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Ellipsometric measurements of the dielectric constant of undoped Ge were performed between
1.25 and 5.6 eV in the temperature range of 100 to 850 K. The dependence of the El, El+Ill, Eo,
and E2 critical energies on temperature was obtained. It can be represented either with Varshni's
cmp1rical formula or w'1th Rn cxprcsslon proportional to the Bose-Einstein statlstlcal factor of an
average phonon. BIoRdcQ1ng parameters, Rmpl1tudcs, and phase angles for thc corI'cspond1ng criti-
cal points were also obtained. A decrease of the excitonic interaction with increasing temperature
was found. The results are discussed in the light of recent calculations of the effect of temperature
on the band structure of Ge containing Debye-%aller and self-energy contributions.

I. INTRODUCTION

Germanium is, together with silicon, the most thor-
oughly studied semiconductor. A wide variety of experi-
ments have given detailed information about its band
structure. Among them optical experj. ments play a
predominant role. Transmission of light through thin ep-
itaxial films, ' thinly ground samples, ' and cleaved
samples's was probably the first optical technique used.
These experiments were in some cases performed as a
function of an external parameter such as a magnetic
field, ' ' an electric field, ' ' crossed electric and mag-
netic fields, ' pressure, ' ' or temperature. Reflectivity
measurements were also performed in the early years.
The reflectivity spectrum was sometimes measured over a
sufficient energy range to permit Kramers-Kronig
analysis of the data, so as to obtain the optical con-
stants. ' Reflectance modulation techniques have
more recently provided invaluable information about
structui e iii t1ie optical spectra of Ge aiid many otliei
semiconductors. Since the pioneering work of Sera-
phin ' electroreflectance has become one of the most
useful forms of band-structure spectroscopy, together
with piezoreflectance, stress-modulated transmis-
sion, piezoelectroreflectance, magnetoelectroreflec-
tance, ' magnetopiezoreflectance, ' thermoreflec-
tance, ' and wavelength modulation.

In addition to Kramers-Kronig analysis, the refractive
index of Ge has been obtained with interferometry, ' the
prism method {in the region of transparency only), 7

reflectance measurements at several angles of incidence 9

pseudo-Brewster-angle, and ellipsornetxy.
In some of these works the temperature dependence of

the optical constants or structures in the optical spectra
have also been studied bctwecn liquid-helium and room
temperature {RT),'o' ' ' ' '6 7' at 30 K and
RT 44, 47,49,79li~ d ~ d RT 7,9, 11,25, 34,35,55,62, 69,72 l.q2

uid-N2 temperature and 500 K, RT and 600 K, and up
to temperatures close to t4e melting point. ' ' A de-
tailed examination of the optical data available for Ge un-
til 1967 was performed in Ref. 88 and a coinparative
study of the various values of the refractive index found

in the literature was presented in Ref. 87.
Temperature-dependence studies of the opticai

stants are important from tlie tlleoretical and practical
point of view: Due to the fact that tile T depeildence of
structulc iIl optical constants seems to bc diI'ectly I'clatcd
to the T dependence of the band states involved in the
process, these studies can be used to check band-structure
calculations. From the applied science standpoint accu-
rate knowledge of the changes of the refractive index with
temperature is important among other things for design-

ing solar energy converters and for understanding the
laser-annealing process.

The electronic structure of Ge has also been profusely
studied theoretically. Many band-structure calculations
with different approaches, some microscopic and some
semiempirical, are available in the literature. '

Theoretical work on the temperature dependence of the
band structure is not so abundant. Two mechanisms are
responsible for the temperature dependence of energy
bands at constant pI'cssuI'c: thermal expansion and I'c-

normalization of band energies by electron-phonon in-
teractions. The first term can be calculated by combining
the volume dependence of band energies with measured
values of the thermal-expansion coefficient. Two types of
electron-p4onon interactions have been distinguished,
Debye-Wailer terms'o and "self-energy" terms, ' ' 5 due
to the first-order electron-phonon interaction. Calcula-
tions have focused only on the fundamental gap of semi-
conductors. In some work, ' ' reasonable agreement
with experiment has been obtained considering only the
Debye-&aller terms. However, it has been shown that
both terms should be included, ' ' as was done recently
in the case of Si and Ge. ' An alternative approach
found in the literature is to study the effects of electrons
on phonons instead of the opposite. "2

In spite of the large amount of experimental informa-
tion available for the optical constants of Ge and other
semiconductors, reliable data on the temperature depen-
dence of these constants are limited to the region of tran-
spaI'ency and the lowest absorption edge. Ellipsometric
measurements at temperatures between 10 and 1000 K
have been recently presented for Si."3 In this paper we
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report measurements of the optical constants of intrinsic
Ge in the energy range from the near-infrared (1.25 eV) to
the near-ultraviolet (5.6 eV) as a function of temperature
from 100 to 850 K. The measurements were performed
with an automatic rotating-analyzer ellipsometer. In ad-
dition to the real and imaginary parts of the function, our
data yield accurate numbers for the shift and broadening
of the higher interband transitions (labeled Ei, Ei+bi,
Eo, and Ez) with temperature.

