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[see {3.19) ] are not the same as the average bulk inter-
action Jz (Rll).

The optimized inequality (4. 23) is approximately cor-
rect when v* determined by (4. 22) is near an integer.
It is not a good approximation at high temperatures when
the solution of (4. 22) becomes v*&1. This indicates that
v=1 (no corridor) is then optimal. See Sec. V for nu-
merical examples.

Strictly speaking, we have again established this re-
sult only for the cases in which the monotonic decreas-
ing bound Jp (l R„)} exists, since it is not immediately
obvious that the nonintegrability of [ Jr {0)—J r (kll}J
implies that p&(I }/g, (I) 0 as X (I'} ~. It is not worth-
while, however, to worry about possible pathological
cases in this connection.
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As stated previously, the absence of long-range order
is established even when transverse fields are present in
the corridor ~. However, to simplify the numerical
analysis they are assumed to vanish.
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The bounds obtained have been for subdomains I"

which were "slices" as shown in Fig. 1. We may obtain
bounds for a general subdomain 8 in the case f(r)=—1 once
the non-negativity of o (r, r') has been established. It then
follows that eo(l [O) ~ @o(1 ( i")provided 0 C I'.

Notice that a„(r r'}=0„(r, r') when+, ~=BE,=l (d= 1)
and when@8=1 (d=2).
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Using an ac calorimetric method, the specific heat C&(T) of pure single-crystalline ¹ihas
been measured over a temperature range of 100 K centered at the Curie point (- 631 K). The
experimental method permits continuous observation of C& vs T with a temperature resolu-
tion of -0.01 K using very small specimens (-7.8 mg). Special attention has been devoted
to the determination of the analytical form of the magnetic contribution to C&(T). The effect
of applied fields up to 240 Oe has also been studied. At zero field, the data fit a standard
power-law expression over the range —3.2~log)p ) (T-T, )/T, l ~-1.6, with exponentsm = a'
=-0.10+0.03. The data obtained with applied field follow the scaling relations calculated
by Griffiths from the magnetic equation of state. The observed rounding of the specific-
heat curve at its maximum is discussed and some experimental factors which influence the
degree Of the observed rounding are described.

I. INTRODUCTION

This paper reports an experimental study of the
temperature dependence of the specific heat Cz, (T)
for Ni near its Curie point (Tc = 631 K). The mea-
surements are made using an ac calorimetric tech-
nique which permits direct observation of C~(T) as
a continuous function of T (with a temperature res-
olution of about 10 K) on small specimens of mass
about 10 mg. These experimental advantages per-
mit unusually precise examination of C,(T) near the
singularity at T~ using very small specimens of
relatively high crystalline perfection.

The ac calorimetric method used here is an elab-
oration of a basic technique originally developed
and described independently by Kraftmakher' and

by Sullivan and Seidel. A previous account out-
lining the essential details of the present method
and giving some preliminary data for Ni was pub-
lished earlier. ' The results reported here are be-

lieved to give a more detailed picture of the form
of the singularity in C&(T) for Ni than any of the
previously reported investigations. Preliminary
results on the effect of an applied magnetic field
and some of the physical factors which affect the
shape of the singularity are also described.

II. EXPERIMENTAL METHOD

A. Technique

The same technical principles described earlier'
are used here, but several refinements have been
made. The principal changes are intended to (a)
increase the sensitivity and precision of the tem-
perature measurements and (b) improve the quality
of the measured Ni specimens.

The Ni specimens are single-crystal chips (3
&& 3&&0. 1 mm) lightly supported in the center of a
massive copper assembly which occupies the center
of a furnace. The dominant thermal contact be-
tween the specimen and the copper surroundings is
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provided by He exchange gas Q = 350 mm of Hg).
The furnace is equipped with an automatic regulating
and programming control which permits the ambient
temperature to be swept past the transition temper-
ature T~ at a predetermined rate. Specimen tem-
perature is monitored by a thermocouple junction
created by spot welding chromel and constantan
thermocouple wire to the back face of the sample.
The wires, originally 0.0007 in. diam, were
flattened before welding to form ribbons 70x 5 p,

thick.
Light from a tungsten filament bulb' is passed

through a rotary chopper to give square-wave heating
pulses and is focused on the blackened front face of
the specimen. The average light intensity falling
on the specimen causes its temperature to rise,
typically 0.5 K above that of the surroundings, as
measured by the sample thermocouple. Superim-
posed on this dc temperature difference is a tri-
angular pattern of temperature oscillations with a
typical peak-to-peak magnitude of about 0.016 K.
A phase -sensitive lock-in amplifier (Princeton
Applied Research Model No. HR8) measured the
rms magnitude of the fundamental harmonic of these
sample temperature oscillations, referred to the
phase of the incoming light.

