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This paper contains a comprehensive account of positive-muon Knight-shift (K„) measurements

in the hcp metal Cd and the isostructural, isovalent alloys CdHg (1.23 at. % Hg) and CdMg (3.38
at. % Mg) which reveal a strong and peculiar temperature dependence never observed before by

NMR Knight-shift studies. Most striking are anomalies in the temperature dependence which show

up as a more or less resolved structure consisting of two "dips" and a "cusplike" (logarithmic)

singularity in between. In pure monocrystalline Cd an axial Knight-shift contribution is observed

which changes its sign precisely at the temperature at which the "cusplike" singularity is centered.
The anomalies are shown to reflect Van Hove —type singularities in the local electron density of'

states. The number, sequence, and topological character of the singularities can be explained in

terms of a three-band model, which is essentially a replica of the three-band model which describes

the bulk band structure of Cd and its Hg and Mg alloys close to the Fermi energy in the vicinity of
the K-symmetry point in the hcp Brillouin zone. Quite unexpected and unexplained so far is the ob-

servation that, compared to the bulk band structure, the present "band states" display a reduced

splitting and are considerably down-shifted relative to the Fermi energy, both effects being depen-

dent on the alloy composition. This seems to be a new phenomenon induced 1ocally by the presence

of an interstitial and single hydrogenlike impurity.

I. INTRODUCTION

The use of the positive muon (p+) as a local probe of
electronic properties of metallic systems is interesting
from mainly two points of view. First, the electrostatic
interaction of the p+ with the environment is much like
that of a proton. If one neglects isotope effects, the in-

duced electronic structure around either particle is expect-
ed to be identical. This fact is exploited when muon-

spin-rotation (pSR) observations are used to better
comprehend the local electronic structure of hydrogen in
metals. '

Second, the p+ prefers a position in the lattice far from
the positively charged host ions, viz. , an interstitial site.
It therefore samples a spatial region largely inaccessible to
techniques such as NMR, neutron scattering, or
Mossbauer spectroscopy. This opens the possibility of
studying the host material from a new and complementa-
ry point of view.

In this paper we report on a detailed investigation of
the temperature and orientation dependence of the muon
Knight shift K„or the induced hyperfine field at the p+
in the hcp metal Cd and the isostructural, isovalent CdHg
(1.23 at. %%uoHg )an dCdM g(3.3Sat. %Mg )alloys . Anti-
cipating the results, it is found that both aspects rnen-

tioned are involved in an unexpected, interrelated manner,
constituting a new effect.

A review of previous K& measurements in nonmagnetic
metals and transition metals can be found in Ref. 1.
Several mechanisms contribute to the Knight shift: (i) the
direct or Fermi-contact contribution K, from spin-
polarized conduction electrons, (ii) the so-called "core-

polarization" contribution Kcp from electronic states
below the Fermi level which are spin-polarized by ex-

change and correlation with the Fermi-surface conduction
electrons, and (iii) the diamagnetic screening contribution

Ed;, . Theoretical model calculations are necessary to split

E„ into the various contributions and to discuss it in
terms of the local electronic structure. The most success-
ful model calculations on the systematics of K„ in simple
monovalent and divalent metals were made by Manninen
within the framework of the spherical solid model (SSM),
which is a refined jellium model. The success of the SSM
originates from the proper inclusion of the host-ion poten-
tials spherically averaged in the lattice geometry around
the site of residence of the muon.

In nontransition metals the contact contributions E,
and E'cp ar e commonly combined in the expression
K, +Kcp ——

3 harp(X, ). p is the spin-density enhancement

factor at the muon site and reflects the local aspect of the
induced electron structure, whereas (X, ) is the bulk spin
susceptibility properly averaged over the Fermi surface.
In nontransition metals, Kz is expected to be essentially
independent of temperature. This has been confirmed by
measurements of K„ in Cu (Ref. 1) and Al (unpublished).

The strong Coulomb potential of a proton is screened in
a metal by conduction electrons which are assumed to
possess mainly s-electron character with respect to the im-

purity. In PdH the partial densities of states within the
hydrogen cell show that the s part dominates by far over

p or d parts. Measurements of the Dingle temperature in
the de Hans —van Alphen effect on dilute CuH„(Ref. 4)
show that the screened proton constitutes a short-range,
essentially structureless isotropic scattering center for the
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conduction electrons. Non-s parts in the local-electron
distribution can give rise to anisotropic hyperfine-field
contributions via the dipolar coupling between the proton
and electron spins, provided that the relevant symmetry is
noncubic.

The isotropic Fermi-contact interaction may also
display anisotropy if the relevant spin susceptibility is an-
isotropic. The latter originates from an anisotropic g fac-
tor which, in turn, is the result of spin-orbit coupling.
The observation of an anisotropic Knight shift may there-
fore provide the possibility of studying such effects.

The divalent, weakly diamagnetic metal Cd with its hcp
lattice structure is an interesting system by itself. Its large
c/a ratio of 1.88 deviates far from the ideal value of 1.63
and accounts for strong anisotropies in many properties
and also, in part, for the complicated band structure.
Theoretically, the band structure of Cd has been studied
in detail. Spin-orbit coupling is responsible for the ener-

gy splitting of otherwise degenerate states along certain
syrnrnetry lines, in particular at the symmetry point E
(the center of the vertical edges of the hexagonal Brillouin
zone of the hcp lattice). The electron states near symme-
try point K strongly influence the susceptibility com-
ponent parallel to the c axis both in Cd (Refs. 6 and 7)
and in the isostructural, isovalent CdHg and CdMg alloys
(Refs. 7—9). This can be theoretically understood on the
basis of a three-band model which describes the band
structure near symmetry point E. This three-band model
involves three closely spaced bands with critical points
close to the Fermi energy. The position of the Fermi level
in Cd relative to these critical-energy points depends sen-
sitively on the c/a ratio. The interest in the isostructural,
isovalent Cd alloys is motivated by the possibility of con-
trolling the position of the Fermi level relative to the criti-
cal points by varying the alloy composition which, in
turn, determines the c/a ratio.

The unusual hyperfine properties of Cd and its alloys
have been extensively studied by means of nuclear mag-
netic resonance. ' The Cd nuclear Knight shift, sampling
electronic properties at the regular lattice site, shows a
strong temperature dependence of the isotropic and axial
parts not observed in other nontransition metals.
Kasowski" proposed an explanation for this behavior on
the basis of the electron-phonon interaction which
changes the Cd pseudopotentials. For a more recent
theoretical calculation of the Cd nuclear Knight shift, see
Ref. 12. In contrast to the total susceptibility, the Cd nu-

clear Knight shift is not affected by the electron states
near symmetry point K." Attempts to calculate the Pauli
spin susceptibility for Cd, essential in the analysis of hy-
perfine properties, can be found in Refs. 11 and 13. In
addition, one observes a discontinuous increase of 33%
upon melting in the nuclear Knight shift of Cd. This is
ascribed to a jump in the density of states or in the spin
susceptibility, respectively. "'" The present p+ Knight-
shift results follow distinctively different patterns and
seem, in contrast to the Cd nuclear Knight shift, to be
strongly correlated with features of the Cd band structure
near symmetry point E Th. e present study is the first on
a hydrogenlike interstitial impurity in Cd. In this respect
it should be noted that the hydrogen solubility of Cd is
quoted to be zero up to 670 K.'

The paper is organized as follows. In Sec. II we deal
with the experimental details. A brief account of the
band structure around symmetry point K is given in Sec.
III, where we also discuss Van Hove singularities, which
are important for the explanation of anomalies observed
in K„. In Sec. IVA we present the measurements of the
isotropic and axial part of E„ in pure Cd, both of which
are strongly temperature dependent. Around 110 K,
anomalous contributions to K& are observed in Cd. More
insight into this phenomenon is obtained from measure-
ments in a polycrystalline CdHg (1.23 at. % Hg) sample
(Sec. IV B) and in a polycrystalline CdMg (3.38 at. %%uoMg)
sample (Sec. IVC). In Sec. V the experimental results are
discussed. A summary, Sec. VI, concludes the paper.

