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We present the solution of Maxwell’s equations for an arbitrary distribution of heterogeneous
spheres taking into account cluster geometry, retardation effects, all multipolar (electric and magnet-
ic) order interactions, and any arbitrary light incidence. The fields are expanded in terms of the usu-
al spherical wave-vector functions. Usual boundary conditions are applied at each interface. The
problem consists in obtaining the appropriate microscopic effective susceptibility for the heterogene-
ous spheres, and the appropriate rewriting of the interaction and field terms. In so doing the solu-
tion of the problem is similar to that for homogeneous spheres [Phys. Rev. B 25, 4204 (1982)]. We
specialize the boundary-condition problem to the case of a metallic nucleus containing plasmons and
of a dielectric shell. Simpler cases are also examined: the plasmonless limit, the single sphere, the
hollow sphere, and the long-wavelength limit. Numerical results are presented to show various pa-
rameter effects; the field expansions are limited to, but inlcude, the octupolar terms.

I. INTRODUCTION

In a previous paper, hereafter referred to as I, we have
presented a theory of infrared- (ir-) absorption spectrum
of (ionic) powders through the solution of Maxwell’s
equations up to a given 2! polar order in the long-
wavelength limit.! At topical conferences, we have illus-
trated the results and discussed effects due to quadrupolar
and octupolar field distributions in the particles.>~* In all
cases the particles are supposed to be spheres, but
spheroids can be easily treated in the same framework.
Although removal of the long-wavelength approximation
and of restrictions on the assumed spherical shape of the
particles, as well as the neglect of retardation effects,
would have likely improved the theoretical description of
the experimental data on ionic powders, we have pre-
ferred, when rewriting the general theory, to apply it to
metallic inclusions in some matrix.’

Therefore, in paper II of this series,” we have examined
the optical properties of spherical “metallic” particles.
We have taken into account finite-wavelength effects, a
plasmon-dependent dielectric function, retardation effects,
and multipolar interactions between particles in contact or
not. In so doing we have in fact generalized Ruppin’s
theory® for isolated metallic particles. Notice that the
percolation transition was not part of such a theory.

Next we want to treat more realistic cases. It is ap-
parent from published work (in particular from various
papers found in conference proceedings’ %) that homo-
geneous particles are exceptions rather than rules, due to
particle production processes. Therefore, in this paper
(III) we intend to describe the infrared absorption and re-
lated properties of heterogeneous particles. The model in
mind is that of concentric shells.

We admit that much theoretical and experimental work
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has already been presented in the literature on the subject.
On homogeneous (metallic) particles, a recent review arti-
cle by Perenboom et al. is available.!! No complete re-
view of work on heterogeneous particles is attemped here,
but one can recall that the first applications of Mie theory
to the scattering of electromagnetic waves by (two) con-
centric spheres are due to Giittler'> and Aden and Kerk-
er.!3 The latter work was expanded by Kerker!* and vari-
ous collaborators in order to describe many different as-
pects of concentric (or confocal) particles.'"*!> In the
same framework, let us mention work by Bohren,'® Gor-
don and Holzwarth,!” and Latimer and Wamble.!® The
first work deals with a spherical shell having an anisotro-
pic index of refraction, while the third considers particles
of a dimension that is larger than the wavelength of light,
and in particular hollow spheres. In addition to such
work related to the description of aggregation processes of
colloids, let us mention another nested model of layered
spheres (for phosphorus-derived smoke) by Milham
et al.' and in the same spirit by Blum and Frisch.?’

Another ensemble of papers?! =2 is more related to
work on percolation aspects than on colloidal aggregation,
and therefore has considered to a greater degree surface
effects as well as effects due to the inner metallic core as
opposed to those due to a polymeric shell. Nevertheless,
in Refs. 21—23, in the first theoretical attempts is a dis-
cussion of the positions of plasma resonances in particles
containing a dielectric seed or nucleus,?! following obser-
vations by Genzel et al.?? This was followed by a de-
tailed calculation of the optical-absorption coefficients of
metallic shells on dielectric cores by Granqvist and Hun-
deri.?®

The optical properties of fine metallic particles covered
by an oxide, sulfide, etc., pellicle were discussed by
Grangqvist et al.,? following other observation of surface
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modes in oxide-coated metal spheres by Martin,2® and
their prediction by Ruppin,?® on isolated particles. In the
same line of investigations let us recall an “intermediary
case:” that of small silicon particles with oxide over-
layers.?” Such work intended to obtain an effective dielec-
tric constant through a description of the polarizability of
the particle. Since a Maxwell-Garnett description was at-
tempted, the particles were supposed to be randomly dis-
tributed in the matrix.

Independently, Clippe et al.?®*~%° were the first to
recognize the importance of short-range order and of par-
ticular clusters in describing optical properties of aggre-
gates. Their theory based on a simple dipole-dipole cou-
pling (between homogeneous spheres) had shortcomings
already discussed elsewhere.! Nevertheless, such recogni-
tion and its experimental interest®3! motivates work in
the area bounded by the “isolated particle” on one hand
and the “random medium” cases on the other hand.
Hence our theory attempts to fill this gap.>> We wish to
conclude this review by mentioning other related work on
the effective-medium theory of optical properties of small
heterogeneous particle composites.>

Nevertheless, we want to stress that our main goal is to
describe the functional dependence of the observed (or ob-
servable) light on the state of aggregation of heterogene-
ous particles irrespective of percolation phenomena.
Furthermore, we do not look for criteria allowing one to
select appropriate aggregation or aggregate models, but we
hope to present a (useful) theory from which such criteria
might be derived, and thereby answer a complaint, e.g., in
Ref. 18, that “for real random aggregates, the direct solu-
tion of Maxwell’s equations is impractical.” Our theoreti-
cal results are in a form which can be used on a computer,
as we will demonstrate, and are available for more com-
plex problems or more general systems.

