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Low-temperature ordered states of ternary rare-earth rhodium borides RRh484 (where R denotes
rare earth) have been investigated by the use of the Luttinger-Tisza method, taking into account
both the dipole-dipole and exchange interactions. It is found that, with suitable values of exchange
constants, it is possible to explain the observed orderings of all the compounds. An estimate has also
been made of the internal magnetic fields produced due to magnetic ordering of rare-earth metal
ions at a rhodium site. These values are small, and might permit coexistence of magnetic ordering
and superconductivity.

I. INTRODUCTION

Considerable theoretical and experimental interest has
recently been expressed in the ternary rare-earth rhodium
boride compounds RRh48& (hereafter TRRB, where R
denotes rare earth; see, e.g., Ref. 1, for a detailed coverage;
q7La, s&Ce, 59Pr, and 7&Yb do not form TRRB structures).

Many TRRB compounds exhibit the coexistence of su-

perconductivity and long-range antiferromagnetic or-
der. " These are RRh484, where R denotes 62Sm, 6ONd,

and 69Tm. On the other hand, when ferromagnetic order-

ing prevails at low temperatures, the superconducting
state is destroyed for R denoting 6&Gd6, T, b, «Dy, 67HO,

and 68Er.
Another interesting aspect of the problem is the estima-

tion of the magnetic fields at a rhodium site as produced

by the magnetic ordering of the rare-earth (RE) ions.
Since the 31 electrons of Rh atoms are responsible for su-

perconductivity, it is conceivable that if the magnetic field
at Rh sites is not sufficiently large, the superconductivity
may not be quenched by the magnetic field due to the or-
dered RE sublattice, thus allowing the coexistence of su-
perconductivity and magnetic ordering. (Of course, the
exchange interaction of the rare-earth ions with the con-
duction electrons is also sufficiently small at the same
time; otherwise the exchange interaction alone can destroy
the superconductivity. )

Recently, numerous efforts have been made to under-
stand various aspects of superconductivity and magnetic
ordering of TRRB compounds. ' ' In addition, many
works have appeared dealing with the details of the crys-
tal fields in TRRB compounds.

It is our purpose in this paper to study the low-
temperature magnetic ordering of TRRB compounds as it
is affected by the dipole-dipole and exchange interactions
between the RE ions. The method used is that originally
proposed by Luttinger and Tisza (hereafter LT), and
further extended using permutation groups. The re-
quired g values, which are not known experimentally, are

those computed on the basis of the Hund's-rule ground
state of RE ions located on a body-centered-tetragonal
sublattice. As well, the values of the various RE-RE ex-
change interactions are not known; however, a limit can
be set if the predicted ordered states are to be in agree-
ment with those observed experimentally. Other interac-
tions, e.g. , Ruderman-Kittel-Kasuya- Yosida (RKKY) in-
teractions, described in Sec. II, will not be taken into ac-
count here. These are presumably responsible for the
finer spatial variation of the orderings. It is hoped that
this study will supplement the ongoing efforts toward
complete understanding of the coexistence of supercon-
ductivity and magnetic ordering of TRRB compounds at
lower temperatures.

Section II contains a brief review of the experimental
results as far as the magnetic orderings are concerned.
The crystal structure of TRRB compounds is described in
Sec. III. The details of the LT method as it applies to our
investigation are given in Sec. IV. Section V contains the
calculation of the g factors for the various RE ions in
TRRB lattices. The predicted orderings and their com-
parison with the experimental ones are presented in Sec.
VI. The estimation of the magnetic field at a Rh site is
the subject of Sec. VII. Concluding remarks are made in
Sec. VIII.

II. EXPERIMENTAL RESULTS

Experimentally, TRRB compounds are found to under-

go either ferromagnetic or antiferromagnetic orderings at
low temperatures, with or without coexistence of super-
conductivity. As far as the compounds R =59Pr, 6lPm,
and 63Eu are concerned, no magnetic ordering has yet
been observed experimentally. Ferromagnetic ordering
without coexistence of superconductivity has been ob-
served in the compounds R =65Tb, 66Dy, 67Ho, and
68Er, ' ' with their easy axes of magnetization along the
c, c, c, and a (basal-plane) axes, respectively. "' '

R =64Gd has also been found to order ferromagnetically
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at lower temperature. Antiferromagnetic ordering with
coexistence of superconductivity has been observed in the
compounds R =60Nd, 62Sm, and 69Tm. ' ' In addi-
tion, 7~LuRh4B4 also shows superconductivity.

