls 'werc

semiautomatic With thc scan bc1ng halted at 1ts midpoint
to allow the reading of a dial indicator at a reference an-
gle. A representative Cu Ea (110) peak step scan in
shown in Fig. 2. Note that. the total background (from
specimen pressure ceI1, cryostat radiation, and vacuum
shields) is relatively low. When a scan was completed the
diffractometer was automatically readied for a new scan.
The system rapiNy measures changes in lattice parameter,
even from weakly scattering He crystals, but it cannot
determine lattice parameters Rbso1utcly.

FIG&. 1. Relative arrangement, of the special three-circle x-ray
diffractometer, thc cryostat (Ref. 31) and the cryostat support
frame. A, movable pumping-line support; 8, cryostat; C, com-
mercial x-ray tube with pinhole collimator; D, detector; E, con-
crete inertia block. After a helium crystal is grown, it is exam-
ined and its orientation determined using a Laue tI'ansmission

cassette, F. VAth cassette removed, the detector is used as X
and 7 translations center the cell; Z motion selects the height.
The angles P and g are then manually set and the 8-0 mecha-
nism initializcd for scann1ng a BI'agg peak to measure lattlcc pa-
1ameter changes.

B. ThcrmoIBctry

A germanium resistance thermometer provided the pri-
mary temperature indication above 200 mK. Below 200
mK a Speer —,-%, 100-A carbon resistor was used. Com-
parison of the germanium and Speer resistors above 200
mK provided the small correction ( (3%) which neces-
sarily had to be applied to the Speer calibration after each
thermal cycling to room temperature. Both resistors were
initialIy calibrated in 8 separate cryostat against the He
vapol pI'cssUI'c scale above 1 K, Rnd against 8 ccriUIQ
magnesium nitrate (CMN) magnetic thermometer below 1

K. The CMN thermometer itself was calibrated against
the He vapor-pressure scale above 1 K. In addition, the
calibrations were checked with a National Bureau of Stan-
dards (NBS) supcrconductlDg fixed-p01Ilt thermometer at
0.840, 1.172, and 3.414 K. The absolute accuracy of the
calibration is estimated to be about 0.5% over the range
from 0.06 to 3.40 K.

A second germanium thermometer %v'Rs located Rt the
bottom of the sample cell in order to monitor the tem-
perature gradients across the cell (the top of the cell was
fastened to the mixing chamber of a 3HC-"He dilution re-
frigerator on which the other calibrated thermometers
were also attached). This gradient thermometer was cali-
brated in place against the top thermometers. This vvas

done twice, once vnth liquid in the cell and once eath
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solid in the cell. No difference was found indicating
negligible gradients across the cell, since the solid is an or-
der of magnitude better thermal conductor than the
liquid. Also, the calibration of the bottom thermometer
was repeatedly checked against the melting pressure of
He. No discrepancies were ever found.

C. Sample preparation

The crystals were grown from He with a He impurity
of less than 300 ppm by cooling the top of the sample cell

slowly. The sample cell is shown in Fig. 3(a). A natural

gradient formed across the cell, with the bottom of the

cell being warmed by heating from the fill tube heater
used to keep it unblocked during crystal growth.
Constant-pressure conditions were closely achieved by us-

ing the dead volume of the high-pressure gauge (above 30
cm ) as a ballast. Crystal growth was monitored by
watching the temperature of the bottom germanium ther-

mometer. Figure 3(b) shows a typical growth curve.
Crystal-growth times varied over a wide range, as short

as 45 min to as long as 11 h. The quality of the crystal
does not seem to be strongly correlated with growth time.
The exception is that when very fast growth occurs, the
large temperature gradient which is necessary seems to
segment the crystal. Specimen quality was checked two
ways. The first was by transmission Laue photographs

c
8

which also provided the orientation of the crystal. The
second was by examining the initial 8-8 scans taken at
various heights along the crystal. It was found that only
completely single crystals yielded reliable data. A com-
mon growth fault was bicrystallinity, which was shown by
each spot on a transmission Laue photograph becoming a
closely spaced doublet. This resulted in the rejection of
a large number of crystals.