As shown in more detail by Sullivan and Seidel,
two time constants serve to characterize the ther-
mal dynamics of the system. One time constant,
v&, characterizes the thermal coupling between the
sample and its surroundings, which in the present
case is provided by the He exchange gas. The oth-
er time constant, ~2, characterizes the thermal
relaxation within the sample and is determined by
the diffusivity and thickness of the sample. The
use of chopped light for heating and the negligibly
small thermocouple junction spot welded directly
to the sample as a thermometer eliminate the need
for corrections due to the specific heat and thermal
lag of the heater and thermometer. Under the con-
ditions that sr~, » 1 and &uvz «1 (where &u is the
angular frequency of the light pulses), Sullivan
and Seidel obtain for the magnitude of the ac tem-
perature oscillations 8

8 = Q((@CD)
' [1+(~'ri) + 9p (&ov2) + 3 (rg/'rg)]

where C~ is the heat capacity of the sample and Q
is the maximum rate of radiant-energy absorption.

The present experimental arrangement differs
from the case analyzed by Sullivan and Seidel in
the following respect: Although heat is added to
only the front face of the specimen slab, heat loss
occurs via exchange-gas coupling from both the
front and back faces of the slab. However, this
fact requires modification of the equation for 6 only
for measuring frequencies where the period be-
comes comparable with the relaxation time for the
propagation of heat through the thickness of the

slab (about 0.001 sec for the Ni specimens used).
At the measuring frequencies used here (& 60 Hz)
no significant error results from lumping the heat
transfer from both front and back faces of the slab
j.nto a single conductance factor with the associated
time constant v&.

The time constants, w& and 7'» both involve the
heat capacity of the specimen and hence are tem-
perature dependent. However, the term -', (7~/72)
is estimated to about 0. 1/o of the bracketed expres-
sion and independent of the specimen heat capacity.
The contributions of the terms involving v, and
v~ show negligible variation within a suitably
chosen range of +. This may be demonstrated ex-
perimentally by observing the variation in the pro-
duct, 6, as a function of frequency. Such mea-
surements showed the variation of +8 to be less
than 1% within the range from 25 Hz to over 60 Hz
with the present apparatus.

Since 8 is directly proportional to Q, it is essen-
til that the light intensity be precisely controlled.
Satisfactory stability was achieved by powering the
light bulb from a Sorenson Q Nobatron QRC20-8
dc power supply operated in the voltage-stabilizing
mode. The lamp current was continuously moni-
tored by measuring the voltage across a precision
resistor in series with the lamp and was usually
constant to 0.03%over a run lasting several hours.
Light intensity was independently monitored by
using a small quartz "light pipe" to deflect a frac-
tion of the modulated incident light beam to a sen-
sitive radiation thermocouple. Periodic observa-
tions indicated the light intensity remained constant
to at least 0.4/p over a run lasting several hours
and the data can be corrected for any observed
fluctuations.

The temperature of the furnace is measured by
a four-junction chromel constantan thermopile
which was occasionally calibrated using a Pt resis-
tance thermometer mounted in place of a sample.
The absolute precision of the temperature measure-
ment was about +0. 2 K. The relative sensitivity
of the measurement of sample temperature was
limited by the size of the ac oscillations in the sam-
ple (0.016 K peak to peak).

The emf generated by the thermopile is balanced
by a precise dc potentiometer which provides a con-
stant emf corresponding to a furnace temperature
near Tc. The difference emf is then amplified by
a Hewlett-Packard 425A voltmeter and sent to the
x axis of an x-y recorder. The maximum sensi-
tivity range used gave 0.125 K per inch of chart
paper, with a resolution of about + 8 mK. A mea-
surement of the sample thermocouple was made
separately by a Leeds and Northrup K5 potentio-
meter at intervals during a run. The actual sam-
ple temperature is obtained by adding this to the
furnace temperature.
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The output from the HR8 (inverse specific heat)
is presented to the y axis of the recorder. The
final sensitivity is equivalent to a resolution of
about a 0.05 J/mole K. Some improvement in the
signal-to-noise ratio was obtained by driving the
synchronous motor of the light chopper from a
stabilized frequency source.

Furnace temperature was cycled over aprede-
termined range Tc +12 K in a typical run. Experi-
ments at different (but constant) rates of tempera-
ture change showed the shape of the specific-heat
curve to be independent of sweep rate for speeds
from 60 mK/min to approximately 0. 4 K/min.

A typical run is yresented in Fig. 1 and shows
the detail obtained near the peak. This particular
curve was traced at a rate of 60 mK/min. The
output of the HR8 and the thermopile emf were also
recorded continuously against time on a multichan-
nel chart recorder. This gave a permanent record
of the time variation of the furnace temperature and
separate indications of the noise level of the ther-
moyile and sample thermocouple signals.

B. Sample Preparation

Single-crystal nickel samples were prepared from
a crystal grown from 99.999/o starting material. 7

Slices about 0.015 in. thick were cut by spark ero-
sion from this crystal and mechanically polished
with No. 600 SiC paper and 6- p, m diamond polish
to a uniform thickness of about 0.009 in. The slices
were then electropolished to 0. 005 in. using a so-
lution of "Electro-glo 300" with a 4-V potential for
5 —7 min. They were then waxed onto glass plates
and diced into square chips using a string saw.
After dicing, the samyles were cleaned in acetone
and annealed in vacuum at 750'C for 4-6 h.

