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Now one may calculate the Boltzmann averages
of these internal fields, i.e. ,

(H„,)r=Z„(nlHt„in) e ' /Q„e 'e
Hatt ( Htat)T+Hayylted ' (A5)

so that the nucleus sees the effective field as the
vector sum
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The thermal conductivity between 5 and 300'K of magnesium oxide single crystals containing
different amounts of iron impurity has been measured. The iron produces a marked reduction
in the thermal conductivity with a minimum at around 80'K in the highly doped (- 1') samples
and we attribute this effect to resonant scattering of phonons of energy - 105 cm ' interacting
with two groups of magnetic levels of the Fe ions. We have estimated the strength of the in-
teraction from earlier spin-lattice relaxation-time measurements. Using an expression due
to Callaway for the frequency dependence of the basic phonon heat current, we have then com-
puted the effect of this interaction on the thermal conductivity. We find that we can account
substantially for the observed data by using for the resonant interaction a Lorentzi» line shape
with a full characteristic width equal to that observed in infrared experiments (9 cm-~), but
cut off at nine times the width.

I. INTRODUCTION

The theory of the thermal conductivity of dielec-
tric solids attributes the heat transport to thermal
phonon wave packets. ' Each wave packet is charac-
terized by a frequency (d, a mean wave vector q
(and polarization p, usually uniquely determined
by &d andq), and a relaxation time t(ar, q) arising
from non-wave-vector consex ving processes. In
a certain approximation, the thermal conductivity
is given by the following sum of contributions from
the wave packets comprising the thermal phonon
field'.

where C(td, q) is the specific heat per unit volume
and v(td, q} is the group velocity of the thermal pho-
nons.

The principal problem in the theory of thermal
conductivity is to compute the quantity 7(td, q},
since it is virtually impossible to invert Eq. (1)
directly so as to deduce 7(td, q) from measurements
of K. The best that one can normally hope to achieve
is a demonstration that the measurements of K are
consistent with a particular calculated form of
r(td, q). For example, the extensive measurements
and complicated analysis of Herman and Brock
have produced a consistent explanation for the con-
tribution of isotope scattering to the thermal re-
sistance of LiF. Other scattering mechanisms in-
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elude boundary, impurity, dislocation, and phonon-
phonon umklapp processes.

In the present paper we present the results of
some experimental measurements, partially re-
ported earlier, and some calculations on MgO:Fe".
We show that it is possible to give a consistent ex-
planation for an observed thermal conductivity
minimum at about 80 'K in MgO:0. 'f5% Fe in terms
of a resonant thermal phonon scattering mechanism
involving the ground and low-lying excited states
of the Fe" ion. These states are separated by an

energy corresponding to 150'K. Although such an
explanation has previously been proposed to account
for the observed reduction in the thermal conduc-
tivity in zero magnetic field of MgAlz04 and CdTe'
when doped with Fe", we believe that ours is the
first quantitative analysis which employs the known

energy levels of the excited states of the impurity
ion (as deduced from infrared spectroscopy' and
spin-lattice relaxation-time measurements ), and

also the known spin-phonon coupling deduced from
measurements of the Orbach contribution to the
spin-lattice relaxation. We find that the inclusion
of the effect of normal processes is essential and

we have done this by the methods of both Klemens'
and Callaway. ' As a byproduct of the analysis we
obtain some information on the bne shape of the
resonant spin-phonon interaction. In the Appendix
we have also compared the linewidth of the spin-
photon interaction measured by infrared spectros-
copy with that expected from the various broaden-
ing mechanisms. At 20 K the calculated linewidth
is —7 cm ' compared with the measured width of
-9 cm-'.

as the doping is reduced. Also, even allowing for
the form factor uncertainty the conductivity at
room temperature of the highly doped samples is
reduced and we attribute this to increased point-
defect scattering (see Sec. III}.