In Sec. II we explicitly give the full theory generalizing
that of Ref. 5, at the level of more complicated boundary
conditions, i.e., supposing that plasmons exist in one of
the materials (here taken to be the nucleus). In Sec. III we
consider the plasmonless case. In Sec. IV we show that
we recover the isolated spherical particle case from our
general expressions; we also consider the hollow sphere.
In Sec. V we take the long-wavelength approximation for
the main results of Sec. II and recover well-known expres-
sions. In Sec. VI we particularize our results to a simple
case in order to present numerical results; in so doing, we
can discuss various effects, in particular, that of
multipole-multipole interactions. In an appendix, we con-
sider the case in which the nucleus is a dielectric and the
layer is metallic, in order to be able to use an analogy for
understanding the qualitative properties of clusters con-
taining such a type of particle.

II. THEORY

Our theory follows that of Ref. 5. We strongly reduce
the generality of our investigation from the beginning.
However, in the line of our previous work!=? it is clear
that several assumptions can be removed, but one must
then resort to much more complicated algebra and nota-
tion. We expect that our results may be of general in-
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terest, however, and hope that they suggest areas of fur-
ther investigation.

We consider a simple geometry for the heterogeneous
particles. They are supposed to be made of two concen-
tric spheres. The inner material is called the nucleus (N);
it is surrounded by a shell (S). The nucleus radius is
called Ry. The nucleus and the shell materials are
characterized by their respective dielectric function
e(k,») and magnetic permeability u(w). We wish in the
main theoretical section to take into account the possibili-
ty of plasmon excitations, and to consider a very general
form of €( ff,w) as long as N and S have a metallic char-
acter in the bulk limit. Therefore, we introduce the nota-
tions 617\;, eg, ek, €§, Uy, and ug, where L and T refer to
the longitudinal and transverse part, respectively, of the
propagating wave in the particle. The matrix characteris-
tic functions are supposed to be frequency independent;
they are called €, and p,.

Several combinations of N and S materials can be en-
visaged. A metallic particle can be grown from an insula-
torlike nucleus, or a metallic particle can be coated by its
oxide, by a nitrite layer, or by a totally different material
(such as a dye). The layer-coated metal particles seem to
be of interest. One “restriction” is thus made at this
point: Only the nucleus has metallic character. There-
fore, we assume that there is no plasmon in the shell.
Such restrictions can be removed when appropriate exper-
imental work has to be analyzed. From examples treated
in Refs. 1—5 and our unpublished work, it appears that
the distinction between metallic or dielectric spheres is
only of quantitative nature when discussing the mode po-
sitions and the overall shape of an ir-absorption spectrum.
The above restriction on the character of N or S thus has
a mild importance.

The solution of the electromagnetic problem (Laplace’s
equation) consists of obtaining the correct coefficients for
the field expansions in the various media by applying ap-
propriate boundary conditions. (We avoid writing the
time dependence e'® in the following.) Let the electric
field in the shell of particle B be given by

25 S = S = s 7
Eg=E D (a5 Mpg1+bpTipg1+epq 1 pgn
Pq

+szqﬁlpq3+d£qﬁpq3+flfq qu3) ’ (1

where the m,,, 1,,, and _l;q functions are the spherical
wave-vector functions defined in Ref. 5; the indices 1 and
3 indicate, respectively, the Bessel j,(x) or Neumann
h,;“(x) function. We have not indicated in Eq. (1), nor in
the following, the variable T in the functions as long as
there is no confusion. The magnetic field is similarly ex-
panded,

T
cksE

s _ 7S S - S —
Hp=- 2 (bpghipg1+apTipg1
lops pq

+d;:qr—ﬁm3 +C]fqﬁpi13) s (2)

where c is the speed of light.
We do not consider the case where longitudinal mag-

nons would be present, that is why the qu function does
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not appear in Eq. (2). The electric and magnetic fields in
the nucleus (E¥ and HY) are given by, respectively,

Ej=E3 (@pg Mg 1+bprg Tipg1+epg qul) &)
P.q
and
_ ckIE
Hj= e 3 (bpgitpg1+apg Tipg1) - @)

iopy 5

These flelds cannot be expanded in terms of the i,
1,3, and T, pg3 functions because of the smooth behavior
prevalent at the center of the sphere.

The external field (due to the scattering on the jth
sphere) is expanded accordingly in the matrix,

@D
=E 2 (Cp’ql_ﬁpq3+d Ilpq3) (5)
P
= (; kE Y
Hyj=-"2 6
= ioy 2( i Mipg3+CprgTipga) » (6)

where ks, kN, and k is the wave number in the shell, nu-
cleus, and matrix, respectively. For transverse waves it is
given by the solution of the dispersion relation,

k2 =0"(K,0)u(w) , (7

with the appropriate €’ function. On the other hand,
longitudinal waves can propagate in the nucleus if

€k (K,0)=0. (8)

Solutions of Eqs (7) and (8) are chosen such that k has a
positive imaginary part

The coefficients d g and c,, g> as well as the functions
1ip,g3 and My, ; in Egs. (5) and (6), are supposed to be de-
fined in the j frame centered on the jth sphere. The total
field in the matrix is a linear superposition of the total
scattered (E),HY})) field and of the externally applied
field defined by

- (i)
Eo=E; 3, (a  fipg1+by g Tpg1) )

p.q

(i)
HO_‘HOE qmpq1+apqnpq1) (10)

where we recall that the coefficients and variables depend
on the reference (i) frame. In doing such a summation
any retardation effect is automatically taken into account.

A. Nucleus-shell boundary problem

The boundary conditions (BC’s) have been recalled by
Ruppin following a discussion on the correct set of BC’s
for a conducting medium by Melnyk and Harrison.>> The
BC’s are the continuity of tangential E and H and normal
displacement current, the condition on the normal
magnetic-flux density being superfluous. Hence at the
inner interface, one requires
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E3X1g,=EfX Tz, , (11a)
Hix Tp, =HixTg, , (11b)
6SEB TRNZENEg TRN (110)