IV. DATA

A. X-ray data

Qut of approximately 100 crystals grown, 21 passed the
initial screening just described and we«used fo«ata
scans. The crystals seemed to be very sensitive to tern-

perature changes and care had to be exercised during data
taking to avoid nonreproducible behavior of the lattice pa-
rameter. If repeated scans were taken at a constant tem-

perature the lattice parameter reproducibility was about
50 ppm. Changing the temperature often resulted in the
scatter of the data being increased. The source of this
behavior was likely due to stresses induced by pressure
gradients in the cell as the temperature was changed. As
such it most frequently occurred near melting where

(BI'/BT)z is the greatest. Therefore, on later crystals the
region near melting was avoided until late in the run.

The sensitivity of the crystals to temperature changes
sometimes caused bicrystallinity to be revealed only after
the first few temperature changes. This resulted in the re-
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FIG. 3. (a) Plastic sample cell. Lucite was used for pressures
below 8 MPa and Delrin was used for higher pressures. (b} A
typical crystal-growth curve as recorded on a strip chart from
the germanium thermometer. The various segments of the
curve are interpreted as follows: A, start cooling top of cell; 8,
start of crystal growth at top of cell; C, finish of crystal growth;
D, temperature equilibrium established as thermal gradients
across the specimen decay away.
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FIG. 4. Examples of data taken on bcc He crystals grown at
the molar volumes indicated. The error bar in the upper graph
is the estimated precision of the diffractometer. The additional
scatter of the data points seems to be intrinsic to the crystals
under the conditions of the experiment (see Sec. IVA). T is
the melting temperature and —3 Aa/ao is the vacancy concen-
tration. The solid lines are exponential least-squares fits and
were used to set ao as well as to find the &ee energy f„. The
data for 20.30 crn /mole were taken on cooling, and those for
23.14 cm /mole were taken on warming.
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TABLE II. Physical parameters of the crystals used for data, along with the f„val ue found from a simple exponential fit. Stated
errors for the f„values of the bcc crystals are twice the standard deviations given by the fitting program. The error limits for the hcp
crystal contain an additional factor due to a lack of knowledge about the temperature dependence of the c/a ratio [for a discussion of
the application of the present x-ray technique to hexagonal crystals, see R. Feder and A. S. Nowick, Phys. Rev. 8 5, 1238; 5, 1244
(1972). A (10T1) Bragg peak was measured here. ], which was not measured in this experiment. The last column is a measure of the
number of vacancies at melting. For the bcc crystals the vacancy concentration at melting averages very close to 5&10
(f„/T =S.3).

Crystal

3

7
8 (hcp)

9
10
11
12
20

21

Pressure
(MPa)

6.84
8.32—8.34
9.72—9.63

13.78—13,76
3. 18
3. 16

3.16
3.48
2.98

4.49

1.800
2.190
2.363
3.149

0.619
0.605

0.605
0.779
0.435

Vol.
(cm /mole)

21.49
20.84
20.30
18.8
24.58
24.61

24.61
24.20
24.86

23.14

1—1

3
5—1

2

11
43'
4

2—1

9.50+0.46
11.10+1
13.96+0.54
21.4 +) 6

2.96+0.14
3.20+0.22

3.40+0.24
4.25+0. 10
2.29+0.22

5.2,8
5.07
5.89
6.79
4.78
5.28

'Grown by warming from below the minimum in the melting curve.

jection of several of the original 21 crystals. Also, a few
other crystals were rejected because of dramatic changes
in the Bragg-peak intensity and shape during the period of
data collection. In the present apparatus, crystals grown
near the molar volume 23 cm /mole (T about 1.16 K)
seemed particularly unstable. Crystals 13 through 19
were unsuccessful attempts at taking data near this molar
volume. Accordingly, ten crystals were finally selected
for extensive data taking and analysis. The properties of
these usable crystals are summarized in Table II. Some
examples of the data obtained on the crystals are shown in
Figs. 4 and 5. Other data are shown in Ref. 26. The solid
lines on these figures are simple exponential fits which
would describe the vacancy concentration if the free ener-

gy of formation, f„,is constant. Such would be the case if
the vacancies are localized and s, is near zero, since for
helium the correction term in Eq. (11) is small.

bcc He
24.58 cm /
Tff) =0.6 I 9K

0—
O

O
0

C)
c)C
FQ

I

I

0.2
5

bcc ~He
4 — 24.86 cm /moIe

T~ =0.455K

B. Possible corrections to x-ray data

Equation (2) gives the vacancy concentration only if the
entire lattice parameter change is due to vacancies. For
example, the formation of an interstitial causes a lattice
parameter change opposite to that of a vacancy. Thus,
the creation of vacancy-interstitial pairs leaves the lattice
parameter unchanged. Calculations by Mullin " indicate
that the formation of an interstitial, either isolated or in
association with a vacancy, requires IDuch morc cncrgy
than the formation of a vacancy. Hetherington' also gives
arguments suggesting that vacancies are the dominant
thermal defects. We therefore assume that interstitial for-
mation can be neglected.

