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moments and nuclear spins, while a,(x) is the

hyperfine constant for either La or Lu. Using the
accepted values of p, and I and the data in Table II
for a,(x), we find that the derived value for a,(Tb)
is 303 and 476 &10 cm ' obtained using the data
for La and Lu, respectively. These values are in

good agreement with the value of 450 x10 4 cm '
obtained from the data on the Tb center provided
the J=~3 manifold is taken as the ground state.
Therefore, we conclude from both the g and A val-
ues that the ground state of the ionized center in
Tb doped CaFz arises from the J=~3 manifold.
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On the basis of recent optical and EPR work, it has been suggested that the ionized and

thermally stable photochromic centers in CaF2 consist of one and two electrons bound at an

anion vacancy adjacent to a trivalent impurity cation. For the ionized center, we have shown

that the energy levels and wave functions of the isolated F center are not strongly perturbed
by the introduction of the impurity ion. Since the divalent ions of the impurities which are
found to form these centers, i.e. , Y, La, Ce, Gd, Tb, and Lu, have low-lying s and d va-
lence orbitals which overlap the F-center wave functions, we have investigated the defect-
impurity orbitals which may be formed from a linear combination of F electron orbitals and

these impurity orbitals. The predictions based on this defect-impurity orbital description
are found to be consistent with the optical and EPR data for the stable and ionized photo-
chromic centers.

I. INTRODUCTION

During the past few years there have been a num-
ber of studies of the optical properties of colored
CaF& crystals containing impurity cations. One of

the earliest of these studies was that of Scouler and
Smalmla' in which the optical absorption of CaFz
doped with YF~ and NaF was measured after colora-
tion by electron irradiation at selected tempera-
tures; in a number of cases new absorption bands



T HEORY OF PHOTOCHROMIC CENT ERS IN Ca F, 537

appeared in the visible portion of the spectrum.
While there has been little subsequent study of the
optical properties of colored CaF& doped with NaF,
there have been a number of papers ' in which the
coloration of CaF& containing Y impurities is dis-
cussed. More recently it has been found that crys-
tals of additively colored CaF, doped with the flu-
orides of certain rare earths, specifically, La, Ce,
Gd, Tb, and Lu, also exhibit optical-absorption
bands in the visible region of the spectrum which

are thermally stable at room temperature '; in ad-
dition, these crystals, as well as those containing
Y impurities, are found to be photochromic.

It has been noted ' that the infrared luminescence
associated with visible irradiation of the absorption
bands of colored YF, -doped CaF& is partially polar-
ized and that the luminescent centers are oriented
along the [111]direction. In addition, two of the
more prominent bands in the visible portion of the
thermally stable absorption spectrum of colored
CaF3 doped with Y or one of the rare earths men-
tioned above are found to exhibit a linear dichroism
consistent with an anisotropic center having a sym-
metry axis along the [111]direction. Of these two
absorption bands, the band occurring at shorter
wavelengths is found to be due to an absorption di-
pole oriented along the symmetry axis while the
band at longer wavelengths is found to be due to two
orthogonal absorption dipoles perpendicular to the
symmetry axis. Upon irradiation of the crystal in
the photochromic band, i. e. , irradiation with light
of the wavelength of the higher-energy absorption
band, these two absorption bands disappear and the
characteristic absorption bands of the switched
photochromic spectrum appear; this spectrum is
not thermally stable at room temperature. In ad-
dition to the absorption bands of the switched photo-
chromic state, this spectrum contains two absorp-
tion bands which are in many ways similar to the
two thermally stable absorption bands except that
they are shifted to shorter wavelengths; in partic-
ular, they exhibit a linear dichroism similar to that
just described. It is presumed that these two ab-
sorption bands arise from an ionized form of the
color center responsible for the two thermally
stable absorption bands.

It has been suggested ' that the color center re-
sponsible for the optical phenomena described above
consists of an F center perturbed by an impurity
cation substitutionally replacing one of the Ca ' ions
nearest the vacancy center. This model would, of
course, have the required [111]symmetry. It has
been recently confirmed" by EPR techniques and by
a combination of linear- and circular-dichroism
measurements' that the center responsible for the
absorption bands in the thermally stable spectrum
consists of two electrons trapped at an anion vacancy
associated with a trivalent impurity cation in one of

the sites nearest the vacancy center. At the same
time it was also confirmed that the pair of absorp-
tion bands appearing in the switched photochromic
spectrum do indeed arise from an ionized form of
this center, i. e. , one electron trapped at an anion
vacancy adjacent to a trivalent impurity cation.