III. THEORY

x ~(x, T)dx (2)

where ND is Avagadro's number, x =8~/kT, and

r(x, T) is a mean phonon relaxation time which de-
pends upon the relaxation times of all possible
scattering processes. The relaxation times which
we shall consider for our doped single crystals
are those due to (a) boundaries r„(b) point defects
r&(x, T), (c) umklapp processes r„(x, T), (d) normal
processes r„(x, T), ' ' and (e) resonant scattering
of phonons coupling with the magnetic energy levels
of the Fe" impurities' r„(x, T} We cons.ider first
the resonant contribution v„(x, T)

We estimate r„(x, T) from the expression given

In all our calculations we have employed an iso-
tropic Debye model of the MgO lattice using the
foilowing parameters: Mean molecular weight M

=20. 16 g, density p=3. 58 g cm, " and a Debye
temperature ep varying from 945'K at T= 0 to
760 K at T=300'K. ' This approximation reduces
Eq. (I) to the form

2(kT) 6 N
p)

'i
hae M

II. EXPERIMENTAL

The MgO:Fe" samples were grown by the arc
fusion technique and were obtained from %. @ C.
icer Ltd. , England. It was established from the
Mossbauer spectrum that &90% of the iron in the
highly doped specimen 9 was in the divalent state.
The thermal conductivity apparatus is standard
employing rod-shaped samples heated at one end

by a constantan heater and attached to a heat sink
at the other end. The temperature and temperature
gradient are measured by Au:Fe versus Chromel
thermocouples soldered to copper bands glued at
two points along the length of the specimen.

The absolute values of the conductivity are only
accurate to about 20% due to large uncertainties in
the form factors, but, below 200 K the relative
values of conductivity are accurate to better than
10%. Above 200'K a correction for radiation losses
has been made which reduces the relative accuracy
to 20%.

The results of the measurements are shown in
Fig. 1. A pronounced minimum is clearly visible
for the most highly doped sample which disappears
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FIG. 1. Variation with temperature of the thermal
conductivity of four specimens of MgO. Specimen 20 is
nominally pure (99.9/&) while specimens 10, 5, and 9 con-
tain 300, 3000, and 7500 ppm Fe, respectively.
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by Orbach"" for the phonon relaxation time due
to direct, processes between two states la) and

Ib),

y '((u, T) =—i&ai Vo, ib)io o g(cu (u, )-CN, , (3)

where g(ur —&uo) is the spin packet line-shape func-
tion, 4N, the spin population difference per unit
volume between the states la) and Ib), K&oo the
energy separation between the states, and Vo& is a
coupling operator.

In our calculations, we consider only transitions
in zero applied magnetic field between the ground
triplet I'5~ and the next excited group of states I"4

and I'3, situated 105cm ' above the ground state.
The ground triplet is split inhomogeneously by
random crystal lattice strains into a singlet and
doublet, and observations of the spin-lattice re-
laxation times within this triplet have been made.
These measurements identify an Orbach relaxation
process due to the presence of the 1 & and 1 ~ states
with a relaxation time tj given by

the relevant matrix elements and finds E should be- 2-3 depending on the exact distribution of the ex-
cited levels.

Returning to the estimate for the resonant con-
tribution to the phonon relaxation time [Eq. (3) ],
we would expect that the over-all scattering prob-
ability to be due to the sum of the contributions
from all possible transitions between ground and
excited multiplets, i.e. ,

(td T)
If 2 &

I &gl Vo
mpv

(6)
where the suffix t identifies the parameter with a
given transition and the sum is over 15 possible
transitions. The inhomogeneous broadening means
that only a fraction f'(~ — ufo, )d&oo, of the spins will
have a set of possible transitions in the frequency
interval d(d«centered around 0& and so ~N„ in Eq.
(6) becomes

n'Net =N»f '(~ot ~ot)F(~ot& T)d~ot

f,'=A exp( —150/T), A = 3x10"sec ' . (4) where

(There is an uncertainty of up to a factor of 3 in the
measured value of A. ) The matrix element in ex-
pression (3) can be related to A in the following way.

It can be shown' that the spin-lattice relaxation
time for spins relaxing between states la) and lc)
via the third state Ib) is

21(a I Vo, I b) I'1(c I V„ I b) I

'
2wpv'll 1&a I Vo, lb) I + 1(c I Vo, lb) I'

(5)

where both kT and the energy separation between
states la) and Ic) are very much less than If&so, the
energy separation of Ib). We make the further sim-
plifying assumption that 1(al Voglb) I = I(c IVog lb) I'
and obtain

f~ =(3uo/2wpv t)
I &a~ Voi~»~' e """".