The first two conditions lead, after some algebra, to
four equations involving the defining coefficients
ap,q,...,cgq of Egs. (1)—(4). Each equation can be
separated into two relations according to the angular
dependence. Equation (11a) leads to

a;:qjq(xs)+c1fth§1)(xs)=ap1:/qjq(xN) ’ (12)
s 1 |d_. s 1 |d ,m
bp’q;S— Exh(x) +dp,q; —&;xhq (x) s
—oN L) | e ](yN) (13)
pq XN dx Xy Pq q
where
xs=ksRy , (14)
xy=kyRy , (15)
Equation (11b) similarly leads to
X Py
218 g (xs)+dS iV (xs) = = b jg(Xx) 5 (17)
S Un
1 | s |d_. s |4 _,m
s Gp,q ’d—;xlq(x) . +Cpq ‘d_;x}’q (x) .
=L | Dy x) (18)
’-‘LN P9 dx q XN
The third BC, (11c¢), leads to
bpaq(q +1)j(x5) /x5 +dpqq(q +Dhy (xs) /xs
=bpgq(q +1)jg(xn) /Xy +epmo ki E‘J*jq(y)
'y YN
(19)

From (12) and (18) one can obtain ap ¢ and cp 4 as a func-

tion of ap in terms of proportionality coefficients which

can be called “27 polar-interface susceptibilities,” i.e.,
ay,=I'al, , (20a)
cpg=Tal, (20b)

with

p_ [ Baew) | [ g xs)— (s i (xy) 21a)
= a

7 Ja(xs) hyV* (x5)—jg (xs)
and
jq(Xn) /)it ) —jid (xg)
F;Z)— ];]l)xN (,u'S /’f}l‘i]q xN .]q xS , (21b)
hq (Xs) (xs) (Xs)




2170

where any g T(z) function is defined by
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not involve convolutions.

We still must obtain b,f ¢ and dlf ¢ from the other equa-

gHz)= ——(—)dizg( ). (22)  tions. After some algebra one finds
Notice that these I‘ff’ functions are “mere” generaliza- by =Aql )b,fv g (23a)
tions of that I'; found in Ref. 5 [Eq. (12d) in the case of a ds _ A(zx bN (23b)
metal-particle—matrix interface]. Notice also that Egs. L
(20a) and (20b) are mere proportionality relations and do  where
|
w_ | KSigtew) | | _(en/es)lig (xs) —Folow)] =g o) +Fylpw) 42
T | kidglxs) | [ (en/es)lhyH (xs) = falon)1—ig (xs)+Fow)
@_ kgja(xy) (e /€5)Lig (x5)—foyn)1—j (xn) +fo(yn) 24b)
T L kahiPxs) | | ek /e [B T (xs) = Foon) ] — i (xs)+fo(yn)
where
feyn)=q(q +1)J.,(yN)/ ]q ») , 25
N

Here, we do not write c: ¢ in terms of bp 4

but it could be obtained by combmmg Egs. (23) and (24) with Eq. (13). On

the other hand, notice that yy (related to longitudinal plasmons) does not appear in the “magnetic” susceptibilities A D,

B. Shell-matrix boundary problem and solution
for the external coefficients

The description of the scattered field by an ensemble of
heterogeneous spheres interacting with each other follows
the method described in Ref. 5 step by step (Sec. IIB).
The idea is to express the mutual interactions of particles
by a projection technique in order to obtain matrix ele-
ments for interaction terms. Then writing the BC at the
shell-matrix interface, one is led to a set of linear equa-

tions between the coefficients of the applied field expan-
sions and those of the scattered fields. The main differ-
ence with respect to the system of equations (22) found in
Ref. 5 consists in the formal expression for the scattered
field coefficients which take into account, here, the
heterogeneous nature of particles. Therefore, here we only
give the appropriate modifications, i.e., those defining the
unknown vectors ¢ ¥ and d ™ in terms of 37 and b’.

For example, the corresponding set of equations relat-
ing the field coefficients in the matrix to those in (on) the
shell is found from the BC on the electric field to be

N .
33 (LM | M) +dM ()N | M) 103 (%) + e af pjm (X)) =0l (D) (T )Crm (i) (26)

J#i p,q

N
[c, (M |N); +a”4(_])(N |N); ]h(1 (x,)—i—e 'blme x: Wim (x,)/hm (x;:)1}
Pq P.q

J#i p,q

=b, ()(x; /%5 ) (Ts Lok (K ) /B T (%) 1D (i), 27)

where in order to simplify the writing, we have already used (23) for expressing the right-hand side of Egs. (26) and (27).
In so doing we have directly related the “matrix coefficients” to the “nucleus coefficients.” Nevertheless, some word on
the notations is necessary. We have used a notation such as {M | N ); such that

<M |N)xE(I_ﬁpq3(]) I ﬁlmS(”) »

with the usual definition of the brackets { - -~ | - - -

(28)

) [Eq. (17) in Ref. 5]. Such notation is unambiguous with respect to

the indices indeed because of the orthogonality and completeness relations given by Stratton as discussed in Ref. 5.

Furthermore,

Xi EkR,

(29)
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and
fSIEk.STRi > (30)

where R; is the total radius of sphere i, and k (k) is as before the wave vector in the matrix (shell).

In order to calculate matrix elements no particular reference frame has to be singled out. However, the overall
geometry must be defined in order to be able to define the “external field.” Therefore, the origin of axes must be chosen.
It seems natural to refer to some particular sphere O in the sample as being at the origin of axes. Another sphere, for in-
stance, i, will, according to theory, be located at (#,75,73). One defines

z;=kry . (31

Furthermore, the incident field phase is supposed to be zero at the center of the O sphere. Therefore, we let
I _ I I 1 -
apq=0p,(0) and b, ,=b, ,(0). Finally,

Jalxn) hiF (xs) _idxs)  ps _ 1
C,= - b &)= || » 32
q h;l)+(xN)—jq(x1v) Jaxs) 7q xS)hq(Xs) “qu xy) Jolxs) rq(xS)hél)(xs) (32)
_Esdbe) ey [BM) o ges)
T xn B F(xg)—jf (xs) | €5 | dgxs) TS D (xg)
(2 VRN 1 1
— 11— €s []q (XN) f,,(yN)] jq—(xs) sq(XS)hq(”(xs) } ’ (33)

in which the index of sphere i has been omitted, and where we have introduced the functions

rg(2)=h"(2)/j,(2) (34)
and

sg(2)=rg(Dh*(2)/jf (2) . 35)

Similarly, the magnetic BC leads to a set of equations which after some algebra reduces to