II. EXPERIMENTAL DETAILS

A. Samples

Table I describes the samples and their origin. The sin-
gle crystals were oriented with the aid of x-ray Laue pat-
terns. Atomic absorption spectral analysis yielded a Mg
concentration of 3.38 at. % in the CdMg specimen and a
Hg concentration of 1.23 at. % in the CdHg specimen.

B. Measurements

The measurements were performed at the supercon-
ducting muon channel of the Swiss Institute for Nuclear
Research (SIN). Positive muons were stopped in the sam-
ples listed in Table I inside a cryostat or an oven in a
highly homogeneous magnetic field of 0.747 T, stable to

Sample

TABLE I. Sample description.

Form

(SC denotes single crystal. )

Diameter( X length)
mm(X mm)

Purity
(%%uo) source

Cd
Cd(SC)
Cd(cyl)
CdHg (1.23 at. % Hg)
CdMg (3.38 at. % Mg)

'Metals Research.
"Atomergic Chemetals.

polycrystalline sphere
monocrystalline sphere
monocrystalline cylinder
polycrystalline cylinder
polycrystalline cylinder

25
24
28X40
25X50
25X50

99.9999
99.999
99.999
99.999
99.999
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better than 1 ppm. The stroboscopic technique' was used
to observe the muon-precession frequency co&. The ap-
plied field was measured by proton (H20) NMR in terms
of co», the proton-resonance frequency. The Knight-shift
value IC& is then calculated from the ratio co&/co& with

help of the following expression
1

COp Pp 4m
Ep —— (1—CrH o)+ N — Xb —1 .

2 3COp Pp

pz/p» ——3.183344 is the ratio of the muon and proton
magnetic moments and is known to +0.5 ppm. '

AH o——25.6 pprn denotes the diamagnetic shielding con-
2

stant for protons in water. Jb is the bulk magnetic sus-
ceptibility and N is the demagnetization factor of the
sample. Using a spherical sample with N=4rr/3, the
term containing g~ vanishes. The stroboscopic resonance
curves were scanned back and forth over a field ranging
from co&

——31.71 to 31.91 MHz, or about 3 times the
linewidth I/(friz)=1500 ppm, in 25 steps. Typically,
6X10 muon-decay counts per field point were accumu-
lated, which resulted in a statistical error of 3—4 ppm.
The statistical error dominates, by far, the uncertainties
due to field regulation, field measurements, and field
homogeneity over the target volume which, together, total
from 0.8 to 1.2 ppm. Inside the cryostat a diamagnetic
shielding of —5 ppm was measured and subtracted as a
correction in the E& value. A He-flow cryostat, stabilized
to better than 0.25—1 K, depending on the temperature

1N + =%0 1+9,ff cosy-
1+(co„—2Q )'r,'ff

1/~,g——A, + 1/g„.

(COp —2Q )jeff+sing
1+(co~—2Q) r,ff

(2)

Here, No is a normalization constant, A,ff is the effective
muon-decay asymmetry, y is the mixing angle, ~,ff is the
effective lifetime, r& is the muon lifetime, co& is the
muon-precession frequency and 2Q/2~=101. 3 MHz is
the reference frequency with which co& is compared. To
take into account the dipolar broadening of the signals
due to the nuclear magnetic moments of Cd, the strobos-
copic signals below 80 K were also analyzed with the ex-
pression

range, was used to vary the temperature from 4.2 to 350
K. Above room temperature an oven operating with a
heated N2-gas flow was used; its temperature stability was
typically between 1 and 3 K.

The stroboscopic technique essentially consists of
counting the positron rate as a function of the applied
field in a certain time window, which is phase-locked to
the beam-burst repetition frequency Q/2m =50.63 MHz.
For muons whose polarization decays with an exponential
function exp( ti—), t,hese so-called stroboscopic signals are
given by Lorentzian line-shape functions,

N + No 1+3,f——f cosy J P(co')

Here,

P(co') =(4m.cr )
'~ exp( —co' /4o. )

is the Gaussian frequency distribution which corresponds
to a Gaussian relaxation function in time space, or
R(t)=exp( cr t ) The—dampi. ng constant o is related to
the second moment M2 of the nuclear-dipolar-field
spread, cr=(Mq/2)' . o. amounts to -0.02 @sec ' and
contributes little to the linewidth of the signals.

III. ELECTRONIC PROPERTIES OF Cd

A. Band structure at symmetry point E

In metal Cd, anomalies in electronic properties are most
likely expected to originate from electron states near the
symmetry point K, where three closely spaced bands exist
with critical points close to the Fermi surface. In the
free-electron approximation the electron state at IC is
threefold degenerate. The electrostatic energy E, of the
crystal field partially lifts this degeneracy and splits the
state into a lower band and two upper bands which are
still degenerate at E. Spin-orbit coupling removes this de-
generacy further and splits the upper bands at IC symme-
trically by +6/3 where 6 is the spin-orbit energy. The

In general, one has four critical points, i.e., where
grad-E(k) =0, in this three-band model. Three of these
are found at K (labeled E~,Eq,E3), whereas the remaining
critical point (Et ) of the intermediate band may be found
either along symmetry line I M or I E. In Table II the
critical points expressed in terms of E, and 6 are summa-
rized as given by McClure, together with their three-
dimensional (3D) and two-dimensional (2D) (k„-k» plane)
topology.

For 6/E, =1, the critical points E2 and EL, of the in-

ddt + m (CO~+CO —2Q)r~dCO1sin+ I co (3)
I+(cop+CO —2Q) rp ~ 1+(COp+CO —2Q) 1p

band structure around K can be described by a Bennet-
Falicov model which is a k p or Taylor expansion around
E. ' This three-band model involves velocity matrix ele-
ments A,B, an electrostatic splitting energy E„and a
spin-orbit energy 6 as phenomenological parameters. For
pure Cd, the following values are quoted: A=(0.94
Ry)az, 8=(0.97 Ry) az, E, =0.0192 Ry, and b, =0.012 12
Ry, az is the Bohr radius. McClure et al. obtained,
from their analysis of the concentration dependence of the
low-temperature susceptibility data in CdHg and CdMg,
with a simplified Bennet-Falicov model, the parameters
E, =0.009 Ry and 5=0.018 Ry (Ref. 18) [A=(1.00
Ry) az and 8=(1.00 Ry)az], in good agreement with Ref.
5.
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TABLE II. Critical points of the three-band model with E~ as the origin of the energy scale and
their topological 3D character and topological 2D character in the k„-k~ plane.

Band

lower band Ei ——0

Critical point 3D

M2 saddle point

2D

maximum

intermediate band E2 ——E,—5/3 Mo minimum minimum

El. ——8E, 1
~ 9 1+

E, 3
M~ saddle point saddle point

upper band E3——E,+5/3 Mo minimum minimum

termediate band degenerate to a single saddle point. For
5/E, & 1, EL is smaller than E2, and for b, /E, & 1, El. is
larger than E2, but in both cases, very close to E2.