Mass -spectrographic analysis of one single-crys-
tal nickel chip as prepared for measurement showed
800 ppm Co, 100 ypm Fe, and 60pym Cu to be the
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FIG. 2. Comparison of experimental C& data for Ni.
Values from Refs. 9-11 are shown by discrete points
while the smooth curve is drawn through the data of
Table I.

III. RESULTS AND ANALYSIS

A. Specific-Heat Data in Zero Field

Data obtained with the applied field H = 0 are
collected in Table I and plotted in Fig. 2. O'ur ac
calorimetric method gives only relative values of
C~. Absolute values of C~ are assigned by normal-
izing to fit the average of published absolute mea-
surements ' over a range of 100 K centered Bt
Tc, . Further analysis is required to separate the
contribution to C~ associated with the magnetic
transition at the Curie point.

1. Magnetic Contribution to C&

principle impurities. Analysis of a sample of the
starting material for the single crystal indicated
less than 5 ppm for these impurities. Polycrys-
talline material from the same source in the form
of 0.001-in. -thick foil showed 3.5 ppm Co, 8 ppm
Fe, and l. 5 ppm Cu to be the principal metallic
impurities. Samples were cut from this sheet,
cleaned in acetone, and annealed as described above.

4I2

4 I 0

~ 408
O
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~ 404

I I I I I I I The calculation of the magnetic contribution to
C~ has been discussed recently for the case of Ni

by Pawel and Stansbury. ' We have followed their
analysis to express our measured C~ values as C„*,
the magnetic contribution to the specific heat at
constant volume, where

C„* = C& — pP /Kz, —C„&,««
402

40Q I I I I I I I

-I.O -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 l.o
(T-Tc) (Ke I v ln)

FIG. I. Typical X-F-recorder tracing showing the
variation of lock-in amplifier signal with temperature
near the Curie point of Ni. This section of the curve
was traced at a sweep rate of about 1 mK/sec.

In this equation C~ is the normalized experimental
value, C~&,««„) and C, are the same expressions
given by Pawel and Stansbury, and V, P, and K~
are the molar volume, volume expansivity, and
isothermal compressibility, respectively.

Evaluation of the term TvP /Kr is complicated
by the fact that both P and K~ change slightly near
Tc. We have used the approximate relations
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C& = vXTc~+C

Zr= P/&+ Cz,

where & = (dP/dT)r r, (i.e. , the slope of the transi-
tion line in the P-T plane), and C, and Cz are con-

TABLE I. Specific heat of single-crystal nickel at
constant pressure and estimated contribution to the mag-
netic specific heat at constant volume.

6—
Ol
O
E

4—
C3

T Cp

(K.) (J/mole K)
C„*

(J/mole K)
T

(K)
C~

(J/mole K) (J/mole K )

I

620
I I I

625 650 635
T {Kelvin)

I

640

580.00
582.00
584. 00
586.00
588.00

590.00
592.00
594.00
596.00
598.00

600.00
602. 00
604. 00
606.00
608.00

610,00
612.00
614.00
616.Op

618.00

620.00
621.00
622. 00
623.00
624. 00

625. 00
625. 50
626.00
626. 50
627.00

627. 50
628. 00
628, 50
629.00
629.50

630.00
630.50
630.60
630.70
630.80

630.90
631.00
631.05
631.10
631.15

33.70
33.79
33.85
33.95
34.03

34. 13
34. 21
34.32
34.42
34.54

34.65
34.77
34.91
35.03
35.15

35.28
35.42
35.58
35.77
35.95

36.16
36.27
36.39
36.52
36.66

36.83
36.91
37.00
37.10
37.20

37.32
37.44
37.57
37.V6

37.99

38.26
38.59
38.68
38.75
38.85

3S.97
39.10
39.18
39.26
39.35

4.39
4.45
4.48
4.56
4.60

4.66
4.72
4.80
4.87
4.96

5.04
5.13
5.23
5.32
5.40

5.50
5.60
4.73
5.87
6.01

6.18
6.26
6.36
6.46
6.58

6.72
6.78
6.86
6.94
7.02

7.12
V. 22
V. 33
7.49
7.69

7.92
8.20
8.28
8.33
8.42

8.52
8.64
8.70
8.77
8.85

631.60
631.65
631.70
631.75
631.80

631.85
631.90
631.95
632.00
632. 10

632. 20
632.30
632.40
632.50
633.00

633.50
634.00
634. 50
635.00
635.50

636.00
636.50
637.00
637.50
638.00

638.50
639.00
639.50
640. 00
640. 50

641.00
642. 00
643.00
644. 00
646.00

648.00
650.00
652. 00
654. 00
656.00

658.00
660.00
662. 00
664.00
666.00

38.70
37.73
37.11
36.69
36.40

36.22
36.06
35.90
35.81
35.61

35.45
35.31
35.20
35.09
34.68

34.37
34.13
33.97
33.80
33.66

33.53
33.41
33.31
33.20
33.11

33.02
32.94
32.87
32.80
32.73

32.67
32.57
32.50
32.42
32. 25

32. 13
32.01
31.91
31.83
31.74

31.67
31.61
31.55
31.50
31.47

8.28
7.44
6.90
6.53
6.27

6.12
5.97
5.83
5.75
5.58

5.44
5.31
5.21
5.12
4.75

4.47
4. 26
4.11
3.95
3.83

3.71
3.60
3.50
3.40
3 ~ 32

3.23
3.16
3.09
3.02
2.96

2.90
2.80
2.73
2.65
2.48

2.36
2. 23
2.13
2.04
l.94

1.86
1.79
1.72
l.66
l.62

FIG. 3. Magnetic specific heat C„* near the Curie
point of Ni. Continuous curve through the points gives
the analytic fit to (1) described in the text. Lower curve
gives the correction term Tv 2/Xz subtracted from C& to
obtain C„.