_ﬁ S LM UM | M) +dX N | MY I8P 06) +€ b o (5) = bion (1)jim (% N thng /115 ) Rsi /%0 Epn () (36)
i
N )
S S LM [N Y +dphy (AN | N )13 () + e mjim )i (%) /By ¥ ()]
Sl
= () pas /125 )im st iy (Bsi) /g ¥ (x)VFm (D) . 3T)
The definitions for E,,(i) and F,,(i) are given in short by the following correspondence laws:

E, (i)=D,, (i) where s,,(Xg)—r,(Xs) (38)
and

F,(iy=C,,(i) where r,,(Xg)—s,(Xs) . (39)

The system (26), (27), (36), and (37) can be solved for the exterior (matrix) coefficients in terms of the external field
coefficients by eliminating those describing the nucleus. It may be of interest to write such a solution under a rather
compact form. On one hand, this allows a better visual comparison with the system of Egs. (20) and (21) of Ref. 5. One
has, after some algebra,

N
S 3 (A Dom N | N =7 (iXM | M) 14+dpo(Dom (XM | N); =7, ()N | M );]}
j=1p,
#ipq -
=%y Ty ()i (x1) /B (x;) ,  (40)
N
S S (A Dlpm (DM | N )i —km (AN | M) 1+ cp(Dpm (DN | N ) —kpm ()M | M);1}

i=1pgq
Ji

=€ Ko (1)jm(x;) /33 (%), (41)

where (omitting the reference to the sphere label)
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0= /ua gt (%), (42a)
Ta=(Fy /Cjf (%s) , (42b)
pe=—(up/ps)og , (42¢)
Ky =—(en /€5 Dy /Epj (Z5) , (42d)
and
T,=7,— s /purp)ig (x) , (42¢)
Ky =x,+ji (x) . (42)

It is then clear that only a numerical solution can be
pursued after precising a cluster geometry and calculating
the interaction matrix elements. In principle, such terms
can be obtained analytically. We have given all the neces-
sary information for calculating them up to the / =p =4
in Ref. 5.

III. PLASMONLESS CASE

In this paper we do not write the above system of equa-
tions when the nucleus is a dielectric and the shell has a
metalliclike character. However, it is of interest to con-
sider an “intermediary” case in which one can neglect
plasmons in the nucleus: either a heterogeneous particle is
made of two dielectrics, or the frequency of the radiation
field is much below the bulk plasmon frequency w,. We
have shown in paper II that the absorption spectrum can
be divided into two regions, one on each side of w,. For
the low-frequency region, surface modes exist superim-
posed on the tail of surface-plasmon resonances (of the
bulk material) which peak in the ultraviolet region, far
above w,. On the other hand, the Ruppin ripples at
® >, have almost no influence on the » < ®, resonances.

From the above derivation, it is easy to see the plasmon
influence in the theoretical results. The first remark ap-
plies to the writing of the set of relations (20)—(23) be-
tween the shell and the nucleus coefficients. It readily ap-
pears that the magnetic part of these relations does not
contain plasmon effects. The second point to be em-
phasized is the importance of the function f,(z). As not-
ed in paper II when there is no (or a few) longitudinal
plasmon(s) in the material, this implies a very large value
of Imk%, and hence

kii_l’{lwfq(kﬁRN)= —i/(kERy)~0 . (43)

It is therefore extremely easy to rewrite the plasmonless
case from the above results. The coefficients D,, E,, and
hence k, have a more simple form which will be found at
the end of the next section; they also pertain to the
single-particle case.

IV. ISOLATED-SPHERE CASE

A. General case

As can be observed from Eq. (23), internal interface res-
onances appear where the denominator of the electrical
susceptibilities A;" vanishes, i.e., when

e}Tv=j;’(xS)_fq(yN) €s - (44)
hF(xs)—f, )
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The resonances due to the particle-matrix interface are,
on the other hand, obtained from the determinant of the
fundamental set of equations (40) and (41). Inspection or
direct calculation leads to the resonance conditions

pq(i)=x,(i), (45)
o,(i)=T7,(i) . (46)
The latter equation leads to
Dy (x)
€g=— " o €r - (47)
Egiq (%s)

One could similarly obtain the “magnetic resonance” con-
ditions.

Let us note that such formulas generalize the Frohlich
condition (e+42€y=0) for the surface-mode resonances
and the Van de Hulst effective dielectric constant of a
coated sphere,

_ 2€S+€N+2Q3(€N——€S)

€.5= , 4

s 2€S+€N'—Q3(EN—63) € “8)
where

Q=1—(t/R)=Ry/R (49)

if ¢ is the thickness of the shell (# =R —Ry).

B. Plasmonless limit (0 <<, )

Let us consider the “most interesting” region, i.e.,
below w,. The following asymptotic expressions are very
useful:

Jg(2)~z9/(2q + 1),
hi(z)~ —i(2g —1)M/29+1

(50)
h\H(2)~—q .
Hence
rg(z)~—i(2g —DM(2g +1t/z%4+1, (51a)
sg(2)~i(g/q +1)(2g —1)M(2g + DN/22+1 . (51b)

Immediately (again omitting the label i for the ith
sphere),

q

C ~ 1 EN.
g 2q+l ks
2g+1
R
X 1g+(g+1) ,%SV—*' = 1—5—3—
N

(52)

and
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q—1 T
1 ky 1 ky €N
F,~ — D, ~ -— (g+1) -
17 2 +1 | kg T 2g+1 | ks a+i+a ek
Ry AR ex
2+1 tq| R I==11/
s N Us €s
X g +g+1) | ———q |7~ 1—'“—
HN N (55)
k g—1 T
(53) 1 (& 1 v
9~ 241 | ks (g+1)+gq T
. . 2q+1 T
One observes that C,=F, =1 if the sphere is homo- ES , €N
geneous (uy =pg). For a small shell thickness one has —(g+1) R - er ’
Cy~(kn /ks M, (54a) (56)
which, for a small coating thickness, become
F,~ 7.
o~ s /un ) ky /ks) (54b) D, ~(ky /ks)T =, (57a)
E,~(ey /€i)ky /ks)T 1. 57b
Consider next the “electrical coefficients,” and a 9 (en /es)kn /ks) (57b)
plasmonless nucleus. In the low-frequency limit, one has On the other hand,
I
o'q’”'"q‘u‘S/.uN ’ (58a)
Pg~4 » (58b)
g +(g+Dlps/py)—g Ry /R (1—ps/py)
Tg~(g+1) Tl R (58¢)
q+(q+D[(ns/uy)+(Ry /R4 (1—ps/uy)]
e | (g+D+qlek/ed)+q(Ry/R)M*1(1—ef /ef)
Kg~—(q+1) | = T ,.T 2q+1 T , Ty ° (58d)
€g (q+1)+q(€N/€s)—~(q+1)(RN/R)q (1—ey/€s)
In the limit of small shell thickness, 7, and , reduce to
Tq ~q +1 s (593)
Kkg~—(q+ ey /€5 . (59b)