C. Experimental evidence for a Lifshitz phase transition
in Cd and Cd alloys involving symmetry point K

Experimental evidence for a Lifshitz phase transition in
Cd and Cd alloys involving symmetry point K follows ex-
clusively from measurements of the total susceptibility

Svechkarev and co-workers have discovered in-
teresting structures in the susceptibility component X~~

parallel to the c axis of Cd alloys (see Fig. 1). These
structures are traced back by McClure et al. to the orbi-
tal contribution to X«, from electron states near symmetry
point K and to the effect of the passage of the Fermi level

EF through the critical-energy points associated with
symmetry point K. In this analysis the band structure at
symmetry point K was assumed to be rigid and represent-

B. Critical points and Van Hove singularities

E {Ry)
0.020.01

l

0.0
I5.0—

0.0—
~ ~

—0,0

-5.0—

—-5.0
I

10-0
Conc. Mcj (at.%)

I

100 0
Conc. Hg (at. %)

FIG. 1. Magnetic susceptibility of Cd alloys at 4.2 K for the
magnetic field parallel to the c axis. The points are the data of
Svechkarev and Kuzmicheva (Ref. 8) plotted vs a scale which is
roughly proportional to the c/a ratio. The lower and left scales
refer to the experimental data. The solid curve is from the
theory of Ref. 7. The upper and right scales refer to the theory.
The susceptibility is in units of emu/cm . Both susceptibility
plots have the same scaling factor, but are offset by 2.S6)& 10
emu/cm .

As is well known, critical points give rise to Van Hove
singularities' in the electron density of states. A
thorough discussion of the occurrence of critical points by
topological and symmetry arguments is given in Refs. 19
and 20. Analytical critical points have a Taylor expan-
sion around E„,which is quadratic in k to lowest order.
A complete classification of analytical critical points in
two and three dimensions and the types of singularities
they produce in the density of states for energies E close
to the critical energy E«can be found in Ref. 19.
Nonanalytical critical points, where some of the com-

ponents of grad-E( k ) are zero and others are discontinu-
k

ous, are extensively discussed in Ref. 20. The characteris-
tic contribution of analytical critical points in two dimen-
sions to the density of states, bg(E), are (i) finite discon-
tinuities for minima and maxima where the discontinuous

step depends on the curvature of E( k ) at E„,and (ii) log-
arithmic singularities for saddle points, i.e., b g (E)
a:in ~E/E„1~. In three —dimensions the density of
states hg(E) near analytical critical points typically shows
a square-root behavior, e.g., Ag(E) ~+

~

E E„~ '~, for-
either E &E„or E &E„. This is illustrated in the inset
of Fig. 10 where the density-of-states curve is represented
in its 3D (dotted line) and its 2D k„-k»—plane (solid line)
form as calculated from the three-band model for the
electrons near symmetry point E, according to Ref. 7. A
2D density of states is expected whenever the energy
dispersion does not or only weakly depends on one of the
components of k.

A change in the lattice parameters of the crystal by
thermal expansion, stress, or alloying may change the po-
sition of the Fermi level Ez relative to the critical points
and thus lead to electronic anomalies as a function of tern-
perature, stress, or the alloy composition. The change in
the topology of the Fermi surface when passing a critical
point is called "electron phase transition" or "Lifshitz
phase transition. " '
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ed by the three-band model discussed above. The orbital
contributions to XI~ depend strongly on the position of the
Fermi level relative to the critical points. In pure Cd, EI;
falls between the energy points E& and Ez. When the c/a
ratio is increased by either raising the temperature or al-

loying the isoelectronic Hg to Cd, the Fermi level is shift-
ed to lower energies. On the other hand, a decreasing c/a
ratio obtained by alloying the isoelectronic Mg to Cd
shifts EF toward higher energies and leads to the struc-
tures on the right-hand side of Fig. 1, which reflect the
passage of E~ through E2, El, and E3.

Electrons at symmetry point E do not contribute to the
de Haas —van Alphen signal in pure Cd, a consequence of
the position of EF between the E~ and E2 critical points
at 1 =0 K. This is in contrast to the situation in hcp Zn
(c /a = 1.86) where, at T =0 K, E~ is known to fall in the
upper band with the E3 minimum. In Zn, these tiny elec-
tron pockets of the upper band, the so-called "needles, "
have a very small effective mass and a small extremal area
perpendicular to the c axis, and manifest themselves in
pronounced de Haas —van Alphen oscillations.

The absence of anomalies originating from electrons
near symmetry point K in the Cd nuclear Knight shift in
Cd and Cd alloys is discussed in Sec. V.

IV. EXPERIMENTAL RESULTS

A. Cadmium

1. Temperature dependence

Figure 2 shows the temperature dependence of E inP
the polycrystalline Cd sample between 20 K and the melt-

(ppm)

ing temperature (T =593 K) as well as a few data points
in the liquid state. The overall behavior is indicated by
the dotted line below 150 K and the solid line above 150
K. The very large increase of K& with temperature is ex-

traordinary for a weakly diamagnetic metal and unique
compared with K& in other nontransition metals. ' As-
suming a temperature-independent diamagnetic contribu-
tion Kz;, ———20 ppm, the spin part of K& increases by
more than 100% between T=O K and T~. A tempera-
ture dependence in Kz of this extent is commonly found
only in 3d (Ref. 24), 4d (Ref. 25), or 5d (Ref. 26) transi-
tion metals, or in intermetallic compounds of rare-earth
metals where E& scales with the susceptibility of the 3d,
41, 5d, or 4f electrons. In Cd, E„definitelydoes not
scale with the total bulk susceptibility which also in-

creases with T, but is known to be dominated by orbital
contributions. The temperature dependence shows that

K& in Cd obviously cannot be accounted for by a theory
based on the jellium or free-electron approach since no
temperature dependence exists in such theories. The pro-
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FIG. 2. Isotropic muon Knight shift E„ in the solid and

liquid phases of a polycrystalline Cd sample between 20 and 660
K (melting temperature T =593 K; RT denotes room tempera-
ture).

(bj
FIG. 3. (a) Experimental and theoretical isotropic nuclear

Knight shift in Cd as a function of temperature (from Ref. 11).
(b) Experimental and theoretical axial nuclear Knight shift in

Cd as a function of temperature (from Ref. 11).
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FIG. 4. Isotropic muon Knight shift in the solid and liquid phases of Zn (melting temperature T =692 K).

nounced increase of K& with T also exceeds, by far, the
similarly unusual temperature behavior of the isotropic
part of the Cd nuclear Knight shift shown in Fig. 3(a).
The explanation proposed in Ref. 11 for the nuclear
Knight shift in Cd is primarily based upon the influence
of the electron-phonon coupling on the Cd pseudopoten-
tials. K& in Cd should also be compared with the isotro-
pic muon Knight shift in hcp Zn, which possesses a near-

ly identical cia ratio and electronic properties very simi-
lar to Cd. E& in Zn rises only slightly and linearly with
T (see Fig. 4) according to

K„(T)=Ko+ T,aT

Ko ——(60.3+1.7) ppm,
BK =[(1.1+0.45) ppm]/100 K .

(4)

2. Anomalous Knight shift contributio-ns

The second and, as will be shown, most interesting as-
pect of K& in Cd, concerns the anomalous structures ob-
served around 110 K (see Fig. 2). The cusplike singularity
accompanied by minima to the left and right is more
clearly resolved in measurements with a single-crystal
sample (Fig. 5). The solid circles in Fig. 5 represent K
with the external field parallel to the c axis (X ) and the

ll

open circles correspond to the orientation perpendicular to
the c axis (ICq) for temperatures from 20 to 550 K. The
sharp singularity at 110 K and the fine structure of this
anomalous E& contribution are confined to a narrow tern-
perature interval and are present in both orientations. The
anomaly is distinctively different from broader structures
which can be related to diffusion and trapping at crystal-
line defects. This unique feature of K in Cd must

~ ~
P

clearly originate from an electronic peculiarity of the host
metal Cd, since the Knight shift samples electronic prop-
erties such as the electron density, the electronic spin den-
sity, or the density of states (via the spin susceptibility).
The fact that the singularity occurs both in the single-
crystal sample independently of orientation as well as in
the polycrystalline sample indicates that a scalar property

(ppm)
1

100—

I I II/

//
90-

80-
0

110 K
SQ RT T

I. . . 1,

Q 200 300 i 00 500 600
Temperature {K )

FlG. 5. K„ in a Cd single crystal [Cd(SC) sample] between

20 and 520 K for the applied field parallel (All, solid circles} and

perpendicular (K&, open circles) to the c axis. The dashed-

dotted line indicates the overall temperature dependence of XP
in the polycrystalline sample of Fig. 2. The solid and the

dashed lines are guides to the eye.

