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Specific heRt ID8Rsurements hRve been made on a series of lead-indium alloys containing
from 0 to 60 at. % indium. For each sample the data yieM precise (vrithin 11) values for
both the normal-state electronic specific-heat coefficient p and the Debye temperature Q.
In addition, though vrith less precision, both the bulk thermodynamic critical fieM H~(0) Rnd

the first generalized ~sburg-Landau parameter x& have been obtained. These results,
together with those previously obtained for the magnetic properties of the same system, provide
a set of comprehensive data for bulk thermal and magnetic properties of Pb-In alloys.
The data are examined in order to estabhshed to vrhat extent strong-coupling and electronic
structure effects may need to be incorporated into existing thteoretical treatments. A com-
bination of both effects is found to provide a quantitative explanation of the electronic specific-
heat changes observed on alloying.

The lead-indium alloy system is the first of a
series of alloy systems to be examined by Qs with
the object of providing reliable and comprehensive
experinwntal data to lIHpx'Gve oux' Qndex'standing of
superconducting alloy behaviox'. The present papex'
is one of a series repox ting the results of oux in-
vestigation. A previous paperx dealt primarily with
magnetic properties. The basic set of data, to be
discussed here have been obtained from specific-
heat measurements. Our IQaln conclu81ons 866IQed
to have significance outside the context of the Pb-In
system and have been reported briefly elsewhere. 3

In this paper the experimental results ax'e set out
in detail. Debye tempex atures, omitted from the
l3rief repox't, ax'6 px'esented and discussed. Finally,
all our data for the Pb-In system are collected to-
gether and our main conclusions summarized.

H. EXPKRJMENTAI. METHODS

A. Sample PreparafioII

The starting materials employed w'hen preparing
samples were 99.999% pure lead and indium. Each
melt was quenched into a, cylindrical ingot from
which cylinders 2. 5 cm diam by 2. 5 cm long were
machined. Chemical analysis was pex"formed on at
least two pieces cut from opposite ends of the ingot,
but no solute concentration differences greater than
I /q were encountered. A final chemical etch of the
saIQple sex'ved to 1educe 1IQpu1 lties 1ntx'odQced on
machining.

B. Cry ostat

The Debye temperature of pure lead is only 104 K
and is substantially reduced on alloying with indium,

Fox" all oux' samples, then there is a lax ge lattice
contx'ibution to the specific heat and measurements
must be IQade ovex' a teIQperature range extending
to mell below 1 K in ordex' to separate out the elec-
tronic contribution. Vfe therefox'e used a He cx'yo-
stat which extended our working tempex'ature range
do%n to O. g K. The measureIQent 1tself eIQploy6d
the conventional technique of supplying an accurately
known quantity of heat energy to the isolated sample
and monitoring the resulting temperatuxe rise.
How'ever, cax'eful px'ecautlons were necessary to
minimize error, especiaBy at the lowest tempera-
tures. Some of the measures adopted in this w'or@

may be desex'ibed by referring to the specimen
chamber schematic (Fig. I). This chamber, in its
basic deslgny 18 similar to one described by Lou-
LounasD1aa3 but includes the foBovring modifications:

(i) The background heat leak to the chamber has
been reduced by thermally anchoring tubes K and
M to a separately pumped 'He pot at l. 2 K (not
shown). Boththe chamber and Hepot are suspended

inside an evacuated can surrounded by 4He at 4.2 K.
(ii) In order to measure the specific heat in the

normal stete it is necessary to apply magnetic
fieMs of up to 8 kG to the samples. If the gerxna-
nium x esistance thermometer employed for tempera-
ture measux"ement is placed in such a field, trouble-
SOIQ6 D1agnetox'6818tance cox'1ectlon8 can occux'.
This difficulty has been overcome by surrounding
the thermometer with superconducting Nb38n, using
the same material as that employed in the shielding
experiments of Benaroya and Mox'gensen. The
saIQple itself still experiences essentially the full
applied field, since the thermometer (N) and shield
(0) are mounted well away from it on one end of a
5-cm-long copper post. The other end of the post
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energy to the sample. Cooling is achieved by pull-
ing on the stainless steel wire (J), the linkage ar-
rangement shown closing the jaws of the switch with
a force of the order of 10' dyn. On releasing (J),
the leaf spring (F) pulls open the switch, isolating
the sample ready for measurement.

FIG. l. Speciman chamber of cryostat: A, sample;
B, heater cap; C, heater wires; D, goM ribbon; E,
heat switch jaws; F, Becu leaf springs; 6, adjustment
screw; H, quartz tube; I, bellows; J, .ieat switch
wire K Hes pumping line; L, Hes pot; M, Hes vapor
pressure line; N, germanium thermometer; 0, Nb38n
magnetic shield; P, glass metal seal; 8, thermal con-
tact with Hes; 8, copper can for shield.