The first interpretation of Ge optical structure above
the lowest direct edge in terms of direct interband transi-
tions was given by Phillips, " the E~ and E&+A~ edges
result from transitions in the A directions of the Brillouin
zone (BZ) [111),the Eo edge, which also contains fine
structure due to spin-orbit (SO) splitting, ' has been as-
signed to different regions in the BZ: transitions between
the I 25 valence band and I ~5 conduction band, coin-
cidence of a three-dimensional (3D) minimum critical
point (CP) at I with a 3D saddle point in the b, direction
of the BZ,97 "5 or a large region centered at (2n/a).
&&(0.33, 0.24, 0.14). All these points are close in energy
and k space to the I 25

—+I ~5 gap.
The next structure E2 has been alternatively attributed

to an accidental coincidence of an Mi saddle point at X
and an M2 saddle point in the X direction, to a small re-
gion centered at (2m/a)(0. 77, 0.29, 0.16), and more re-
cently it is believed to originate mainly from a region in
the I -X-U Lplane near (-2n/a) ( —,, —,', 4). '" An onset
of a new structure corresponding to transitions between
A4 5 and A6 (E'&) is also seen at 5.5 eV.

The CP parameters amplitude A, energy threshold E,
broadening I, and phase P are obtained through analysis
of numerical second-derivative spectra of the complex
dielectric constant with respect to the photon energy,
d e/de . Two-dimensional (2D) critical points, allowing
for excitonic effects in the form of a phase factor which
inixes the real and imaginary parts of e," were used to fit
the structures in the spectra. A mixture of a 3D Mo with
an Mi CP was used for the Eo and Eo+ho structures at
low temperatures. The main effect of increasing the tem-
perature is to broaden the CP and shift it to lower ener-
gies. We have fitted the CP energies to Varshni s empiri-
cal expression, " but we have found that the data can be
fitted equally well to an expression proportional to the
mean occupancy of an average phonon (see Fig. 6). This
procedure also gives a reasonable fit to the broadening pa-
rameter of these structures.

In the following section, a description of the experimen-
tal details is first given. The results are presented in Sec.
III and discussed in Sec. IV.

II. EXPERIMENTAL

The measurements were taken on a 500-pm-thick (110)
pure-Ge sample (resistivity 40 Qcm) in the temperature
range from 100 to 850 K. The surfaces to be measured
were mechanically lapped and polished with 0.75-pm grit
Alz03 powder. An etch-polish with Syton (Syton W30,
Brenntag AG, 4330 Mulheim/Ruhr 12, Federal Republic
of Germany) followed. They were finally polished with a
bromine-methanol solution. " Dielectric function spectra

e(co)=@i(co)+ iez(co) were measured with an automatic
rotating-analyzer ellipsometer. " The light from a lamp,
after being dispersed by a ~ -m Spex monochromator, is
linearly polarized with a Rochon-quartz prism. The
linear-polarized light becomes generally elliptically polar-
ized after reflection on the sample. The reflected light is
modulated by means of a rotating analyzer (Rochon
prism) and detected by a photomultiplier. The output of
the photomultiplier is digitized and the digital signal
analyzed with the aid of a model 9845B HP computer.
Mirror optics is used for collimating and focusing the
light. The spectra can be stored for later processing of
data.

Two different light sources were used for the measure-
ments: a tungsten quartz-iodine lamp (Osram Halogen-
Bellaphot 64625, 12 V, 100 W) for photon energies below
2.3 eV and a 75-W short-arc Xe lamp for the energy range
from 1.8 to 5.6 eV. A 1200-line/mm Bausch and Lomb
grating blazed at 1 pm and an EMI 9684B photomulti-
plier with S1 response cooled to —180 C, were employed
in combination with the quartz-iodine lamp and a 2400-
line/mm Jobin- Yvon holographic grating together with an
EMI 9558QB photomultiplier (S20 response) with the Xe
lamp.

The sample, sealed in a stainless-steel holder with a
commercial cement, ' was mounted and optically aligned
with an He-Ne laser in a windowless cell in flowing dry
Nz and was etched following the prescription of Ref. 118
to remove the distorted layer produced by mechanical pol-
ishing; real-time ellipsometric measurements at the energy
of the Ez peak were taken simultaneously. The treatment
was repeated until no more changes took place and the
highest value of ez at Ez was obtained. " A spectrum
was measured immediately after etching. The sample was
then again rinsed with methanol and placed in a cold-
finger cryostat within minutes of the completion of the
etch so as to minimize oxide formation. The measuring
chamber was initially outgassed by heating to a tempera-
ture of -200 C and pressure of 10 Torr for several
hours. During all the process of measurement the vacu-
um was of the order of 3X10 Torr or better (a Ti ion-
getter pump was used); this is necessary to avoid conden-
sation of ice and oil films at low temperatures, which
occurs if the pressure is worse than 10 Torr.