Therefore, in this limit the coating plays a negligible role, and the resonances are those of a pure nucleus, i.e., from

(45), and (58) and (59), one has
—qus/upy=(q+Dus/my ,
g=—(g+1)ey /e .

One easily observes that the latter relation reduces to the Frolich condition when g=1.

For a finite thickness one finds

g +(g+D[(us/my)+Ry /R (1 —pg/uy)]

K (@+1D)+q[(ny/ps)+ Ry /RIT 1 —py /ps)]

€
Mg+ 1) +qlek /el +(Ry /R (1—€k /eD)]

which can be explicitly rewritten in the case q=1; the
left-hand side of Eq. (62) is then seen to be identical to
the Van de Hulst expression (48) for €.,s. These expres-
sions thus generalize to, for all polar orders, well-known
equivalent formulas for homogeneous spheres. In order to
observe the first correction term to (60) it is easy to take
the small-thickness limit in (61) and (62), i.e., for

r 4+ +DI(e5/ex)+(Ry /R 1 —es/e)] _ g+1_

(60a)
(60b)
g+, (61)
q

s (62)

q

M
03=1-6~1-3t/R, (63)

one finds
3—8(1—pup/us)

l—ps/pn) ’
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3—8(1—ek/eb)
M3 25(1—el/el)

EN=— (65)

We wish to recall that the above formulas are valid in
the plasmonless limit [due to (55) and (56)] which is
equivalent here to @ <<,

C. Hollow sphere (in vacuum)

A particular case of technical interest is that of a
dielectric bubble.!® Although it would be more realistic to
consider it suspended in a polar matrix (e.g., water), let us
observe the interest of the previous formulas when
€y =€) =1. The resonances are found at

(es—17 1
(es+2)(2es+1) 203

(66)

while Clausius-Mosotti relation reads for an empty shell,

€s—1 &

(142€g)eg—1) (67)
€s+2 ges SAES

in the small-thickness limit.

The solution of Eq. (66) indicates that resonances exist
for es=—a+*[(a*—1)]"2, where 4a=(4Q°+5)/(1
—Q?). If the dielectric constant is a single-valued func-
tion, there is thus a direct and single correspondence be-
tween w and the shell thickness, while the right-hand side
of (67) gives the polarizability of an empty shell.

V. LONG-WAVELENGTH LIMIT

When the size of the particles is sufficiently small, one
can consider that the fields do not vary greatly either in
the nucleus or the shell. One can use a long-wavelength
approximation, which here corresponds to xy, Xg, Vw,
and x—0. One can either rewrite the system of linear
equations for the unknown field coefficients starting from
(40) and (41) or repeat the calculation, but starting instead
from the expansion of the potentials in terms of spherical
harmonics. This procedure is less tedious than the theory
presented in Sec. II because of the decoupling between the
electric and magnetic modes in such a limit.

In fact, the long-wavelength limit is similar to the
plasmonless limit on one hand, because it is equivalent to
the simplification arising from the w <®, approximation.
One can therefore observe that all expressions are avail-
able (see above) in order to calculate absorption spectra in
the long-wavelength limit.

Furthermore, if only the dipolar terms are included, the
theory leads to formulas derived by others or to results
readily obtained from the above sections. Notice, howev-
er, that even in the long-wavelength limit it is of interest
to include multipolar effects, in particular, when one con-
siders dense clusters. The retardation effects are automat-
ically included in the interaction matrix elements, and are
calculated as in I.
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Although we have observed elsewhere!~* that the
long-wavelength limit leads to quite erroneous values in
some cases (typically, of course, when the size of the par-
ticles is large) we will illustrate our general theory from
results obtained from the long-wavelength approximation.
This implies that the radius of the particles is less than
500 A, but this is often quite sufficient (see Refs. 15—18
for exceptions).

VII. NUMERICAL RESULTS

Owing to the long-wavelength limit, the nucleus dielec-
tric function can be considered to be plasmonless. We
could choose a realistic dielectric function from experi-
mental data, but will only present results when

efvze,{r:eb—w;/[w(w—l-iy]v)] (68)

in units of €, =1.
Furthermore, the dielectric shell will be characterized
by

€s=€,+(€0—€,)/{1—0*/[or(w+iys)]} (69)

in the usual notation.

In clusters we expect a large number of modes to ap-
pear (as in Refs. 28 and 29). The spectrum shape depends
on the variation of several parameters: In addition to the
characteristic parameters entering the dielectric function
expressions, each particle radius, each layer thickness, and
the particle separation can be modified. In general, even
for the “simple” binary cluster, five parameters can be in-
dependently varied (four in the long-wavelength limit).
Therefore, either cluster parameters and dielectric func-
tions are selected to reproduce known experimental re-
sults, or an arbitrary selection of parameter variation is
made, where we expect that sufficient information can be
gained for further comparison with experimental data;
analogy, intuition, and extrapolation are useful methods
to be followed then. Notice that in the Appendix we
present a brief discussion of the case in which a metallic
shell covers a dielectric nucleus.

