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Force and virial formula in the linear combination of atomic orbitals Xa method
and its application to oxygen chemisorption on the Al(111) and Mg(0001) surfaces
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An expression for the gradient (with respect to nuclear coordinates) of the electronic total energy
is given using the LCAO-Xu method and related to the virial. The formulas are extended to the
linear combination of plane waves (LCPW) method. Our method is applied to the chemisorption of
oxygen on Al(111) and Mg(0001) surfaces. The calculations are performed using 0/A14 and 0/Mg4
model clusters with the metal-metal distance equal to the bulk. The calculated forces explain the ex-
perirnents which report that oxygen is not absorbed below the Al surface but is absorbed below the
Mg surface. The difference in the chemisorption processes is due to differences in the strength of
the metal-metal bond interaction.

I. INTRODUCTION

The calculation of the atomic forces and the surface
pressure is useful in estimating equilibrium positions, bulk
moduli, elastic constants, and the degree of lattice vibra-
tion of molecules and solids. The atomic forces and the
surface pressure have been derived from both the
Hellmann-Feynman theorem and the virial theorem. '

These theorems are, however, valid only for rigorous
eigenfunctions of the Hamiltonian. It is very difficult
to obtain rigorous eigenfunctions for self-consistent
Hartree-Pock-Slater Xa (HFS Xa) equations. Several ap-
proximations have been proposed to overcome this. For
an example, one can replace the real potential by a spheri-
cally symmetric potential such as the muffin tin. The use
of this approximation has led to the development of many
methods, such as the scattered-wave Xct (SW Xa)
method, the augumented-plane-wave (APW) method, and
the Korringa-Kohn-Rostoker (KKR) method. ' Howev-
er, the spherically symmetric approximation is not useful
for molecules and surfaces.

Another approximation is to limit the variational pa-
rameters in the coefficients of the linear combination of
atomic orbitals or plane waves. ' In any case, for the
calculation of the atomic forces and the surface pressure
using approximate wave functions, one should take into
account corrections to the Hellmann-Feynman and virial
theorems. These corrections have been ignored in almost
all calculations performed so far. To circumvent the limi-
tations of the Hellmann-Feynman force calculation, the
force was calculated by an approximation: the valence-
only energy-functional method. " Correction terms are re-
quired even in this case.

In this paper we derive the correction terms to the
Hellmann-Feynman theorem and the virial theorem.
These theorems (with correction terms) are applied to the
cases of oxygen chemisorption on Al(111) and Mg(0001)
surfaces.

II. DERIVATIVES OF THE TOTAL ENERGY

The calculation of the derivative of the total energy
with respect to the atom coordinate in the ab initio SCF

theory has been discussed previously. ' ' Here we pro-
vide a general formula for the derivative of the total ener-

gy with respect to any parameter representing the atomic
coordinate, the scaling of wave functions, or an external
field such as a magnetic field or an electric field.

The total energy E in the Xo. theory' is given by

p, ~ PV r V

+ 2 f f p(r) p dudu'+Ek;„+E„, , (1)

where EI„„and E„, are the kinetic and the Xn exchange-
correlation energy written as follows:
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where p( r ) is the charge density defined by

p(r)= gy', y,. ,

and V„,( r ) is the Slater Xa potential defined by

The first, second, and third terms on the right-hand side
of Eq. (1) are the nuclear-nuclear repulsion, and the
electron-nuclear and electron-electron electrostatic in-
teractions, respectively. The nuclear charge Z„ is for the
pth atom, p(r) is the electron density, and R& is the atom
coordinate. The one-electron HFS wave equation derived
variationally from Eq. (1) is written as
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V„,(r) =—
' 1/3

3a 3p(r)
2 m

where w; is a certain function orthogonal to the wave
function g;,

The molecular orbital P; is obtained from the solution of
the Xa equation (4). However, it is so difficult to solve
the Xa equation for molecules and solids that the follow-
ing approximation is adopted. The molecular orbital is
approximated by the linear combination of basis sets, such
as atomic orbitals (LCAO) or plane waves (LCPW). The
coefficients are variationally determined by the minimiza-
tion of the total energy. If the number of the basis sets
are infinite and comprise a complete set, the molecular or-
bitals obtained are exact solutions of Eq. (4). However,
the calculation using the infinite basis set is clearly impos-
sible.