The cryostat was mounted on the ellipsometer and
aligned with the He-Ne laser. Although we have used
high-quality stress-free fused quartz windows, ' ' a small
systematic error is present in our measurements because
of residual changes in the polarization of the light due to
the windows. These were slightly misaligned with their
normal nearly parallel to the light beam. By comparison
of data taken on an Si sample covered with natural oxide
with and without the windows in the measuring chamber,
we conclude that the changes in the ellipsometric angles g
and b, introduced by the windows are at worst 5(g) &0.3',
5(h) &0.7' (in the uv spectral region). This limits the ac-
curacy of the e data to +5%. However, this does not
modify the details of the structure present in the spectra.
The sample temperature can be varied continuously by
means of a resistance furnace mounted inside a copper
sample holder. The sample temperature was determined
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with a Chromel-Alumel thermocouple in contact with the
back of the sample. Temperature stability was typically
+1 K. The temperature range was limited by the cryostat
construction. The procedure used to obtain drift stabiliza-
t1on and photomult1p11cr 11ncar1XRtlon can Rlso bc used
to correct the data for thermal light emission from the
sample which appears as a dark current. All the spectra
were taken at an angle of incidence of 67.5' with a mesh
of 10 meV. The optical activity of the quartz was taken
1nto account Rnd a calibration was made at each tcID-
perature to correct for possible changes of the sample po-
sition due to the thermal expansion of the sample holder.
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Using the measured ellipsometric angles (P,6) corrected
pscudodlclcctllc fllIictlons wclc CRlculatcd fl'onl tllc conl-
plex reflectance ratios. After the transfer of the sample to
the cryostat and the process of outgassing, an oxide layer
is still present. We estimate the thickness of this film to
be 11+2 A by fitting room-temperature data obtained
from the sample in the cryostat to the data measured im-
mediately after etching in the windowless cell. A three-
phase model' (air—GCOI —bulk Ge) was used for the
treatment of the data. It was assumed that the overlayer
was GCOI with an index of refraction taken from the
literature and supposed to be independent of T. The
equations were solved to obtain e(co) using the two-
dimensional Newton's method. The fact that fitting to
the previous data before and after the heating cycle gave a
change in the thickness & 2 A, allowed us to use the same
oxide thickness for all temperatures.

Tllc rcR1 Rnd 1111aglllRly parts of fhc corrected pseudo-
dielectric constant (c) for four selected temperatures are
shown 1Q Figs. 1 and 2, rcspcctlvely. Although thc
signal-to-noise ratio for the Sl was worse than for the S20
photomultiplier, the data from both sets of measurements
(with S1 and S20) agree within 3% in the overlap region.
In these figures we show data collected with both multi-
pliers and matched smoothly in the region of overlap.
The four main structures (Ei, El+hi, Ec, and Ez) shift
to lower energies and broaden with increasing tempera-
tul'c. The peaks ln 61 corresponding to tllc EI Rnd

EI +b, i CP merge into a broad one. In these figures data
taken from the literature at room temperature {0),500 K
(0), and 825 K {k) are also shown. The sample orienta-
tion was [111] in the RT measurement. For the high-
temperature ones it was not given. In view of the fact
that different surface orientations are known to affect e
differently due to oxidation and chemical treatment,
the agreement is found to be excellent.

IQ ordc1 to cnhancc thc stI'uctulc plcscnt 1n thc spectra
and to obta1n the CP paI'ameters, me calculate numerically
the second-derivative spectra, d c/dry, of the complex
dielectric function from our ellipsometric data. Tabulated
coefficients taken from the literature' were used to com-
pute the derivatives: an appropriate level of smoothing
was also allowed in order to suppress the noise in the
derivative spectra without distorting the line shape.
Another approach to investigate CP is to make a Fourier
analysis of the rough data, ' this method gives very pre-

-20

FIG, 1. Real part (6~) of thc pscudodiclectric functiorl of Gc
at 100 K ( ), 300 K (——~ —.), 500 K (———), and 825 K
(".- ). Single valves obtained from the literature are room tern-

perature, Ref. 87, (0), Rnd 50 Rnd 825 K (0 and 4, respectively)
from Ref. 84.

cisely CP parameters without using numerical derivative
procedures. It should be desirable to use it for our spectra
and we plan to do it in future work. In Fig. 3 we show
tllc experimental dAI/dQ) alld d 6lldol 'of tllc Ei RIld

El+XI transitions at 100 K. The derivative spectra were
fitted to one-electron CP line shapes. A least-squares pro-
cedure was used for the fit, with both the real and the im-
aginary parts of d c/dro fitted simultaneously. Exciton-
ic effects were also taken into account in a conventional
manner by allowing a mixture of two CP's. "s'1 ' Two
different fits are presented in Fig. 3. The solid lines corre-

lOOK——300K
30 ~ usa ~~ goo

sss ~ eesa

0 I'QQfA t8fflp8f'afUI 8;Ref. 8'7
5OOK
~825K

3 4

E tev)
FIG. 2. Imaginary part (e2) of the pscudodielectric function

of Cxc. Thc symbols arc thc same as ln Flg. 1.
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experiment
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I l I I l ![ } I I

1.8 2.2 2.6 1.8 2.2 2.6
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FIG. 3. Second derivatives with respect to the photon energy of the real (d eI/dm ) and imaginary (d e2/dm2) parts of the dielec-
tric constant of Gc Rt 100 K ncal thc El RIld El+El critical points. Thc points represent experimental dRta, thc solid linc fcpfcscnts
the best fit with a mixture of a two-dimensional minimum and a saddle point, and the dashed line repI'esents the best fit to a mixture
of three-dimensional Mi and M2 critical points.

1000—

I I I

Ge 100 K
d2&) d

!
d+2
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spond to a mixture of a 2D minimum and a saddle point
&bleb can bc represented b$

e-C ln(E co —1I )e'~—, —
with the angle P giving the amount of mixture
(0&/ &m/2). E is the CP energy and I the broadening
parameter. The dashed lines correspond to a mixture of a
30 MI with an Mz CP, which can be written as" '

-C—(CO
.E+/'I )' 8'—~,

with 0&/ &n/2. The Ei and Ei+6, 1 structures are fit-
ted simultaneously; a fixed SO splitting of 187 meV has
been used in the entire range of temperatures and the an-
gle P has been forced to be the same for both transitions.