A. Single-particle spectrum

It is of interest to first recall the position of particle res-
onances, and thereby introduce notations. Equation (48)
can be rewritten

€s=€s(14+20%Zy/Zp)/(1=0Q3ZN/Zp) (70)

where Zy=ey—e€s and Zp=€y+2€5. Obviously, the
numerator of the fraction in the above equation is larger
than the denominator if Zy >0, i.e., if €y is greater than
€s. Owing to the form of these dielectric functions, the
positivity of Zy is always satisfied, except for a frequency
region between w7 and the particular frequency at which
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€,s=€s=¢€y. The behavior of €, can be easily obtained
therefrom: (i) The zeroes of €5 occur at eg=0, i.e., at
oy, and when Zj +2Q3ZN——O (ii) The singularities of
€.s occur at oy and for Z, =03Zy. These (six) frequen-
cies are called w;(i =1, ..., 6) and are ordered such that
D <Wy< * <Wg A sketch of €. is given in Fig. 1
with the appropriate definition of each w;.

One a posteriori observes that three solutions exist for
the equation €cs +2€3,=0. They are called wgy, wsp, and
wgp in increasing order. The notations are obvious: These
are resonance frequencies due to the heterogeneous, dielec-
tric, or metallic character of the particle, respectively.
Indeed,

(0%, P =08y /op~7 , (71a)
(0% P =whp /0h~(€+2)/(€,+2) . (71b)

There is no such simple approximate value for wgy, but
since wgy is below wr, one may take the limits
P35 >> 0% —03y and € >>€,, and find (0} =wr/w))

—1
(o T>z] .

(71c)

1 1-20°

1+2€0 2Q3

(0t )*=(0%y)*/(0}) =

The validity of these approximations (71) is compared to
exact values for a particular Q° value in Table I. One
may finally obtain the range of “interesting regions” from

(@)
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] 1
' 1
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FIG. 1. Variation with frequency o of the dielectric function
€.s of an heterogeneous particle made of a metallic nucleus (N)
and of a dielectric shell (S) in a vacuum matrix. Curve (c) is ob-
tained by finding the zeros of Zp —Q3Zy [curve (a)] and those
of Zp+2Q3%Zy [curve (b)], the latter ones corresponding to
singularities of €,5. Zp=€y+2€s; Zy=€y—€s. The frequen-
cies w; (i=1 to 6) are thus easily defined. The spectrum of an
isolated heterogeneous particle contains three peaks at wsy, @sp,
and ws,. The frequency scale is arbitrary.
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TABLE 1. Position of characteristic frequencies o} =w; /)
and of an isolated heterogeneous-sphere surface modes from Eq.
(71) and from Van de Hulst (long-wavelength) theory. The par-
ticle is a metallic sphere, with plasmon frequency w,, surround-
ed by a dielectric shell with dielectric function parameters €, and
€,. The metallic core is 60% of the total particle volume.
(60=9,8; €, =2.95; 0°=0.6).

i oF Exact Eq. (71)

; g: igg w5y =0.187 %y =0.2075
431 8:2(6)25 @5p=0.345 ¥ =0.3087
2 8247((3);5 w5, =0.532 wh, =0.577

the following observations: (i) «,>0p>07T; (ii)
w3—w; <oy —or. Therefore, cluster spectra have to only
be displayed between the following frequency bounds:
(01,0,), (W3=0T1,04=0r), and (@s,06). In absence of
damping effects [y =0 in (68) and (69)] the remaining fre-
quencies are part of “spectral gaps.”

At this numerical stage, a choice of the core, coating,
and matrix nature is in order; we have taken material
characteristics to be those of sodium, rhodamine B, and
vacuum, respectively. Table II gives the relevant parame-
ter values. Table III lists all the characteristic frequencies
for different layer thicknesses.

The above results have to be contrasted here with those
of Ref. 26, where only one spectral line (corresponding to
wgp) was found. This is due to the approximate dielectric
function chosen by Ruppin; he chose €y = o for the me-
tallic core.

B. Binary clusters

In order to display relevant information on the absorp-
tion spectrum of small clusters, or of a powder, either the
absorption coefficient defined in terms of the imaginary
part of the averaged complex susceptibility, or the total
absorbed power can be calculated.!

The absorption coefficient is the weighted sum of each
individual sphere absorption coefficient. Since the
denominator of Eq. (48) and the left-hand side of Eq. (62)
vanish at more than one frequency, in order to present the
frequency dependence, we cannot write an expression as
trivial as Eq. (35) of Ref. 1. Therefore, we prefer to recall
that the total power absorbed by a sphere B of volume vg
is

TABLE II. Parameter values for the metallic core surround-
ed by a dielectric shell for heterogeneous particles hereby con-
sidered.

Metallic Dielectric Vacuum

core shell matrix
€=1.0 €= 1.0408 €=10
y=10"? €,=10 €,=10
wp,=1.0 07=0.38085w, wr=0.0
¥=2.7203x 1072 v=0.0

w; =0.388 54w,
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TABLE II1. Values of bound frequencies and of surface-mode frequencies for a single heterogeneous particle of radius R in a vac-
uum matrix for parameter values given in Table II: the core is metallic and the dielectric shell has a thickness r. Q=1—¢/R. All
reduced frequency values are multiplied by a factor 10°.

t R Q o} o oSy o5 0% s a)§p we
0 1.0 1.0 1.0 38085 38854 57735 10°
0.1 1.0 0.909 0.7513 27711 38042 38058 38669 39570 57887 91440
0.2 1.2 0.833 0.5787 34368 37995 38030 38560 41527 57991 84924
0.5 1.5 0.667 0.2963 37218 37877 37949 38426 49561 58157 73121
1.0 2.0 0.500 0.1250 37566 37779 37847 38372 54753 58256 69956
2.0 3.0 0.333 0.0373 37665 37723 37754 38351 57288 58306 60360

W(Bw)=cisw) [, dTy|E(B,0)|*/exEo), (72)

and to sum each term in order to obtain the total absorbed
power for N spheres occupying a volume v,

N
W(w)=(1/v) 3, W(B,o). (73)
B=1

The active power InW=W", and the reactive power
W'=ReW can be related to usual optical properties. The
reactive power being a linear function of the real part of
the dielectric constant €.5(w) can be related to the
imaginary part through Kramers-Kronig relations.

The reactive power (in fact, its logarithm) is thus
displayed below. It presents the qualitative features to be
observed experimentally.

Only linear clusters have been investigated. It is known
from the theory of Clippe et al.?® and applica-
tions?3242%3637 that such chainlike systems give a suffi-
ciently good approximation to several powder systems.
This analysis does not consider the actual presence of glo-
bules in a powder.