100

1s 1nvolved.
In addition, the particular temperature of 110 K, as can

be seen from Figs. 2 and 5, also marks a pronounced
change in the slope M„/dT from a steep behavior below
110 K to a less steep behavior above 110 K. In Cd the
most likely candidates for anomalies in electronic proper-
ties are electron states near the symmetry point K of the
hexagonal Brillouin zone of the hcp lattice, as was dis-
cussed in the preceding section. Their strong influence on
the diamagnetic susceptibility was mentioned there. In
Sec. V we will show that the anomalous muon Knight
shift in Cd seems to map Van Hove singularities in the
local-electron density of states associated with the band
structure near symmetry point E.
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3. Anisotropic contributions to X„

As shown in Fig. 5 the muon Knight shift depends on
the orientation of the e axis with respect to the applied
field; hence, the local field at the muon site does not fol-
low the external field. The observed angular dependence
of K„ in Fig 6. at T=60 and 30 K fits the expression

E&(T,5)=K;„(T)+K,„(T)(3cos 8—1), (5)

lp ) K) —K~II
+8—

+4

400

Temperature ( K )

where 0 is the angle between the applied field and the six-
fold c axis. This is the most general, lowest-order angu-
lar contribution allowed by symmetry for a muon ensem-
ble residing at regular interstitial octahedral or tetrahedral
sites in the hcp lattice. The interesting temperature
dependence of the axial part, 3E,„=E~~—Ki, which re-
sults from a point-by-point subtraction of the data in Fig.
5, is presented in Fig. 7. At roughly 110 K, E,„vanishes.
Below 110 K, E,„ is negative and amounts to —3 to —4
ppm at T=O K; above 110 K, E,„ is positive and tem-
perature independent with + 2 ppm over a wide tempera-
ture interval between 250 and 510 K. It should be men-
tioned that the single-crystal sample investigated original-
ly showed a much larger reproducible E,„at room tem-
perature, amounting to —+7 ppm (also see Ref. 29). The
origin of this inconsistency is not known. The change in
sign at about 110 K correlates with the anomalous cusp
singularity and appears, therefore, to be intimately related
to the same origin as the singularity. For comparison, the
axial nuclear Cd Knight shift is shown in Fig. 3(b).
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FIG. 6. Explicit angular dependence of K„at 30 and 60 K.
5 refers to the angle between the applied field and the c axis of
the Cd(SC) sample. Solid lines are fits to E„(T,8)

Kl$Q( T)+%ax( T)(3 cos 5—1). The isotropic part K;$Q

=(E~~+2EC& )/3 is given by the dashed horizontal lines.

4. X„in the melt

In the preceding section on the E& results in the solid
state of Cd, it was suggested that K„ is strongly influ-
enced by the properties of the ordered crystalline state of
the host. Subsequently, we have also measured E„ in the
liquid state of Cd, which is believed to display free-

electron characteristics. " The three data points taken in
the melt between T =593 and 660 K are shown in Fig.
2. In the liquid state, X& is (131+2) ppm. This value is
approached smoothly in the solid state upon approaching
the melting point. This behavior is in clear contrast with
the Cd nuclear Knight-shift results, where a sharp and

110 K

FIG. 7. Temperature dependence of the axial part
3K,„=K~~

—E& between 20 and 520 K in the Cd(SC) sample ob-
tained by a point-by-point subtraction of the data in Fig. S.

finite rise of 33%%uo for the isotropic part in the melt is re-
ported. ' Ziman' and Kasowski" ascribe this large in-
crease upon melting to a change in the spin susceptibility
or the density of states at the Fermi level, respectively. In
the analysis of muon Knight-shift data it was so far al-
ways assumed, after a proper correction for the diamag-
netic screening constant Ed;„ that E& scales with the bulk
spin susceptibility of the host metal.

In Zn, in contrast, Ez is found to increase slightly by
about (12+7)%%uo in the melt (Fig. 4). In Zn no NMR data
above liquid-He temperature are reported owing to the
low natural abundance of the only Zn isotope with a
nonzero nuclear magnetic moment (spin —,) and to strong
quadrupolar coupling in the hexagonal lattice.

The missing discontinuity in Ez upon melting in Cd
can therefore be taken as the first experimental indication
that the interstitial p+ Knight shift does not necessarily
scale with the bulk spin susceptibility.

B. CdHg

Additional information about the nature of the
anomalous muon Knight shift in pure Cd is expected to
be obtained from measurements in isostructural, isovalent
dilute CdHg alloys. In particular, it may tell if the anom-
aly of E& in Cd originates from features of the Cd band
structure associated with the electron states near symme-
try point E. In Fig. 8 we have plotted the four critical en-

ergy points E&, E2, EI, and E3 near E and the approxi-
mate position of the Fermi level EF at T=O K following
Ref. 7 for pure Cd and CdHg (2 at. %%uoHg) . Alloyin g the
isoelectronic Hg, with its slightly larger ionic radius, to
the Cd matrix, increases the c/a ratio of the hexagonal
lattice and, consequently, shifts the Fermi level toward
lower energies, or closer to E~. Similarly, raising the tern-
perature increases the c/a ratio and shifts the Fermi level
to lower energies. Since at 0 K in CdHg the Fermi level
is somewhat lower than in pure Cd, we naively expect, for
the CdHg sample, a shift of the anomalous cusp towards
lower temperature as compared to the Cd sample.

We now estimate the expected temperature shift with
use of the susceptibility data of pure Cd (Ref. 6) and the
concentration dependence of the susceptibility in CdHg (x
at. %%uoHg )(Ref. 8). Th echang e inslop eof th eCdsuscep-
tibility occurs at about 110 K and corresponds, in the
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FIG. 8. Critical energies E~, E&, EI., and E3 in Ry according
to Ref. 7 with E,=0.009 Ry and 5=0.018 Ry
(A/a~ ——8/a~ ——1 Ry) and the approximate positions of the
Fermi levels at T=O K (dotted lines) for CdHg (2 at. % Hg),
Cd, and CdMg (3 at. Po Mg}.

the expected temperature shift.
We note that in comparison to Cd the anomalous part

of E„ is confined to a narrower temperature interval in
the CdHg sample. The fine structure on the right- and
left-hand sides, as indicated by dotted lines in Fig. 9, is
not clearly statistically evident. However, in view of the
observed structure of the anomaly in E„ in Cd and
CdMg, the sketched fine structure is a fair interpretation
of the data.

As in Cd, E„ increases strongly with temperature, and
we also observe an appreciable change in the slopes
BE&IBT below and above the cusplike singularity at 80
K.

CdHg (x at. %%uoHg )regim e, toroughl yx= 7at. %%uo Hg(se e
Fig. 1). Hence, we evaluate a shift of the position of the
cusp of

(110K)(1.23 at. %/7at. %%uo )=2OK

Alloying Cd with isoelectronic Mg, which has a slightly
smaller ionic-core radius, reduces the c/a ratio and, con-
sequently, shifts the Fermi level toward higher energies.
In Fig. 8 the approximate position of the Fermi level Ez

toward lower temperature in the CdHg (1.23 at. %%uoHg)
sample.

In Fig. 9 the isotropic E&(T) in the CdHg sample is
shown for temperatures from 4.2 to 337 K. In this sam-
ple the cusp is actually located at about 80 K, i.e., 30 K
below 110 K, in fair agreement with the crude estimate of

K~
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FIG. 9. Isotropic X„ in the polycrystalline CdHg sample be-

tween 4.2 and 340 K. The arrows refer to the critical points of
the phenomenological three-band model through which the Fer-

mi level is shifted with temperature.