Heat energy may be applied to the sample by
passl11g clll'I'en't through a lellgtll of 0.0025-CII1-dlaIII
Pf 9%W aQoy wire. A measurement consists of
electrically heating the sample for a predetermined
period, usually of the order of 1 min, and observing
the resultant change in sample temperature. Un-
avoidable extraneous heat inputs are allowed for
in the usual way by monitoring the sample tempera-
ture between heating periods and extrapolating to
the middle of the period to establish a drift-cor-
rected change of sample temperature, AT. In ad-
dition, the measured heater power is corrected for
the smaQ effect of dissipation in the leads not wound

directly onto the sample by adding half the dissipa-
tion in leads below the 3He bath to the power sup-
plied to the heater (C), a method proven by Neigh-
bors to be quite accurate. Normal-state measure-
ments were made in magnetic fields larger than

Jf,a(0) where that field for each alloy was taken from
our previous work. ' The measured specific heat
C„was then least-squares fitted to the equation

is screwed into the sample, Apiezon N grease being
used for improved thermal contact. In operation,
the magnetic field and its rate of increase were
limited to maxima of 13 kG and 200 G/min,

res-

pectivelyy. Under these circumstances it was found

that no Qux penetration occurred sufficient to affect
the thermometer reading by more than the resolu-
tion of the measurement (+0. 5 mK). The thermom
eter calibration was divided into four overlapping
ranges. Above 4 K it is traceable to the gas ther-
mometer and vapor pressure calibration of Osborne
et al. 5 From 2. 2 to 4 K and 0. 7 to 2. 2 K the vapor
pressures of He and He, respectively, served as
calibration standards. Between 0.4 and 0. V K, the
heat capacity of a piece of pure platinum was em-
ployed. The overlap consistency was to 1 mK ex-
cept at 4 K where it was to 2 mK. All calibration
data for the resistance R of the thermometer read-
ing T between 0. 4 and 8 K were least-squares fitted
to the equation

r =Z A.„(Inst ) +Z aP

(iii) A simple heat switch (E) similar to switches
used by Manchesters and Cochran et a/. ' has beenused.
Qn opening, it introduces less than 10 erg of heat

This expression was found to give a fit, to within
experimental error, up to 1.7 K for pure lead and

up to 1.2 K for the Pb-60%-In sample which has
the lowest 9~. These limits correspond quite well
with the expected range of validity of (2), namely,
to temperatures below QD/50. Measurements were
also made in zero magnetic field in order to estab-
lish C„ the specific heat in the supereonducting
state. Using these experimentally determined val-
ues of C,(T) and C„(T), one can calculate the Gibbs
potentials G,(0) and G„(0), and thence obtain H, (0),
the thermodynamic critical field at zero tempera-
ture, from

H, (0) =( sv[a„(0) —C, (O)] }"'. (2)

III. RESULTS AND ACCURACY

The basic parameters established will now be
presented, together with estimates of the accuracy
with which they are known. The data are summa-
nzedxn Table I which also records our previous re-
sults for convenience of reference.

A. Thermodynamic Critica1 Fic1d 8 (0)

A value of H, (0) was found in two independent
ways:

(i) Using the measured values of C, and C„ to



V96 C ULBE RT, FARRE L, AND C HANDRASEKHAR

O t O CD
o W t
~ ~ ~ ~ ~ ~ ~MnW&nn

N CO W W O lQ
o ~ CO ~ ~ EQ

0 ~ ~ e ~ ~

o Wnnnnn

compute the Gibbs potentials which were then in-
serted in Eq. (3), we obtained H, (0) for all alloys
except Pb-60%%uc In. [For that sample experimental
difficulties prevented us from obtaining C,(T). ] Al-
though C, and C„are separately known to high pre-
cision, as will be discussed later, the difference
between them is small enough to limit the experi-
mental precision of H, (0) obtained in this way to
~ 5%.

