
BULK-PLASMON DISPERSION SPECTRUM OF Be. . . V05

et aI, the existence of a plasmon line was not re-
ported, even for small values of the momentum
transfer. This, we assume, is due to their very
large experimental width which is of the order of
22 eV and therefore would overlap the plasmon
band. In our experiments the experimental width
is of the order of 11 eV.

In conclusion, we observe that in Fig. 2 the peak
of the plasmon line is well separated from TDS
and Compton lines which overlap. In Fig. 3 the
spectra for P = 17', 20', and 25' allow the separate
observation of the TDS and the plasmon peak. The

Compton band is observed as a weak bump.
The observed line is due to the bulk plasmon and

no attempt has been made to detect higher-order
plasmons. However in the case of Q = 6. 5 tt
might be possible to attribute the bump at the far
left to a second-order plasmon.
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Axia]. and planar channeling in thin single-crystalline gold foils has been investigated by
wide-angle scattering of monoenergetic positrons. The beam was obtained by accelerating
the positrons emitted from a Co source in a 1-MeV Van de Graaff. The results are in good
agreement with corresponding measurements for protons. For the planar case, classical
calculations are compared to calculations based on the dynamical theory of diffraction. The
results are very similar except for the "wiggles" due to wave interference, which appear in
the quantum-mechanical calculation. These, however, are difficult to resolve experimentally.

INTRODUCTION

The aim of this experiment is to shed some light
on the question of applicability of classical channel-
ing theory to the directional effects observed for
emission of electrons and positrons from a single
crystal. In Uggerhfjj's measurements' of the

angular distribution of electrons and positrons
emitted from Cu implanted in copper single crys-
tals, a quantitative comparison with theory or with
heavy-particle channeling was difficult because of
the radiation damage incurred during the implanta-
tion of the radioactive ions into the crystal. The
results for positrons, however, were consistent
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FIG. 1. Source spectrum, before and after acceleration.

The main experimental difficulty is to obtain a
monenergetic well- collimated positron beam. This

with a classical interpretation.
Because of reversibility (or reciprocity), the

same information can be obtained in an experiment
where the yield of some close-encounter process is
measured as a function of incidence direction of an

external beam on a single crystal. In such an ex-
perimental configuration, the radiation damage of
the crystal is avoided. Practically all the quanti-
tative information on heavy-particle channeling has
been obtained in this way. This paper reports such
an investigation of positron channeling. Parallel
investigations for electrons will be published sepa-
rately (see also Ref. 3).

For positrons, experiments with an external
beam present special difficulties. The problem of
obtaining a positron beam is discussed below. The
low-beam intensity necessitates the use of a reac-
tion with large cross section. For this reason,
forward Rutherford scattering in a thin single crys-
tal was detected. The use of a thin crystal also has
the advantage of defining the reaction depth. In a
thick target, this is difficult to do because of the
small energy-loss rate for relativistic positrons.

For the first studies of channeling of a positron
beam Behnisch et al. used a thick crystal. The
yield of characteristic x rays showed a strong dip
for positron incidence parallel to a major axis. As
stated by the authors, this result is difficult to
understand since the x rays originate from an esti-
mated mean depth of- 50 p, m. At such large depths
one would expect most of the positrons to be de-
channeled due to multiple scattering.

Note added in proof: Recently Walker et al. '
have observed channeling dips in both scattering
yield and Bremsstrahlung yield for very high en-
ergy positrons in rather thin silicon crystals.

POSITRON BEAM

was solved by mounting a - 50-mCi Co' source in
the terminal of a 1-MeV electron Van de Graaff.
The Co' was embedded in a 0. 6-mm resin bead
and mounted on a gold backing. Some of the source
characteristics and the measured positron spectrum
are shown in Fig. 1. It is seen that the half-life is
convenient and that, furthermore, both the P and

the p energies are fairly low. Only 16% of the
decays, however, involve P' emission.