The sublattice of RE ions (body-centered tetragonal)
undergoes long-range magnetic ordering as evidenced by
sharp magnetic ordering temperatures T~ and well-
defined features in the physical properties at TM. With
increasing RE atomic number, the low-temperature
behavior switches from superconductivity for 60Nd and
6zSm to ferromagnetism for 64Gd, 65Tb, 66Dy, and 67HO,
and back to superconductivity for 6sEr, 69Tm, and 7iLu.
Moreover, all of the superconducting TRRB compounds
in which the RE 4f electron shell is partially filled under-
go some type of magnetic ordering below their supercon-
ducting transition temperatures at temperatures TM in the
vicinity of 1 K. Whereas, R =68Er becomes ferromagnet-
ic, 60Nd (Refs. 8 and 15), 62Sm (Ref. 9), and 69Tm (Refs.
14 and 17) exhibit antiferromagnetic transitions.

For TmRh4B4, the superconducting and long-range
magnetic order coexist for temperatures less than 0.4
K, ' ' ' while bulk superconductivity, which occurs at
9.8 K, persists to temperatures below 60 mK. The
neutron-diffraction data' are consistent with the develop-
ment of a sinusoidally modulated (along the [101] direc-
tion) antiferromagnetic structure in which the magnetic
moments are aligned along the [010] direction in the su-

p erconducting state in zero applied field. As for
NdRh4B4, the neutron-diffraction data' confirm the oc-
currence of two distinct phases with long-range magnetic
order below the superconducting phase-transition tem-
perature T„=5.4 K. In the higher-temperature magnetic
phase, for which TMH -1.S K, the body-centered-
tetragonal sublattice of Nd moinents orders antiferromag-
netically with a sinusoidal modulation of the moment
along the [100] direction. In the lower-temperature phase,
TM1-1.0 K, there is a change in the direction of the
modulation wave vector to [110]. In both phases, the mo-
ments are aligned along the unique c axis.

ErRh4B4 exhibits reentrant superconductive behavior
due to the onset of long-range ferromagnetic ordering of
Er magnetic moments. It becomes superconducting at
an upper critical temperature T, ] and loses its supercon-
ductivity at a lower critical temperature T,2, which is
close to the Curie temperature. A first-order transition
from the superconducting to the ferromagnetic normal
state occurs at the lower critical temperature, as revealed
by thermal hysteresis in various physical properties and a
feature in the specific heat near the lower critical tempera-
ture. It is ultimately the ferromagnetism that survives
the struggle with superconductivity. Further neutron-
scattering experiments reveal that ErRh4B4 undergoes a
ferromagnetic transition below T,i, and also above T,2 to
—1.2 K. The experiments on ErRh4B4 have yielded evi-
dence for a spatially inhomogeneous state in a narrow
temperature interval above the lower critical temperature
in which superconducting regions coexist with normal fer-
romagnetic regions. Moreover, within superconducting
regions the Er magnetic moments are in a sinusoidally
modulated magnetic state with a wavelength of the order
of a few hundred angstroms. Thus the ferromagnetic

state within the superconducting regions is transformed
into an oscillatory magnetic state characterized by a zero
net magnetization.

The trend of the magnetic ordering teinperatures, i.e., a
peak at R =66Dy rather than at R =~Gd, confirms that
the indirect RKKY exchange interaction is a definite fac-
tor in the fine details of low-temperature ordering. The
oscillatory magnetic state was first explained to be due to
the RKKY indirect-exchange mechanism by Anderson
and Suhl, ' ' wherein the oscillatory character of the
magnetization results from the change in q-dependent
magnetic susceptibility caused by the superconductivity.
Recently, Blount and Varma suggested that the elec-
tromagnetic interaction between the magnetization of the
localized ions and the momenta of the conduction elec-
trons could lead to a spiral magnetization state in a fer-
romagnetic superconductor. Neutron-diffraction mea-
surements on a single-crystal sample of ErRh4B4 by Sinha
et al. indicate that the sinusoidally modulated state is
linearly polarized. On the other hand, Greenside et al. ~7

have shown that, for sufficiently strong magnetic aniso-
tropy, such a linearly polarized sinusoidal state can pre-
vail over both spiral and vortex states. Other alternatives
are laminar structure, stabilized by the rare-earth mag-
netization in a self-consistent manner, and combined
spiral magnetic and spontaneous vortex states.