We now derive the derivative of the total energy with
respect to an arbitrary parameter A, for A, =kv. The total
energy of Eq. (1) is a function of the basis sets, the coeffi-
cients of the basis sets, and the parameter A, , which may
be the atomic coordinate, the scaling factor, or the exter-
nal field. The Hamiltonian, the basis sets, and the coeffi-
cients depend, in general, on the parameter. Let the
molecular orbital be defined as the linear combination of
the basis

Q;(A, ) = g uj(A, )C/(A, ),

where the basis ui is given by a linear combination of
atomic orbitals or plane waves, but the coefficients of the
combination are fixed only at A, =AD. The coefficients CJ
of the linear combination are determined by minimizing
the following equation:

(P;,wj )=0 for any i and j . (14)

The function w; is not generally zero and depends on the
incompleteness of the basis set.

Here we choose the coefficients of atomic orbitals in
the basis uj as the solution fz of the secular equation (11)
at the value of A, =A,D, i.e.,

C/(A, 0) =5;J . (15)

This definition simplifies the following derivation and
does not lose generality. The basis function u1(A, ) is not
the eigenfunction of the HFS equation except at A, =A,Q.

Now, by using Eq. (10), the derivative of the total ener-

gy with respect to any parameter A, is written as

dE( I u I, I C I, A, ) BE
dA, Bk

duj+
5ui dA,

OCC dc~
+ +2~, +S,„'C,'.

i j,k
(16)

The final expression of the derivative of the total energy
at A, =AD is written as the following equation:

The last term is simplified at A, =A,0 by using Eq. (15) and
the condition that the derivative of the norm of the
molecular orbital with respect to the parameter is equal to
zero,

dc~ k dS;;

6=E( I u I, I CI, A ) —g e; [(P;,g; ) —1], (9)

where the first term is the total energy and the second
term comes from the normalization condition of the
molecular orbital; the e s are Lagrange's undetermined
multipliers. The result is the well-known secular equation

r

=2@;g SjkC; (10)

where the Sjk are overlap matrices between the jth and
kth molecular orbitals. The secular equation is also writ-
ten as

g (uj, huk )C;"=e; Q Sik C;" .
k k

The one-electron Hamiltonian h is similar to that in Eq.
(5), but differs from it in that the electron density p(r) is
not defined by Eq. (6) but rather by the following equa-
tion:

OCC

S(r)= X4'4 . (12)

her =&t4i+% & (13)

This secular equation (11) means the wave function g; is
not the solution of Eq. (4), but is the solution of the fol-
lowing equation:

dE
dA,

BE occ

+ g J (h —e;)u;dv+c. c.
u, C i

(18)

The first term of Eq. (18) is the Hellmann-Feynman term
and the second term is the correction for the approximate
eigenfunction. The second term is vanishing if the molec-
ular orbital is the true eigenfunction of Eq. (4).

III. THE FORCES AND THE VIRIAL

The method of calculating the forces and the virial pro-
vides a powerful tool for theoretical studies of molecules,
surface geometries, and reaction paths. In this section we
derive the force and the virial formulas in the LCAO and
LCPW approximations.

The force acting on the pth atom is given by the minus
derivative of the total energy with respect to the pth nu-
clear coordinate. For the calculation using approximate
eigenfunctions, one should take not only the Hellmann-
Feynman force into account, but also the force arising
from the derivative of the wave function. In the LCPW
approximation the Hellmann-Feynman force is exact
since the correction term is vanishing: The plane waves
are independent of the atomic coordinates. In the LCAO
approximation one can obtain the force formula acting on
the pth atom by using Eq. (18) and A, =R„,
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aE
=F~i+Fp2

Rp

where F» is the Hellmann-Feynman term,

(19) f » ——Z&E,(R&)—f p&(r)E,(r)du, (26)

where E,(r) is the electric field due to the nuclear and
electronic charge of the rth atom,

F» ———Z„QZ„3 +Z„J p(r) 3 du, (20)P P g3 P
Tp

and the correction term F&q comes from the derivative of
the wave function with respect to R&,

p (r ')(r —r ')
E,(r)=Z, r,/r, — du' . (27)

The second term is the force due to the derivative of the
terms' wave functions with respect to the nuclear coordi-
nate,

F
occ

g f (A —Eg )tp;dU +C.C.

aRp
(21) occ

f „'2= g f '"
(h —e;)1(;,— '(h —e;)1t; dv .

OCC

„(r)=+A (22)

where 1(; is the molecular orbital obtained from the solu-
tion of the HFS equation (13) in the LCAO approxima-
tion. Note that the derivative with respect to the nuclear

coordinate R& in the second term is done by regarding the
coefficients of the linear combination of the atomic orbi-
tals as constants. Such a formula has already been pub-
lished, ' but we shall rewrite the main terms in the follow-
1ng dlscusslon.