Also, note that only the variations of the resonance
modes as a function of the various parameters are usually
presented. Here we show the whole spectrum behavior

= Q; =Ry /Ry
RS QZ=RN2/R2

FIG. 2. Definition of geometrical parameters for a cluster of
two spherical heterogeneous particles in an electromagnetic field

Y
of wave vector k.

which necessitates the solution of the matrix equation de-
rived in Sec. II, since the (square of the field expansion)
coefficients themselves are necessary in order to calculate
W (w). Mutatis mutandis, such a lengthy expression has
been given in I [Eq. (40)]. Furthermore, only two angles
of light incidence are considered: The k vector is either
parallel or perpendicular to the chain axis. Intermediary
cases are superpositions of such spectra with the appropri-
ate (cos?6,sin%6) weight, where 0 is the angle between the
k vector of the light and the cluster symmetry axis (see,
e.g., Fig. 2).

We have selected to examine binary clusters here, look-
ing for limiting cases that are likely to encompass many
situations. The binary cluster examined consists of a
homogeneous particle (for instance, 1) of fixed radius R,
a second particle (for instance, 2) of radius R, and vary-
ing layer thickness #,. In Figs. 3(a)—3(i) we show the
variation of In(Re W) as a function of »* =w/w,. The an-
gle a of the electric field EO (of the incident light), with
the z axis on which the cluster is aligned, is chosen to be 0
or /2.

It is indeed known that in the long-wavelength limit the
absorption effects may be simply discussed for such cases
only, irrespective of the light incidence and position of the
H, vector (hence of the k vector).’® The shadow effects
which appear when the incident wave vector is parallel to
the center to center axis, and both Eo and f-io are perpen-
dicular to this axis, are not discussed here. One might
just admit that we take K perpendicular to both z and Eo.
An extra (small) peak at lower energy would occur other-
wise when the spheres have the same radius, and only
then. Owing to the complication of carrying such an ex-
tra particular case, we have left it out of our computer
program here.

We show effects which result from only taking into ac-
count terms to the dipolar [Figs. 3(a)—3(c)], quadrupolar
[Figs. 3(d)—3(f)], and octupolar [Figs. 3(g)—3(i)] order in
three cases, i.e,, Ry=1 and R,=1.1, 1.5, and 2.0, thus
with #,=0.1, 0.5, and 1.0, respectively. In each case the
particles are supposed to be in contact such that
a;;=R;+R,. In this case indeed, the high-order polar
terms are of importance, as shown elsewhere in the case of
homogeneous spheres.! =>4 The logarithmic scale for
W' renders the spectrum to be slightly awkward at first
sight. Nevertheless, in the dipolar approximation one
easily recognizes the three regions mentioned above, corre-
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FIG. 3. Variation of the reactive power of a binary cluster of two touching metallic spheres, one of them being coated by a dielec-
tric material, for different values of the layer thickness ¢, and hence of the particle radius R, as a function of reduced frequency
o*=w/w,, where @, is the plasmon frequency. The curves are obtained by limiting the interactions to the (a)—(c) dipolar, (d)—(f)
quadrupolar, and (g)—(i) octupolar terms, and by taking the long-wavelength limit. Two angles of light incidence are considered;

t=0.1 in (a), (d), (g); £=0.5 in (b), (e), (h); t=1.0in (c), (f), (i).

sponding to three ensembles of surface modes. As in Ref.
28, each independent-sphere surface mode is split by the
mutual interaction. It is interesting to note that the
“plasmon surface modes” lead to the largest amplitude,
while the wgy-like modes, shifted toward low w values, are
relatively weak. The relative amplitudes depend in the
same way on the _ﬁo field incidence angle as in the case of
homogeneous spheres. The larger amplitude occurs at

higher frequency when EO is perpendicular to the line
joining the sphere centers.

When the coating thickness increases, the size of the ab-
sorption regions is much modified: Region III markedly
shrinks and becomes quite narrow (here, betwen 0.45 and
0.72) when the layer thickness is equal to the core radius.
If the coating thickness would increase further, one would
have the situation of a single homogeneous metallic parti-
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FIG. 4. Same as for Fig. 3, but for the region between o} and wg that encompasses the plasmon surface modes near m§p.

cle in the presence of a dielectric surface (containing an
“irrelevant” deep inclusion). The single-resonant mode
would fall near 0*=0.59. Region II shrinks on the other
hand, but contains much structure, when the layer thick-
ness increases, but remains smaller than the core radius
(t3 <R, /2). In such a case, the dielectric layer modes are
quite noticeable. When the layer thickness becomes
larger, however, its influence takes a different nature:
The coating volume indeed becomes larger than the core.
Thus, the dielectric (dye) “surface modes,” which
originate in the coating material, tend to disappear as if
the layer had already reached a bulky appearance. Final-

ly, region I always grows toward higher »* values and, as
we have just seen, incorporates region II because the
heterogeneity of the particle appears less important. Re-
gion III disappears when R;=%;=R,/2. Only a small
peak (near o* =0.35) is still reminiscent of the heterogene-
ous nature of particle 2. For all these cases, region III has
been enlarged in Figs. 4(a)—4(c).

Next, we observe the effects of higher-order polar
terms. The number of resonant modes increases as in
Figs. 3(d)—3(@i). In region III, the four dipolar modes split
into eight when quadrupolar terms are included [see also
Figs. 4(d)—4(f)] and into 12 modes, as expected of course,
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when octupolar terms are taken into account [Figs.
4(g)—4(i)]. For small layer thicknesses, several of these
modes are weakly absorbing, and thus appear as shoulders
" only on the main peaks.

The clearest mode-distribution figure is again that for
an intermediate thickness value ¢, =0.5. In such a case,
the core modes are similar to those discussed in Ref. 28.