In Fig. 4 we display the best ftt of our data at, 100 K to
a mixture of a 3D Mo with a M, CP [—m-/2&/ &0 in
Eq. (2)] for the Eo and Eo + bI1 structures (these are en-
larged by a factor of 5) and a mixture of a 2D saddle
point with a maximum for the E2 CP [~/2 & P &n. in Eq.
(1)]. The solid line corresponds to d ei/dro and the
dashed one to d e2/dc' . We plot in Fig. 5 the values of
tang for the Ei transition obtained from our fits versus
tcmpcI atUrc.

Flgilre 6 sllows tile eilel'gy posltloll of tile Ei, El, aild

Eo (i.e., the mean value of the Eo and Eo+ho transi-
tions), as a function of temperature. Ei+51 runs parallel
to E] ~ d][splaccd bg 6)= 187+3 HlcV to h1ghcf energies~ as
imposed by the fitting procedure.

The results show a linear dependence of the gapa on
temperature at high temperature and a quadratic one at
low temperature. The solid lines correspond to the best fit
to our data with Varshni's empirical formula:"

type ( I I I t I I I I

~O

E2

E(eV)

FIG. 4. Fit to the second derivatives with respect to the pho-
ton energy of the real and imaginary part of the dielectric func-
tion of Ge at 100 K near the E0„E0+A0, and E2 critical
points. The region corresponding to the E0 structure is en-

lalgcd by a factor of 5. The quality of the fits 18 comparable to
that of Flg. 3.

FIG. 5. Dependence on temperature (T ) of the excitonic pa-
rameter P defined in Eq. (1) for the E, critical point of Cxe.
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Ei(eV) E2{eV)

I (meV)

100—

kNW
M.-~+ere

E1

—3.9

I

100
l I I I I I I

500 1000

T (K)
FIG. 6. Dependence on temperature of the critical-point en-

ergies of Ge. Solid circles: Ej critical point (scale on the left).

Squares: E2 critical point (scale on the right). Open circles: Eo
defined as average of Eo and Eo+50 critical points. Solid lines

represent the best fits of the data to Eq. (3). Dashed lines corre-

spond to the best fits to Eq. (4). + O/T
2

(4)

I I I I I I I I I

)00 500 1000
T(K)

FIG. 7. Dependence of critical-point broadening parameters
on temperature. Solid circles: broadening parameter (I ) for the
E& transition. Triangles: I corresponding to E&+6&. Squares:
I for the E2 singularity. Solid lines represent the best fits of the
data to Eq. (5).

(AT

p+T
(3)

The values of a, a, and p for the Ei, Ec, and E2 critical
points obtained from 2D fits together with Ez obtained
from a 1D fit to the second derivatives are listed in Table
I with the corresponding uncertainties representing 95%
reliability. In this table the values of the parameters for
the indirect fundamental gap (E;) from Refs. 117 and 130
are also presented.

We were also able to fit these data to an expression
where the energy thresholds decrease proportional to
Bose-Einstein statistical factors for phonon emission plus
absorption:

The parameters, again with their corresponding uncertain-
ties, are listed in Table II. The Lorentzian broadening pa-
rameter I for the Ei (circles), E, +b, i (triangles), and E2
(squares) CP s are displayed in Fig. 7. The solid lines
represent our best fit to the data using the formula

I i represents a fictitious broadening attributable to the
approximation used in describing the CP with Eqs. (1)
and (2). Due to the uncertainties present in I, especially
at high temperatures, we have forced 0 to have the same
values as those obtained for the corresponding CP ener-

TA&LE I. Values of the parameters a, a, and p obtained by fitting the critical-point energy (E) vs
temperature (T) to the equation E=a aT /(T+p). 2D—: two-dimensional critical point. 1D: one-

dimensional critical point. Eo. average of Eo and ED+60 transitions. E;: indirect gap.

Ei(2D)

Eo (2D)

E2(2D)

E2(1D)

E;

a (eV)

2.22 +0.01'

3.159+0.008'

4.46 +0.01'

4.448+0.008'

0 741

a (10 eVK ')

6.8+0.8'

3.6+0.7'

8.3+1.0'

6.8+0.7'

4.561b

240+140'

344+244'

471+256'

319+120'

210"

'Present work.
Reference 117.

'Reference 130.

4.7+0.3' 235+40'
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TABLE II. Values of the parameters a, b, and 0+ obtained by
fitting the critical-point energy (E) vs temperature (T) to the
equation E =a b—[1+2/(e "~ —1)j. 2D: two-dimensional.

1D: one-dlmcnslonal. Eo.' average of Eo and Eo + 5o trans1-
tlons.

E)(2D)

Eo(2D)

E2(2D)

E,(1D)

a (eV)

2.33+0.03

3.23+0,02

4.63+0.05

4.56+0.03

0.12+0.04

0.08+0.03

0.17+0.06

0.13+0.03

8 (K)

360+ 120

484+136

499+127

429+ 84

F000
I | I [ [ I I I

0 500
T (K}

FIG. 8. Dependence on temperature of the ratio of the ampli-
tudes [& iz/)/&(EI+&I)] of the Ei Slid E]+6] trailsitiolls.
Solid line represents the best linear fit to the data.

gies. In Table IG the parameters I 0, I ~, and 8 are
presented with their uncertainties for the three structures.