stants. These equations have been proposed by
Pippard and are expected to be valid near a crit-
ical point. Direct measurements on Ni by Patrick'
yield the value A. = (2.86 + 0.17)&& 10' atm/K, from
which we obtain v&To = 1.17&& 106 J/mole. Consid-
ering experimental error, this is in reasonable
agreement with the value of 0.7x106J/mole obtained
by plotting C~ vs P from the expansivity measure-
ments of ¹ixand MacNair. This plot also indi-
cates the constant C& to be negligible. The term
P/X in the expression for Kr gives only a 3/o con-
tribution and is ignored. Thus we obtain the ap-
proximation

and the magnitude of this term is shown for com-
parison with the calculated C„* in Fig. 3.

It should be remarked that the calculated trans-
formation from C~ to C„* has very slight effect on
the subsequent analysis of the temperature depen-
dence of the heat capacity. If the analysis (to be
described in Sec. IIIA2) to determine the power-
law exponents & and a' is performed on the uncor-
rected experimental c~(T) data, the values of the
exponents obtained differ by about 0.03 from the
values obtained using C„(T), which is about the size
of the experimental uncertainty in the determination
of the &'s.

2. Porgies-Lard Fitting

The experimentally derived values of C„* have
been fitted to the expression

631.20
631.25
631.30
631.35
631.40

39.45
39.55
39.65
39.76
39.86

631.45 39.90
631.50 39.83
631.55 39.43

8.94
9.02
9.11
9.20
9.29

9.32
9.26
8.92

668.00
670.00
672.00
674.00
676.00

678.00
680.00

31.43
31.40
31.38
31.35
31.33

31.31
31.30

1.56
1.52
1.49
1.44
l.41

l.37
1.35

where t= IT —To I/To. " The constants a, A, and
K are used to represent the temperature range
above T& while primed constants in the same equa-
tion describe the temperature range below T~. As
shown by the solid curves of Figs. 3 and 4, use of



928 CONNELLY, LOOMIS, AND MAPOTHER

0
~ 10E

0

analysis used to deduce the constants in (1).
The use of (1) to determine the exponents n and

&' is complicated by uncertainty regarding the
proper choice of 1"&. Unfortunately, the criteria
for defining Tc from rounded experimental data are
somewhat subjective and imprecise. In previous
work, it has been considered self-evident that T~
should correspond to the value at which the maxi-
mum value occurs in C„. The present results sug-
gest that this criterion may be incorrect.

Taking advantage of the high resolution and
smoothness of the present data, we have analyzed
our experimental data using

TG

T(Kelvin)

dC
'

loggp = (™+1) log, of+ log, +, (2)

FIG. 4. Temperature variation of the magnetic spe-
cific heatvery close to the Curie point. Data points are
from Table I. Solid curve shows the analytic fit to (1)
with T, =631.58 K and G. =a.'=-0. 10. The dashed curve
is calculated using the Gaussian distribution function
described in the text.

(1) provides a satisfactory fit of the experimental
data except for a temperature interval of about
O. 25 K above and below the maximum in C„*. With-
in this interval the specific heat shows a "rounded"
peak instead of the sharp rise expected from (1) at
small values of t.

This rounded appearance of the maximum in C„*

(T) is one of the most consistently reproducible
features of the measurement, being observed es-
sentially unchanged on six different single-crystal
specimens. We conclude that the rounding must
be treated as a real effect in the transitions of these
specimens and, accordingly, experimental data ly-
ing within the rounded region are excluded from the

which is obtained by differentiation of (1). In ad-
dition to displaying & explicitly, (2) shows the range
of f for which (1) is valid by the linearity of the
curve which results when experimental values of
ldC/dTI vs f are plotted logarithmically. Of course,
to make such a plot it is necessary to choose a val-
ue for T&, and it is important to appreciate the ef-
fect of error in the chosen value. This is illustrated
for a hypothetical case in Fig. 5.

The behavior of (2) for a. mathematically exact
power law is plotted as the solid line in Fig. 5.
The dashed curves show the effect of changing 7.'c

by the indicated small amounts. For log&pt & -3,
curvature is easily recognized, but for logyp & 3,
the curvature is so slight that the effect of changing
1'~ is indistinguishable in practice from a shift in
the value of &. Experimental data plotted according
to (2) are presented in Fig. 6 for Tc = 631.56 K and
show satisfactory linearity over almost two decades
of t above and below T&. However, it is not possible
to choose a value of Tc which will eliminate the

O. I

(T-Tc) (Ke I vin)
I IO IOO

O. I

(T-Tc)(Ke I vin)
I IO 100

Tc

cDil- o c

0
O

"CI

o 0
o

2 4
I

-2
LOgIO t

—2
LOgIO t

FIG. 5. Effect of uncertainty in Tc on the apparent
linearity of (2). Dashed curves show the effect of shift-
ing the value of T~ by the indicated amounts.