~ ~
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FIG. 10. Isotropic II „ in the polycrystalline CdMg sample
between 4.2 and 340 K. The arrow at 32.5 K refers to the finite
discontinuity or the E3 critical point, the arrow at 239 K refers
to the logarithmic singularity produced by the saddle point at

EI. which is nearly degenerate with E2. The solid line (a) and
the dashed line (b) represent the fitted expression

K„(T)=Xo—K~ln
~
T/To 1~, To ——239 K, K—D

——68.5 ppm,
and E& ——6.22 ppm. Line c is a guide to the eye. The inset
shows the two-dimensional (solid line) and the three-dimensional
(dashed line) density-of-states curves associated with the three-

band model for the electron states near symmetry point K {from
Ref. 7).
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in the CdMg sample relative to the critical points at ener-
gies Ei, E2, EI, and E3 at symmetry point E is indicated
according to Ref. 7. This suggests that the singularity
should appear at higher temperatures than in Cd.

The temperature dependence of K& in the polycrystal-
line CdMg sample is plotted in Fig. 10. Below 30 K, K&
shows a plateau at j (79.0+2) ppm. Somewhere between
30 and 35 K, L& drops sharply by about —10 ppm to
+69 ppm. We assume that this discontinuity in E&

occurs at 32.5 K. Above 35 K, K& rises with T by more
than + 30 ppm in the form of a singularity centered at
239 K. The decrease of K„with T above 239 K from 98
to 60 ppm at 339 K follows a similar temperature depen-
dence as the increase below 239 K.

The solid line (a) and the dotted line (b) in Fig. 10 are
fits to a logarithmic singularity of the form

K~(T)=Ko K—iln
~
Tyro 1~—

similarity of Kz in the CdMg sample and the 2D density
of states is striking.

Unfortunately, the temperature dependence of K&
above 339 K has not been measured. At higher tempera-
ture one expects to find a second discontinuity, similar to
the one at 32.5 K but with opposite sign, if the analogy
with the density of states holds.

V. DISCUSSIQN

A. Knight-shift contributions

The most general expression for the Knight shift K„„,
of a nucleus at a regular lattice site ro is

8 dS

~

grad E(k)
~k

with

0=68.4 ppm, Er ——6.2 ppm, TO=239 K .

(6) ++CP +india (7)

In order to display this logarithmic behavior more direct-
ly, we have plotted the data versus —ln

~

T!To—1
~

in

Fig. 11. A linear dependence, particularly on the low-

temperature side of the singularity, is clearly indicated.
This temperature dependence of K„ is discussed further
in Sec. V. Curve c in Fig. 10 connects the data points
above 239 K, where, around 260 K, some additional struc-
ture very close to the cusp at 239 K might be present.

The interesting aspect of the data obtained in the CdMg
sample is that they reflect essentially the anomalous part
of K&, which extends over a roughly 8 times wider tem-

perature interval than in pure Cd.
The inset in Fig. 10 displays the fine structure in the

density of states Ag(E) for electron states in the vicinity
of symmetry point K in Cd, as calculated in Ref. 7. As
was discussed in Sec. IIIB, the singularities in b.g(E) are
associated with the critical points Ei to E3 of the three-
band model. The solid line reflects the 2D (k„-k„plane)
and the dashed line the 3D density of states. Clearly, the

100—

'v
( pp1n )

Cd Mg ( 3.38 at. '/o

The first term is the positive Fermi-contact term, or direct
contribution E,, which involves the charge density

~
ttt„(ro)

~
at the site of the hyperfine probe, integrated

over all of the electron states on the Fermi surface SF,
weighted with their respective density of states

dS/
~

grad E(k)
~

. 0, is a normalization volume and pii
k

is the Bohr magneton. Ecp represents the term called the
core-polarization contribution. Its sign can be negative or
positive depending on exchange and correlation between
the "core" states and the spin-polarized conduction elec-
trons. Ed;, denotes the diamagnetic screening contribu-
tion.

Whenever grad-E(k) =0, i.e., at critical-energy points
k

on the Fermi surface, one expects a singularity in the den-

sity of states and thus in K, . To our knowledge, nuclear
Knight-shift measurements have not displayed such ef-
fects. The Fermi surface Sz can be split into the small
surface element 5S around a critical point E„and the
complement SF 5S. The direct co—ntribution K, then
reads

8m 2 e
3 (2~)3 Jsp ss fgq—

90— dsX
~
P-„(ro) ~'

(
grad E(k-)

(

(8)

80 =Kbg+
3

PB& l
tI'-„(ro)

I
'&ss~g(EF) ~ (9)

~ T(To
T &To

I I I I

0 1. 2. 3. 4. —In I T/To-1 I

Flax. 11. Plot of IC„vs —1n
I
T/To —1

I
for the CdMg sam-

ple (To ——239 K). Solid circles refer to the data points in the in-
terval 35 to 239 K below the cusp and open circles refer to the
interval 239 to 340 K above the cusp. The solid line corre-
sponds to the fitted curve (a) in Fig. 10. The dashed straight
line has the same slope as the solid line.

In Eq. (9) we have assumed that
( @ (ro)

)
is a smooth

k

function over 5S. Kbs is a background term involving all
electrons on the Fermi surface not associated with critical
points, and

&g(EF)=, f
~
grad„E(k)

~

(10)

denotes the excess contribution to the density of states
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near critical points.
If we now consider an interstitial hyperfine probe

which does not disturb the electronic structure of the host
at all, Eqs. (7)—(10) are still valid in describing the Knight
shift of this hypothetical probe, since the Bloch-function
character of the electron states is not destroyed. The neu-

tron could act as such a hypothetical probe, but unfor-

tunately it cannot be fixed at an interstitial site. Turning

now to the positive muon as an interstitial probe, one is

faced with the situation that the implanted p+ introduces
a strongly disturbing Coulomb potential which destroys
the periodicity of the crystal potential. The electron states
near the p+ are expected to lose their Bloch-function

character and the wave vectors I kj are no longer good
quantum numbers. Consequently, Eq. (7) is not expected
to be a generally valid expression for the p+ Knight shift.
This raises the question of to what extent band-structure
features could still be manifest in the p+ Knight shift.
Deferring a further discussion of this point to the next
section, here we merely note that it is still meaningful to
work with the concept of a local density of states, defined
at the muon site and responsible for a locally defined sus-

ceptibility. In this respect, Eq. (9) remains a valid expres-
sion also for the p+ Knight shift, neglecting for the sake
of simplicity any possible core-polarization contribution

cp.

B. Anomalies in K„

In the CdMg sample the finite discontinuity at 32.5 K
and the logarithmic singularity at 239 K obviously share
all of the features of two-dimensional Van Hove singulari-

ties introduced in Sec. IIB. The singularities in Cd and in

the CdHg sample showing a cusplike maximum and

closely spaced minima to the low- and high-temperature
sides of the cusp are likewise attributed to a logarithmic
singularity and to two discontinuities, which —in compar-
ison to the results in the CdMg sample —are compressed
into a much smaller temperature range. Assuming that
the anomalous features of X„are indeed manifestations

of Van Hove singularities, they must obviously be scanned
by shifting the Fermi energy with temperature over pecu-
liar points in the local density of states according to

REF
Kq(T) =Ebs(T)+K'bg. EF+ T (11)

BT
J

Here EF is the Fermi level at T=0 K and BEJ;/d T is the
phenomenological temperature coefficient of the Fermi
level. The background term is now redefined to also in-
clude Eq;, and some presumably small Xcp.