The F center, which consists of an electron bound

to an anion vacancy, has been identified, ' in ad-
ditively colored CaF2, as the source of an optical-
absorption band at 3750 A. The symmetry of the
potential acting on the F electron in CaF2 is T, ;
the optical absorption arises from a transition of
the F electron from the s-like ground state trans-
forming as Ag to the p-like excited state transform-
ing as Tz. The introduction of an impurity cation
on a lattice site nearest the vacancy center will re-
duce the symmetry of the potential acting on the
trapped electron to C3„. The electron orbitals of
this modified F center will transform according to
the A&, A~, and 8 representations of C,„ in a man-
ner analogous to the transformation of the electron
orbitals of the heteronuclear diatomic molecule ac-
cording to the representations o', o, m, etc. , of
C „. The orbital ground state of this center trans-
forms according to the A& representation. Transi-
tions between the ground state and the excited levels
transforming as A& and E will be characterized by
the labels F„and F, respectively. The optical ab-
sorption associated with these transitions will con-
sist of bands polarized in the plane perpendicular
to the vacancy-impurity axis (F,) and along the va-
cancy-impurity axis (F„).

In this paper we shall devote the greater part of
our attention to the system consisting of a single
electron trapped at an anion vacancy adjacent to a
trivalent impurity ion, i. e. , to the ionized photo-
chromic center. Because of its similarity we shall
also treat the system consisting of an alkali-metal
cation impurity, in particular Na', adjacent to an
anion vacancy with a trapped electron. The Hamil-
tonian operator for the electron trapped at this va-
cancy-impurity center is

H=-(ji j2m)V + V(r)+ [V'(r) —V(r)],

where V(r) is the potential energy of an electron
trapped at an anion vacancy in an otherwise perfect
crystal and V'( r) is the potential energy of an elec-
tron trapped at an anion vacancy adjacent to an im-
purity cation in an otherwise perfect crystal. The
wave functions or defect-impurity orbitals ii„(r )
for this electron can be written by analogy to the
formation of molecular orbitals by the linear com-
bination of atomic orbitals' as

g„( r) = N„' Q [az„,Pz, ( r) + az„,gl, ( r)], (2)
j =1

where N„normalizes the wave function and where
g~, (r) and g«(r) are the respective wave functions
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of an electron bound to an isolated anion vacancy
(F center) and to an isolated impurity ion (hence, an
impurity ion with one less unit of positive charge)
in an otherwise perfect crystal. The electronic
energies and the associated defect-impurity orbital
wave functions are obtained, of course, by minimiz-
ing &$„(r) I H I g„(r)) with respect to a+~ and az„, .
This leads to the set of equations

Zr[n J~i&gg&l H Hnl gee&+ urn&&0»l H @~l tz&&] = 0,
i=1

(2)

l~ .&&0 &l H —E.
l 6P + +.~&4 &l

H —E.
l 6;&] = o

)=1

where j runs from 1 to ~ and E„ is the energy as-
sociated with g„(r}.

The evaluation of the matrix elements &gz, I HID&,)
is simply a perturbation calculation on the F-center
wave functions, the perturbation being just the third
term in Eq. (1); this calculation is discussed in
Sec. III of this paper. One expects that the pres-
ence of a charged impurity ion in a nearest-neighbor
site to the vacancy center mill have a strong effect
on the F-electron energies and wave functions. One
also expects that in the case of a trivalent impurity,
the additional positive charge on the impurity will
lower the energy of the A1 level derived from the
P-like F-center excited state with respect to the E
level derived from the same state. This prediction
is quite disconcerting, for me noted earlier that
the experimental ordering of the energy levels is
reversed. We shall shorn in Sec. III that when one
takes into account the displacements of the ions
surrounding the impurity ion and the finite sizes of
the impurity ion and the ions surrounding the im-
purity, these contributions tend to cancel the effect
of the additional charge on the impurity ion. Thus,
the energy levels of the perturbed F-center system
do not differ greatly from the energy levels of the
unperturbed F center and there is little admixture
of the s- and p-like wave function on the perturbed
center.