(ii) From the BCS theory we have
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where 60 is the gap parameter at T = 0 K and k is
Boltzmann's constant. Inserting the experimental
values obtained here for y and available values for
60, one obtains H, (0) = 875 Oe for pure lead com-
pared with the accepted experimental value of 803
Oe. It was shown by Swihart, Scalapino, and Wada
that inclusion of strong coupling brings theory and
experiment into quite close agreement. It has been
shown experimentally that the parameter 2hgkT,
changes less than 3'%%uo for Pb-In alloys over the en-
tire range of primary solid solution, and also that
the phonon spectra for the alloys are not drastically
different from the spectrum for pure lead. '0 These
observations suggest that the strong-coupling ef-
fects in the alloys are likely to be similar to those
in pure lead, and that one might estimate H, (0) for
the alloys using the measured p and T together with
a simple scaling procedure, viz. ,

y i/2
H, (0)= Hc (0)=803

~c (Pb) ~Pb
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'(values of H (0) obtained from this expression are
listed in Table I and can be seen to be in reason-
able agreement with those obtained from Eq. (3).
The exPn&nental precision enables one to evaluate
Eq. (5) to 1'%%uo or better.
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B. Ginzburg-Landau Parameter Ic,

In our previous paper' the behavior of the second
generalized Ginzburg-Landau parameter was dis-
cussed in some detail. With the reliable values of
H, (0) now available we now complete our study of
the Ginzburg-Landau parameters by examining the
behavior of z„defined by

x, (t)=H.,(t)/v ZH, (t) .

In general the temperature dependence of H, (t) may
be expressed as

H, (t ) = H, (0) [1 —t +f (t)], (7)
O O O O O O

LQ CO

I I I I I I

C4 4 C4 C4 C4 C4 A ~,

where f (t) represents the departure from parabolic-
ity of H, (t). To obtain x, (1) we insert Eq. (7) into

Eq. (6) and differentiate to obtain
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a;(1)= —
~~ ( ") IH, (0) 2-(.—) }

(8)
The values of (df/dt), , for pure lead and indium are
—0. 07 and + 0. 07, respectively, and there is a
good qualitative correlation in the pure element
superconductors between the algebraic magnitude
of this quantity and the coupling strength. " As al-
ready mentioned the electron tunneling evidence
indicates that the coupling strength is approximately
constant for the alloys. Hence, by adopting the pure
lead value for (df/dt), , it is most unlikely that an
error of more than a few percent is introduced into

x,(l). Using experimental values of H, (0) from
Eq. (3) and (dH, ddt), , from Ref. 1 and setting
(df/dt), , = - 0. 07, the x,(1)values shown in Table I
were obtained. [An H, (0) value from Eq. (5) was
used for the Pb-60'%%uo-In sample in the absence of
an experimental H, (0) for this concentration. ]
From the above considerations we estimate a max-
imum error of + 10% for x,(l) obtained in this way.

Turning to the temperature dependence of x&, in
our previous note we reported values of the ratio
Kg(0. 2)/Kg(1), where x~(1) was obtained from the
(assumed) identity, x, (1)=x2(1). However as can
be seen from Table I, x, (1) and x2(1) show some
deviation at the higher indium concentrations.
%hatever this is due to, it is clear that it is incor-
rect to invoke the identity, as was previously done,
and we return to Eqs. (6) and (7) to obtain the ratio
in the form

C. Debye Temperatures

Values of the Debye temperature e~ are derived
from the coefficient ct in Eq. (2) in conjunction with

the Debye model of the lattice specific heat. Re-
sults are set out in Table I. Errors, estimated
from the mean-square deviation of a least-mean-
squares fit to Eq. (2) are considerably less than 1'%%uo

in all cases as can be seen from the table.

D. Electronic Specific-Heat Coefficient y

Values of y obtained from a least-mean-squares
fit to Eq. (2) are set out in Table I, together with
error estimated based on the deviations. There is
remarkably little change in y, less than 8%%u). , across
the entire alloy phase.

F. pter Collected Data

For convenience, some data from our previous
paper' have also been presented in Table I. Kgg„,
is the theoretical value of the Ginzburg-Landau pa-
rameter calculated from the Gorkov equation

x,„...= 2~2eH. (t) X', (hX(t))]-',

where e is the electronic charge, H, (t) is the bulk
thermodynamic critical field of pure Pb, and X, is
the London penetration depth in small fields,

1
(2n+1)'(2 1 )

and

x, (0. 2) „( )
1 ,' (df/dt) .-—

x, (1) 0. 96+f(0. 2)
(9)

where

h*(0. 2) = —H,2(0. 2)
i dt

Kg(0. 2)/Kg(1) = 1.35 + 0. 04 .

The error limits include both the experimental un-

certainties and the maximum uncertainty that we

admit in the coupling strength, i. e. , assuming
simply that it lies somewhere between that for Pb
and In.

is a parameter for which our direct experimental
measurements coincide closely with available theo-
ry. ' The term in brackets in Eq. (9) changes very
little with coupling strength. From data in the lit-
erature, we calculate that for pure lead it is equal
to 1.06, for pure indium 1.02, and in the BCS weak-
coupling limit it takes the value 0. 97. Further-
more, h*(0. 2) changes very little with indium con-
centration; in fact, for all our alloys, h*(0. 2)
= 0. 65 a 0. 1. Therefore, for all concentrations

p= 0. 882)o/l .