In Figs. 12(a)—12(c) we plot the anomalous part,
~&——X& Eb—s, of the muon Knight shift in two dif-
ferent monocrystalline Cd samples and in the polycrystal-
line CdHg sample. The background term Kbs(&) is as-
sumed to be linear with T over the small temperature
range of the anomalous structure. Ebs was determined
from interpolation between the low-temperature max-
imurn of E&(T) on the left-hand side of the cusp and a
few high-temperature data points not too close to the dip
in K„(T) on the right-hand side of the cusp. A compila-
tion of the approximate temperatures where the anomalies
in E„are located is given in Table III.

The close resemblance of the anomalous p+ Knight
shift to the density of states associated with the electron
states near symmetry point IC as shown in Fig. 10 sug-
gests that the singularities in the p+ Knight shift may
likewise be discussed phenomenologically on the basis of
an analogous "three-band model" with "critical points"
Ei,(E2,EL ),E3 close to the Fermi level Ez. The physical
foundation for such a model, however, thereby remains
obscure at this point. Thus, the low-temperature discon-
tinuity is identified with the critical energy point E3, the
logarithmic singularity with EL, which effectively coin-
cides with and dominates the singularity associated with
E2 and the high-temperature discontinuity with E~. In
further discussion we always assume Ez=EI.. This as-
signment is consistent with the observed shift of the Fer-
mi level EF with temperature in the host metals. It was
previously mentioned that EF moves toward lower ener-
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FIG. 12. Anomalous muon Knight shift part hK„=X„—Xb~ corrected for a background contribution Kb~ assumed to be linear in
temperature. (a) For the CdHg sample, (b) for the cylindrical Cd sample and the orientation of the applied field perpendicular to the
c axis, and {c}for the Cd{SC) sample with the applied field parallel to the c axis.
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TABLE III. Approximate temperatures associated with the
passage of the Fermi level E~ through the critical energy points

E&, (E2,EL ), and E3 from the muon Knight shift in Cd and its
alloys.

Sample

CdHg (1.23 at. go Hg)
pure Cd
CdMg (3.38 at. % Mg)

70
92

32.5

(E2,EL, )

(K)

80
110
239

(K)

100
140

EF
I

I

I

I

Eq/E2 E3 i

I

I

I

I

b) I
I

100K
I

I )
I I I I

200K T=OK

(a) =

EF
I

I

Energ y
l

I

Cd Hg(1.23 at. %)+ P+
I

50K

Cd+ p'
50K T= OK

EF
I

I

1

I

I

I

T=OK

Cd Ng (3.38 at. 'lo j+ p+

FIG. 13. Position of the critical energy points (E2,EI ) and

E3 and the Fermi levels at T=0 K on an arbitrary energy scale
as deduced from K„ in the CdHg (1.23 at. % Hg) sample, (b)

pure Cd, and (c) the CdMg (3.38 at. % Mg) sample. Note that
the temperature scale is different for each system.

gies when the axial ratio c/a is increased. Thermal-
expansion data ' establish that the c/a ratio increases
in Cd and its dilute alloys in the chosen concentration re-
gime. This can also be seen by comparing the tempera-
ture dependence of the Cd susceptibility with the concen-
tration dependence of the low-temperature susceptibility
in CdHg alloys, and similarly, in the CdMg sample
where the temperature dependence of the susceptibility9
parallels the low-temperature susceptibility of CdMg al-
loys as a function of the Mg concentration (Fig. 1).

The steeper slope BIZ„/BT at the low-temperature side
of the cusp, compared to its value above the cusp in the
CdHg sample and in pure Cd, can qualitatively also be
understood in terms of the three-band model if one as-
sumes that the upper E3 band is narrower than the lower
E& band. One then expects, for the upper band, a larger
change in the density of states for the same energy shift of
the Fermi level Ez than in the lower band. The nearly
equal drop in hE& on the left- and right-hand sides of the
cusp in Figs. 12(b) and 12(c) can be explained in terms of
a similar curvature at the "critical points" E& and E3 ~

The position of the Fermi level EF at T=0 K relative
to the critical points on an arbitrary energy scale can be
obtained as follows (see Fig. 13): The energy interval
[(E2,Er ),E3] corresponds to a certain temperature inter-
val [T2,T3], as deduced from the position of the
anomalies in the various probes [scales (a)—(c) in Fig. 13].
The position of the Fermi energy at 0 K can now be es-
timated by assuming that the Fermi energy varies linearly
with temperature: E~(T)=(dE~/dT)T+ EF. The tem-
perature coefficient dFF/dT is determined from the ratio

I (E2,EL ) —E3 I /I T2 T3 I
=REF/—BT. Extrapolation

to T=O K fixes the position of Eg on the top scale of
Fig. 13. The different temperature intervals over which
the anomalous K& extends might be a consequence of
differences in the apparent "level spacings" or of differ-
ences in the thermal-expansion coefficients of pure Cd
and the CdHg and CdMg alloys, as is evident from

~EF B(c/a)
B(c/a)

The temperature dependence of the c/a ratio for Cd is
found in Ref. 31. For the CdMg (3.38 at. % Mg) sample,
the temperature dependence of the c/a ratio is estimated
by interpolating results on the lattice parameters at vari-
ous temperatures and for various Mg concentrations given
in Refs. 31 and 32. From this, one deduces only a some-
what reduced temperature coefficient B(c/a)/BT of the
c/a ratio in CdMg (3.38 at. % Mg) as compared to pure
Cd. This also indicates that the larger temperature inter-
val over which the anomalous E„exte nds in the CdMg
sample as compared to pure Cd is mainly a consequence
of a larger level splitting in the phenomenological three-
band model.

For an absolute calibration of the spacings of the criti-
cal energies and the position of the Fermi level at T=0 K
one needs to know dEF/BT in absolute energy units per
unit temperature. A rough estimate of this temperature
coefficient can be obtained if one compares the tempera-
ture dependence of the total susceptibility X~~(T) with the
concentration dependence of the low-temperature suscep-
tibility in CdHg and CdMg alloys following McClure
et al. (see Fig. 1). The temperature dependence of X~~(T)
for Cd is found in Ref. 6. For our CdMg (3.38 at. % Mg)
sample we use the published X~~(T) data for CdMg (3
at. % Mg) found in Ref. 9.

Correlating the change in slope of g~~(T) in pure Cd at
about 110 K with that in X~~(x at. % Hg) at x=7 at. %
Hg (see Fig. 1), we obtain, with the use of the energy scale
in Fig. 1, a scaling factor BE~/BT=0.0016 Ry/110
K= 1.45 X 10 Ry/K. Similarly, if we identify the
minimum of X~~(T) in CdMg (3 at. % Mg) at 200 K, with
the minimum of X~~(x at. % Mg) at x=0.5 at. % Mg (see
Fig. 1), the scaling factor becomes BEFIBT=0.0039
Ry/200 K=1.95X10 Ry/K. Using, for the CdHg
sample, the same scaling factor as for pure Cd, the
critical-energy positions are determined and are collected
in Table IV, together with the derived "band parameters"
E —(E2 +E3 )/2 and b, /3 = (E3 —E2)/2 relevant for the
three-band model, where E2-EL. The same scaling fac-
tors and Table IV were used in drawing Fig. 14, which
shows the calculated position of the critical energies rela-
tive to the Fermi levels at T=O K as deduced from
~&(T). The Fermi level itself, of course, is not affected
by the presence of a single muon. As shown in Refs. 33
and 34 the induced shift of the Fermi level as a function
of hydrogen concentration is zero in the dilute limit, i.e.,
BE~/Bx =0 for x —+0.

In the preceding discussion it was shown that the
anomalous muon Knight shift in Cd, CdHg, and CdMg
finds a consistent explanation in terms of a three-band
model similar to the one which describes the electron
states near the symmetry point X of the host metals with
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TABLE IV. Critical energies E~,E2 I.,E3 and band parameters E, and 5 following from the critical
temperatures given in Table III. The origin of the energy scale is E~ (or E~. values in parentheses).