Finally in Fig. 8 we show the ratio of the amplitudes of
the Ei and El+XI CP's [A(EI)/A(EI+b, i)] versus
temperature. A systematic increase of this ratio with T
may be inferred from Fig. 8. However, in view of the
large scatter of the points at high temperatures, this con-
clusion should be viewed with caution.

In the earlier work of Briggs an increase of n at 1.8
pm with temperature was already indicated. The same re-
slllt was also folllld 111 tllc slllglc-WRvclcIlgth Q, =6328 A)
ellipsometric studies of Refs. 83 and 84 where a monoton-
ic increase of k and an increase of n until T-250 K fol-
lowed by a decrease is reported. As can be seen in Fig. 6
of Ref. 85 and in Figs. 1 and 2 of the present work, this
fact is due to the shift and broadening of the optical con-
stants directly related to the changes in the band structure
with temperature.

In Table IV we list critical-point energies of the main
structures present in the optical spectra of Ge above the
fundamental gap taken from the literature together with
the present data (bottom of the table). The values corre
spond to room temperature, except those marked with an
asterisk, for which temperatures are given in the foot-
notes. Two authors ' claim to have resolved the Mo
critical points corresponding to the I.edge of the BZ with
its corresponding SG counterpart; these are the transitions
labeled e, and el+XI. They have not been identified

EI(2D)
EI +A)(2D)
E,(2D)
E2(1D)

25+3
43+5
69+3
72+3

TABLE III. Values of the parameters I 0, I l, and 0 obtained

by fitting the I.orenizian broadening parameter (I ) vs tempera-
ture (T) to the equation I'=10[1+2/(e "~ —1)]+I ~. 2D:
two-dimensional Cp. 1D: one-dimensional Cp. 0 has been
forced to have the same values as in Table II.

(meV) I, (meV) 0 (K)

here nor in many other references. Slightly different tem-
perature coefficients for the e, and Ei transitions are re-
ported in Ref. 42, which should help to separate them in
our temperature-dependent measurement.

A. E1 and EI +dk1 transitions

As can be seen in Table IV, the CP energy of the E&
transition found at room temperature in the present work
compares well with electroreflectance data (Refs. 37, 39,
42, 56, and 131, the last with a 2D fit to the critical
point). In the case of the Ei+b, l transition our energy
again compares well with that of Refs. 56 and 131.
Larger discrepancies appear in the other cases presumably
because the EI+b, l peak, weaker than Ei, callllot bc Rc-
curately determined at RT unless a detailed line-shape fit
is made.

The two- or three-dimensional character of the Ei tran-
sitions has been profusely discussed in the litera-
ture. ' ' '" ' ' Spectroscopic ellipsometry yields di-
rectly the dielectric function, and hence it should be the
most appropriate technique to analyse the nature of these
critical points. We have carefully investigated the deriva-
tive spectra from 2.0 to 2.5 eV. The Ei and EI+b, i
structures were fitted simultaneously using a mixture of
Mi and Mz 3D CP's [see Eq. (2)J or a mixture of a 2D
minimum and a saddle point [see Eq. (1)]. At Rll tem-
peratures we found a slightly better fit (10%) using linc
shapes corresponding to 20 CP's. In Fig. 3 the experi-
mental data at 100 K are shown together with both fits,
the main differences appearing in the wings of the struc-
tures. The weak structure seen at 2.3 eV, also present in
electroreflectance, could not be fitted in any case. The
presence of an Mo CP at the edge of the BZ together with
an Mi in the [111]direction has also been proposed (see,
e.g., Ref. 39) to explain the line shape of these structures.
This would give a line shape similar to that of a two-
dimensional Ininimum. The EI and E~ +6] critical
points are strictly speaking three dimensional. They corre-
spond to transitions between the A6 and the A4-5 valence
bands to the A~ conduction band. "' Two possible struc-
tures for the corresponding 3D gaps are suggested in the
lltclRtllrc. I11 Rcf. 93 a 3D Illllllnlunl (Mo) Rt thc I polIlt
followed by a 3D saddle point along A, close to I, are
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TABLE IV. Critical-point energies of interband transitions in Ge. Values correspond to room temperature, except those marked

with +, whose temperature is given in the footnotes.

e~ (eV) e&+5& (eV) E, (eV) E)+5) (eV) b~ (meV) Eo (eV) Eo+60 (eV) E2 (ev)

2.107'
2.05'

2.294'
2.24b

2.134'
2.12b

2.15'
2.09 '
2.115'
2.12~

2.087"
2.065'
2.09'

2.105"
2.126'
2.107P

+2.250'
+ 2.222

2.314'
2.32'
2.35'
2.26 '
2.325'
2.34g

2.291"
2.266'
2.29'

2.303"
2.332'
2.303"

+ 2.434'
+ 2.420"

180'
200b
200'
170 '

210'
220g
204"
201'
200'

198"
206'
196"
213q
175'
180'

age 184t
+ 198"

2.80b

3.10"
2.92'
2.983

+ 3.006'

+ 3.20"
3 0w

+ 3.015"
+ 3.123+0.19"

2.93b

3.33''

3.169

+ 3.206'

+ 3.191"
+ 3.201'

+ 3.309+0.19~

4.42g

4.35'

4 4.501'
g4 49"

2.111+0.003' 2.298+0.003' 187+3 4.368+0.004'
4.346+0.003

'Reference 23, extrapolated to 295 K.
Reference 42.