In the last expression, $0 formally represents the
coherence length for /- ~, and / is the average elec-
tron mean free path. Further details of this calcu-
lation are given in Ref. 1. K2(1) is derived from the
extrapolation of the x~(t) data to t =1. x2(t) was cal-
culated directly from the initial and final slopes of
the magnetization curves as reported in Ref. (1).
T, is the transition temperature and p„ the normal-
state residual resistivity at 4. 2 K. Z„(0) is the
mass-renormalization parameter calculated for
these alloys up to 45 at. % In by Wu' using the data
of Adler, Jackson, and Chandrasekhar. ' The re-
sult of that calculation could be expressed by

Z„(0)= 2. 49 —0. 005m,

where x is the atomic percent of In in the alloy.
Equation (11) was used to obtain the results set out
in Table I. It is not easy to assign an uncertainty
to this estimate of Z„(0). However several previous
investigations' ' for pure lead have given values
within 5% of that used in Eq. (11). Hence, it is
thought that Z„(0) for our alloys is unlikely to be
uncertain by more than this.
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IV. DISCUSSION

A. Thermodynamic Critical Field H, (0)

Referring to Table I, the two values of H, (0) ob-
tained for each alloy agree to much better than the
5% error placed on the value obtained by integration
of the specific-heat data. As can be seen from the
table, H, (0) itself varies by less than 10'%%uo across
the entire solid solution range.

B. First Ginzburg-Landau Parameter x I

I IO

p
8

IOO—

hC

o 90

I I I I I I I

0+

The values of «,(I) displayed in Table I evidently
agree very well with ~,„„„obtained from the Ginz-
burg-Landau-Abrikosov-Gor'kov (GLAG) theory.
This is in contrast with «, (1) which shows a marked
25/p deviation at higher concentrations. It is prop-
er to recall that «&(1) is shown only to + 10%%uo, «2(1)
to +5%%uo, and «,„„,to +5%. Nonetheless, while not
experimentally very clear cut, the 25% divergence
between «z(1) and «,(I) does seem to suggest a
breakdown of the widely assumed equality «,(1)
=«2(1). We note that the equality holds below
30 at. % In but breaks down above that concentra-
tion.

Turning to the temperature dependence of Ky,

no theory is available which includes strong-cou-
pling effects. If pure s-wave scattering is assumed,
and if the BCS form for H, (t) is used, the predic-
tions of Eilenberger' for the ratio «,(0. 2)/«, (1)
reduce to those of Helfand and Werthamer' for the
quantity h*. Our direct experimental data are for
h* and they agree closely with the weak-coupling
calculation of Helfand and Werthamer. If we fur-
ther take reasonable values for f(0. 2) and(df/dt), ,
in our alloys we get the estimate given by Eq. (10),
viz. , «,(0. 2)/«, (1) = l. 35 This differs somewhat
from Eilenberger's result for the same ratio(- l. 20)
but the difference is small and, as remarked above,
if BCS values are taken for f(0. 2) and (df/dt}t, ,
his result is retrieved. Our conclusion is that the
available weak-coupling theories for «&(t) are both
consistent with each other and essentially correct
and that the strong-coupling corrections are likely
to be small.

C. Debye Temperature

The values for 8D set out in Table I are plotted
in Fig. 2 together with data obtained by other
workers for pure lead&8-20 a,nd lead-ba, sed sys-
tems. ' It can be seen that the initial rate of
decrease can not be distinguished for In, Tl, and
Bi and, furthermore, that the results for In and
Tl as solutes are identical over our entire com-
position range. A somewhat similar general de-
pression of eo is observed for noble-metal alloys
where only by introducing very light atoms such as
Be or Al can one produce any increase of e~.
Zener has given arguments which can be used to
relate the noble-metal results to a change in elas-

80—
0
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0 IO 20 30 40 50 60 70 80
IMPURITY CONCENTRATION (04%}

FIG. 2. Debye temperature e~ for lead and lead-
based alloys: 6 Pure lead, Ref. 15; 0 Pn.-In, this work;
U Pb-In, Ref. 17; ~ Pb-Tl, Ref. 16; +Pb-T1, Refs. 18
and 19; V' Pb-Bi, Ref. 16.