Another possible contribution to Aa is the volume
change caused by the formation of dislocations. In linear
elastic theory creation of a dislocation has no volume
change associated with it. Very near the dislocation, how-

0—

I I

0.5
Temperature (K)

I

0.4

FIG. 5. Examples of data taken on large molar volume bcc
3He crystals. T is the melting temperature and —3ha/ao is
the vacancy concentration. The lines are exponential least-
squares fits and were used to set ao as well as to find f„. The
crystal for 24.86 cm /mole was grown by warming from below
the minimum in the melting curve and the points were taken on
warming.
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ever, elastic theory breaks down and the possiblity of a
volume change exists. Holder and Granato have calcu-
lated the volume change due to dislocations for a large
number of materials, and find that it is about an atomic
volume per atomic length of dislocation. A volume
change 5V/V= 10 would thus require about 10"
cm/cm of dislocations. Ultrasonic attenuation measure-
ments give dislocation densities for "He in the range
106—109 cm/cm, and for He, smaller. ' Such densities
mould be undetectable by the current x-ray method.

Diffuse x-ray scattering can cause apparent shifts of the
Bragg peak with changes in temperature. This occurs be-
cause some sources of diffuse scattering do not contribute
symmetrically to the intensity on opposite sides of the
Bragg peak. Diffuse scattering arises from factors which
disturb the periodicity of the lattice. These include the
motion of the atoms about their equilibrium positions due
to thermal vibrations or zero-point motion, and the distor-
tion of the lattice due to defects.

Thermal (lattice) diffuse scattering is approximately
proportional to Q where Q is the scattering vector.
Therefore, the apparent center of the Bragg peak is shift-
ed to higher Q values. If the observed peak is roughly
Gaussian in shape, to get an estimate of the magnitude of
the shift we write the peak intensity as

I=Q exp[ b /(Q ——6) ] . (20)

If b is fit to give the observed peak width and the entire
peak is assumed to be from diffuse scattering, the Bragg
peak is shifted by an amount —3 ha/a =10 from the
true Bragg-peak location G. Since ihe measured peak cer-
tainly has some Bragg component, the actual shifts are
smaller. Because of the large zero-point motion in heli-

um, thermal vibrations constitute only a small portion of
the atomic motion. Thus, diffuse scattering due to atomic
vibrations is likely to be largely temperature independent,
resulting in a constant shift of the apparent lattice param-
eter.

The theory of diffuse scattering due to defects is re-
viewed by Dederichs. Close to the Bragg peak this
scattering images primarily the long-range strain field of
the defect, and can be broken into two parts. The first is
symmetric or Huang scattering and has no effect on the
peak location. The second part is the antisymmetric
scattering which varies as Q '. The sign of the asym-
metry is such that it shifts the Bragg peak to smaller an-
gles, partially canceling the shift due to the vacancies.

Since detailed calculations are difficult, we compare
helium with a mell-characterized substance such as alumi-
num. For aluminum at room temperature it is found
that the magnitude of the diffuse scattering from an inter-
stitial concentration of 5X10 is somewhat smaller than
thermal diffuse scattering for lom-order Bragg reflections.
Diffuse scattering from interstitials is typically 10 times
stronger than that from vacancies. This means the above
interstitial concentration for aluminum is roughly
equivalent to the vacancy concentration in helium at melt-
ing. Homever, for helium the lattice diffuse scattering is a
much larger part of the observed Bragg reflection because
of zero-point motion. We therefore believe that the dif-
fuse scattering from the vacancies in helium should

20-
Cl

CD

to-

1
Cl

0/
l

bcc

j
/
'c~ o

aj
~ ultrasonics

I

20
I

2I 22
V(em~/mote)