Each term of the force, Fz~ and F&2, depends sensitive-

ly on the basis sets of the LCAO approximation, so that,
if the exact eigenfunctions are not used, each term has no
physical meaning. However, if the exact eigenfunctions
are used, the Hellmann-Feynman force is the electrostatic
force acting on the nuclear charge due to both the sur-
rounding electronic charges and the other nuclear charges.
If the nuclear charges involved are large, the inaccuracy
of the eigenfunctions brings about a large change in the
Hellmann-Feynman force. Such change is cancelled by

the correction F&z so that the sum of the forces F&t and

F&q is insensitive to the chioce of the basis sets. Therefore

we decompose the force F& into the pair forces due to a
particular atom which is given in terms of pz(r) defined
as

The third term is due to the Xn exchange-correlation po-
tential

de dP~f „'3———,
' f "p,— 'p„y„,(r)p '(r)du . (29)

dr dl

dEg Rp. ———2Ek;„—V—
1M de

(30)

where A. is the scaling parameter of the wave functions de-
fined as

The force f, is derived from the assumption that the
Mulliken charge distribution does not change for the in-
finitesimal displacement of the nuclear coordinates. The
force f

&
for ionic materials is long ranged. The force f2

is due to the change of the Mulliken charge population,
i.e., charge transfer, charge polarization, and charge relax-

ation. The force f3 is due to the field defined as the
minus gradient of the Xa potential. A proof of Eqs. (26),
(28), and (29) is given in Appendix A.

Slater has shown that the virial is given as [Eqs.
(A2-6)—(A2-15) of Slater's book' ]:

where 1(;& is the atomic part of f; associated with the pth
atom as shown by

Q;(A, )=A, 8';(r/A, ,Ri/A, , R2/A, , . . . ) . (31)
P;(r)= g lt;z(r —R&) . (23)

p(r) = g p„(r) . (24)

The integrated value of p„(r) over space corresponds to
the Mulliken charge of the pth atom. The total electron
density is written as dE

dj g ]

(32)

If the total energy is minimized with respect to the scaling
parameters, we have

F„=gfp, (25)

The breakdown of the force into the pair force may be ex-

pressed as
However, the total energy in the LCAO or LCPW ap-
proximations is not always minimized with respect to the
scaling parameter. The derivative of the wave function
with respect to the scaling is given as

where the pair force f
& due to the Wh atom is given by

three terms. The first term is the electrostatic force act-
ing on the pth atom due to the rth atom,

ay,
ak

„aq,
al

3 (33)
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By using Eqs. (18), (30), and (33), one obtains

g Rp. Fp —ZEk;„+ V—g g f
p P l

for the LCAO approximation, and
OCC

gRq Fp ——2Ek;„+V—g I r.

Bg*;„
(r —R„). (h —e;)1(;+c.c. du,

Br

g pe
(h —e )P +c.c. dU,

r

(34)

(35)

where w ( r ) is the weight function

w(r)= (37)

This weight function is chosen so that the better the
charge distribution is fitted, the better the multipole po-
tential is fitted to the true Coulomb potential. The basis
set for the charge fitting is the spherical harmonics multi-
plied by the square of the atomic radial orbitals,

for the LCPW approximation. These formulas can also
be derived from the force formulas in Eqs. (19)—(21), as
proved in Appendix B.

We have written a program to calculate the force in the
LCAO Xa theory. The pair forces are calculated using
the self-consistent wave functions of the HFS equation
(11). The HFS and force matrix elements are numerically
evaluated with the use of the following method. The in-
tegration space is divided into the Wigner-Seitz cells
around each atom. The integration within each cell is
done by the Gaussian quadrature method and the angular
quadrature method when the integration is in the radial
direction and the angular direction, respectively. ' The
Coulomb potential in the self-consistent cycle is evaluated
by the summation of the multipole potential. The mul-
tipole of each atom is determined by least-squares fitting
to the charge distribution. The least-squares deviation is
defined as the following equation:

'2
pr — np;r u r U, (36)

I

causes the emission of photons or electrons' ' at much
lower pressures of 02. Dissociated oxygen atoms on the
Al(111) surface are chemisorbed at the threefold centered
hollow site, ' while oxygen atoms on Mg(0001) are ab-
sorbed in the surface lattice plane. The distortion of the
surface lattice also occurs when a chemisorbed atom ap-
proaches the surface to be chemisorbed. It is important to
consider such a distortion in the chemisorption process. '

The activation energy of the chemisorbed atom may sensi-
tively depend on the surface distortion. The analysis of
the force calculation is very important in deciding wheth-
er the surface atoms are pulled outwards or pressed in-
wards by the chemisorbed atom, while the analysis of the
total-energy calculation is not. To understand these
chemisorption processes, we calculate the force and the
virial as functions of the distance of the oxygen atom
from the surface plane.