The superconducting electrons in TRRB compounds
are d electrons (localized on Rh atoms), ' and the ex-
change interaction between these electrons and RE ions is
weak, which is the reason for existence of superconduc-
tivity despite a high concentration of RE ions.

III. CRYSTAL STRUCTURE OF RRh4B4

TABLE I. Cell parameters of the tetragonal compound
RRh4.B4 (including Y and Lu).

Re a (A.)' c (A)" c/a

(»Y)
6ONd

62Sm

64Crd

65Tb

66Dy
67Ho
68Er

69Tm
(7lLu)

'+0.002 A.
'+0.003 A.

5.308
5.333
5.312
5.309
5.303
5.302
5.293
5.292
5.287
5.294

7.403
7.468
7.430
7.417
7.404
7.395
7.397
7.374
7.359
7.359

1.395
1.400
1.399
1.397
1.396
1.395
1.394
1.393
1.392
1.390

X-ray-diffraction data reveal that TRRB compounds
are isomorphous to RCo4B4 system; ' ' and can be in-
dexed as tetragonal lattices. TRRB compounds with
R =57Lay 5sCe, 59Pr, and 7oYb do not form this phase.
The transition temperatures of those TRRB compounds
which exhibit superconductivity are the highest ever ob-
served among metal-rich borides; at the same time, the
[M]/[B] (where M denotes metal) ratio is closer to 1.0
than any of the other superconducting borides. The
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to the c axis through a short intermetallic distance, 2.68
A, parallel to the a axis. The sheets are held together by
the Y atoms through fairly short Y-Rh distances, 2.99
A (Fig. 2). However, the intermetallic Rh-Rh distance
from one sheet to the other is fairly long, namely 3.14 A.

IV. BRIEF OUTLINE OF THE LUTTINGER-TISZA
METHOD USING PERMUTATION GROUPS

/~Y
=X

FIG. 1. Proposed structure of YRh4B4. The centers of the

Rh4 tetrahedra are located on the origin and center of the unit

cell. Only one of the four 82 pairs is indicated. The symbols are

as follows: 0, Y; 0, Rh; 0, B.

rare-earth ions form a tetragonal body-centered lattice
with point-group symmetry 42m (D2d ). The space
group is P42/nmc (D4q).

The lattice parameters and c/a ratios are given in
Table I. Figure 1 exhibits the proposed structure for
YRh&B4. The number of formula units per unit cell is
two. The following positions are found: eight Rh atoms
in Sg —0, x, z, etc., with x =

4 and z= —,'; and two Y
atoms in 2b —0,0, —, and; —,, —,,0. The most likely posi-
tions for the B atoms are in the eightfold positions (8g)
with xB ——0.325, zB =0.847, etc. The B atoms form pairs
parallel to the a axis and are surrounded by five Rh
atoms. The Rh lattice consists of tetrahedra with two in-
termetallic distances of 2.63 A along the a axis and four
slightly larger intermetallic distances, 2.75 A, caused by
an elongation of the tetrahedra along the c axis (Fig. 1).
These tetrahedra are connected into sheets perpendicular

Full details of the LT method using permutation
groups for the calculation of energies corresponding to the
various ferromagnetic and antiferromagnetic arrange-
ments as they apply to this study are described in Ref. 29.
Here, a brief outline of the method as it applies to the case
of two ions per unit cell, as is the situation with TRRB
compounds, is briefly described.

The entire lattice is first divided into 16 sublattices by
the application of T translations (=2la+2mb+2nc;
a, b, and c being the unit-cell vectors, and a =b) to the
16 vertices (numbered 1,2, . . ., 16) of two parallelepipeds,
each of dimension a, b, and c, with one vertex of each
parallelepiped situated at one of the sites of the two RE
ions per unit cell, as exhibited in Fig. 3. (For TRRB, a
and b are perpendicular to each other. )

The low-temperature ordered state (in terms of energy)
is such that all magnetic moments located on any one of
the 16 sublattices are parallel to each other. The relative
directions of the magnetic moments of various sublattices
are such that the total RE lattice is either ferromagnetic,
antiferrornagnetic, or layered antiferromagnetic.