FIG. 6. Comparison of vacancy formation (activation) ener-
gies as determined by various techniques. The NMR data of
Reich (Ref. 9), Sullivan and co-workers (Ref. 10), and Bernier
and Guerrier (o „Ref. 11) are diffusion activation energies. The
points of Beamish and Franck (Ref. 12) are inferred indirectly
from ultrasonic measurements, and the points of Balzer and
Simmons ( &, Ref. 25) and the present work (O) are free ener-
gies from direct x-ray measurements.

comprise only a small fraction of the observed peak, and

have a negligible effect on the Bragg-peak location.
To summarize, it appears that all these possible correc-

tions to b,a are sufficiently small to be neglected. We
therefore assume that the lattice parameter changes
represent changes in vacancy concentration.

V. DATA ANALYSIS

A. Comparison to other results

Figure 6 is a comparison for the bcc phase of the
vacancy-formation free energies listed in Table II with
previous measurements. The NMR results "are actual-
ly diffusion activation energies (see Sec. IIB). The ul-
trasonic points' were obtained by following the recovery,
at a succession of increasing annealing temperatures, of
attenuation introduced in specimens near 100 mK by
high-amplitude 3-MHz pulses; the resulting activation en-

ergies apply to diffusion.
In the bcc phase all the data appear in good agreement

within their respective experimental uncertainties. The
x-ray measurements of Balzer and Simmons are sys-
tematically slightly low. A possible explanation lies in the
fact that they did not reach sufficiently low temperatures
to accurately determine ao. A similar situation occurred
for crystal 4 which is the point at 20.8 cm /mole.
Without an accurate value of ao it is easy to overestimate
the number of vacancies, and the point for crystal 4 is
closer to the results of Balzer and Simmons than others of
the present work.

If the vacancy band due to possible vacancy nonlocali-
zation is assumed to be narrow the classical localized va-
cancy formulas can still be used. The NMR data then
provide the energy eNMR ——e„+EI,. Because the NMR re-
sults were analyzed assuming a constant eNM&, these
values are slightly incorrect since according to Eq. (10) e„
should have a slight temperature dependence. However,
the value of eNMR does not depend on the choice of s„, be-
cause s„ is absorbed into a preexponential factor and does
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not affect the value found for e„.
From the present x-ray measurements only the free en-

ergy of formation f, can be determined. Thus, the value
of 8„dcpciids 011 tllc clloicc of s„. Thc appal'cilt Rglcc-
ment of the NMR and ultrasonic results on the one hand
RIMI thc pfcscnt x-ray I'csults on thc other, 1Q Flg. 6, leads
to two possible conclusions. (1) The vacancies tunnel,
which means eNMR e„=——f, . This would imply s„=0. (2)
The vacancies are not tunneling, but jump over a small
barrier Ill w1iic11 case 8NMR =8„+Es f~„. T}icI1fioIII Eq.
(4) and the measured vacancy concentration it must be
true that S„/k=Eb/T, where T is the melting tem-
pcI'atuI'c. T~ ls Used s1ncc thc pI'cscIlt x-ray measure-
ments only pI'ovldc thc vacaIlcy conccntI'RtloIl accurately
near melting. Since it is unlikely that Eb is volume in-
dependent, 1t seems UQ11kcly that thc second collcluslon
would hold for all molar volumes. We therefore conclude
that the tunneling hypothesis is the most probable, al-
though more information about s„ in the bcc phase would
bc dcsirablc.

For the hcp phase at 18.8 cm the x-ray formation ener-

gy in Table II is much lower than the NMR diffusion ac-
tivation energy at that molar volume. Th1s 1s strong ev1-

dence that diffusion in the hcp phase proceeds classically
(i.e., by a thermally activated pmcess), and that any tun-

neling mechanism makes at most a small contribution to
the overall diffusion constant. From the difference be-

tween the x-ray and NMR values the barrier to an atomic
jump into a vacant site can be estimated. Assuming that
the vacancy entropy of formation is near zero the barrier
is about 12 K. These conclusions verify the speculations
of Sullivan and co-workers. ' Their data seemed to be in-
cons1stcnt with a tunnc11ng hypothesis 1Q thc hcp phase
and they estimated a barrier height of 13 K.