The defect-impurity orbital description of the va-
cancy-impurity system is given in Sec. II. The
reader mill note that the order of presentation of
this calculation is reversed from that in which it
was carried out. This was done because the defect-
impurity orbital description is more qualitative and
the results are more interesting. This description
yields tentative explanations for the thermal stability
of the photochromic centers, for the existence of
another F, transition at shorter wavelengths than the
F„ transition in the photochromic centers, and for
the anomalous oscillator strengths of the absorption
bands of the photochromic centers. It also yields
predictions for the optical transition energies, for
the isotropic hyperfine constant, and for the g-factor

anisotropy, which are consistent with those observed
experimentally.

II. DEFECT-IMPURITY ORBITAL DESCRIPTION

The defect-impurity orbital P„(r) defined in Eq.
(2} is a linear combination of the F-electron orbit-
als centered on the vacancy and the atomic orbitals
centered on the impurity. As was mentioned in the
Introduction, it might be thought that the F-electron
wave functions will be strongly admixed by the pres-
ence of a charged impurity ion and that the F-elec-
tron energy levels will be severely perturbed; in
Sec. III this is shown not to be the case for the tri-
valent impurity ions considered here. The energies
of the atomic orbitals centered on the impurity will
be perturbed from their free-ion values not only by
the cubic crystal field of the CaF& lattice, but also
by the presence of the adjacent anion vacancy which
will introduce an additional trigonal field.

The overlap integrals &gz, I P») and the resonance
integrals &gz; IH!$1&) will, of course, be quite im-
portant in the determination of the amount of co-
valent bonding between the anion vacancy and the
impurity. In addition the relative energy separa-
tions between the orbitals of the F electron and
those of an additional electron on the impurity will
be important in this calculation and, furthermore,
these energy separations will be significant in the
selection of those orbitals betmeen which covalent
bonding can be expected to occur. In the case of
an alkali-metal impurity ion we expect to find no
energy levels of the alkali-metal atom impurity
below the CaF2 conduction band because the binding
energy of an electron in a free alkali-metal atom
is considerably less than the Madelung potential
energy (20 eV) of an electron at a cation site in
CaF&. Thus, we expect the energy levels of an F
center modified by an adjacent Na' impurity ion to
be just those given in Sec. III, that is, there is
little covalent contribution to the bonding energy.
In the case of a trivalent impurity ion of one of the
rare earths or Y, however, it is indeed likely that
there will be energy levels of the divalent impurity
ion below the CaF2 conduction band because the bind-
ing energy of an electron in the free divalent ions of
these atoms (see Fig. 1) is comparable to the Made-
lung potential energy of an electron at a cation site
in CaF2. In fact these rare-earth impurities are
known' ' to exist in the divalent state in CaFz.

If one views the center consisting of an electron
trapped at an anion vacancy adjacent to a trivalent
impurity ion of one of the rare earths or Y as a di-
valent impurity ion with an adjacent anion vacancy,
the energy levels and wave functions of this defect-
impurity center will be those of the divalent ion in
a cubic crystalline field modified by a superimposed
trigonal field. The energy levels and wave functions
of the divalent ions of these atoms in the cubic crys-
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talline field of CaF& are not well known; indeed, the
energy levels and wave functions of the free divalent
ions of these atoms have not been fully ascertained.
Because so little quantitative information is avail-
able about the electronic orbitals centered on the
impurity ion, it is clear that our calculation of the
electron orbitals of the vacancy-impurity center
must be highly approximate.

The distribution of energy levels of the lower-
lying electronic configurations of the free divalent
yttrium and rare-earth ions" is shown in Fig. 1.
It is clear from this figure that the 4f" ' 5d and the
4f" ' 6s configurations either lie close to or contain
the ground states of the free divalent ions of the
rare earths lying near the beginning or the middle
of the rare-earth series. A similar statement can
be made regarding the 5d and 6s configurations of
Lu ' and the 4d and 5s configurations of Y '. If we
assume that the centers of gravity of these lower-
lying configurations are shifted uniformly when the
divalent ions are placed in a cubic crystalline field'
and that the f electrons are shielded from the crys-
tal field, then the levels of the 4f" and 4f" 6s con-
figurations" will not be greatly changed by the crys-
tal field. The levels of the 4f" ' 5d configuration
will be split into two sets of levels transforming
as t&, and e~ of the cubic symmetry group 0„; these
two sets of levels will be separated by an energy
10 Dq, where' ' Dq is of order 0. 2-0. 25 eV. Due
to the eightfold coordination of the fluorine iona
about the divalent rare earth, one expects the levels
transforming according to e~ to lie at lower ener-
gies. This has been observed"' for La ', Ce ',
and Yb ' on cubic sites in fluorite structures.
These e, levels will not be split by the addition of
the trigonal field and we shall assume that they are