The spectra in Fig. 1 illustrate the advantages
obtained by the acceleration. These spectra are
obtained with a silicon solid-state detector and

correspond approximately to the same counting time
and the same distance from the source. The P
spectrum before acceleration has a maximum at- 130 keV. After 0. 87-MeV acceleration, the spec-
trum looks somewhat different. The peak at 130 keV
now corresponds to a peak at-1 MeV, but another
very sharp peak has appeared at the lower side of
the spectrum. This may be explained by the focus-
ing due to the acceleration. Consider a positron
emitted from the source at an angle 80 to the axis
of the Van de Graaff, with momentum p0. The
transverse momentum is given by P~ = 8P and is not
changed by the acceleration, 8p = 80p0. Thus, the
angle 8 is inversely proportional to the momentum

P, and the intensity of positrons within a fixed
solid angle is proportional to P2. In terms of the
kinetic energy of the positrons, the intensity is
proportional to (E„„+2moc ) E„„. The enhancement
factor f is then given by

(Eo„+eV+2moc ) (E„„+eV)

(E'„„+2mo c') E'„,.
where E„„is the kinetic energy before acceleration
and V is the acceleration potential. For small
initial energies, obviously f can become very large,
thus giving rise to the sharp peak at the lower side
of the spectrum. The calculated value of the en-
hancement factor f is - 5 for E~„=130 keV and
V=O. 87 MV.

Thus, the first advantage of the acceleration is a
gain in total intensity within a fixed solid angle. The
second advantage is a reduction of the relative en-
ergy spread by almost a factor of 8. For both rea-
sons, a low P ~ is desirable. Finally, one can
discriminate against the y background after accel-
eration. This background is mainly due to Compton
scattering of the 0. 8-MeV y radiation and the
0. 5-MeV annihilation radiation from the source.
The relatively low energy of the y radiation is an
advantage here.

EXPERIMENTAL ARRANGEMENT

Figure 2 shows schematically the experimental
arrangement. The Co source is mounted in the
terminal of a 1-MeV electron Van de Graaff with
reversed polarity. The beam is focused by a fo-
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cusing magnet and collimated by two collimators to
within 0. 14'—0.3'. The beam intensity was 5-60
particles per sec, depending on collimation and
time (source decay). This is considerably lower
than might be expected from source strength and
solid angle. The main reduction is due to absorp-
tion in the resin bead.

The crystal is mounted in a goniometer allowing
two perpendicular tilts. An annular solid-state sili-
con detector counts positrons scattered to approx-
imately 4'-10', and a forward detector counts the
positrons transmitted through the central hole of the
annular detector. The multiple scattering angle is
small compared to the acceptance angle for the
annular detector, so that single scattering is detect-
ed. [Measurements of the multiple scattering of
1-MeV electrons in a 1200-A thick polycrystalline
gold foil give a mean scattering number of -3 and
a full width at half-maximum (FWHM) of - 1.2' for
the scattered part of the angular distribution. ] The
crystal used was a 1200-A-thick gold single crystal. '
The thickness was determined by an energy-loss
measurement using 1-MeV helium ions.

EXPERIMENTAL PROCEDURE
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FIG. 3. Measured dip along the closest packed
direction in gold, the (110) axis, d = 2. 8 A.

The experimental procedure was similar to the
standard procedure for heavy-particle channeling
measurements. The orientation of the crystal was
first determined using the planar diys. In these
initial scans, counting times of -2 min yer point
were sufficient. For some of the detailed scans
with good collimation, counting times of -2 h per
point were necessary.

The normal (random) yield was sometimes dif-
ficult to determine from an axial scan. It was then
obtained from a scan at some angle to the string.

Most of the y background was eliminated by en-
ergy discrimination. For incidence parallel to a
string, however, the contribution to the yield was
not negligible. During each scan, the contribution
was measured several times. This background has
been subtracted from the experimental curves.
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FIG. 2. Experimental arrangement.