Since classical diffusion appears to be occurring in the
hcp phase, the value of ro(=2m/coo) from Ref. 10 can be
used to calculate the diffusion activation entropy. Classi-
cal transition-rate theory gives

Sd/k =ln(DO/yva ),
where y is a geometrical constant (equal to 1 for an hcp
lattice), a is the nearest-neighbor distance, v is the vibra-
tional frequency of the atom, and D is related to ro by30

diffusioii is aii lippci' liiIiit oil 'tlic vacaiicy volliIllc, siilcc
ud =Uz+U where U is the free volume of migration. (2)
Fmm the present measured values for the number of va-
cancies, the free volume of formation, v~, can be calculat-
ed from the volume dependence of f„as determined by
the x-ray measurements. This requires using Eq. (12) to
convert (Bf„/BV)T into free volumes. We consider these
in turn.

The only previous volume determination is of the free
volume of diffusion, Ud. Goodkind and Fairbank ' mea-
sured the pressure dependence of Ti and TI and found a
value uq=7. 3 cm /mole independent of pressure over a
range fmm 5.5 to 11 MPa. Later NMR results were not
analyzed to obtain ud. Therefore, seeking more informa-
tion about U&, we analyzed the T, measurements of Sul-
livan and co-workers. ' As shown in Fig. 7, these results
differ from that of Goodkind and Fairbank. Possibly this
1s rclatcd to thc fact thRt SU111van and co-workers" Used R

constant"pl cssux'c CI'ystal-gl owIQg tcchQ1quc which should
produce nearly single crystals (for which Ti shows some
anisotmpy), while the analysis is appropriate for polycrys-
talline samples. This is further complicated by the fact
that data from four different crystals were used to calcu-
late Ud values from the data of Sullivan and co-workers.
On the other hand, the technique of Goodkind and Fair-
ba1lk should pI'oclUcc polycrystals, RIld thc saIDc spcc1IIlcn
was used throughout a given set of Ti or T2 measure-
ments. This avoids problems associated with any sample
dependence of the relaxation times.

Second, the relations in Table I provide two ways of
inferring values of Uz. The vacancy contributions to the
thermal-expansion coefficient and the isothermal com-
pressibility both depend on the vacancy volume. The dif-
ficulty in applying these formulas lies in isolating the va-

CGIIlbiIiing Eqs. (21) Rild (22) Rnd lising tllc Dcbyc fic-
quency for v, we find sd = —2.9k. The actual value of sd

probably should Qot bc takcQ too seriously slncc
T/8(0. 1. This means that the average vibrational fre-
quency of the atom is less than the Debye frequency. It
would appear, however, that in the hcp phase the activa-
tion entropy of diffusion is somewhat negative.

B. Vacancy free volume of formation

The free volume of formation can be inferred in several
different ways. (1) One source of information about the
vacancy volume is fmm NMR experiments. The pressure
dependence of the relaxation times Ti or T2 provides the
free volume of diffusion for the vacancies. The volume of

GF02—

2I 22 25

Vo Iume (cm~/'rnoIe)

FIG. 7. Vacancy free volume of formation as determined by
varloUs methods. ( Q ) Comparison of pr'cscnt x-ray measure-
ments with thermal-expansion Ineasurements (Ref. 42). (O)
Comparison of present x-ray measurements and compressibility
measurements (Ref. 42). (Q) Present analysis of the NMR T~

data in Ref. 10. (GF) Value of U@/U, found by Goodkind and
Fairbank (Ref. 41). (HG) Calculation based on the theory of
Holder arid Granato (Ref'. 35). The dashed-dotted curve is from
an analysis of x-ray data assuming localized vacancies and
s„=O.
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cancy contribution.
Straty and Adam have made measurements of the

compressibility away from melting. Since the tempera-
ture dependence of the compressibility is small, these early
measurements are not of high accuracy. Therefore, in-
stead of attempting to subtract the lattice contribution, we
obtRlll Rll llppcl' llllllt oil up by scttlllg Rll of tllc Blcasul'cd
change equal to pI —pz. In performing this calculation
the derivative (Bu~/BP)T is ignored since it makes only a
Inlllol coIltrlbutloII to pT /fan. —That this ls true call bc
seen from the theory of Holder and Granato and it is
verified by the final results for u~. These results are
shown 1n F1g. 7 as thc sol1d c1rclcs.