'Reference 3.
Reference 44.

'Reference 47.
Reference 37.

gReference 39.
"Reference 53 with 2D CP.
'Reference 53 with 3D CP.
'Reference 59.
"Reference 59, mean value of Eo and Eo +Ao.
'Reference 52.

Reference 49.
"Reference 131 with 2D CP.

'Reference 131 with 3D CP.
~Reference 56.
qReference 36.
'Reference 26.
'Reference 9.
'Reference 50 at 10 K.
"Reference 71 at 5 K.
'Reference 71 at 5 K, mean value of Eo and Eo+Ao.
"Reference 46 at 83 K.
"Reference 49 at 78 K.
Present work at 100 K with 3D CP.

'Present work with 2D CP.
Present work with 1D CP.

~Present work, mean value of Eo and Eo +60 with 2D CP.

suggested. These two critical points are nearly degenerate
in energy (closer actually than the I"s found from our
fits). Hence, as shown in Fig. 9, their conjunction is diffi-
cult to distinguish from a 2D critical point. Reliable re-
cent calculations" suggest that the Mo critical point may
not exist at all: Only an M~ critical point exists at L
while the band separation decreases monotonically from I.
to I without reaching a maximum. However, for most of
the stretch from L to I' the bands are nearly parallel and
an approximate 2D critical point is also obtained. In view
of this we believe the 2D critical point provides at present
the most reasonable and internally consistent representa-
tion of the E~ and Ej+Aq transitions.

In order to reduce the number of parameters of the fits,
and also to be able to fit together the E~ and E&+h~ CP's

at elevated temperatures where they have become should-
ers (see Fig. 2), we have assumed an SO splitting hi in-.
dependent of T. This fact is supported by earlier mea-
surements ' ' ' and by the intraatomic nature of the
SO splitting. The value used, b,

~

——187 meV, was found at
100 K.

In Table V the Lorentzian broadening parameters I ob-
tained from this work are listed together with values
found in the literature, again at room temperature unless
marked with an asterisk. The broadenings depend on the
type of CP assumed. The I"s of the E&, E~+hj transi-
tions are a factor —1.5 smaller for a fit with a 3D than
with a 2D critical point. Our values at RT obtained with
a fit to a 2D CP agree with those of Refs. 53 and 131.

Excitonic effects in the vicinity of the E& and E&+A~
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ill
~~

Cf

1 1.S
Reduced energy QJ/E

dCO E1

AE e'&
1

(Ei %co—i I—)

d CO E1+dk1

A~ +~ e'&

(Ei+4i —fico —il )

discrete two-dimensional exciton with a quasicontinuous
background. ' ' A simple qualitative description of
these effects can be made by multiplying the one-electron
dielectric constant by a phase factor e'&. ' We have used
this procedure with P as an adjustable parameter in our
fit. The phase angle P plotted in Fig. 5 decreases rapidly
with increasing temperature, an empirical fact which sug-
gests a decrease in excitonic effects as the temperature is
raised. The angles, as chosen by us, represent the amount
of 2D saddle point added to a minimum for the fit of the
measured line shape. The value of /=65' at room tem-
perature agrees well with the electrorefiectance value
/=60'. The reduction of exciton interaction of about a
factor of 3 between 100 and 300 K agrees also with the
reduction found in therinoreflectance.

The 2D fits of Fig. 3 were performed with the func-
tions

I

0.5 1 1.5
Reduced energy Q)/E

FIG. 9. (a) Calculated density of states corresponding to a
conjunction of Mo and M1 3D critical points. (b) Density of
states corresponding to a broadened 2D minimum critical point.
A reduced broadening parameter I /E=0. 11 is used for the 2D
CP's and I /E=0.025 for each 3D CP's.

transitions in Ge have been reported in the litera-
ture. ' 6' '6 ' ' A sharp dropoff of e2(co) above Ei
and also above E, +b, i is the most characteristic of these
effects which can be described as the interference of a

Within the microscopic uncorrelated electrons model of
Ref. 134 the prefactors AE and Az +ii are given by

1 1+ 1

Ei+hi/3
AE 44

apE)

Ei+2b, i/3
~E +Q 44 "(Ei+~,)' '

where ao is the lattice constant in A and the energies are
in eV. For the 2D fit of Fig. 3 at 100 K we find AE ——8.1

1

and AE +q =5.2 while Eq. (6) predicts Az —3.6 and

AE +~ ——3.2. The agreement between the calculated and
the experimental values is reasonable in view of the crude-

TABLE V. Lorentzian broadening parameters of interband transitions in Ge. Values correspond to room temperature, except
those marked with whose temperatures are given in the footnotes.

I (E1) (meV)

5/c 27
79
59'

53'
3S'

+41+ 3~

+28+ 2"

58+ 5'

I (E1+h1) (meV)

95
74'
62
69'
52'

+55+ 7~

+38+ 3"

73~ 10j

I (EO) (meV)

+33

+ 60+25"

I (Eo +50 ) (meV)

)fc 33

+ 65+30"

I (E2) (meV)

+78+ 2~

+108+ 5'

109+ 4'
148~ 6"

'Reference 51 at 10 K with 2D CP.
Reference 56.

'Reference 131 with 2D CP.
Reference 131 with 3D CP.