Sample

CdHg (1.23 at. % Hg)'
(inside p+ cell)

0.0
{—1.45)

(mRy)

0.29
(—1.16)

(mRy)

0.44
{—1.02)

E,
(mRy)

0.36

6/3
(mRy)

0.075

Cd (inside p+ cell)' 0.0
(—2.03)

0.44
(—1.60)

0.70
(—1.33)

0.13

CdMg (3.38 at. 'Fo Mg)
(T&360 K}
(inside p+ cell)

0.0
{& —7.0)

)2.3
( —4.66)

& 6.3
(—0.63}

& 4.3 2.0

bulk Cd (see Fig. 1}' 0.0
(—0.75)

3.00
(+ 2.25)

15.0
(+ 14.25)

9.0 6.0

'Parameters evaluated with BE~/BT= 1.45)& 10 5 Ry/K.
bParameters evaluated with BEF/BT= 1.95)& 10 ' Ry/K.
'From Ref. 7.

critical points E&,(Ez,EI ),E3. The apparently predom-
inant two-dimensional character of the observed Van
Hove singularities must be a consequence of a very weak
dependence of the "band energy" on the wave-vector com-
ponent k, .

Now, one has to justify the adopted "band model" in
explaining a local property at the site of a strongly per-
turbing probe and, perhaps, to relate the "three-band
model" to known properties of the Cd band structure.
The problem that arises stems from the use of conflicting
concepts invoking band states in the discussion of local
properties at an impurity site. %e are not able to solve
this conflict and we could not find any reference to a
similar problem in the literature. In this respect, the p+
data are unique and may call for a novel theoretical ap-
proach. Nevertheless, in the following discussion we try
to forward plausible conclusions relying strongly on
analogies.
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FIG. 14. Critical energies E&, (E2,EI.), and E3 of Cd and Cd
alloys and the position of the Fermi level E~ at 0 K for CdHg
(1.23 at. % Hg), Cd, and CdMg (3.38 at. % Mg) in Ry according
to Ref. 7, in comparison with the critical points relevant for the
muon Knight shift calculated with the scaling factors BE~/BT
given in the text and the critical temperatures give in Table III.

It is striking that the anomalous p+ Knight shift can
be explained on the basis of a three-band model which
seems to reflect qualitatively all features of the Cd band
structure in the vicinity of symmetry point X, as dis-
cussed in Sec. III. This concerns the number of singulari-
ties, the types of singularities, the relative order of the lev-
els, and the weak k, dependence of the band energy close
to symmetry point K. It thus seems that K& originates to
quite an extent from electron states near symmetry point
E, which implies a high density of these electrons at the
p+ interstitial site. This is consistent with the fact that
the nuclear Knight shift in Cd (Ref. 10) and in Cd alloys
(Ref. 35), sampling at the regular lattice site, does not
display any anomalies or singularities as a function of
temperature. Theoretical calculations by Kasowski"
show that the Cd nuclear Knight shift originates ex-
clusively from Fermi-surface electrons in regions of the
Brillouin zone around the symmetry point I' and the sym-
rnetry point M, but not from the symmetry point E.

However, comparing the apparent spacings of the criti-
cal energies and their relative position to the Fermi level
at T=O K, as deduced from the anomalous p+ Knight
shift, with the Cd band structure at symmetry point E,
one notices significant differences (see Fig. 14). With re-

gard to the band structure, the Fermi energy at T=O K in
Cd, CdHg, and CdMg is well below the upper critical
point E3. By increasing the temperature it will not be
possible to shift Ez through this critical point. A tem-
perature increase will always shift the Fermi level to lower
energies. In Cd and CdHg it will be possible to shift EF
through the critical point E& and, in CdMg, through
(E2,EL ) and E&. The accompanying change in the
Fermi-surface topology was termed an electron, or
Lifshitz, phase transition. In contrast, the fact that one
observes all three critical points in the E& data implies
that they are all below the Fermi energy at T=O K.
Moreover, the splitting of the critical points in the X&
data varies considerably between the CdHg, Cd, and
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CdMg samples. The width of the anomalous structure in-

creases from CdHg to Cd to CdMg. The center of the
structure, roughly defined by the logarithmic singularity,
shifts to higher temperatures upon going from CdHg to
Cd and from Cd to CdMg. With respect to the position
of the Fermi level at T=0 K, the entire anomalous struc-
ture is shifted toward lower energies. Qualitatively, the
same tendency is inferred from the rigid three-band model
for the band structure of Cd and its alloys in the vicinity
of symmetry point K. Although the observed splittings
and the positions of the critical points relative to EF in
the IC& data are different from the ones in the band struc-
ture of Cd and its alloys, the similarities are persuasive
enough to propose that the anomalous muon Knight shift
originates precisely from these states. If so, one has to
conclude that inside the muon cell these states appear re-

duced in splitting, lowered in energy, and pulled down
below EF as compared to the bulk situation. This would
constitute a new and unanticipated effect. Figure 14
shows that the apparent energy shifts in the present case
are of the order of —10 mRy. It seems impossible, how-

ever, to obtain such shifts inside the muon cell with the
short-ranged screened muon impurity potential, which is
expected to act just like an elastic scattering center on the
Bloch waves, shifting their phases, but leaving their ener-

gy unchanged.
In contrast to the case of a single p+ or proton impuri-

ty in a metal, where no lowering of energy levels is expect-
ed (not even locally), metal-hydrogen systems exhibit a
lowering of host electron states with s character relative
to the proton site, which is a consequence of the
hydrogen-induced lowering of the overall potential.
The latter is not to be confused with the observed shifts in
the present study.

The absence of any narrow structures in the tempera-
ture dependence of K& in Zn is consistent with the above
discussion of the results in Cd and its alloys. In contrast
to Cd, in pure Zn the Fermi energy at 0 K is above the
critical point E3. If in the presence of a p+, E3 inside the
p+ cell is shifted down by about the same amount as in
Cd and its alloys (-10 mRy), it may not be possible to
shift E~ across the critical points (E3,Ezl,E, ) even by
increasing the temperature up to the melting point.

The question arises, of course, whether other mecha-
nisms could be responsible for the kind of sharp
anomalies displayed by the temperature dependence of the
p+ Knight shift in Cd and the alloys CdHg and CdMg,
whereby the reader is reminded that the nuclear Knight
shift in Cd already has an unusual, strong temperature
dependence. Since it is known that the self-trapping and
diffusion properties of p+ in metals are extremely sensi-
tive to structural features and imperfections of the host,
one might wonder, in particular, whether they are also the
origin of the observed Knight-shift anomalies. However,
from the fact that the anomalies are observed at relatively
high temperatures, where diffusion, trapping, and detrap-
ping rates are known to follow an almost classical,
temperature-activated Arrhenius behavior, it appears
impossible to explain the extremely narrow structure of
the anomalies in Cd and CdHg (1.23 at. %%uoHg )onsuch
grounds. In particular, it appears impossible to reproduce

the "cusplike" singularity observed in all of the data. As
has been demonstrated in Zn, p+ trapping at lattice de-
fects can indeed lead to a pronounced temperature depen-
dence of the p,

+ Knight shift, but never to the narrow
structures observed in Cd and its alloys.

Qn the other hand, one might ask whether the
anomalies could be related to properties of the Cd host
other than the electronic properties already discussed. To
our knowledge no drastic changes in the bulk properties
of Cd and the alloys CdHg and CdMg are reported in the
literature near any of the critical temperatures listed in
Table III.

C. Anisotropic muon Knight shift

Trivial contributions due to the demagnetization field

Bd and the Lorentz field BL to E,„are eliminated since,
for the present investigations, we have used spherical sam-

ples, for which Bz and BL cancel each other. Hence, the
anisotropy observed must be an intrinsic property of Ez.