FIG. 6. Data of Table I plotted according to (2).
Straight lines indicate the exact power law with n = n'
= 0. 10. The origin on the ordinate has been displaced to
distinguish data measured above and below Tz.
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rounding that becomes apparent for logqo t & —3.2,
and, as already remarked, data points within this
range are excluded from the power-law analysis.
As shown in Fig. 5, reasonable linearity may be
obtained for the remaining data (at larger values
of logqpf) for choices of Tc over a range of several
tenths of a degree. In short, the linearity of (2) in
itself is insufficient as a criterion for fixing either
T& or the &'s precisely.

Our approach to this ambiguous situation is to
treat T& as an adjustable parameter and study the
variation of o.' and + over a range of T& values near
the maximum in C„. This variation is shown in
Fig. 7 where it is seen that the & and &' curves
cross for a choice of T~- 0. 13 K above the maxi-
mum of the C„* curve. Statistical uncertainty in
the & values derived by least-squares analysis of
(2) is indicated by the parameter o.

It is evident from Fig. 7 that a variation of 0. 1
K in the choice of Tc leads to substantial change in
the & values. If Tc is chosen to correspond to the
maximum in C„*, the resulting values of the exponents
are n =0. 00 and n'=-0. 18 in agreement with other
recently reported measurements on ¹i.&" How-

ever, the fact that the exponents differ is inconsis-
tent with theoretical arguments which require that
Q= Q ~

Considering the subjective elements which enter
into the analysis of such data, it seems that choosing
Tc at the crossover point has more fundamental
justification than choosing it at the maximum of C„.
Furthermore, statistical analysis shows the rms
deviation of the experimental data from (1) to vary
slightly with the chosen value of Tc, and it passes
through a weak minimum near the crossover point.
The variation in the quality of the fit is not suffi-
ciently pronounced to be decisive in itself, but, con-
sidering the theoretical arguments for equal ex-
ponents, we believe that choosing T& at the cross-
over point provides the best interpretation of these
data. Applying this criterion, we obtain T~ = 631.58
K from which value it follows by least-squares
analysis that

for T &Tc, ~= -0.10~0.03,
A = l.609 + 0.005 J/mole K,
K = 13.49 a 0.03 J/mole K;

for T& Tc, +'= —0.10+0.0
A ' = 1.416 a 0.005 J/mole K,
K'=15.67+0.03 J/mole K .

These are the constants used to calculate the solid
curves shown in Figs. 3 and 4. From these figures
it is evident that the upper and lower branches of
(1) give a satisfactory representation of the experi-
mental data except for the region of about 0.5 K

3. Analytic Representation of C„* near Tc

Near T&, the experimental data can be represent-
ed by an interpolation function h (T) introduced to
describe the rounded discontinuity exhibited by the
measured points. To construct h(T) we define the
continuous power -law function

F(T)= (A/a)f -+K

F(T)-=(A'/o. ')f '+K for T& Tc . (3b)

Note that K is used instead of K' in (3b) so that F(T)
is continuous, showing a cusp at T& instead of the
discontinuity (A=K' -K) shown by (1). The desired
interpolation function is now defined as

(4)

where C„*(T) represents the observed data points.
If F(T) is evaluated using the constants n, n',

A, A', and K (obtained in Sec. IIIA2), substitution
in (4) gives as a first approximation the function
hp(T) shown in Fig. 8. kp(T) contains a sharp and

physically implausible negative cusp which reflects
the cusp at Tc in F(T). Elimination of the objec-
tionable cusp requires modification of F(T) to mod-
erate the extremely rapid rise that occurs close to
Tc'

0.1-

(Dc 0
CLx
Ijj

-0.2-
631.4 631.5 631.6 631.7

Choice of Tc (Kelvin)

631.8

FIG. 7. Variation of exponents & and e' as a function
of Tc. Light curves indicate variation of the estimated
statistical uncertainty 0~.

near T~. %'ithin this region, the distinctive fea-
tures of (1) are (a) the extremely sharp rise of the
analytic expression as f - 0, and (b) a discontinuity
A=K'-K= 2. 18 J/mole K at Tc.

As already remarked, the experimental data fail
to follow the power-law increase for t & 3~10, but
there is clear evidence of the discontinuity in the
general downward shift of C„* values for T & Tc.
This suggests that the transition region in the actual
Ni specimens follows a smeared out discontinuity
instead of the sharp step expected on the basis of
(1). Two approaches to an analytical description
of the experimentally observed transition region are
described in Sec. IIIA3.
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transition. Further experimental data on the effect
of physical and chemical impurity on the shape of
the transition will be presented in Sec. IIIA4.