The lattice contribution to the volume thermal expan-
sion is related to the lattice-heat capacity by

CvPT
(23)

V

where y is the lattice Gruneisen constant. The present
calculation uses the low-temperature thermal expansion to
determine yC&. Since the vacancy concentration de-
creases exponentially, at sufficiently low temperatures the
thermal. expansion is determined largely by the lattice. In
the Debye approximation

3

C =234R-TV
O~

(24)

Therefore, for a given y, So is calculated at low tempera-
tulca Uslllg Eqs. (23) alid (24). Tllc lattice coI1'trlbUtloll Qo

can then be subtracted at temperatures near melting where
the vacancies dominate the measured a. The thermal-
expansion data of Straty and Adams were used. uz/u,
is calculated using the equation in Table I and the mea-
sured number of vacancies. Again the small derivative
term is ignored. An expected small-temperature depen-
dence of 8 was estimated using the "universal" curve of
8(T)/8o calculated for bcc 'He by deWettc and co-
workers. The results for u~/u, near melting using this
procedure are insensitive to choice of?' in the range 2.2 to
2.8 and alc plotted 1n FIg. 7.

Also shown in Fig. 7 is the calculated volume depen-
dence of u~/u, using the theory of Holder and Granato.
Their theory gives for the volume of a defect

er, because of the limited sensitivity of the present x-ray
technique the vacancy concentration can be measured
only in a narrow temperature range near melting. Thus,
because of the relatively large change of T with pres-
sure, a direct comparison of vacancy concentrations at a
given temperature cannot be made for different crystals
unless they are grown at very similar pressures. Some
functional form has to be assumed in order to smooth out
thc scatter of the x-ray data and to calculate the vacancy
concentration at temperatures away from melting. The
exponential fits shown in the data plots and given in Table
II are appropriate for the localized vacancy case with
s„=O. Then in that case f„ is nearly temperature indcpcn-
dcllt, Rnd its VRlllc follnd llcar Illcltlllg cail bc Used Rt low
temperatures. The use of this assumption and Eqs. (7)
and (12) to convert the volume dependence of f, into a va-
cancy volume, leads to the dashed-dotted curve in Fig. 7.

Considering thc uncertainty 1nvolvcd 1n thc various
determinations of u~, the agreement in Fig. 7 is good.
The "localized vacancy" curve resulting from the last
analysis is the exception; it has a different magnitude and
volume dependence. Because the other determinations in-
volve comparisons of directly measured numbers to obtain
up/ug (ol ud/u~ ), tllcy Rrc rclatlvcly lnsclisltlvc to thc 1111-

croscopic nature of the vacancies and can be taken with
some confidence. However, the "localized" values depend
on the assumed temperature independence of f„which in
turn depends on the microscopic nature of the vacancy
(nonlocalizcd or localized?). The disagreement of the lo-
calized curve thus suggests the possibihty of nonlocalized
vacanc1cs.

C. Vacancy hest capacity

From Eqs. (10) and (16), the heat capacity of a localized
vacancy system can be calculated now that the number of
vacancies is known. The results near 21.5 cm /mole (Ref.
44) are shown in Fig. 8 for this assumption [s„=Oand the
only temperature dependence of e„ is from Eq. (10)]. It is
seen that the inferred heat capacity of the defect-free crys-

p 6I

gp 6 (25)

V = 2l, 459 am~/moIe

80= 25.85 K

where 6 is the shear elastic constant, 6' is the pressure
derivative of 6, and Bz is the bulk modulus. To calculate
the curve in Fig. 7, G and 6' were calculated from mea-
sured elastic constants and gz was taken to be the same
as the measured values of activation energy. Since the
elastic constants are only known at essentially two pres-
sures (the pressures corresponding to a molar volume of
21.66 and molar volumes near 24 cm /mole), a linear
pressure dependence was assumed. The exact shape of the
curve is, therefore, uncertain, although the magnitude and
general trend should be correct.