Y Lo Ce Pr Nd Pm Sm Eu Gd Tb Oy Ho Er Tm YbLu

0 — I 2 3 4 5 6 7 8 9 IO I I I 2 I3 I 4—

FIG. 1. Diagram of 4f" (white), 4f~' 5d (black), and

4f~~ 6s (shaded) configurations of the free divalent rare-
earth ions. Analogous configurations of the free divalent
Y and Lu ions are also shown. Ionization potentials in
eV of these divalent ions are shown at top of figure.
Sources of these data are given in Ref. 15.

not strongly admixed with the tz~ levels by the tri-
gonal field.

These e~ orbitals can overlap the p„and p„orbit-
als of the F electron, i. e. , the p orbitals oriented
perpendicular to the vacancy-impurity axis, to form
E bonds (v bonds in the notation appropriate to the
free diatomic molecule) and the 4f" ' 6s orbitals
can overlap the p, and s orbitals of the E electron
to form A bonds. It should be noted that the e~ or-
bitals do not overlap the p, orbital of the E electron.
The orbitals transforming according to t&, of the
4f" ' 5d configuration and the orbitals of the 4f"
configuration will, of course, overlap the E-elec-
tron wave functions to form both A and E bonds.
We shall assume, however, that the orbitals of the
4f" configuration are so tightly bound to the ion core
that they do not contribute significantly to the bond-
ing.

It is not at all clear where the energy levels of
the divalent impurity ion lie relative to those of the
E electron. We do note, however, that in addition
to the previously mentioned photochromic E, ab-
sorption band at longer wavelengths than the F„ab-
sorption band, there exists' a second photochromic
F, absorption band at shorter wavelengths than the
E, band. The energies of these two E, absorption
bands in the ionized photochromic center are found'
to be about equally spaced above and below the ab-
sorption-band energy of the unperturbed E center
in CaF2. Since two overlapping atomic orbitals
at the same energy form bonding and antibonding
molecular orbitals which are shifted to lower and
higher energies than the atomic orbital energy, we
shall assume that the energy of the 4f" ' 5d e, or-
bitals on the impurity ion is approximately the same
as the energy of the p state of the F electron. If
this is the case, then these e~ orbitals on the im-
purity and the p„and p„orbitals of the F center
contribute equally to the formation of the E bonds.

The energies of the remaining impurity levels
may now be ascertained from the data shown in
Fig. 1, keeping in mind, of course, that the 4f" '
5d levels transforming according to e, will be low-
ered by the crystal field to about 1.5 eV below the
bottom of the 4f" Sd configuration shown in Fig.
1. The 4f" 6s and the 4f" ' 5dt2, levels will then
lie near to, but somewhat higher in energy than,
the 4f" ' 5de levels. Thus, the degree of cova-
lencyof theA bond between the 4f" '

Gs and 4f" '
5dtz~ impurity orbitals and the E-electron s or-
bital will be small compared to the E bonds despite
the large-overlap integrals of these orbitals. Since
the 4f" ' 5d t&, levels lie 2 or 3 eV above the 4f" '
5d e, levels, we shall neglect the contribution of
these t&, levels to the E bonds. A schematic dia-
gram of the resulting defect-impurity orbitals is
shown in Fig. 2.