'Reference 53 with 2D CP.
Reference 53 with 3D CP.

gPresent work at 100 K with 2D CP.
"Present work at 100 K with 3D CP.
'Present work at 100 K with 1D CP.
'Present work with 2D CP.
"Present work with 1D CP.
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ness of the theory used. Some improvement of this
theoretical estimate is possible by including the "linear
terms in ki" (J means perpendicular to I 111I) discussed
111 Rcf. 135. Tlicsc 'tcrIIls, which ai'c ll11cal 1I1 ki oIlly ill
the absence of spin-orbit interaction, increase the trans-
verse mass for the Ei gap and decrease that for the
El+XI gap according to Eq. (4) of Ref. 135. For an
average matrix element

~

II
~

=0.1 bohr ', which we have
calculated for Ge following the method of Ref. 13S, we
find AE, ——4.1, AE +~ ——2.5. The calculated ratio of
these A's is 1.64 which compares well with the experimen-
tal one of 1.55 at 100 K (Fig. 8). The difference between
measured and calculated A s can be attributed to excitonic
interaction. '"

The solid line in Fig. 8 gives the least-squares fit to the
experimental points:

=1.75+(1.3+0.5) X10 'T .

In view of the large error in the temperature coefficient of
Eq. (8), and the large scatter of the experimental points in
Fig. 8, it is difficult to attribute a physical significance to
Eq. (8). In any case we have not found a physical mecha-
nism which would explain an increase in AE /AE +~ .I+

The solid lines plotted in Fig. 6 correspond to the best
fit to Eq. (3)." The only basis for this expression is the
fact that the energy gap is quadratic in T at low tempera-
tures and linear at high temperatures. The parameters of
the fit are listed in Table I. P should be an estimate of the
Debye temperature which in Ge has a value of 374 K {at
RT). We also found that an equally good fit can be ob-
tained with all cxplcssloI1 pi'oportloilal to tllc su111 of tllc
statistical factors for phonon absorption and emission

[Eq. (4)], an expression which is more palatable from the
theoretical view point. A similar expression has already
been employed to analyze the temperature dependence of
the fundamental gap in diamond, silicon, and germani-
um. ' The values of the fit parameters for 95% reliabili-

ty are shown in Table II. The parameter 0 represents the
mean temperature of the phonons taking part in the
scattering process. The large value of 0' indicates that
acoustic phonons tend to contribute less than the optic
ones at high temperatures, a fact which is also borne out
by calculations for the fundamental gap. "' In Table VI
we present the linear temperature coefficients of the dif-
ferent gaps found in the literature together with results
from a linear fit to our data between 100 and 300 K. We
have made two fits, one taking as the critical point the
peaks in the reflectivity obtained from our e data and the
other with the critical-point energies from our line-shape
analysis. For the Ei transition both fits agree within the
error bars and also agree with the other values in the
literature. The broadening parameters shown in Fig. 7
were fitted with Eq. (5). The fit parameters are listed in
Table III. The mean temperature 8 of the phonons tak-
ing part in the scattering process was forced to have the
same value as obtained for the fit to the CP energies. A
IIloI'c accurate determination of tlic bioadcnlng pai'anic-
ters which would allow us to distinguish between Debye-
Waller and "self-energy" terms in its temperature depen-

dence would be desirable. The Debye-Wailer term does
not contribute to the imaginary part of the changes in the
energy bands, the self-energy term is the only one respon-
sible for the increase in the broadening parameter. Hence
different phonons may have a different weight in the con-
tribution to the imaginary part than to the real part of the
temperature effects. Using the fact that the temperature
dependence of the upper valence-band states are nearly the
same for all k (Ref. 60) and also that the temperature
coefficients of the different gaps are rather similar (see
Table VI), we have made a crude estimate of the mean
temperature of the phonons contributing to the broaden-
ing in the high-T limit using the data from Figs. 2 and 3
of Ref. 111,which, however, apply, strictly speaking, only
to Eo. Calculations for other gaps are not yet available.
Figures 2 and 3 of Ref. 111 indicate that the conduction-
band broadening is much smaller than the valence-band
counterpart. We thus neglect the former. The average
phonon frequency appropriate to the high-temperature
limit is obtained by averaging ~ with the weighting
function cog F(co), where ger'(cI) is the self-energy part of
the spectral function (Fig. 2 of Ref. 111). Following this
procedure we obtain an average phonon frequency of 260
K, somewhat smaller than those used for our fits. We ob-
tain from our measurements a linear coefficient of I (E, )

between 100 and 300 K of (8+2) &(10 eV/K, somewhat
larger than the value (4+1)X10 eV/K from Ref. 69.
We note that the values of I'I-10 meV (Table 111) impose
an upper limit to the possible separation of Mo and Mi
critical points which may contribute to the EI transition.