tic moduli obtained from an elastic confjnuum mod-

el for the distortions round an impurity. However,
the same arguments predict changes an order of

magnitude too small to account for the data in lead
alloys. Furthermore, the predicted effects depend
on the square of the difference of the ionic radii
and this factor is very considerably different for
the three solutes. At this time it appears exper-
imental information is available for only a few other
basic physical parameters, but in nearly all eases
the different solutes do produce significantly dif-
ferent effects (lattice spacings, "melting points,
and superconducting transit on temperaturem}.
In the case of residual electrical resistivity'" the
data for In, Tl, and Bi scatter very little around
a value of -0. 8 p, 0 cm/at. %, but one does not an-
ticipate any particularly close connection between
residual resistivity and the Debye temperature.
Hence the identical values for OD are quite sur-
prising and although the coindicence is regarded
a,s soundly established experimentally we are un-
able to offer any explanation for it at this time.

D. Electronic Specific-Heat Coefficients

The values set out in Table I are plotted against
electron-atom ratio in Fig. 3. The band calcula-
tion by Anderson and Gold for pure lead exhibits
an increasing density of states with decreasing en-
ergy below the Fermi energy of lead. The rigid-
band model can be applied directly to obtain a spe-
cific-heat coefficient for the alloys p~ and the re-
sulting variation of y„with 3 (s = electrons per atom}
is shown normalized to the observed specific heat
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FIG. 3. Electronic specific-heat coefficient g, plot-
ted against electron/atom ratio p for Pb-In 811oys:
4 is the experimental values obtained in this work;
dashed curve is p~, the "rigid-band" model prediction
for p {see text); solid curve is pz*, , the "rigid-band"
model prediction, corrected for changes of electron-
phonon coupling with composition {see text).

at 8 =4. The experimental data show an initial
decxease as indium is added to lead whereas direct
application of the rigid-band model gives an increase.
However, there is a very strong electron-yhonon
coupling in these alloys and changes in its magnitude

may be introduced into the rigid-band model by
evaluating yg, where

yg = Z(0)y„/2. 49 .
Values for Z(0) were obtained from Table 1 and

the resulting yg are plotted in Fig. 1 showing ex-
cellent agreement with the observed values for y.
Considering the sort of assumptions made by any
rigid-band model, this agreement might be regarded
as fortuitous were it not for the fact that Clune

et a/. ' have already demonstrated a similar agree-
ment in the eases of both PbBi and I'bTl alloys
where the variations of y differ in, respectively,
sign and magnitude from the ease of Pb-In. Our
data lend convincing support to the quantitative

adequacy of the modified rigid-band model and con-
firm the dominant role played by electronic struc-
ture and strong-coupling effects in the electronic
specific heat of lead and its alloys.

E. Concluding Discussion

The over-all purpose of our investigation of the
strong-couyling Pb-In alloy system has been to
obtain comprehensive data on the magnetic and

thermal properties and by comparing these with

theory to establish the extent to which modifications

of the presently available weak-coupling spherical
Fermi-surface treatments may be necessary.

Changes of the normal-state electroni. c specifie-
heat coefficient y on alloying have provided per-
haps the most striking indication of the general
importance of strong-coupling and electronic struc-
ture effects for lead alloys. A simple calculation
gives a quantitative account of the changes in y and
as has already been shown by Clune and Green'9;
this is also the case for Pb- Tl and Pb-Bi alloys.
Some evidence has been presented on the basis of
which me have speculated that a change in electronic
structure occurs at roughly 30 at. % indium. The
evidence consisted of small anomalies in the plots
of T„nor mal- st ate resistivity and v against com-
position, together mith an apparent breakdown of
the relation va(l) =Il,(l). However experimental
uncertainties are sufficient to leave some scope for
drawing different smoothed lines through the data
so that more precise measurements for very many
more alloy compositions would be necessary to
put the effect on a firm experimental foundation.
Lattice spacing measurements ' which should cer-
tainly reflect any such change do not seem to have
been made over the composition range of interest.

Finally, turning to the possible effect of strong-
coupling corrections on the temperature dependence
of generalized Ginzburg-Landau parameters, our
evidence is that any such corrections are at present
less than experimental uncertainty and are likely to
remain so for some time. The parameter

is experimentally independent of indium concentra-
tion and a simple argument demonstrates that al-
tllollgil lt 18 Ilot a direct observabieq Kl(0, 2)/Kl(1. 0)
is therefore essentially independent of coupling

strength and given correctly by present theory.
Further, even though lax ge discrepancies with the-
ory are evident in our data' for x~(0. 2)/~2(1. 0) very
similar discrepane|es seem to occur for vreak-

coupling alloys. The difficulty with ~3 therefore ap-
pears to reflect a basic theoretical inadequacy which

is unlikely to be resolved by invoking strong-coupling
eorr ections.
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