Thus the eigenvectors corresponding to these configura-
tions can be expressed as q(k)Pk(u), k =1,2, . . ., 16;
a =x,y, z. For the present case the q (k) are 16-
dimensional eigenvectors whose (unnormalized) elements
are either + 1 or —1 (parallel or antiparallel), determining
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FIG. 2. Projection of the Rh tetrahedra along [001]. The
heights of the Rh atoms and intermetallic distances ( A) are in-

dicated. The Rh-Rh distance of 3.14 A is parallel to the a-c
plane only for the ideal value of x~ ——0.250. 0, Rh.

FIG. 3. Two partially overlapping parallelepipeds. Applica-

tion of T translations to the 16 vertices as indicated generates
the 16 sublattices into which the RE lattice of RRh4B4 is subdi-

vided for the application of the Luttinger-Tisza method.
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I I I I I I I I

I I I I I I I I

I I I I I I I I

I I I I I I I

the nature of ordering (ferromagnetic or antiferromagnet-
ic). These are listed in Table II. The particular direction
in the physical space along which the spins of the kth
sublattice point are given by (t»k(a). The Pk(a) are the
eigenvectors of a 3&&3 matrix Lk, whose components are
given as ()M, v=x,y,z)

16
Lg"= Q Atj"Ep(; J)(k) (i =1,2, . . ., 16), (4.1)

j=1
where e~(; J)(k) are the eigenvalues of q(k) under a per-
mutation group of 16 objects, P(i,j) being the permuta-
tion containing the cycle (i,j) (listed in Ref. 29). The
summation in Eq. (4.1) is independent of i .The matrix
elements A,IJ'" represent the dipole-dipole and exchange in-
teractions between an ion situated on sublattice i, and all
ions on sublattice j, as follows:

I I I I I I I I

II

Q

I I I I I I0

g Jf('" for i~j,
l&IjI

Jf~" for i =j,
lE IjI,l+i

where Ijj represents all ions on sublattice j, and

2

EJ PB[g g ( l~j pV lJ~IJ~)/ J + iJ J p ]lJ

(4.2)

O

O
C4

O
bQ

O

O

I I I I I I I

I I I I I I I I

I I I I I I I

I I I I I I I I

I I I I I I I I

I I I I I I I I

I I I I I I I I

(4.3)

In Eq. (4.3), the factor —,
'

ensures that the energy is not
counted twice, S is the ionic spin, pz is the Bohr magne-
ton, g» is the pth diagonal element of the g tensor (for
the present case, the system of coordinate axes is chosen
such that it is diagonal), r;J is the vector joining the ionic
position i to j, r,z is its pth component, 5» is the
Kronecker 5 function, U,J is the exchange-interaction con-
stant between ions i and j, and b„j——1 if i and j are
nearest or next-nearest neighbors, and 0 otherwise. Thus,
in Eq. (4.3) the first term represents the dipole-dipole in-
teraction, while the second term represents the exchange
interaction (considering only the nearest and next-nearest
neighbors). One then needs the lattice sums correspond-
ing to the first term of Eq. (4.3). For the present case the
required sums are listed in Table III.

The eigenvalues, of course, are those of the 3)&3 ma-
trices whose elements are Lg" [see Eq. (4.1)] for the vari-
ous arrangements q(k), k =1,2, . . ., 16. The one that cor-
responds to the lowest energy represents the low-
temperature ordering. For the three ferromagnetic order-
ings qiPi(a), a=x,y, z, one should also take into account
the demagnetization contribution if the lattice sums are
evaluated over a sphere. This contribution for the
present case of a diagonal g tensor is

I I I I I I I

(4~/3)(S /2)npg~~ pg—, a=x,y, z . (4.4)

I I I I I I I

In Eq. (4.4), n p is the number of ions per unit volume, i.e.,
2/(a c) for the present calculation.