A. Force and virial analyses of diatomic
molecules A10

We have studied the A10 bond distance using force
analysis with the numerical basis of the neutral
Al(ls Zs Zp 3s 3p) and O(is Zs 2p ). Figure 1 shows
the change of the calculated pair force f between Al and
0 as a function of the distance D between Al and O. We
obtained the equilibriu~ bond distance 3.07 a.u. This
value agrees fairly well with the experimental value of
3.0S a.u. This force is decomposed into the electrostatic
force f& of Eq. (26), the deformed-charge force f2 of Eq.

0.8-

In the next section we shall apply these force and virial
analyses to the study of the equilibrium geometry of a
chemisorbed oxygen atom on the Al(111) and Mg(0001)
surfaces.

0.4-

IV. APPLICATIONS OF THE FORCE
AND VIRIAL ANALYSES

Oxidation processes on metal surfaces have been stud-
ied by many experimental methods such as low-energy
electron diffraction (LEED), x-ray photoelectron spectros-
copy (XPS), Auger-electron spectroscopy (AES), energy-
loss spectroscopy (ELS), and surface-extended x-ray-
absorption fine-structure spectroscopy (SEXAFS). Oxy-
gen molecules are chemisorbed as molecules or dissociated
atoms depending upon the oxygen pressure and the sub-
strate temperature. ' The dissociated atoms form a super-
lattice structure on the surface or incorporate into the sur-
face. The chemisorption of 02 on the Al and Mg surfaces

0.0-
LLI

o -Q.l, —

-0.8 3.0 3.8 4.2

FIG. 1. Calculated pair force f and its components f~, f2,
and f3 for the molecule A10 as functions of the distance be-
tween Al and O. Positive force means repulsion between Al and
O. (In all figures, a.u. denotes atomic units. )
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(34), and the virial of the molecule A10 as a function of
D T. he difference between the two curves is due to the
correction term in the virial formula (34). This is not as
large as the correction term in the force formula (19).
The force is not averaged over the region surrounding the
atoms, but the virial is. '

05-
LLj

0.0

FIG. 2. Calculated Hellmann-Feynman and corrected total
forces acting on the oxygen atom in the molecule AlG.

(28), and the exchange force of Eq. (29), as shown in Fig.
1. The electrostatic force f, sensitively depends upon the
distance D changing sign at 2.73 a.u. The deformed-
charge force f2 and the exchange force f3 are rather in-
sensitive to change in D. The former is always repulsive
and the latter attractive. The force f consisting of the
sum of the three forces is almost cancelled at D near and
beyond the equilibrium bond distance and is comparable
with the exchange force f3.

We have studied the order of magnitude of the correc-
tion term in the force formula (19) and the virial formula
(34). The calculated Hellmann-Feynman force Fo&» and
corrected total force Fo of the molecule A10 are shown in
Fig. 2 as functions of the bond distance D. The force

Fo~~& is very much different from the corrected force Fo.
A large part of this difference comes from an insufficient
core polarization in the I.CAO approximation. " The
bonding properties cannot be discussed without considera-
tion of the correction term of Eq. (19). The order of mag-
nitude of the Hellmann-Feynman force is very much
dependent on the basis set used in the LCAO approxima-
tion. Figure 3 shows the first two terms, 2Eh„+ V, of Eq.

B. Chemisorption of' an oxygen atom
on Al-metal surface

For this system, a brief report on the calculated forces
acting on the atoms and the potential curve at the Al(111)
surface has already been published. ' We first mention
the model cluster for this system. This is composed of an
oxygen atom, the triangle Al(1)3 cluster, and an Al(2)
atom below the center of the triangle, as shown in Fig. 4.
The oxygen atom is chemisorbed at the threefold centered
hollow sites above the triangle. We calculate the electron-
ic structure and the force as a function of the height of
the oxygen atom above or below the center of the Al(1)3.
The bond distances between Al—Al metals are fixed at the
bond distance of the bulk.

The electronic structure is shown in Fig. 5 as a function
of the height of the oxygen. The main components of
each state are indicated on the right-hand side of each
line. The states la and le are mainly composed of the 0
2p orbitals perpendicular to the surface. The 2a„3a&,
and 2e states are mainly composed of Al 3s orbitals. The
states whose energies are above —0.1 a.u. mainly come
from Al 3p orbitals. The highest occupied level, 3e, be-
longs to the state in which the Al 3p orbitals are anti-
bondingly coupled with the 0 2p orbitals. 1n the 2ai,
3ai, and 2e states the Al 3s orbital is bondingly coupled
with the oxygen 2p orbitals. The photoemission spectra
of the oxygen adsorbed on the clean Al surface show an
asymmetric broadband due to the oxygen 2p electrons
about 7.2 eV below the Fermi energy. ' Our calculated
levels of the oxygen 2p orbital are located at 6.7 and 7.4
eV below the Fermi energy, which are excited by photons
polarized perpendicular and parallel to the surface, respec-
tively. The broadening may be due to the splitting of the
oxygen 2p orbitals.