It is interesting to note that regions I and II do not ap-
parently contain more modes when high-order polar terms
are included [see Figs. 3(e) and 3(h), for example]. We
have seen in Ref. 1, that the inclusion of such terms for
binary clusters of ionic spheres did not lead to strong
values of the absorption spectrum, but to very small
shoulders. As noticed later,* the structure is masked by
the (large) dipolar peaks, and the multiplicity of peaks is
likely unobservable then. Furthermore, we may point out
that we have checked the effect of smaller or larger damp-
ing factors than those used here (Table II). There is no
great change in the precision of the data if the core damp-
ing constant ¥y =107 is replaced by ¥ =102 On the
other hand, to take ¥ =0 would lead to unrealistic 8 func-
tions for the power spectrum. Therefore, we have not
shown enlargements of regions I and II, nor do we show
any spectrum with values other than those given in Table
II. We do not claim, however, that to examine these spec-
tral regions is uninteresting. On the contrary, it might be
useful to do so in order to understand the nature of coat-
ing layers. However, fine-resolution experiments would
have to be done then.

It is obviously apparent that the narrowness of regions I
and II is due to the small value of w; —wr (and of w; and
o7 with respect to the plasmon frequency w,). The struc-
ture in these regions might be made more apparent if the
core and layer dielectric functions were more similar.

C. Separation effects

High-order polar terms are known to be more relevant
when particles are in close contact. On the other hand,
when particles are greatly separated, they respond in-
dependently to the incident field. A great amount of
work has been done in such a case (see also Sec. VIIA).
Therefore, we may expect that separation effects can be
simply discussed from previous work. ">

The number of resonant modes is, of course, unchanged
with respect to the touching-sphere case. The multiple-
peak structure is conserved for a rather large separation
a;;; typically, for a;; greater than 5 times the largest ra-
dius, the mutual interaction is negligible, and the particles
can be said to be independent: This is due to the fall of
the interaction V{7 which decreases as 1/( ka,-j)3. Notice
that such a value gives an idea of how dispersed a system
must be in order to be considered as diluted, i.e., the con-
centration must be lower then 1/2°, viz., 3%. Interpreta-
tions of experimental results on heterogeneous particles
with a higher concentration must be taken with caution.
Obviously, powder systems must include some analysis
based on high-order polar effects and statistics of clusters.
This is outside the scope of the present publication, how-
ever. Also, note that at higher separation the information
contained in the polarization (or the angle a) is then lost
due to the independent-particle response.

D. Other effects

If a matrix other than vacuum is chosen to support the
clusters, it is expected that due to the larger value of ey,
the modes will pile up at lower frequencies. This was
checked. It might be of interest to consider the case of a
matrix with a frequency-dependent dielectric function as
for colloidal suspensions in water. An interesting com-
plex case would be that of magnetic cores.*! We intend to
pursue some work in such a direction. Of course, our
theory must then be generalized in order to take into ac-
count that the k vector in the matrix has an imaginary
part. The geometry of the incident wave would have to be
modified as well.

Finally, it has been noticed in the literature that the ab-
sorption of small metal-particle composites can be of
several orders of magnitude above theoretical calculations.
It is likely that such a remark holds true for isolated ag-
gregates. It has been proposed that size-distribution ef-
fects*»** greatly influence the absorption coefficient
value. Chylek and Srivastava have considered the effect
of magnetic dipole absorption for composites.** Such ef-
fects are of course included in our theory. We have
indeed noticed that the extinction cross section (obtained
from the ratio of the power W' to the power flow per
unit area of the incident wave) contains such effects,’ or
that the main peak of the absorption spectrum of small
clusters of homogeneous particles grows in value when
high-order polar terms are included.* It is expected that
such effects remain as noticeable in the case of hetero-
geneous particle clusters.

In conclusion, although we have examined the most
simple generalizatoin of a binary cluster, i.e., with only

Z5Q3Zy
e____E
£
[
o
£
€
\g

Ecs/Ey

o

FIG. 5. Same as Fig. 1, but when the heterogeneous particle
is made of a dielectric core surrounded by a metallic shell.
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TABLE IV. Same as Table III but for a dielectric core and a metallic shell.

t R 0 o* oS o3 wSp o3 s W%
0.0 1.0 1.0 1.0 38085 37343 38854
0.1 1.1 0.909 0.7513 23994 35806 38073 38455 43309 95796 97035
0.2 1.2 0.833 0.5787 31785 37519 38062 38732 53796 92767 94656
0.5 1.5 0.667 0.2963 37670 37903 38042 44504 68823 87587 89836
1.0 2.0 0.500 0.1250 37942 37978 38027 51545 76590 84291 85870
2.0 3.0 0.333 0.037 37997 38004 38018 55741 80294 82 549 83183

57735 10°

one heterogeneous particle, we expect to have shown that
we have extended theoretical work on optical (infrared)
properties of small particles in an aggregate state, and
have included all relevant parameter effects in order to
consider cases where heterogeneous particles are found.
We hope that this can be useful in experimental work on
specific cases.

APPENDIX

In this appendix we briefly discuss the case of particles

with a dielectric core and a surrounding metallic layer.

Although this might appear at first unusual, it is a better
representation of metallic particles in fact: Owing to the
chemical production process, metallic particles are in fact
grown on a dielectric seed. Thus, we may examine the
representative case as that of Fig. 2, remembering that a
large thickness ¢ is a realistic limit.

The single-particle spectrum is slightly different from
that reported in Sec. VII since there is an interchange be-

tween €5 and €y. Therefore, the variation of €5 with o is
that sketched in Fig. 5. The interesting spectral limits are
now (0,0,), (w,,ws), and (wg,1). Notice that a sharp line
is further expected at o, while the position of wgp with
respect to wy and w; greatly depends on parameter
values. A table (Table IV) of the characteristic frequen-
cies is given for the symmetric case of that studied in Sec.
VII, even though we realize that sodium grown on rho-
damine B is most likely a very particular case!

Concerning the spectrum of clusters of metallic parti-
cles with a dielectric core, the same discussion as that
made in Sec. VII may follow. Let us note that wgy is
very close to ], since region I is very narrow. In region
II, which becomes rather large with increasing metallic
content, wsp, almost reaches the value % when R~3t/2.
Region III obviously shrinks with increasing ¢. Therefore,
for such particles in clusters, the interesting region to ex-
amine is region II. Mutatis mutandis (in particular the
frequency bounds), the spectrum in such a region II is
similar to that shown in Fig. 4.
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Belgium.
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