RESULTS

A. Strings

Figure 3 shows the dip along the closest packed
axis in gold, the (110)axis. The dip is very strong,

about a factor of 20. The background correction
applied in this case was only - 1%. The width of the
dip is somewhat smaller than that calculated from
classical channeling theory. The characteristic
angle g, for a string with atomic spacing d is given
by

(2)

for relativisticparticles. ' In this case P =2',1

corresponding to an expected full width of -4'. The
rather large thermal vibrations in gold should lead
to a width lower by a factor of -0.8, ' assuming that
the rms vibrational amplitude p, measured perpen-
dicular to the string, is 0. 12 A. The observed width
is lower than this estimate by about 2(P/& Since.
discrepancies of this magnitude are not uncommon
for heavy-particle channeling (see, e. g. , Ref. 10),
a more decisive test is a comparison with the ex-
perimentally determined dip for proton scattering
in gold.

ton di
Such a comparison is shown in Fig. 4. Th e pro-

on ip was measured for 1-MeV protons, using
backscattering from part of the same gold sam-
ple, mounted on a silver backing. Backscattering
from the silver was eliminated by energy discrim-
ination of the backscattered protons. Since for
relativistic particles it is half the product of the
momentum and the velocity (i.e. , —,'Pv) that enters
in Eq. (2) rather than the kinetic energy, I-MeV
positrons should be compared to 670-keV protons.
For heavy particles, it is well established that the
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Fig. 4. Comparison of positron and proton dips along
the (110) axis. The abscissa scale for the proton dip
has been scaled from 1 to 0.67 MeV (see text).

width is proportional to E ' for not too low en-
ergies, hence the abscissa scale for the proton
curve has been multiplied by a factor of
(1.0/0. 67)'~ before comparison. The two curves
are independently normalized to random yield as
described above.

The resulting agreement is very striking. The
minimum yields and the widths are in almost perfect
agreement. The shoulders, on the other hand, are
quite different. This, however, is not surprising
since the shoulders are very sensitive to the azi-
muthal angle of the string scan. ' [Another possible
explanation maybe mentioned. At angles of incidence
g &g&, there is enhanced scattering to directions
corresponding to conservation of the angle relative
to the string (i. e. , conservation of transverse en-
ergy). The minimum acceptance angle of the detec-
tor is in fact about twice the angle of incidence cor-
responding to the shoulder region. ] It can be con-
cluded that for this case possible quantal correc-
tions to the classical picture are quite small.

The string dip has been measured for several
other less prominent axes. Figure 5 shows the dip
along the (ill) axis. This dip is only a factor of- 7 and considerably narrower than the (110)dip.
Table I summarizes the measured widths of the
three most prominent axes. According to Eg. (2),
the width should be inversely proportional to the
square root of the spacing d of the atoms in the
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string. This prediction is quite well fulfilled.

B. Planes

Measurements. Planar dips would be expected
to exhibit more structure due to interference phe-
nomena than string dips. In Fig. 6, a measured
(111)dip is compared with the result of a 13-beam
calculation. Clearly, the fine structure due to
wave interference is not resolved. The beam in-
tensity was too low to allow significant improve-
ment of the collimation. A similar scan and cal-
culation are shown in Fig. 7 for the (110I plane.
In this case there are indications of "wiggles, "but
the statistical accuracy is not very good. This ob-
servation was, however, supported by several other
(110}scans showing wiggles with the right period-
icity.

Again, the most decisive comparison is one with

an identical measurement for protons. Table II
shows the results of such a comparison. The min-
imum yields and the widths agree within the exper-
imental accuracy. The proton measurement was
again performed at 1 Me V, and before comparison
the width was scaled to 670 keV.

Calculations. In the planar case, both a classi-
cal and a dynamical diffraction calculation are rea-
sonably easy to do. Figure 8 shows a comparison
of the resulting (111)dips.