1.0-

fg
O 5'-

O.O
2.5

—-05-

( a. u. )

4.0
Ai(~ )

FIG. 3. Calculated 2E@„+V and virial of the molecule AlO. FIG. 4. Geometry of the model cluster 0/Al(I )3Al(2).



FORCE AND VIRIAI. FORMUI. A IN THE I.CAO Xa METHOD. . .

0.4

0 t 2

HEiGHT ( a.u. )
FIG. 5. Calculated electronic structure of the O/Al~ cluster

as a function of oxygen height. The levels are classified into
three groups composed mainly of the 0 2p, Al 3s, and Al 3p or-

bitals, respectively. The dashed lines signify unoccupied orbi-

tals.

The solid curves of Fig. 6 represent the pair forces be-
tween the atoms of the Al(1)3OA1(2) cluster calculated
from Eqs. (26), (28), and (29) of the preceding subsection.
The dashed curves are the corresponding pair forces in the
A10 molecule. The pair force in the cluster is not direct-
ed along the bond between the atoms since this pair force
includes the influence of atoms effectively outside the
pair. The pair force in Fig. 6 is the component parallel to
the bond direction. The positive (negative) pair force is
defined as repulsive (attractive). The force perpendicular
to the bond direction is small and can be neglected in the
present case.

The pair force fo"" between the oxygen and the sur-
face Al(1) is always negative, i.e., attractive for any height
Rq of the oxygen above the surface, as shown by solid
curves in Fig. 6. The height dependence of this force is
similar to that of the interaction fo""(A10) in the A10

molecule, as shown by dashed curves in Fig. 6. On the
other hand, the pair force fo" ' between the oxygen and
the second-layer atom Al(2) is repulsive when the oxygen
atom is located near the surface (RI, =O), and attractive
when it is located more than 0.6 a.u. below the surface
(z=—0.6), and finally fo" ' becomes repulsive again
when the oxygen approaches the Al(2) (Rh =—1.0). This
dependence of the pair force fo"~' on height is very dif-
ferent from that of the pair force fo" '(A10) of the A10
molecule, which is indicated by the dashed curves 1n Fig.

The pair force fAIII I between the ftrst-layer atoms Al(1)
and Al(l') does not change, as this interaction is not under
the influence of the bonding with the oxygen atom. On
the other hand, the pair force f~II~ I between the Al(1) and
the Al(2) atoms becomes more repulsive as the oxygen
atom moves into the surface (Rq & 0).

The calculated virials, i.e., the summation of the scalar
products between the nuclear coordinate and the force, are
shown in Fig. 7 as a function of oxygen height. The virial
of the cluster means the stress' which is necessary to
maintain the cluster shape as it is given. The stress is
found to increase when the oxygen approaches the surface
from the outside. The stress is maximum when the oxy-
gen is slightly below the surface. The stress decreases
when the oxygen penetrates further into the surface, and
bcg1Qs to 1QC1casc again when thc oxygen approaches thc
second-layer Al(2).

The equilibrum position of the oxygen atom above the
Al suface is at the point where the attractive force fo
and the repulsive force f0" ' are balanced. The force act-
1Qg on thc oxYgcn atoIQ 1s zero at, Rg = I.O R.U., as shown
1Q Flg. 1 1Q a prcvioUs paper. Th1s pos1tlon ls 1Q good
agreement with both the experimental results of XPS
(Refs. 28 and 29) and EXAFS (Ref. 30), but is different
from the value of 2.51 a.u. derived from LEED analysis. 3'

The LEED value at low oxygen pressures seems to corre-
spond to the position of the undissociated molecular oxy-
gen.

The activation energy for penetration of oxygen into the
surface comes from the repulsive force due to the second-
layer Al(2), and not from the attractive force due to the
first-layer Al(1). When the oxygen approaches the sur-

O.t-

O.O-

g Al(2)
10

I

0
HEiGHT (a.u.)

FIG. 6. Effective pair forces among the O, the first-layer
Al(1), and the second-layer Al(2) atoms as functions of oxygen
height. The positive force is defined to be in the direction of the
pair bond, i.e., repulsive. Positive (negative) height corresponds
to the position above (below) the surface. The dashed lines show
the corresponding pair forces of the A10 molecule.