V. CRYSTAL FIELD AND THE g FACTORS

Mossbauer spectra have been obtained for compounds
with R =66Dy, 68Er, and 69Tm. We11-resolved
magnetic-hyperfine-structure spectra are observed in all
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0

TABLE III. Lattice sums over a sphere of radius 500 A for the lattice of Er ions in ErRh4B4. The
variables r, x, y, and z are the displacements and their components, from an origin situated at a given

0

ion in sublattice 1 of Fig. 3 to each ion in one of the various T sublattices. The unit of length is 1 A.
All of the required lattice sums can be obtained from the following five sums. (The z axis is parallel to
the c axis, and the x axis is coincident with the a vector of the unit cell. )

Sublattice
summed

1

2
3
4
5
6
7
8
9

10
11
12
13
14
15
16

g(3zz —r )/r'

—0.002 505
—0.014 633
—0.014 633
—0.008 901

0.009 346
0.004 385
0.004 385
0.002 518
0.002 518
0.002 518
0.002 518
0.002 518
0.002 518
0.002 518
0.002 518
0.002 518

g(x2 y2—)/r'

0.0
0.0125 34

—0.0125 34
0.0
0.0
0.001102

—0.001102
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

g(xy /r ')

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.001 35

—0.001 35
—0.001 35

0.001 35
0.001 35

—0.001 35
—0.001 35

0.001 35

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.002 084
0.002084

—0.002 084
—0.002 084
—0.002084
—0.002 084

0.002 084
0.002 084

gzx /r'

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.002084

—0.002084
0.002084

—0.002084
—0.002084

0.002084
—0.002084

0.002084

HCEF ——B202+B404+B606+B606 .0 0 0 0 0 0 4 4 (5.1)

In Eq. (5.1) the Oi are spin operators as defined by Abra-

gam and Bleaney. If the exchange interaction is as-
sumed to be isotropic, then the CEF determines the aniso-

tropy.
The g values for the various RE ions in TRRB com-

pounds have not been experimentally determined. Howev-

er, they may be estimated from the Hund's-rule ground
state provided that the Bt for the various RE ions as

given by Eq. (5.1) are known. These can be estimated as
follows.

The B~ have been determined experimenta11y for
R =Er from Schottky specific-heat data and Mossbauer
data. Now, the relationship between B~ and A~, the
crystal-field parameters, which are the same for all RE's,
is noted, i.e.,

Bitt ( l)g/tl (5.2)

In Eq. (5.2), ai is the Stevens's factor whose value is
known, but dependent on the particular rare-earth ion

cases, even above the magnetic transition temperature.
The spectra of Dy and Er below their respective magnetic
transition temperatures show little change except for a
sharpening of some of the lines. This means that the
magnetic moments are unchanged and that the magnetic
interaction is relatively weak compared to the crystalline-
electric-field (CEF) interactions. In all cases, ' the mea-
sured moment is near the free-ion value. This shows the
presence of a state predominately determined by the angu-
lar momentum component

~
J,

~

=J due to the CEF in-
teraction.

The CEF Hamiltonian relevant to the 42m symmetry
of the RE atom is

under consideration, and (r ) is a 4f integral obtained
froin Hartree-Fock atomic calculation. In this form, the
At are determined by charge distribution over the lattice
and are presumed to be approxiinately independent of the
particular rare-earth ion in an isostructural series of com-
pounds. The factors at and the ex ectation values (r )
are listed by Abragam and Bleaney. In this way the Bt
for all RE ions can be estimated. With the appropriate
Bt for a given RE ion, one can diagonalize the (2J+ 1)
matrix for the HczF as given by Eq. (5.1). ( J =L+S, J,
I., and S being the total, orbital, and spin angular mo-
menta, respectively. ) For the eigenvectors of the lowest-
lying doublet, one then diagonalizes the 2)&2 matrices for
J, and J„and finds the differences of the resulting eigen-
values denotes as e~~ and ei, respectively. The g factors
are then

and

g
I I

=2+~I
I

gg =2AE'g,

(5.3)

VI. CALCULATED LOW- TEMPERATURE
ORDERINGS

For the application of the LT method one requires the
lattice sums of Eq. (4.3), as given in Table III for R =Er

and the values of A for different RE ions are listed by
Abragam and Bleaney.

The resulting g
I I

and gz values as calculated by
Staveren et al. are listed in Table IV. (It should be not-
ed that for Tm'+ the 1owest CEF state is nondegenerate,
and then the g factors in Table IV are those calculated for
the doublet that lies just above this state. )
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TABLE IV. Values of g~~ and g& (as calculated), predicted orderings on the basis of the dipole-dipole interaction, and experimen-
tally observed orderings for the various RRh4B4 compounds. An asterisk on the predicted ordering indicates that with appropriate
values of exchange-interaction constants the predicted ordering will be in agreement with that observed experimentally (see Sec. VI).
FM denotes ferromagnetic, AF denotes antiferromagnetic, and super denotes superconducting.