The order and separation of the defect-impurity
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FIG. 2. Schematic diagram of the defect-impurity
orbital energy levels of the ionized photochromic center
(C» symmetry). Energy levels of the isolated E center
(T& symmetry) are shown on left and crystal-field energy
levels of the isolated divalent impurity ion (Oz symmetry)
are shown on right. Each level is designated with the
representation according to which it transforms; if
several levels transforming according to the same rep-
resentation appear, they are numbered in ascending en-
ergy. Separations in energy of defect-impurity orbitals
shown here are consistent with results of a very crude
numerical calculation of the energies.

orbital energy levels shown in Fig. 2 are consistent
with the results of a very crude numerical calcula-
tion' of these levels. In particular, atomic radial
wave functions were used to describe the impurity
orbitals and hydrogenic wave functions were used
to describe the F electron. Valence-state ioniza-
tion energies were used to approximate the diagonal
matrix elements and the Mulliken-Wolfsberg-Helm-
holtz approximation ' was used to evaluate the res-
onance integrals. Overlap integrals were estimated
from available tables. The energies of the s and

p states of the F electron were taken~ to be 8 and
4 eV below the bottom of the conduction band, while
the energies of the 4f" 6s and 4f" ' 5dte, orbitals
were taken to be at the bottom of the conduction
band. The Sde, energy-level assignment is consis-
tent with this calculation.

All the preceding discussion has been restricted
to the ionized photochromic center. The thermally
stable center is formed from the ionized center by
the addition of another electron. The optical prop-
erties of this neutral center are quite similar to
those of the ionized center; this observation is con-

a„= (16v pep„/3I„)A„~ g(r„)
~

(4)

where p~ is the Bohr magneton, p„and l„are the
magnetic moment and spin of the nucleus at site y,
and g(r„) is the envelope of the defect-impurity
ground-state orbital evaluated at site y. The ampli-
fying factor A„accounts for the fact that the wave
function of the trapped electron is orthogonal to the
core orbitals of the ion at site y. ' ' Assuming that

sistent with the building up of the electronic config-
urations by placing each added electron into the
empty orbital with the lowest energy. The spin of
the added electron pairs with the spin of the 1A,
electron of the ionized center to strengthen the bond
between the anion vacancy and the impurity via the
exchange interaction. Thus, although we certainly
expect the two-electron center to be more stable
thermally than the ionized center because the two-
electron center is electrically neutral, we have ad-
ditional support for this expectation from this elec-
tron pairing.

This defect-impurity orbital model for the ionized
photochromic center accounts for the shift of the
lower-energy F, transition to a wavelength longer
than that of the F center in CaF& as well as for the
existence of a second F, transition at a wavelength
shorter than that of the F center. In addition, as
has previously been pointed out, ' this modelaccounts
for the decrease in the energy separation of the two
F, bands with increased lattice constant; this re-
duced separation has been observed' as a function
of increasing temperature and by replacing CaF2
with SrF, . In the stable photochromic center and,
within experimental error, in the ionized photo-
chromic center, the area under the absorption band,
i. e. , the zeroth moment of the line-shapefunction,
of the lower-energy F, transition, is found to be
equal to the area under the absorption band of the
F„ transition. ' If the excited-state wave functions
of these photochromic centers were derived solely
from the wave functions of the F center, the area
under the absorption band of the F, transition mould
be twice that of the F„transition. The formation
of an E bond between the p orbitals of the F center
and the 4f" ' 5de, orbitals of the impurity, however,
reduces the area under the abosrption band of the
lower energy F, transition predicted by this model
by a factor of 2.

Using the conclusion that the A& ground state of
the ionized photochromic center is composed largely
of the 1s-like ground-state wave function of the F
center (see Fig. 2), one may make rough predictions
of the isotropic hyperfine constant and the anisotropy
of the g factor for these ionized centers. These
predictions are of particular interest since experi-
mental measurements of these quantities exist."
The isotropic hyperfine constant due to a nucleus
at site y is
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the defect-impurity ground-state orbital is composed
solely of the ground state of the E center and using
approximate wave functions, o' we calculate the
isotropic hyperfine constant due to the impurity ion
in these ionized photochromic centers to be 0. 034
cm ' when the impurity is La ' or Lu ' and 0. 008
cm ' when the impurity is Y3'; the observed" values
are 0.021 and 0. 03 cm ' for La 'and Lu ', respec-
tively.