The anisotropic or axial part E,„of the Knight shift
may generally be written as a sum of three contributions,

E =E' '"'+E'"'+E' "'
ax ax SX ax

Here, K,'„'~' is the dipolar hyperfine contribution charac-
terizing the quadrupole moment of the electron distribu-
tion around the muon. It originates from the dipole-
dipole interaction between the muon spin and the spin of
the conduction electrons at the Fermi surface, and van-
ishes only when the relevant ensemble symmetry of the
muons is cubic. IC,'„' arises from the anisotropic spin
susceptibility or the anisotropic g factor, respectively, of
the conduction electrons, in connection with the isotropic
Fermi-contact interaction. E,'„"' denotes an eventual an-
isotropic contribution from the diamagnetic screening
and is expected to be small and temperature independent.

We first consider the dipolar contribution X,'P' and as-
sume that it is dominant in the observed E,„. The tern-
perature dependence of E,„ in Fig 7may .then indicate a
change in the symmetry character of the electron distribu-
tion around the muon. At 110K, where E,„vanishes, the
electron distribution would possess spherical symmetry.
Below 110 K, where E,„ is negative, the electron distribu-
tion would have an oblate shape concentrated in the basal
plane of the Cd lattice. The positive sign above 110 K
would indicate a prolate electron distribution concentrated
along the c axis. A similar change in sign of K,„, be-
tween 40 and 70 K, has been observed in the Cd nuclear
Knight shift' [Fig. 3(b)]. K,„ofthe nuclear Knight shift
is small and negative at 4.2 K and increases continuously
with temperature up to the melting point. Kasowski"
proposed an explanation for the temperature behavior of
the axial nuclear Knight shift based on the effect of the
electron-phonon interaction on the Cd pseudopotentials.
He postulates that the strongly-temperature-dependent
p„-p~ orbital of the M-centered electron states is increas-
ingly destroyed with rising temperature. At low tempera-
ture, the contribution of the M-centered electron states is
nearly cancelled by the p, orbital of the I -centered elec-
tron states, which is nearly temperature independent.
However, in the case of the muon Knight shift, the van-
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ishing of K,„at 110 K correlates with the cusp singulari-

ty or the passage of the Fermi level through the critical
points EL,E2 in the three-band model. Therefore, the
negative sign below 110 K probably reflects a property of
the electron states of the upper, or E3, band, and the posi-
tive sign above 110 K a property of the states of the
lower, or E&, band. The dipolar coupling is generally
weaker" than the Fermi-contact interaction and a small

IC,„/K;» ratio (after correcting K;„ for the diamagnetic
screening contribution ) can imply a large non-s character
of the electrons at the Fermi level with respect to the
interstitial p . In Cd at T=20 K we find
K«/K;so= —4.5%, and at T=500 K, K«/K;so=+1. 6%
(with a —20-ppm diamagnetic screening correction in

IC;«). These values are of the same order as those for the
nuclear Knight shift with E,„/K;«= 3% a—t T=4.2 K
and IC«/E;» +——10% at T=500 K. On the other
hand, theoretical calculations of the charge distribution
around hydrogen in metals show that the strong proton
potential is essentially screened by electron states with a
dominant s character relative to the proton. Experimen-
tally, Wampler et a/. found, from measurements of the
Dingle temperature in the de Haas —van Alphen effect in
dilute CuH alloys, that the screened proton is predom-
inantly a short-range, structureless isotropic scattering
center for the conduction electrons.

However, if the measured Knight shift is only of the
Fermi-contact type, which itself is isotropic by nature, the
temperature-dependent axial part, K,„, of K& must orig-
nate from an anisotropic spin susceptibility. An anisotro-
pic spin susceptibility can be related to an anisotropic g
factor of the relevant conduction electrons. In this case,
we may write

1

i )/ 1« —3 g~~ gl )/gl»

where g~~ and gi refer to the g factor with the field paral-
lel and perpendicular to the c axis, respectively. At 110
K, where IC,„v iashne gs~~ and gi would be of equal mag-
nitude, whereas below and above 110 K, g~~ and gt would
be different. Since the disappearance of K«correlates
with the cusplike singularity or the passage of the Fermi
1eve1 through the critical points EI,E2, we must conclude
that the relative magnitude of g~~ and gi is a consequence
of the position of EF relative to the critical points or the
bands in our phenomenological three-band model. The
situation at low temperature, where the Fermi level lies
above the critical point E3 in the phenomenological
three-band model, corresponds exactly to the situation
realized at T=O K in the band structure of hcp Zn. '

The g factor for the electron pocket states in the upper, or
E3, band has been calculated for Zn in Refs. 22 and 47.
Experimentally, one finds g~

~

—89 and gz ~(g ~~, which is a
consequence of the small effective mass of the E3-band
states (see Ref. 22). Obviously, this is not in accord with
the negative sign in K,„of the muon Knight shift in Cd
below 110K.

The Pauli spin susceptibility and its anisotropic part in
Cd have been calculated by Kar et al. ' using a
temperature-dependent pseudopotential. The results for
T=O, 293, and 469 K lead to a X~~

—Xq which is positive
at low temperature and negative at high temperature, in

contrast to the behavior of the axial part of the muon
Knight shift. However, the total Pauli spin susceptibility
includes an average over the full Fermi surface and may
be expected to differ from the effective susceptibility re-
lated to particular electron states at the Fermi surface.

In any case, explaining the strongly-temperature-
dependent axial part of the muon Knight shift constitutes
an interesting and challenging theoretical problem.

D. Comparison of the low-temperature E„
with jellium calculations

The Knight-shift value extrapolated to T =0 K in the
polycrystalline Cd sample amounts to (48+4) ppm. This
value is in fair agreement with values calculated by Man-
ninen within the framework of the spherical solid model.
By using a fcc lattice with the same nearest-neighbor dis-
tance to the muon as in the hcp lattice of Cd, he found
values of 54 ppm for the tetrahedral site and 74 ppm for
the octahedral site. The pure-jellium model, including the
diamagnetic screening, in contrast, gives a much larger
value of 103 ppm.

VI. SUMMARY
In this work it has been shown that the Knight shift of

a light hydrogen isotope at an interstitial site may strong-
ly be influenced by details in the band structure of the
host metal. In pure Cd and in CdHg and CdMg alloys,
this influence results in a pronounced temperature depen-
dence of K„and in the appearance of Van Hove singulari-
ties as well as in a strongly temperature-dependent axial
contribution. To our knowledge, the present Knight-shift
measurements are the first ones in which Van Hove singu-
larities in the local-electron density of states have been
directly mapped. The relevant electron density of states is
shown to have predominantly 2D character. This follows
from a sharp and finite discontinuity in Ez, typical for
20 minima or maxima, and a logarithmic singularity,
typical for a 2D saddle point. The relative sequence and
the topological character of the critical points as revealed
in the anomalies of E& can be understood in terms of a
three-band model which is essentially a replica of the
band structure of Cd and its isostructural, isovalent alloys
near the symmetry point K of the hexagonal Brillouin
zone close to the Fermi energy Anew and .unexpected ef
feet is thereby revealed, in that the "locally" probed band
structure, as compared to the bulk band structure of the
pure metal, shows a downshift in energy relative to the
Fermi energy and an apparent renormalization of the en-

ergy scale. The shift and the change in energy scale are
different for the three systems investigated. A conceptu-
ally consistent explanation for these results has not yet
been found. In terms of the screened muon impurity po-
tential, which is short ranged and expected to behave as an
energy-conserving scattering center, the apparent lowering
and reduced separation of electron states may be difficult
to understand. The influence of the alloy composition on
the splitting of the states, i.e., on the parameters E, and

5, is also completely mysterious. It is conjectured that a
long-range potentia1, perhaps related to the induced lattice
strain around the p+, in conjunction with associated dif-
fraction processes of conduction electrons, may provide a
mechanism for the explanation of the present results. A
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theoretical analysis in this direction is being initiated, but
other possible mechanisms need to be explored as well.
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