Here t& is proportional to the transition prob-
ability between states la) and Ic) via Ib). If there
are several states at Ib) then the total transition
probability, and hence relaxation time, will be the
sum of the contributions from these states. In our
system there are five excited levels at k(do and so
we can say

A = (3~&2wpv'k) Z,
~
(g

~
V„~e)

~

'e-',
where Ig) is a ground state and Ie) is one of the
excited states. & is a multiplying factor which
arises from the fact that in our system the ground
multiplet on which the relaxation-time measurements
were made is a triplet and not a doublet. If the
three levels are equally coupled to the excited levels
then E = 1, but Ham' has recently calculated all

1 —exp( —k(uo, /k T)
3+ 5 exp( K(so,/-kT)

(10)

is a population difference factor derived from Max-
well-Boltzman statistics, coo, is the frequency of
the maximum of the inhomogeneous line shape and

N, is the total number of spin centers present per
unit volume.

Again the total relaxation time will be due to the
sum of contributions from all the spins present in
the specimen so that the phonon relaxation time
becomes'

we obtain

7 '(ur, T) = 2w (v/u&) Auf(&u —mo)N, F(uo, T)e, (12)

which in terms of x= Ku/kT becomes

15~
I &gl Voile) I'~N.

Spv g g

x A(o' ~o~)f (~os ~o~)F(~o~& T)d~o~ .
(11)

The widths of the two line-shape functions g, and
f' can well be comparable (see Appendix), but they
will both be very much less than (d«so that we may
take F(~o„T), a slowly varying function, outside
the integral and set it equal to F(&uo„T). The re-
maining convolution integral just equals the full
line-shape function f(~ —&oo,) centered about &oo,

with a width approximately equal to the sum of the
individual components. Then assuming
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= r (x, T) + r„'(x, T) (14)

[the normal process term has been omitted since
such processes do not directly attenuate the heat
current~ while r (x, T) has been split into a resonant
term 7„'(x, T) and a nonresonant intrinsic term
7'( (x, T) for convenience J, the results are unsatis-
factory even for the case of no resonant scattering
except at the lowest temperatures. This is well
known and is due mainly to the fact that normal
processes mix the phonon modes. and reduce the
validity of the derivation of Eq. (1).' '" This fail-
ing is accentuated when resonant scattering is in-
cluded when we find a predicted conductivity of en-
tirely the wrong form to explain the results.

Klemens overcomes this difficulty in an approx-
imate way by assuming that r, '(x, T) is frequency
independent for frequencies &u & kT/I so that, with
the inclusion of unmodified resonant scattering,
the conductivity becomes

2(kT) (6v N()p/M)

SOD

x e"
g 7]' 1 T)+~„' x T 'dx

0

7„'(x, T) = 2& AN, e(gv/kT)'f(x —xo)F(xo)/»2, (13)

where »0 = k(eo/k T.
The forms assumed for the remaining contribu-

tions to the relaxation time are, for boundaries
r(, ' =E(„ for point defects r& (x, T) = E&x T, for
umklapp processes r„'(x, T) Ep' T' exp(-8v/c T),
and for normal processes r„(x, T)= E„x T'. The
constants E» E» E» E„,a, 5, c, d, and e will be
evaluated below.

We must now express the mean relaxation time
r(x, T) as a function of these individual times for
insertion into Eq. (2). If we use the usual form

7 '(x, T) = r, '(x, T) + r~'(x, T) + r„'(x, T) + r„'(x, T)

where

'&' ' r, (x, T)x'e*dx
r„(», T)(e*—1)

( T) 1 —r, (x, T) x e"d» (16)
r„(x, T) (e"-1)'

Expressions (15) and (17) are complex, but
they are readily evaluated by computer and we have
considered them both in an attempt to explain our
results.

It now only remains to evaluate the constants in
r;(x, T) and r„(x, T) and the expression for the full
line shape f(x —xo). We have done this more or
less empirically for each theory, but we confine
our remarks for the time being to the theory of
Callaway [Eq. (17)J.