Various authors ' have approached this prob-
lem by treating the rounding exhibited by real spec-
imens as the integrated result of a continuous dis-
tribution of Curie points centered about an average
value Tc. Such a distribution may be regarded as
arising from small differences in the critical tem-
peratures of microscopic regions within the speci-
men. Assuming this distribution to be Gaussian,
we use the function

f(x) —(I /gg 2~) 8 ~~ rc ~2 t2~ (8)

FIG. 8. Interpolation function h(T) obtained from (4).
The effect of substituting (5) for t in Il (T) is shown for
several va1ues of y.

(A' -A)(r/T, ) +(K'-K) .
Since A &A', the size of the discontinuity, A(r),
increases with increasing values of 7. The effect
of the choice of 7 in modifying the behavior of h(T)
is illustrated in Fig. 8. A reasonable looking h(T),
free of cusps and ripples, is obtained for the choice
v'= 0.030 K.

Recently, McCoy and Wu have pointed out that
the rounded transition given by (5) approximates the
result obtained in their theoretical analysis of the
effect of impurity content on the ferromagnetic

An analytic expression which accomplishes this
has been given by Teany, van der Hoeven, and
Moruzzi. ' The ordinary reduced temperature t is
replaced by a "complex" temperature u defined as

u -=[t'+ (r/T )']'t ~

where 7 is a characteristic temperature increment
whose value may be chosen to give the best fit to
the experimental data. Substitution of u for t in
(3a) and (3b) causes the argument of F(T) to approach
the constant value ~/Tc as t- 0. In effect, choice
of r permits a rounding of the cusp in F(T) for val-
ues of t & 7'/Tc, thus providing a better fit to the ex-
perimentally observed rounding at Tc.

Since u- t for t & r/Tc, substitution of u for t in
(3) has negligible effect on the c.'s, A' s, and K's
which are determined by the form of the experi-
mental curves away from Tc. However, the sub-
stitution does affect the size of 6 which now be-
comes a function of v. If, as previously inferred,
G= Q. , then

limu ' = limu
'

= (r/Tc) (8)
T TcI T" 7'c

and, from (3),

where & is a measure of the half-width of the dis-
tribution. The experimental specific heat C„(T) is
given by the convolution integral of (1) with (8),

I (T) =C+ (T) -F'(T), (10)

where C„*(T) is given by (9) and F'(T) is the convo-
lution integral

F"'(T)= f F[t(x)]f(x)dx

and F[t(x)] is the function defined in (3a) and (3b).
The resulting F'(T) is qualitatively similar to the
result obtained by substituting u for t in (4). Sub-
stituting from (9) and (ll) in (10) we obtain

h(T) f(C[t=(x)] —F[t(x)] If(x) dx
0

=~ f f(x)dx

where, as before, b =K' -K. The resulting h(T)
is qualitatively similar to the curves shown in Fig.
8 but without the variability in A. In fact, it has
the same asymtotic form as ho(T) but is smooth
throughout the transition region.

In principle, it should be possible to infer the
form of the distribution function f(x) from the ex-
perimentally measured C„*(T)by solving (9). How-
ever, the present data are described to within the
accuracy of measurement by the assumed Gaussian
distribution (7). No clear theoretical basis for
deriving f(x) appears to exist at present. Further

C„*(T)= J C[t(x)]f(x) dx, (9)
0

where C[t(x)] is (1) evaluated for the argument t(x)
=(T x)/Tc. -Evaluation of (9) was done numerically
using the values of Tc, the 's, A' s, andK's given
in Sec. IIIA2, and choosing ~=0.10'C by trial.
The resulting curve, shown by the dashed line in
Fig. 5, gives a satisfactory representation of the
experimental data throughout the transition region.

The distribution function (8) may also be used to
calculate the interpolation function h(T). Applying
the definition of (4) to the situation of a continuous
distribution of Curie points we have
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work is required to identify the physical variables
responsible for the rounding of the specific-heat
maximum. Some preliminary observations are
described in Sec. IIIA4.

4. Physical Influence on Rounding

It is well known that alloying additions to Ni change
the apparent T& and also cause significant round-
ing. & McCoy and Wu have pointed out that, at
low concentration levels, physical impurity (i.e. ,
vacancies, dislocations, or isotopic mixtures) should
produce effects comparable to that resulting from
chemical impurity.

Mass-spectroscopic analysis was made of the
signal-crystalline Ni specimen after the specific-
heat measurements. The principal impurities
present were (in ppm at. %) Cu(58), Co(793), Fe(114)
Si(990), Al(140), and Na(256). (This represents
a substantial degradation from the purity of the
starting material from which the single crystal was
prepared. Efforts are continuing to produce cleaner
single crystals. ) The relatively large impurity con-
tent seemed a likely cause of the observed round-
ing.

To check this surmise, specific-heat measure-
ments were made on an analytically verified speci-
men of 99. 999% Ni polycrysi'alline foil of 0.025 mm
thickness. The results are shown as curve B in
Fig. 9 where curve A shows the single-crystal data
for comparison. It is evident that the impure crys-
tal has an appreciably sharper transition. Apparent-
ly, the polycrystalline structure (grain size - 0.03-
0. 10 mm) is more important than the chemical im-
purity.