Re

g8Ce'+(4f ')
59Pr'+(4f ~)

60Nd3+(4f )

6)Pm'+(4f )
62Sm'+ (4f')
63Eu3+(4f6)

64Gd'+ (4f')
Tb'+(4f')
Dy'+(4f')
,Ho'+(4f '

)

Er3+(4f l 1
)

69Tm +(4f' )

70Yb +(4f' )

Hund's-rule
ground state

(2S+11 )

2
F5/2
H4

4I9/2
51
6
H5/2

7F
8
S7/2
F

6
H5/2

5I
4
115/2

3H6
2F7/2

4.28
4.80
6.51
0
0.286
0

14
18.0
20.0
20.0
0.937
1.318'
1.142

gx

0.126
0
0.073
0
0.857
0
0
0
0
0
9.219
0a

4.571

Predicted
ordering

c-axis FM
c-axis FM
c-axis FM*

basal-plane FM~

c-axis FM
c-axis FM
c-axis FM
c-axis FM
basal-plane FM
c-axis FM~
basal-plane FM

Observed

ordering

AF super (c axis)

AF super (c axis)

FM (c axis)
FM (easy axis c)
FM (easy axis c)
FM (easy axis c)
FM (easy axis a)
AF (easy axis a)

'The doublet that lies just above the lowest-lying singlet has been used for the calculation of g values.

(the same lattice sums are used for other RE compounds
due to the close proximity of unit-cell parameters).
Furthermore, the g values (listed in Table IV) are also re-
quired. The coordinate system chosen is such that the z
axis is parallel ta the c axis, and the x axis is coincident
with the vector a of the unit cell. The values of the ex-

change constants between the various RE ions are not
known. However, an upper limit can be set for their
values if the predicted orderings are to be in agreement
with the observed low-temperature orderings.

without explicitly taking into account the numerical
values of the g factors and the exchange constants, the en-

ergies per ion for the two lowest-lying states can be calcu-
lated using the LT method, as described in Sec. V, to be as
follows. (Of course, their relative values can be deter-
mined only when the numerical values for the g factors
and the exchange constants are explicitly taken into ac-
count. ) Specifically, then, these energies are, per ion, in
K

q(1): Eg ———0.00318g II+2uNN+uNNN, (6.1)

q(13) or q(14): E~~ ———0.001 63gll uNNN

q(1): Eg~ Egypt
———0.003 1—7g~+2uNN+uNNN, (6.3)

q (11) or q (12): Ez Ez„~
———0.002 69——g j . (6.4)

(6.2)

In Eqs. (6.1)—(6.4), g~~ and gj denote the g factors
along the z and x (or y) axes, respectively. (The g tensor
is diagonal for the present case: g

~ ~

=g, and

gg =g~ =g~.) uN~ and uNNN (in K) are the nearest-
neighbor (NN) (distance 1—4=5.231 A for Tm; Fig. 3)
and next-nearest-neighbor (NN) (distance = 1—2= 1—3

. =5.287 A for Tm) exchange-interaction constants,
respectively; and the subscripts A and 8 refer to the two
lowest-lying states (in energy), while the subscripts xx, yy,
and zz denote the physical directions in which the spins
point. [The demagnetization corrections for ferromagnet-

ic orderings have already been incorporated in Eqs. (6.1)
and (6.3).]

From (6.1)—(6 4) it is clear that when the spins point in
the z direction the ferromagnetically (FM) ordered state
Ez lies lower in energy than the layered antiferromag-
netic (LAF) [q(13) or q(14) for spins pointing along x,
or q(15) or q(16) for spins pointing along y] state, as
long as the NN and NNN exchange-interaction constants
are such that, in units of K,

vNN+vNNN &0.00077g~~ . (6.5)

When the spins point in the x (or y) direction, the FM
state lies lower in energy than the LAF states q(11) or
q(12) as long as

2v&N+ vNNN & 0.000 48g J (6.6)

in units of K. It is, of course, to be noted from (6.5) and
(6.6), that the spins in the lowest-energy state point in the
z or x (or y) direction depending upon the g~~ value rela-
tive to gj value.