A. E, d, and e

An expression for the relaxation time due to
normal processes at microwave frequencies can be
found from ultrasound attenuation measurements.
Such measurements at 3GHz and on transverse
polarizations (which should dominate the thermal
phonon spectrum at low temperatures) indicate a,

normal process relaxation time ~„given by

r„'=F&u(kT/If)4, F = 10 "sec'

as the upper limit for 7.„.This gives the values d
=1, e=5, and E„=3.8&10 sec ' K ~. Although
these values are obtained at comparatively low
frequencies and temperatures we assumed that d
and e are the same at all frequencies and temper-
atures and that E„will not change greatly. That
this assumption is plausible is shown by the fact
that a value of E„of 8 times that above gives a good
fit for the conductivity of our undoped specimen
(specimen 20: see Fig. 2) and this is the value we
have used throughout. A similar degree of agree-
ment is produced by such an extrapolation in LiF
and A1203.

7,'(x, T) = 7 (x, T)+ r„'(x, T)+7„'(x, T)

then the Callaway form of Eq. (2) becomes

(16)

2(kT) (6w Nop/M)
SOD

D~T 4 r

(ex 1)2

x r, (x, T) [1+Pr„'(x, T) Jdx (17)

A later approach due to Callaway' takes quan-
titative account of the normal processes. If we
define a combined relaxation time

B. a, b, andc

Simple theories indicate that c- 2 and usually
e is chosen to give a good fit to observed conduc-
tivity data. The conductivity fit for the undoped
specimen as well as the effect produced by resonant
scattering in our calculations is found to be prac-
tically independent of e for c- 2 and so we have
somewhat arbitrarily chosen a value of c = 2. Values
of a and 5 are open to some debate, 3 but we find
that our results are insensitive to their exact val-
ues, largely because of the strong point-defect
scattering, and we have used a = 2 and b = 5.
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and so we assume that the observed reduction at
this temperature in the doped samples is due to en-
hanced point-defect scattering. (A recently measured
MgO specimen containing -0. 3%Co shows a com-
parable reduction in room-temperature conductivity
and so supports this assumption. ) Using the earlier
values of E, and E„the necessary value of E~ is
found which gives the observed room-temperature
conductivity for the doped sample (specimen 9). The
increase is assumed to be proportional to N, and

so we have E~=E~, +(E» —E~,)(NJ7.5X10'0).

D. gx-xp)

Simple Gaussian and Lorentzian line shapes were
tried at first. The Gaussian is too narrow and to
achieve any kind of fit it is necessary to assume
characteristic linewidths of several times the ob-
served value. This indicates that a Lorentzian of
the form

FIG. 2. Thermal conductivity variation with tempera-
ture calculated with the Callaway model for no resonant
scattering compared with experimental data on specimen 20.

C. E~, E, and E„

These constants were evaluated entirely empiri-
cally in the following way.

The doped samples were manufactured from
99.9+% purity stock and so the intrinsic scattering
~,(x, T) is assumed to be that of this material plus
an extra point-defect contribution from the added
impurities. There is some iron in the 99.9+% MgO
(see Table 1), but the closeness of the observed
conductivities for specimens 20 and 10 indicate that
the resonant contribution to the conductivity at these
concentrations is small. The first step then is to
set 7„'(x, T) =0 in Eq. (16) and, for a given value
of E„, to alter E„E~,and E„to give abest fit to the
measured conductivity of specimen 20. Computed
and measured curves are compared in Fig. 2. Thus
we now have E„E„,and a value E~= E» for the
undoped specimen. The above value of E„was found

by repeating this procedure for different values of
E

Computed conductivities using Eq. (17) and in-
cluding resonant scattering show negligible reduc-
tion at room temperature due to the resonant term

f(x —xo) = 2(dx)/v [(dx)~+ 4(x - xo)~]

where (hx) is the full width at half-' intensity, might
be more suitable since it does not l use its strength
so rapidly in the wings. Unfortune ely this function
extends too far into the wings so that the thermal
conductivity is very strongly depressed at the low-
est temperatures. As a result a compromise was
chosen of a Lorentzian line cutoff in the wings at
(x —xo) = w(b x).2' This relation defines the cutoff
parameter w.

IV. COMPUTED RESULTS

Figure 3 shows a series of curves obtained by
using Eq. (7) and a cutoff Lorentzian line shape.
The series is for different levels of doping N„but

IO

Specimen No.

TABLE I. Iron impurity in sample specimens.