To pursue the effect of crystalline imperfection,
a specimen of the same impure single-crystalline
Ni was deformed (by mashing between hardened
and polished steel plates in a press) to 60% of its
original thickness. The specific heat was then
measured in the deformed state (without the usual
annealing treatment). The resulting curve, shown

O
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FIG. 10. C& for single-crystal Ni in various magnetic
fields applied parallel to the plane of the specimen.

as C in Fig. 9, shows the greatest degree of round-
ing observed.

Finally, the deformed specimen was subjected to
the standard annealing treatment (750 'C for about
5 h), during which recrystallization occured yielding
a grain size - 0.1-0.3 mm. Upon remeasurement
of the specific heat, it was found that the results
(curve D of Fig. 9) were indistinguishable from the
data obtained with the high-purity polycrystalline
foil.

These results indicate that the dislocation density
(which was greatest in curve C) has a much greater
effect on the rounding than the approximately 0.1%
impurity present in the annealed single crystal.
Further study of the effect of physical and chemical
impurity is in progress.

B. Effect of Applied Magnetic Field

Preliminary measurements have been made of
the effect on C„*(T) of magnetic fields up to 240 Oe.
The field was applied parallel to the plane of the
specimen (i.e. , the direction of minimum demag-
netizing factor). With the present experimental
resolution, a parallel field of about 4 Oe is the min-
imum field for which a detectable change in CI,(T)
can be seen. These results are plotted for the tem-
perature range near T~ in Fig. 10. For all field
values, the C„*(H, T) curves join smoothly although
the temperature interval of observable displace-
ment in C„ increases with increasing field.

With increasing field, the pattern of displacement
in the C„*(H, T) curves is that expected from the
thermodynamic relation

630 632
T (Ke Ivin)

633 634

FIG. 9. Effects of crystalline imperfection on the
apparent rounding of the specific-heat maximum at T&.

where CH denotes the specific heat at constant field
and I is the specimen ma, gnetization. In other
words, the field-induced displacement of the spe-
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cific heat is proportional to the curvature of M(T). 5

Griffiths has proposed that the specific-heat
data should scale according to the relation

(C„-Co)h"'8'= g(f/h"")

~ R„„2 Maher BI McCormick
' Run I

—Pre sen

g
I

'
I

with these values of & and P, gives 6=4. 6, a value
which is also consistent with the magnetization
data.

Figure 11 is a test of (1S) with data for all field
values plotted as (C„—Co) h ~~' vs f/h'~8'. When
scaled in this way, the C„*(H, T) values coincide
very well below T~ and fairly well above Tc. Data
for magnetic fields about 100 times greater than
used here have been reported recently by Korn and
Kohlhaas. When plotted in the form of Fig. 11,
their data show substantial scatter although the
qualitative shape is the same as for our low-field
results. We believe the increased scatter shown

by the Korn and Kohlhaas results is probably relat-
ed to their difficulty in obtaining precise values of
C„*(T) in zero field.

IV. DISCUSSION

The present finding that &= &' = —0.10 is consis-
tent with current theoretical understanding, agree-

0.2-

0
C3

-0.2-
O

-0.4-

v 250e
& 600e
~ l200e
~ 240 Oe

0
t

h(l /PS)

FIG. 11. Scaled plot of specific heat of Ni for several
values of applied magnetic field.

where g is an undetermined function of the param-
eter f/h'~8'. The exponential constants P and 6,
respectively, specify the power-law dependence of
the magnetization on the reduced temperature t and
reduced field h. a is the same constant introduced
in (1). Griffiths's relation is inferred from the as-
sumption of a unique magnetic equation of state
whose existence has been experimentally con-
firmed. The experimental variables C„*(II,T) and
H are normalized by defining a reduced field A

HMO/k —Tc and letting C„-=C„*(H, T)/H, where Mo is
the saturation magnetization at T = 0 K (Mo= 0.616
pe/atom '), k is Boltzmann's constant, and H is
the universal gas constant.

The constant P =0.378 is obtained from magnet-
ization data and the present C„*(T)data give o'

= —0.10. Applying the scaling law

30—
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FIG. 12. Comparison of present data with values re-
ported in Ref. 17. Solid curve gives values of Table I.
Agreement is improved by reducing our T values by
about 2 K as shown by dashed curve.

ing exactly (although perhaps fortuitously) with the
theoretical calculation of Jasnow and Wortis which
is based on the classical Heisenberg model. It
also shows excellent consistency with magnetization
data which are related via the scaling law

Kouvel and Comly have reported the values P
= 0.37 + 0.004 and 6 = 4. 58 + 0.05, from which we
have

P(6 + 1)= 2. 11+0. 04 .
This is to be compared with our value

2 —& = 2. 10+ 0. 03 .
As noted in Sec. III our preliminary measure-

ments of the effect of a magnetic field on the spe-
cific heat provide further support to the scaling law
relating n, P, and 5. Since the field dependence
of the specific heat is directly related to the mag-
netic equation of state, it should be possible to cal-
culate C„(H, T) from magnetization data. However,
the analytic expressions for the magnetic equation
of state used thus far do not readily yield the ex-
perimental values of C„(T) for H = 0.