Finally, if the exchange interaction was completely ab-
sent, then on the basis of the dipole-dipole interaction
alone, the FM ordering along the z direction would have a
lower energy than that along the x (or y) direction provid-
ed that

g~~ ~0.998gz . (6.7)

Cognizant of Eqs. (6.5)—(6.7), one can now predict the
ordering that will be favored energetically at low tempera-
tures on the basis of dipole-dipole interactions alone using
the g factors as estimated in Sec. IV and listed in Table
IV. These orderings are also listed in Table IV. They are
all found to be ferromagnetic with spin orientations either
along the z (or c) axis, or in the plane perpendicular to the
c (basal-plane) axis. It should be noted that the energy
corresponding to spin orientations anywhere in the x —y
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(basal) plane is the same. It is found that, for R =6&Tb,
«Dy, 67Ho, and 6sEr, these orderings agree with those ob-
served experimentally. (Table IV also contains the ob-
served orderings. ) For the cases R =60Nd, 62Sm, and

69Tm, the predicted orderings could all be antiferromag-
netic to agree with those observed experimentally, provid-
ed that the values of uNN and uNNN are such that the ine-
qualities (6.5) and (6.6) above are not satisfied. In particu-
lar, the following should be noted.

(i) Tm +: If uNN+uNNN&1. 3435&(10 K, then the
LAF states q (13) and q {14)lie lowest in energy.

(ii) Nd +: If 2uNN+uNNN ~32.6X10 K, then the
LAF states q(13) and q(14) lie lowest in energy.

(iii) Sm +: If 2 uNN+ uNNN) 0.3525 + 10 K, tlleil tile
LAF states q(11), q(12), q(15), and q{16) lie lowest in
energy.

h~& IJ~Sg (3r~r~——5~r )/r— {7.1)

In (7.1), r and r& are the a and P components of r,
while r is its magnitude.

Using (7.1) for the various orderings, where all the di-
poles on a sublattice point either parallel or antiparallel to
the direction a as dictated by the elements of the eigen-
vectors q {k),denoted as q(k j),j=1,2, . . ., 16, describing
the particular ordering (+ 1 or —1; see Table II), the fol-

VII. MAGNETIC FIELD AT RHODIUM SITE

It is plausible that if the magnetic field due to RE ions
at rhodium sites (whose 3d electrons are responsible for
superconductivity) is less than the superconductivity-
quenching value, then the superconductivity can coexist
with the magnetic ordering. It is the object of this section
to estimate this field.

With the use of the standard expression for the magnet-
ic field due to a dipole at a distance r, the magnetic field
components Ii p (P=x,y, z) due to the dipole pointing in
the direction a ( =x,y,z) can be expressed as

lowing expressions can be obtained for the P component

of the total magnetic field h, due to the ordering
described by q (k) at a Rh site, chosen to be at the origin:

16

Pa~g g X 3riarip/rg q(k, j)

for P~a
k~ k~ k5

psSg g g(3r;" r; )/—r; q (k,j)

for P=a .

(7.2)

(7.3)

In Eqs. {7.2) and (7.3) the subscript i covers all of the di-

poles of a sublattice k, and r; is the distance of ion i on
sublattice k from the origin {and subscript a and P denote
its a and P components, respectively). In writing (7.2}
and (7.3), the fact that for the origin on a rhodium site the
RE ions on various sublattices are located such that for
every r; {origin to RE ion), there is another i (say, j) such
that r J ———r,", has been taken into account.

For use in Eqs. (7.2) and (7.3), lattice sums are required;
those for ErRhzB4 are given in Table V. (The same lat-
tice sums can be used for all RE's due to the close prox-
imity of unit-cell parameters. ) It should be noted that for
ferromagnetic ordering the lattice sums should be per-
formed over a thin long cylinder along the direction of
magnetization since the ferromagnetic ordering takes
place in the form of thin long needles (to minimize ener-

gy). This amounts to adding —4mp/3 to the lattice
sums of the type g.(3r; —r; )/r;, where p=(8a c} ' is

the density of ions on a T sublattice (dimensions of the
unit cell are 2a, 2a, and 2c).

The lowest-energy configuration of RE ions, as deter-
mined in Sec. VI, is found to be any one of the configura-
tions q(1)„q(11), q(12), q(13), q(14), q(15), or q(16)
depending upon the g factors and the exchange constants.
Table VI lists the values of the magnetic fields (in units of

O

TABLE V. Lattice sums from rare-earth —ion positions over a sphere of radius 500 A at
a Rh site as the origin for ErRh484. For further details (units, etc.)„see the caption of Table III.