An anisotropy in the g factor, which results from
a nonzero spin-orbit interaction, can be quantita-
tively defined as (g„-g,)/g„, where g„and g, are
the diagonal elements of the g tensor. A nonzero
anisotropy may arise from an admixture of F-center
states having nonzero angular momentum into the de-
fect-impurity ground state or from orthogonalizing
the defect-impurity ground state orbital to the ionic
core states. In this latter case the anisotropy arises,
of course, because the impurity-core states differ
from the Ca ' core states. An estimate of the an-
isotropy arising from the admixture of p-like F-cen-
ter functions into the ground state shows that the
anisotropy cannot be much 'greater than 10 . A
rough calculation based on the admixture of ionic
states into the defect-impurity" ground state indi-
cates that, for the ionized photochromic center
containing a La '

impurity ion, the anisotropy in the
g factor should be about 0. 03 due to the large spin-
orbit coupling constant for a 5p electron on this ion.
The experimental value" of the g-factor anisotropy
for the ionized photochromic center containing La
is 0. 01'7, a value with which the latter calculation
is consistent.

It is apparent from the discussion of both this
section and the next that the properties of the im-
purity ion play a very significant role in the calcu-
lation of the energy levels of the photochromic cen-
ters. It is therefore somewhat strange that the ex-
perimental transition energies of these photochromic
centers do not depend more strongly on the choice
of the impurity ion; the reasons for this lack of
variation are not clear. It should also be empha-
sized that the fact that the electronic ground state
of the defect-impurity orbital shown in Fig. 2 lies
at a lower energy than the electronic ground states
of the isolated E center and the isolated divalent
impurity does not imply that the defect-impurity
system should be more stable thermally than the
isolated systems. The reason for this is that sev-
eral contributions to the total energy of these sys-
tems, e. g. , the ion-ion repulsion energy and the
lattice distortion energy, have not been treated fully
in this discussion. Finally the reader will observe
that the energy levels of Fig. 2 predict that the E„
transition will occur at lower energies than the E
band while it is observed that the F„ transition in
the ionized center occurs at higher energies than
the F band. Our prediction that the F„ transition

energy is less than the F-band energy arises from
the assertion that matrix elements of the third term
of Eq. (1) between F-center wave functions vanish;
this assertion was based on an approximate calcula-
tion and cannot be considered rigorously correct.

III. PERTURBATION DESCRIPTION

In this section we shall discuss the matrix ele-
ments (gr, IHIP'») of Eq. (3). Since the first two
terms of H in Eq. (1) are just the F-center Hamil-
tonian, the evaluation of these matrix elements is
identical to a perturbation calculation where the
perturbation, i. e. , the effect of the impurity, is
given by the third term of Eq. (1). In this context,
the problem is somewhat analogous to the problem
of the F& center ' encountered in the alkali halides.
This center consists of an F center with an adjacent
cation replaced by an alkali impurity ion of smaller
size. The analogy between the center described in
this paper and the E„center would, of course, be
more nearly complete if the impurity ion were diva-
lent, were of smaller size than the Ca ' ion, and
possessed only filled electronic shells.

We shall treat this perturbed F center in a man-
ner analogous to that used in treating the F~ center
in the alkali halides. For simplicity we shall re-
strict our attention to those impurity ions with filled
electronic shells, i. e. , to Y ', La ', Lue', and to
the alkali ion Na'. The following contributions to
the perturbation V'(r) —V(r) on the F-electron en-
ergy levels will be considered: (a) that due to an
additional charge at the impurity site, (b) that due
to the displacements and polarizations of the ions
surrounding the vacancy, and (c) that due to the
finite size of the impurity and the other ions sur-
rounding the vacancy.

We shall take the wave functions describing the
trapped electron at the unperturbed E center to be
of the form

(5)

where l = 0 and 1 correspond to the ground and ex-
cited states; i. e. , we take the ground state to be
s-like and the excited state to be p-like. We re-
strict ourselves to these orbitals because they ac-
count for the prominent absorption band in the F
center and because they are the only orbitals for
which accurate radial wave functions are readily
available. %'e shall approximate the radial wave
functions by the Gourary and Adrian type-III wave
function in the ground state and type-II wave function
in the excited state. The variational parameters
and energy levels associated with these wave func-
tions for CaF~ are given in Refs. 23 and 33; our
results do not depend significantly on which source
is used.