The 13-beam calculation is based on the dynam-
ical theory of electron diffraction. Similar calcu-
lations have been published by several authors (see,
e. g. Ref. 12). The present calculations were based
on the formulation in Ref. 13 (Chap. 12) of multiple-
beam theory. For a given angle of incidence, the
wave function in the crystal is calculated as a sum

TABLE I. Measured widths of the three most
prominent axes.

Axis 2Q&/2

(110)
(112) 1.90'

1.50.

~i/2~f /2((110))

1
0.75
0.59

(d( 11p) jd)

1
0.76
0.64

0 I I I I I I

-4 -3 -2 —1 0 1 2

TILT ANGLE (DEG. )

FIG. 5. Measured dip along the (ill) direction
d=7. 0 A..
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the motion in an average (static) planar potential.
But whereas the full-drawn curve describes the
probability of hitting static atoms in the plane, the
dashed curve describes the probability of hitting
atoms vibrating around a mean position in the
plane. Since the dynamical calculation does not
include this smearing of the atomic positions, it
should in principle be compared with the full-drawn
curve. The difference, however, is seen to disap-
pear when thermal vibrations are taken into ac-
count. This should, of course, be done in a similar
way in the 13-beam calculation, but would probably
not change the result very much since the positrons
are not localized much better than to within- p in
such a calculation (i. e. , the wave function does not
vary much over distances smaller than p).

Phase-sPace estimates. Some information on
the validity of a classical description may be gained
from estimates of the number of quantum states
contained in the potential minimum. Semiclassical-
ly, this number is given by the available phase
space divided by the proper power of Planck's con-
stant h. In the string case, the effective potential
barrier for the transverse motion is of the order of
—,'Pvg', , corresponding to a critical angle g, . The
accessible area in the transverse plane is - (Nd)
where N is the density of atoms and d is the atomic
spacing in the string. For the number of quantum
states, we then obtain

& = &(pt)I, )'/h'Nd

of Bloch waves with excitation amplitudes deter-
mined by matching the wave function of the surface
to an incoming plane wave. The scattering yield is
assumed to be proportional to the intensity of the
wave function at the position of the atomic planes.
Interference terms between different Bloch waves
are neglected. For this comparison with the clas-
sical calculations, the Fourier components of the
potential were calculated from Lindhard's standard
potential. ' Debye-Wailer factors were omitted
corresponding to the use of a static potential in the
classical calculations. The yield was calculated
in the region 0& 8 & 108~, taking into account Bragg
reflections of order- 4 to 8. The full curve was
then obtained f rom symmetry.

The classical curves were computed according
to the formulas in Ref. 9. (There is a misprint in
formula (16) in Ref. 9. The factor (Zesty F(y)]/
Eg, }'~ should be deleted. ) For both classical
curves, the motion of the particles is described as
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Inserting Eq. (2), we get

n=Zay/wNd ae (4)

where ymo is the relativistic mass and ao is the
Bohr radius, ac= h /mee'. For the present cases,
n &10'.

For planes, a simple estimate is

n = 2Pg, d~/h (5)

The critical angle for planar channeling, g„may
be calculated from the transverse planar potential.
It is smaller than the critical angle g, belonging to
strings by roughly a factor of 2 Zz

Introducing the Bragg angle 8s = X/2d&, we get

n =g, /es (6)

For the calculation in Fig. 6, this number is n =8.
Tunneling. When the number of quantum states

is large, a classical description may be appropri-
ate. The transverse energy (or momentum) is then
quantized into bits small compared to the potential

0 I I I I I

0 1 2 3 4 5 6 7 8 9 10 11 I 2

es

FIG. 8. Comparison of classical calculations with a
13-beam calculation for the (111)planar dip. as denotes
the Bragg angle; 0& =A,/2d&.

T- exp [ —15(Nd~aea)'~2] (8)

for a plane. For relativistic positrons, the expo-
nent should be multiplied by Z' . In the present
case, where y = 3, these formulas lead to T- 10
and T 0. 5xl0 for the (110)axis and the [lllj
plane, respectively. While this would indicate that
tunneling in the axial case is not very important,
the significance of the estimate is less clear in the
planar case. The classical distribution in trans-
verse energy for incidence parallel to a plane is
not very strongly peaked at E~-0. One might qual-
itatively attribute the difference in Fig. 8 between
the classical and the many-beam calculations to
tunneling. These calculations, however, also indi-
cate that the importance of tunneling is strongly
reduced when thermal vibrations are taken into ac-
count.