The criterion used to determine T~ in the present
work (for H= 0) indicates the value to lie close to
the temperature at which (S M/ST )z = 0. Our mea-
surements in applied fields (see Fig. 10) indicate
this point to be relatively insensitive to the magni-
tude of the field. Similar conclusions apply to the
data of Korn and Kohlhaus for much larger fields.
In both cases, the amount of shift in the inflection
point of the M-vs-T curves is within the experi-
mental error in T over the observed range of ap-
plied field. If it is valid to generalize from the ob-
servations at H=0 and define T~ as the temperature
of the inflection point in the magnetization curves
at constant field, then it follows that T& is not ap-
preciably shifted by an applied field.
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A substantial field-dependent shift in T~ of Ni has
been reported recently by Drabkin et al. ' on the
basis of scattering experiments using polarized
thermal neutrons. The value reported is hT~- —1.0 K at H= 20 Oe and it varies as H~ for smaller
fields. Referring to the curve for H = 25 Oe shown

in Fig. 10, the value of Drabkin et al. is about the
same as the half-width of the temperature range
(symmetric about Tc) in which C~ is shifted from
the H= 0 curve. Drabkin et al. do not explain how

their neutron intensity data can be related to Tc and
we believe their interpretation is doubtful. The evi-
dence of Fig. 10 suggests that their neutron data in-
dicate the onset of the field-induced rounding of the
transition and are not characteristic of T~.

Our experimental results show important differ-
ences when compared with the recently reported
work of Maher and McCormick (MM). ' In terms
of basic observables, the nature of the difference
can be presented graphically by plotting C~ vs T for
the two investigations as is done in Figs. 12 and 13.
The data of MM are shown by the discrete points
while the continuous indication of the present mea-
surements is shown by the strip whose width rep-
resents our estimated experimental uncertainty.

Over the 100-K span covered by both investiga-
tions there is reasonably good agreement, although
the experimental scatter of the MM data'. is noticeably
larger than ours. Agreement is slightly improved
by shifting our temperature scale downward by
about 2 K to make the observed position of our max-
imum in C~ coincide with the MM result.

Within +0. 1 K of the Curie point, a tight cluster
of data points appear to define a sharp cusp with a
maximum value about 6% greater than indicated by
our ac measurements. These data are interpreted
by MM to indicate a power-law dependence of the
form of (1) which holds for t & 10 '. The same data
are plotted with a greatly expanded T scale in Fig.
13. It will be noted that our data, recorded con-
tinuously and with an experimental resolution at
least equal to that claimed by MM, fail to show any
indication of the sharp cusp at T~. Thus the two
measurements disagree on a basic qualitative fea-
ture of the transition.

The source of this disagreement must presumably
be explained in terms of the differing procedures
followed in the two measurements. The MM data
were obtained on one 17-g specimen of single-crys-
talline Ni whereas the present data were found re-
producible for 6 different (but much smaller) single-
crystalline specimens. On the basis of information
provided by the supplier of MM's specimen it was
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FIG. 13. Comparison of present data with values of
Ref. 17 in a temperature range very close to the specific-
heat maximum. The shaded band represents the esti-
mated relative experimental uncertainty in our C& values.

probably purer than ours but no confirming analysis
is available. However, the observations described
in Sec. IIIA4 indicate the contribution of chemical
purity to rounding to be less important than physical
imperfection. The MM data were obtained following
the conventional procedures of adiabatic calorimetry
but, by careful technical refinements, usingtemper-
ature rises of the order of 0.01 K to obtain the de-
sired resolution. Rather than attempting an abso-
lute determination of C~, their experimental values
were normalized to fit an average of previously
published C~ data in substantially the manner used
in treating our own data.

Considering all the known differences in the two
measurements, the reason for the discrepancy in
the apparent sharpness of the transition remains
obscure. Further efforts are now in progress to
see whether sharper transitions in Ni can be ob-
tained using the ac method.
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Heat Capacities of Fe(HCOO), 2H, 0 and Ni(HCOO)2 2H20 between 1.4 and 20 'K~
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The heat capacities of Fe (HCOO) 2
' 2H20 and Ni(HCOO) 2

' 2820 have been measured between 1.4
and 20'K. Peaks associated with long-range spin ordering are found at 3.74'K for Fe(HCOO)2

2H20 and at 14.5'K for Ni(HCOO)2' 2H20. An additional Schottky-like maximum occurs at 3'K in
the heat capacity of the nickel salt. These anomalies can be correlated with corresponding fea-
tures of the observed magnetic susceptibilities, A unit cell of these salts contains two each of two
inequivalent metal ions, types A and B. Formate groups form AA and AB bridges and are thought
to mediate the dominant superexchange interactions. The thermal data show that the AB interac-
tion is much weaker than the AA interaction in Ni{HCOO)2 2820; for Fe(HCOO) 2'2H20 their rela-
tive strengths could not be determined.

INTRODUCTION

En a previous paper' we described measurements
of the low-temperature heat capacity of manganous
formate dihydrate, Mn(HCQO)z ~ 2H20. In this paper

we report the heat capacities of the related salts
Fe(HCOO), ' 2HzO and Ni(HCOO)z ' 2HzO.

Ferrous formate dihydrate2 and nickelous for-
mate dihydrate have both been shown to be isostruc-
tural with Mn(HCOO)z ~ 2H~Q. The structure of