Mg SUR

O i i i

-1.5 -I.O —Q5

HEI GHT

Q5 't.O 't.5
( a. u. )

FIG. 7. Virial of the O/Alq and 0/Mgq clusters as a function
of oxygen height.
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face, the oxygen bonds with the surface atom. At the
same time, the bonds between the surface atoms are bro-
ken. The dependence of the attractive force fo"" on the
height Rq of the oxygen is similar to that of the A10 mol-
ecule. The force f&~"" is due to the direct bond making
between the 0 atom and the Al(1) atom. The behavior of
the repulsive force fo' ' is much different from the force
between the atoms of the A10 molecule, as shown in Fig.
6. The force is not given by the simple two-body interac-
tion between the 0 and Al(2) atoms, but instead by the
many-body interaction between the 0, Al(1), and Al(2)
atoms. The repulsion of the force fo" ' is due to the bond
breaking between surface atoms. Both bond making and
bond breaking always occurs in the chemisorption and ab-
sorption reaction. Generally, there are three possibilities
according to the sizes of the forces. Firstly, when the
force for the bond making is weak, then the surface does
not chemisorb atoms. Secondly, when the force for bond
making exceeds the force for bond breaking, then the
atom is chemisorbed on the surface. Thirdly, when the
force for bond breaking is weak, then the atom is chem-
isorbed under the surface. The case of chemisorption on
the Al surface is the second.

C. Chemisorption of oxygen on a Mg-metal surface

We have calculated the electronic structure and the
forces acting on atoms on the Mg(0001) surface. The
tetragonal Mg4 cluster was chosen as the model for the
Mg(0001) surface. The Mg —Mg bond distance was taken
as the unrelaxed value, 6.06 a.u. , of the solid.

The change of the position of the energy levels is shown
in Fig. 8 as a function of the oxygen height. The main
component of each level is indicated on the right-hand
side of each line. The dependence of the positions of the
energy levels on oxygen height is similar to that of the
0/A14 cluster. It is different from the 0/A14 cluster in
that the 3e level is unoccupied in the 0/Mg4 cluster. The

calculated energy separation between the 1 a
&

level and the
Permi level near the 3a ( level is about 4.8 eV for
Ri, = —1.3 a.u. (oxygen height). Photoemission spectra
for oxygen adsorbed on Mg show the peak due to the 0
2p electrons to be at 6.0 eV below the Permi energy.
Therefore, the agreement is fair.

The forces acting on the oxygen, the first-layer Mg(1),
and the second-layer Mg(2) are shown in Fig. 9 as a func-
tion of oxygen height. The force acting on oxygen above
the surface is always toward the surface. Oxygen is ab-
sorbed below the surface without an activation energy.
The position at which the force acting on oxygen is van-
ishing is found to be 1.3 a.u. The force acting on the
first-layer Mg(1) is always very small irrespective of the
position of the oxygen. The force acting on the second-
layer Mg(2) changes from pushing down to pulling up to-
ward the surface at the oxygen height of —1.0 a.u.

The pMr 1Iltelactlons ale shown tn Flg. 10 as a function
of oxygen height. The interaction of oxygen with the
first-layer Mg(1) atom and the second-layer Mg(2) atom in
the cluster is found to be similar to the interaction of oxy-
gen with Mg in the MgG molecule. The pair interactions
of the first-layer Mg(1) with the other first-layer Mg(1')
and with the second-layer Mg(2) atoms behaves similarly
to those of the Al(1) atoms on Fig. 6. However, the repul-
sive interaction fMssI&I between the Mg(1) and the Mg(2)
atoms is weaker than that between the Al(1) and the Al(2)
atoIIls.

The virial of the 0/Mg„cluster is shown in Fig. 7 as a
function of oxygen height. The virial of the 0/Mgq is
found to be smaller than that of the 0/A14 cluster. The
virial does not change In.uch with oxygen absorption.
There is no activation energy for oxygen adsorption on
the Mg(0001) surface since the interaction between oxygen
and the second-layer Mg(2) atom is attractive.
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FIG. 8. Electronic structure of the 0/Mg4 cluster as a func-
tion of the oxygen height. The main component of each level is
written on the right-hand side of the lines. The level signified

by the dashed line is unoccupied.