Third, the x-ray data can also be used alone to estimate
uz. In principle, a logarithmic derivative of the vacancy
conccIltlat1oIl with I'cspcct to pIcssur'c y1clds U&. Howcv-

O

I.0— Theor

l
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FIG. 8. Equivalent Debye characteristic temperatures for the
heat capacity. The solid curve represents data of Grey@eall (Ref.
44) at V=21.459 cm /mole. The dashed curve is a calculation
for the defect-free crystal (Ref. 43), vrhich is to be compared to
the dashed-dotted curve obtained by subtracting a locahzed va-
cancy contribution with f„=9.5 K from the experimental heat
capacity (see text Sec. V C).
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tal (dashed-dotted curve) is much smaller than that ex-
pected from theory. In fact, such an estimate for molar
volumes greater than 24 cm /mole yields an inferred heat
capacity of the vacancies larger than the total measured
heat capacity. Again this result suggests the possibility of
nonlocalized vacancies, such that e, is less than f, .

However, two other possibilities also come to mind.
One is the possibility that large numbers of vacancies are
bound into divacancies or larger vacancy clusters, and the
other is the possiblity of a nonzero formation entropy.
We therefore considered divacancies using Eq. (19) and
several assumptions for the divacancy binding energy.
Implicit in these estimates was the constraint that the x-
ray measurements measure the total number of vacant
sites n =nl+2nq where nl and n2 are the numbers of
monovacancies and divacancies, respectively. It was
found that even for the extreme assumption b2 f„/2, ——the
heat capacity of the vacancy-plus-divacancy system at
melting is comparable to the heat capacity of the corre-
sponding 1TloIlovacancy system. Thus, 1t seems that thc
heat capacity and x-ray results cannot be reconciled by a
classical treatment of vacancy interactions.

A nonzero entropy of formation can also change the es-
timate of vacancy heat capacity. Since f„ is fixed by the
x-ray measurements, e, depends on the value assumed for
s, [see Eq. (4)]. We see that in order to reduce e„, s„must
be negative. From Sec. VA a negative s„seems unlikely
but is not ruled out by the data. The entropy of forma-
tion is discussed by Hetherington and Widom and co-
workers" who find that vacancy nonlocalization can re-
sult in an apparent negative entropy of formation if the
results are analyzed using localized vacancy assumptions.
Thus an apparent negative entropy of formation again
seems to lead to the possibility of vacancy nonlocalization.
Clearly, more definite conclusions await more detailed
knowledge of the vacancy-formation entropy.

Greywall, ~ Hetherington, ""' and %idom and co-
workers have all used Greywall's specific-heat data to
infer a free energy of vacancy formation. Each of these
analyses claims independence of a specific microscopic
model for He vacancies. However, their inferences differ
as to whether the specific-heat data and the directly mea-
sured vacancy concentrations are compatible. Recent
NMR work at molar volumes above 23 cm /mole has

been interpreted in terms of even larger vacancy concen-
trations than those given by the present x-ray measure-
ments.

We have shown that thermal vacancy concentrations
can be measured directly by x-ray diffraction over a wide
range of molar volumes in He, including large molar
volumes for which apts:imens have both upper and lower
melting temperatures. The data do show some scatter,
beyond that 1ntrinsic to the x-ray method, so they have
mostly been analyzed using the simplest assumptions.
The deduced vacancy-formation energies in bcc He essen-
tially agree with diffusion energies obtained from NMR
and ultrasonic experiments, while they are significantly
less than diffusion energies in hcp He. These compar-
1sons suggest that vacaIlclcs tunQcl bctwccn lattice s1tcs IIl
the bcc phase and move by a thermally activated process
in the hcp phase. Verification of this result awaits more
knowledge of the vacancy entropy of formation.

From the x-ray values of vacancy concentration one can
obta1n, by corn parisons us1Ilg other thermal-expansion
compressibility, elastic constant, and NMR measure-
ments, (a) values of the bcc He vacancy free volume of
formation and its volume dependence, and (b) note that
within the respective uncertainties of the estimates there is
essentially zero free volume of migration (or tunneling).
The formation volume can also be estimated from the
volume dependence of the free energy of formation. Such
an analysis for the bcc phase suggests that a localized va-

cancy picture is inadequate. A similar conclusion is
reached from a consideration of the apparent vacancy
heat capacity. Again, however, the need for a more de-
tailed knowledge of the vacancy-formation entropy
and/or nonlocalization is indicated. In addition, the large
(about 0.5%) vacancy concentrations in bcc He near
melting suggest that interactions between vacancies are
probably important.
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