CONCLUSIONS

Axial and planar channeling of 1-Me V positrons
in gold may essentially be described by classical
mechanics. This conclusion is mainly based on a
comparison with proton channeling. For planar
channeling, a comparison between classical and

dynamical diffraction calculations also shows essen-
tial agreement. These results are consistent with
phase-space estimates for the string and planar
potentials, which indicate that the number of quan-
tum states involved is large, especially in the axial
case. Also effects of tunneling should be rather
small. The collimation and statistical accuracy
achieved in this experiment were marginal for the
observation of interference "wiggles" in planar
channeling.
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barrier. Channeling into classically forbidden
regions should then be considered. In Ref. 8, the
following cursory estimates of the penetration factor
are given for nonrelativistic positrons of small
transverse energy,

T- exp [ —6(Zst 'ae/d)'~']

for strings, and
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Covalency Effects on the 3d-Charge-Density Distribution in Solid Ferrous Compounds
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A phenomenological description of the 3d-charge-density distribution in solids, based on
Mossbauer hyperfine interaction data, studies of crystal structures, EPR, neutron scattering
and optical spectroscopy, has been developed for divalent iron ions in solids. From this
work, it appears that one can obtain an internally consistent picture of the 3d-charge-density
distribution in solids by allowing for large, but distinctly different, modifications of the radial
3d(e~) and 3d(t+) electronic wave functions. These modifications vary continuously with cova-
lency on going from the completely ionic to the completely covalent ferrous compounds. They
account for the large changes (in order of magnitude) in the mean 3d charge (or spin) densities,
indicated by the experimental data. These results cannot be explained by theoretical models
of bonding based on crystal field and molecular-orbital theories, using free-ion wave functions.
The present model emphasizes the importance of the radial modifications of the 3d wave func-
tions, thus supporting the point of view that, in self-consistent-field-type theoretical compu-
tations, the radial wave functions should be described by variational rather than fixed para-
meters.

I. INTRODUCTION

A major difficulty in understanding bonding in the
solid state is the lack of anadequate set of electronic
wave functions. The use of "free-ion" wave func-
tions is justified only by the lack of anything better.
An important step toward understanding the effects
of covalency on Sd electronic wave functions has
been made by Alperin who measured the neutron-
scattering form factor for ¹i' in solids. His re-
sults show a significant contraction of the 3d(e)-
spin-density distribution, with respect to the pre-
dictions from free-ion calculations, which is in
contrast with the apparent expansion observed for
Mn ' ion in solids by Hastings, Elliott, and Cor-
liss~; he suggests that the discrepancy is due to
the outstanding difference in the spin configurations
of the two ions, e. g. , e, vs tz, e, unpaired spins.

Recently, Freeman and Ellis have reported the

results of fully variational unrestricted Hartree-
Fock calculations for (MnF6) clusters. ~ These
authors obtain results which resolve the above par-
adox. Voile the spin-density distribution of the two
unpaired e, electrons is contracted and that of the
three unpaired tz, electrons is expanded, the net
effect is that of an expansion in comparison with
the free-ion Mn '.

These results support our phenomenological anal-
ysis of the Mossbauer isomeric shift (IS) and quad-
rupole splitting (QS) for the ferrous halides ' and
series of related compounds. 6'~ This analysis
shows that a predominant effect of covalency in the
high-spin octahedral ferrous compounds is the radi-
al expansion of the 3d(ta, ) wave functions.

In the present work we analyze the Mossbauer
hyperfine interactions of two series of octahedral,
high-spin, and ionic, as well as intermediate fer-
rous compounds in terms of the radial distribution