FICJ. 9. Forces acting on the 0, the first-layer Mg(l), and the
second-layer Mg(2) atoms of the 0/Mg4 cluster as functions of
the oxygen height. The positive (negative) force is defined to be
in the direction out of (into) the surface. The positive (negative)
height corresponds to the position above (helot) the surface.
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FIG. 10. Effective pair forces among the 0, the first-layer

Mg(1), and the second-layer Mg(2) atoms as functions of oxygen
height. The positive force is defined to be in the direction of the
pair bond, i.e., repulsive. The positive (negative) height corre-
sponds to the position above (below) the surface.
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FIG. 11. Angle direction of the 3p-orbital lobe of the Al(1) in

the highest occupied 3e orbital.

V. DISCUSSION

According to the calculated force in the preceding sec-
tion, the activation energy for oxygen penetration into the
surface is about 1 eV on the Al surface and 0 eV for the
Mg surface. This is due to the difference in the properties
of the surface bonding. The difference in the electronic
structures of the Al and Mg surfaces comes from the 3e
level which can be occupied or unoccupied. The 3e state
consists mainly of the 3p state of Al and Mg. The wave
funtions of the doubly degenerate 3e orbitals are given as

1 1-&2Z — -&3ZV2 v2

1 1+C ~~2X ~+3X +
2 2

2 1 1
43e2 1 ~6 +1Z ~6 ~2Z ~6 +3Z

2 1 1+ 2 ~~lX ~~2X ~+3X +
6

where X&z and X&z are the atomic 3p orbitals of the
first-layer pth Al in the direction perpendicular and paral-
lel to the surface, respectively, as shown in Fig. 11. The
coefficients C, and C2 depend on oxygen height. The ra-
tio of the C, to C2 determines the direction of the 3p-
orbital lobe, as shown in Fig. 11. If C1 ——0.0 and
C2 ——1.0, one has 8=0.0, and if C~ ———1.0 and C~ ——0.0,
one has 8=m. /2 (in deg). The direction of the 3p-orbital
lobe from the surface is shown in Fig. 11 as a function of
oxygen height.

%'hen the oxygen is located at + oo, the lobe of the
Al(1) 3p orbital is directed to the center of the tetrahedron
Al(1) Al(1') Al(1" ) Al(2), as shown in Fig. 4, giving
0=20'. Thus the 3p electron contributes equally to three
bonds, Al(1)—Al(1'), Al(l) —Al(1"), and Al(l) —Al(2).

The direction of the 3p-orbital lobe changes when oxy-
gen approaches the surface, because the bonding of the Al
3p orbital with the G 2p orbital has antibonding charac-
ter. The approach of oxygen tends to break the bond be-
tween the surface atom Al(1) and the inside atom Al(2),
and makes a new bond between the oxygen and surface
Al(1) atoms. The bonding between the Mg atoms is main-
ly due to 3s electrons. Therefore, the bonding property of
the Mg atoms is not directional compared to that of the
Al atoms. The bonding of the Mg surface atoms is more
insensitive to the approach of oxygen to the surface than
is the Al surface bonding: Oxygen on the Mg surface
bonds with the Mg surface atoms without breaking the
bond between the Mg atoms.

The pair forces between chemisorbed oxygen and the
metal atoms determine the order of magnitude of the ac-
tivation barrier for oxygen penetration into the surface.
The interaction of oxygen with the first-layer metal atoms
is similar to that of the corresponding diatomic molecule.
However, the interaction with the second-layer atoms is
more complicated. It is induced by the indirect interac-
tion through the first-layer atoms as well as the direct in-
teraction with the second-layer atom. The direct interac-
tion seems to be similar to that of the diatomic molecule.
The indirect interaction depends upon the interaction be-
tween the first- and second-layer atoms, as the oxygen or-
bitals are spread over the first-layer atoms. The order of
the indirect interaction may be directly proportional to
the product of the direct interaction between the Al(1) and
the Al(2) atoms and the mixing coefficients between the
wave functions of the oxygen atom and the first-layer
Al(1) atom. Since the pair force between the Al(1) and
Al(2) atoms is more repulsive than that between the Mg(1)
and Mg(2) atoms, the extended oxygen orbitals on the Al
surface interact repulsively with the underlayer Al metals.

The virials are equal to zero if all of the atoms in the
cluster are in their equilibrium positions. In our model
cluster, however, the metal atoms are assumed to be fixed
at the bulk positions, so that the virials are nonvanishing.
The full optimization of the geometry is useless in the
cluster approximation because the atoms of the cluster
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surface are bound to surrounding metal atoms. The pres-
sure of the cluster against the surrounding atoms is es-
timated from the virials. The pressure of the cluster at
the Al surface is always higher than that of the Mg sur-
face when the oxygen atom approaches the surface. This
means that the oxygen atom is more easily chemisorbed
on the Mg surface than on the Al surface.