Fe impurity Source

5
9

10
20

3000 ppm
7500 ppm
300 ppm

100 ppm (mean)
(99.9% grade)

GRC Ltd. , England
Spicer
Spic er
Spicer

IO
3 10
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I
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FIG. 3. Calculated thermal conductivity variation with
temperature for different Fe spin densities in MgO.
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FIG. 4. Calculated heat current from phonons of fre-
quency ~ plotted as a function of x =5~/kT for four dif-
ferent temperatures. (a) Solid line: Callaway model with
no resonant scattering; dashed line: Callaway model with
7. 5x10 spins per cm . (b) Comparison of heat currents
for no resonant scattering for three cases. Solid line:
Callaway model; dot-dashed line: Klemens model; dashed
line: no normal preocesses. In each of these three cases
the scattering parameters E&, E& and E„are such as to
give a reasonable fit to the observed conductivity of speci-
men 20, and each is normalized separately.

all other parameters are held constant with the fol-
lowing values: E„=2. 3&10 sec ', E» =4. 1 sec ' K

.E»=11.8 sec ' 'K, E„=0.05 sec 'K ', E„=0.31
sec K , a = 1, b = 5, c = 2, A = 3&&10 ' sec ', and

a = 3. The resonant line used is centered at a fre-
quency of 150k/5 with a full width at half-height of
13k/ff as observed in the infrared experiments,
while the cutoff parameter used is w =9. It can be
seen that these curves show substantially the ob-
served beha~rior although the observed minima occur
at slightly too low a temperature and too large a
depression of conductivity is produced at low tem-
peratures for low doping levels. In order to obtain
this fit we have allowed a to vary up to 3 and no

limitation on w. With E„,E„E~j, and E& and E„
fixed by the procedure detailed above, the effect of

these degrees of freedom can be seen from Fig.
4(a) where the contribution to the conductivity for
phonons of frequency ~ = xkT/h is plotted against
x for different temperatures. For each temperature
two curves are shown, one for N, = V. 5&& 10 and

the other for N, = 0, but the doped value of E~ is
used in both. Thus the difference between the two
is entirely due to the resonant term and the ratio
of the conductivities with and without resonant
scattering will equal the ratio of the areas under the
two curves. One can immediately make the follow-
ing observations.

(i) At 316 'K the spins affect the conductivity to
a very small extent because of both the small value
of (b.x) and the strong intrinsic phonon scattering.
This is the justification for our procedure in
choosing E~.

(ii) At 126 'K the intrinsic scattering and resonant
scattering are of the same order and the resonant
line has its full strength in approximately the same
region as the maximum in the intrinsic curve.
Consequently the reduction is sensitive to the
strength of the resonant interaction A as well as
the characteristic width of the line and the position
of the intrinsic maximum.

(iii) At 50 and 20 'K all phonon transport within
the cutoff span w(hx} is effectively stopped, and

this cutoff occurs near the intrinsic maximum and
so the reduction depends on the span as well as the
position of the maximum, but no longer on A.

We can summarize the effect of ru(dx) and Ae as
follows. At around 20 'K the reduction is dictated
almost entirely by w(4x) and allows this to be fixed,
while by 126 'K increases of both A&and (h'x) de-
crease the conductivity.

Since the computed conductivity at 126'K is too
high we have considered the effect of increasing
Ac. [Although there is some variation in observed
inhomogeneous linewidths from specimen to
specimen and so a variation in (4x} could be con-
sidered, it is unlikely that the over-all width in
our specimen differs substantially from that meas-
ured by Wong and so it is his value we have used
in Fig 3(see A.ppendix). ] With e = 3, however, A
needs to be about 20 times the measured value to
achieve the correct effect. This is well outside
experimental error and a further failing of this
approach is that, in increasing A, we exaggerate
the resonant scattering at low temperatures in the
weakly doped materials. The latter effect could,
however, be due to the simplification of a sharp
cutoff in the line shape.

Using the Klemens approach [Eq. (15)]gives
substantially the same form for the predicted con-
ductivity curves again with the minima at too low
a temperature, but one can accommodate a lower
value of A so that the scattering for weak doping
is not quite so strong.
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In Fig. 4(b) we compare the heat current fre-
quency distribution curves on the Callaway and
Klemens models as well as the case for no normal
processes. The similarity of the Klemens to the
Callaway distributions accounts for their close
agreement in our computations.

So we see that the observed conductivity curves
can be accounted for to a considerable degree al-
though some details, in particular the fact that the
predicted minima occur at too low a temperature,
would require what seems, within the limitations
of the theory, unjustifiable parameter fixing. The
theory is however a simplification and has weak-
nesses which could account for the discrepancies
and which we summarise as follows.