8. Eo transitions

At low temperatures we are able to resolve the Eo and
ED+60 CP's. The Eo+b,o+ b,o critical point was too
weak to be observed. Our CP parameters at 100 K for
the energy and broadening (found with a mixture of Mo
and Mi 3D CP's) are somewhat larger than those in Refs.
42 and 50 but agree with them within experimental error.
To obtain the temperature dependence of these gaps we
have fitted both of them together using a single two-
dimensional CP. The energy of Eo (average of Eo and
Eo + 4o) are plotted at the top of Fig. 6 versus tempera-
ture. The coefficient of the fits to Eqs. (3) (shown as the
solid line in Fig. 6) and (4) can be seen in Tables I and II,
respectively. The values of P and 8 are within the mar-
gins of error in the same range as those of Ei. However,
the linear coefficient corresponding to high temperatures
is smaller. With a linear fit to the data we found a tem-
perature coefficient of —1.8&& 10 4 eV/K. We have cal-
culated the contribution of thermal expansion to the tem-
pcI'atlll'c cocffliclcIlt of tllls gap alld folllid it to bc Ilcgllgi-
ble. If we assume that the temperature dependence of the
I » state in Ge is the same as in silicon, the Eo gap in Ge
should have a theoretical linear temperature coefficient
(from 100 to 600 K) of —2.2&& 10 CV/K (see Fig. 6 in
Ref. 111)in good agreement with our experiments. We do
not present values for the I' of the Eo as a function of
temperature since those found from the fit are strongly af-
fected by the proximity of ED+ho.
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TABLE VI. Linear temperature coefficients of intraband transitions in Ge. All values in 10 eV/K.
—dEp

dT

45'
37"

4+0.2'

—de)
dT

5.47+0.02'

—dEi
dT

4.2"
4.2 +0.4' '~

3 9"
4.15+0.2'

4.4 +0.3'

4.1 +0.2"'
3.89+0.02

4 311

3.9+0.3'
5.2~

4. 8q

3.89+0.02'
4.5 +0.3'
4.8 +0.2"

—d(E)+6))
dT

4.2+0.4'

4.3+0.2"

4 5n

4.5+0.2'
5 5P~q

dEo
dT

1.4'

1.8"+0. 1

—dE2

dT

1.8+0 5 '

2.4+0.4~

1.2h

3.9+0.9'

2.9+0.3'

2.9+0.3'

4.6+0.2"

Theory 3 7'

2w

2.85'

3.3"

'See. F. S. Goucher and H. B. Briggs, in J. Bardeen and W.
Schockley, Phys. Rev. 80, 72 (1950).
Reference 36.

'Reference 60.
Reference 25.

'M. Cardona, J. Appl. Phys. 32, 2151 (1961).
M. Cardona and D. L. Greenaway, Phys. Rev. 125, 1291
(1962).
~Reference 71.
"Reference 27.
'Reference 3.
'Reference 9.
"Reference 69.
'Reference 60.

Reference 23.
"Reference 34.
'Reference 62.
~Reference 44.
qReference 47.
'Reference 23.
'Reference 49.
'Present work from 100 to 300 K obtained from peak in reflec-
tivity.
"Present work from 100 to 300 K obtained from fit of d E'/de
to 2D CP.
"Reference 106 calculated for the Penn gap.
"Reference 111.

C. E2 transition

The nature of the E2 transition is more complicated
since it does not correspond to a single, well-defined criti-
cal point. This structure has been attributed to transitions
at X and along the X direction, to an extended region in
the BZ where transitions in the X direction and along the
L—U line are important, and to a small region centered
at (2'/a)(0. 77, 0.29, 0.16). However, more recently, "
and also in Ref. 97, it is felt to originate from a region in
the 1"-X-U-L plane near (2m/a)( —,, —„', —,'). This structure
could be reasonably fitted at room temperature, using ei-
ther a 1D maximum, as was done for Si, ' or a 3D M2
CP. However, we found that at low temperatures a better
fit is achieved with a mixture of a 2D saddle point and a
2D maximum. This fact has also been found in low-
temperature measurements for a-Sn. ' The phase angle
shows also a decrease with increasing temperature. Be-
cause of the complicated character of this transition we
cannot conclude whether this effect is excitonic or it is

simply due to different temperature shifts of the electron

states contributing to the transition. The CP energies and
broadening parameters of this transition are shown in
Figs. 6 and 7 (squares) versus temperature. The solid lines
correspond to the best fits to Eq. (3) (energy shifts) and
Eq. (5) (broadenings); the coefficients of the fits are shown
in Tables I, II, and III. We found the same energy-shift
coefficients, within error, as for the E~ transition. How-
ever, we found that the effect of temperature on broaden-
ing in the case of E2 is larger than for the E& and E, +5,
CP's. %'e want to point out that this effect depends on
the dimensionality of the CP chosen for the fit. The best
representation of this structure over the entire tempera-
ture range seems to be obtained with a two-dimensional
CP.

In Table VI we list the linear coefficients of this transi-
tion obtained in the (100—300)-K range. A value of
—(2 9+0.3)X 10 eV/K is obtained for the peak in the
refiectivity (calculated from our E values). (This peak is
commonly but erroneously used in the literature as
characteristic of the CP position. ) This temperature coef-
ficient is in good agreement with the values in the litera-
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ture. However, a much larger coefficient —(4.6+0.2)
X 10 CV/K is obtained from our complete line-shape
analysis. The discrepancy is due to the fact that shifts
and broadenings appear mixed in the temperature coeffi-
cient of the reflectivity peak. The practice of associating
CP energies with peaks in c2, reflection, or modulation
spectra without a line-shape analysis can lead to substan™
tial errors and should be avoided.

data. A large decrease of excitonic effects at the Ei and
Ei +61 gaps was fou11d witll lilci'casiIlg temperature. To
Gill kllowlcdgc, tlils is tllc fil'st, systcIIlatic lnvcstlgatlon of
the effect of temperature on the dielectric function of a
semiconductor, in particular, on the broadening of the op-
t1cal stI'uctuI'es. I.ine sbapes coI'I espon(iing to two-
dimensional critical points are found to be the best repre-
sentation of the Ei and Ei +51 transitions.
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