In this paper we have learned a great deal about the oxi-
dation mechanism of the Al and Mg surfaces. From this
we can make the following speculation on the oxidation of
the silicon and sodium surfaces. In the case of Si, the
Si—Si bond is known to be due to the 3p orbitals of the Si
atoms. Therefore, oxygen on the silicon surface would
break the Si—Si bonds, and would be chemisorbed on the
surface without being absorbed below the surface as in the
case of Al. On the other hand, the Na —Na bond is
known to be due to the 3s orbitals of the Na atom. There-
fore, the oxygen atom would be absorbed below the sur-
face without an activation energy, because the oxygen on
the surface would not break the bond between the Na
atoms as in the case of Mg.

VI. CONCLUDING REMARKS

duces the absorption activation energy. Although the size
of our cluster model is small, we have already obtained a
reasonable bond distance for oxygen and aluminum on the
surface.

We are now applying the present force and virial
analysis to the study of the equilibrium configuration of
the surface atoms, the absorbed atoms, and the atoms
around surface defects. We are also studying the vibra-
tional modes of one-dimensional infinite polymers and
dissociative chemisorption with this method. The results
of these calculations are reported elsewhere.
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We have formulated the force and the virial in the
LCAG and LCPW approximations. We have seen the im-
portance of the correction terms in the LCAO approxima-
tion; the correction term in the force formula is indeed
very large. The correction term in the virial formula is
smaller than that in the force formula, but it is not negli-
gible for the quantitative analysis of the system.

The force and virial analysis has elucidated the chem-
isorption process of oxygen on Al(111) and Mg(0001).
The stresses on the Al or Mg atoms surrounding an ab-
sorbed oxygen atom have been determined directly. The
different behavior of oxygen on the Mg and Al surfaces
have been understood by seeing the difference in the
metal —metal bond. The bond between the Al atoms is
directional, while the bond between the Mg atoms is
spherical. The strong bond between the surface atoms in-

APPENDIX A

Bg;

aR„
Bg;„

p Bf
(Al)

The correction term is expressed as the sum of the forces
acting on the electronic charge and others as

The Eqs. (26), (28), and (29) for the pair forces are de-
rived herein. The force acting on the nuclear charge de-
pends on the atomic orbitals used. We decompose the to-
tal force F& of Eq. (19) into the forces acting on the nu-
clear charge and on the surrounding electron density

p&(r), which is defined by Eq. (22).
The derivative in the correction term F&z is written [by

using Eq. (23)] as

1 ' ~4 df' dp„( )
F„2——— p„(r)E(r)du+ —g du "(h —e )Q —g. (h e )—+. c.c. + I " V (r)dv . (A2)

XC

Here, partial integration of Eq. (21) and a little algebraic manipulation are performed. In Eq. (A2) the electric field E (r)
is written as

E(r) = g E (r), (A3)

where the E (r ) are given by Eq. (27). The last term of Eq. (A2) may be written, by using partial integration, as

dpI'..(r)du = — p„- dv = —,
' "

p — p &„,(r)p '(r)dv .dI (A4)

The electrostatic pair force is obtained from the term involving the electric field E,(r) due to the rth atom. The
deformed-charge pair force and the exchange pair force are obtained from the other terms.

APPENDIX 8

Here we prove the virial formula in Eq. (34) by using the force formula in Eq. (19). Upon using Eq. (19) and the rela-
tions r& ——r —R& and Rz ——Rz —R„, the virial can be written as
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P PV PV P p

a11*,„~a@',gg f r„"(h—e;)f;du+c. c. + g f r. '
(h e—;)g;du+c. c. (81)

Br i Br

The last term on the right-hand side of (Bl) may be partially integrated and transformed by the use of the relation
rh =h r+ T into the expression

, (h —e;)1(; +c.c.= —g g;, r p; +2Ek;„.
Br - Br

Then the virial can be written as

(82)

gR&.F&——2E~„g—g f r&
'"

(h —e, )g, du +c.c.
p p i Bf

p v pv p rp i
(83)

In the last term of the above equation, the operator
r (Bh /8 r ) can be expressed as

where the kinetic energy Ek;„and the potential energy V
are given as

r. Zz ZzR& rz f (,)
r'(r —r )d
[r —r'[' V

(86)

Then, inserting Eq. (84) into (83), we obtain the virial for-
QlUla

and

g Rq.Fu 2EI„„+V——
p

occ

gg f &&' "(h —e;)P;du+c. c.
p i

pV PV p Pr

+-,' f f P ' P '
du du +E„, ,

(r) (r ')

)
r —r'J

respectively.
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