(a) The Callaway theory is an isotropic nondis-
persive one and does not take into account singular-
ities in the phonon spectrum.

(b) One can envisage other forms of scattering
which we have omitted from our calculations. These
are Raman- type processes attenuating nonreso-
nant phonons, the possibility of Fe" pairs~' with
their associated magnetic levels, and perhaps more
importantly single ion magnetic levels higher than
the I'«and I'3 states giving further resonant scat-
tering transitions. These extra sources of mag-
netic scattering could give attentuation at frequen-
cies higher than those we have used and so could
account for the fact that our conductivity minimum
occurs at too low a temperature. In addition they
could provide an alternative to the effect of in-
creased point-defect scattering used earlier to
explain low room-temperature conductivities in
heavily doped specimens. However, one point about
high-frequency scattering sources which should be
emphasised is that, because of the rapid decrease
in the intrinsic nonresonant relaxation time with
increasing frequency and temperature, any extra
scattering must be correspondingly stronger in
order to give an observable effect [Eq. (14)].

(c) A temperature-independent linewidth has been
used on our program, although one might expect
any lifetime broadened contribution to the width
(see Appendix) to increase with increasing temper-
ature because of phonon-stimulated emission. If
such a temperature dependence is taken into account,
however, the computed curves are altered very
little and so, since the lifetime broadened contri-
bution is somewhat uncertain, we have neglected
the effect.

(d) Orbach's theory uses a Debye phonon spectrum
and it also may become inappropriate for high
magnetic ion concentrations.

V. CONCLUSIONS

By using a simple form for the frequency depen-
dence of the heat current in dielectrics due to
Callaway and Orbach's theory for the attenuation

of phonons in resonance with a paramagnetic spin
system, we have been able to account, both qual-
itatively and quantitatively, for observed reductions
in the thermal conductivity of MgQ:Fe. Minor de-
viations do occur which we feel it would be inter-
esting to resolve since this may well throw more
light on the mechanisms of thermal conduction in
the absence of resonant scatterers.
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APPENDIX: WIDTH OF THE 105wm i LINE

The width of the 105-cm line was measured by
Wong' to be -9cm ' at 20 K and we have seen that
such a width is also consistent with our thermal
conductivity measurements. It is therefore of in-
terest to see if such a width can be explained by
other available data.

Three contributions to the linewidth will be con-
sidered separately.

(a) Splitting of the F5 -&4 and I'~ - FB trans
&tion&. Theoretically this could be many cm ',
but Wong's experiments apparently showed that it
does not exceed -2 cm ' since otherwise a resolved
doublet would have been observed in the infrared
spectrum.

(b) Strain broadening This is. known to be re-
sponsible for the measured widths of the electron-
spin-resonance lines of several iron group ions in
MgO. Measurements of the strain broadened
contribution to the ESR linewidths of the Mn"
and Fe'" ions present in small amounts in our
0. 75% Fe sample show it to be - 3 times as strained
as purer samples we have measured. 3 Using this
fact together with Ham's result3~ that the excited
states are five times as sensitive to strain as the
ground states we deduce that the strain broadened
width of each transition is -2 cm '.

(c) Lifetime broadening. At low temperatures
(T «150 'K) this is determined by the spontaneous
emission rate from the excited to ground levels
and its magnitude can be estimated from the Or-
bach process contribution to the spin-lattice re-
laxation t.4me t,p.

' In the present case of a triplet
ground state and quintuplet excited state the width
is given by the relation 5~ =+Stjp E e and using
the measured values of tgp and 4' we estimate
the width of each of the five excited levels to be- 3 cm . As mentioned earlier this width increases
at higher temperatures due to phonon-induced
transitions.

The sum of the widths deduced from mechanisms
(a)-(c) is —7cm wt ich is in satisfactory agree-
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ment with the measured value of 9 cm '. ' There is,
of course, an uncertainty in the estimate of life-
time broadening [mechanism (c)] by a factor of
about 3 due to uncertainties in extracting the Or-

bach contribution from the relaxation-time meas-
urements. Further, as we have seen, the strain
broadening [mechanism (b)] varies between samples
by at least a factor of 3.
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