Sublattice
summed

1

2
3

5
6
7

9
10
11
12
13
14
15
16

—0.007 193
—0.016755
—0.012025
—0.008 807

0.009 196
0.004950
0.003 899
0.002521
0.004 360

—0.003 605
0.004 360

—0.003 605
0.007200
0.001 826
0.007 200
0.001 826

0.160800
0.016348

—0.009 188
—0.001 130

0.000222
0.001 112

—0.001067
—0.000174
—0.005 281

0.002 284
—0.005 281

0.002 284
—0.001 321

0.000 953
—0.001 321

0.000 953

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.002 949

—0.001303
—0.002949

0.001 303
0.000 551

—0.000 384
—0.000 551

0.000 384

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.006 298
0.001 315

—0.006298
—0.001 315
—0.001 995
—0.000739

0.001 995
0.000 739

0.111800
—0.002 812

0.000400
—0.000291
—0.000 379

0.000 307
—G.GOO 127

0.000118
0.003 238

—0.001509
0.003 238

—0.001509
—0.001 067

0.000 771
—0.001 067

0.000 771
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TABLE VI. Magnetic field components at an Rh site due to the seven possible lowest-lying (in energy) ferromagnetic and antifer-
romagnetic orderings q(k) of the rare-earth ions ARh4B4. The same lattice sums have been assumed for all RE's due to the close
proximity of unit-cell parameters. h p means the P component of the magnetic field when all the spins point parallel and antiparallel
to the a direction (a,P=x,y, z) depending on the particular ordering. The units are such that actual values in gauss are obtained by
multiplying each h p by g (listed in Table IV).

Ordering

q(1)
q(11)
q (12)
q(13)
q (14)
q(15)

936
1037
1082
1024
1069
873

1000

h„y

0
92
26

144
—26

0
—118

1556
1590
1477
1578
1465
1799
1546

hy„

0
92
26

144
—26

0
—118

—1292
—1083

1025
—1097
—1038
—901

—1083

0
174

—35
104
35
0

—139

1556
1590
1477
1578
1465
1799
1546

0
174

—35
104
35
0

—139

—210
46

—58
73

—31
27
83

g~~ gauss and gi gauss; see caption) due to these configu-
rations at a rhodium site. For a specific RE, one need
only multiply by the appropriate g factors, given in Table
IV.

As a particular example, one can estimate the magnetic
field at a rhodium site for R =69Tm. Here, the observed
low-temperature ordering is LAF, namely that described
by either q(13) or q(14) with equal probability (see Sec.
VI) of the spins pointing either parallel or antiparallel to
the z direction (g~~ = 1.38, gi =0). For the q(13) configu-
ration, the magnetic field components at a rhodium site
are found to be h~ =2080 G, h~ =137G, and h~ =96 G,
while for the q (14) configuration these are h = 19316,
h~ =46 G, and h =41 G. Values of anywhere from 1 to
6 kG, or even as large as 12 kG, are found for
superconductivity-quenching fields. ' ' ' Thus, the
above-mentioned values for h~~ in R =69Tm at a rhodi-
um site appear to have the magnitude that would permit
coexistence of superconductivity and magnetic ordering in

—69Tm. Similar considerations can be applied to the
other TRRB compounds.

VIII. CONCLUDING REMARKS

The calculations of the present paper indicate that with
appropriate values of nearest-neighbor and next-nearest-
neighbor exchange constants (in addition to, of course, the
dipole-dipole interaction), the observed antiferromagnetic
orderings for R =6ONd, 6&Sm, and 69Tm can all be ac-

counted for. As for the observed ferromagnetic orderings,
these can all be accounted for solely by dipole-dipole in-
teraction between the RE ions.

It is to be noted that this paper does not account for the
finer details of magnetic orderings as discussed in Sec. II.
These are, namely, the oscillatory character of magnetiza-
tion, spiral magnetization state in a ferromagnetic super-
conductor, vortex structure, combined spiral magnetic and
spontaneous vortex states, and laminar structure. They
should be accounted for by additional mechanisms, e.g.,
q-dependent magnetic susceptibility, electromagnetic in-
teraction between the magnetization of the localized ions
and the momenta of conduction electrons, and the
RKKY indirect-exchange mechanism. ' It is hoped that
the present results will be helpful in further developing
the understanding of the phenomena of superconductivity
and magnetic ordering as they occur in RRh4B4.
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