Initially we shall treat the ions in the crystal as
point charges. We shall first assume that a nega-
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FIG. 3. Changes in the E-center energy levels due to
presence of a Na' or Lue' substitutional impurity cation
adjacent to an F center in CaF2. Energy levels of the
unperturbed F center are shown in (a) and the changes
are due to: (b) additional charge on the impurity, (c)
Stark splitting associated with lattice distortion about
the center, and (d) finite size of iona in crystal.

tive ion and an adjacent positive ion in a perfect
CaF& crystal are removed and replaced by an elec-
tron and an impurity cation of valence q, respec-
tively, while the positions of the other ions in the
crystal remain unchanged. The additional Coulomb
potential acting on the F electron will be

&,(r) = - (q -2)/y- r]~, (6)

where r is the position of the F electron and r& is
the position of the impurity cation. The changes
in the energy levels of the F electron due to this
perturbation are shown in Figs. 3 and 4 for the
selected impurity ions.

In a real crystal the ions surrounding the impur-
ity-defect complex will certainly be polarized and
displaced from their respective lattice sites. It
has previously been pointed3 out that, due to the
absence of a center of symmetry, the distortion
about such a center can be quite complex. For ex-
ample, if we limit the ions which can undergo dis-
placements from their respective lattice sites to
those ions which are nearest neighbors to the im-
purity or first- or second-nearest neighbors to the
vacancy, there are six different displacements as-
sociated with these 14 ions. Also, due to the lack
of central symmetry, the directions of these dis-
placements cannot be predicted a priori. To ob-
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FIG. 4. Same as Fig. 3 for Y3+ and Lae' impurities.

tain an estimate of these displacements we shall
adopt the following artificial procedure. We shall
first calculate the displacements and induced di-
poles on the ions surrounding an isolated impurity
cation in CaF2. We shall then remove one of the
anions neighboring the impurity and replace it with
an electron of which the wave function is centered
on the lattice site of the absent anion; the positions
of all the other ions in the crystal will be held fixed
during this operation. We next ascertain the equi-
librium position of the impurity ion along the va-
cancy-impurity axis while holding all the other ions
in the crystal fixed to the positions they occupied
prior to the introduction of the F electron. Finally,
we add vectorially to these displacements those that
would occur in the absence of the impurity ion, i. e. ,
those associated with an isolated F center. The
only justification for this procedure is that it orders
the introduction of the various displacements accord-
ing to their relative magnitudes and that it is math-
ematically tractable.

A general formulation of the application of the
Born model to the calculation of the energy required
to form a point defect in an ionic crystal and of the
displacements and induced dipoles associated with
this defect, with special emphasis on CaF&, has
been given by Franklin; the Mott-Littleton tech-
nique of coupling the ions neighboring the defect to
the more distant ions in the crystal is used in this
approach. We shall apply the formalism given by
Franklin, with certain approximations to simplify
the calculations, to the case of a monovalent or
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trivalent substitutional impurity cation in CaF&.
Following Mott and Littleton, we divide the crystal
into two regions, where region I contains the im-
purity and the eight fluorine ions adjacent to the im-
purity, and region II comprises all the rest of the
crystal. The total energy 5' required to create the
substitutional impurity was minimized with respect
to oR, the electrostatic displacement, and to mea,
the induced dipole moment, of the ions in region I.
The quantities R and a refer to the anion-cation
separation and the anion-anion separation in this
lattice. Parameters appropriate to CaF& were
used in these calculations together with differences
in the effective ionic radii of the impurity and host
cations taken from Ref. 37. The results of these
calculations are given in Table I.

An estimate of the lattice distortion about an iso-
lated F center can be obtained by minimizing the
total energy of the F electron-lattice system with
respect to displacements of the ions neighboring the
anion vacancy. The contributions to the energy
change associated with a radial displacement of the
cations nearest the vacancy center are discussed for
the F center in the alkali halides in the appendix of
Ref. 32; this discussion is easily extended to the
alkaline earth fluorides. Since an anion vacancy in
the alkaline earth fluorides is surrounded by six
fluorine ions which are only 15% more distant from
the vacancy center than the four calcium ions, we
must allow for displacements of these anions as
well as for displacements of the nearest-neighbor
cations. We shall permit the four Ca ' ions nearest
the vacancy center to be displaced radially inward
by an amount oR and the six nearest fluorine ions
to be displayed radially inward by an amount ~a;
the remaining ions in the lattice were kept fixed on
their respective lattice sites. The equilibrium val-
ues of cr and 6 for CaF& were found to be -0.021 and
0. 029, respectively. Nearly identical values of
these equilibrium displacements were calculated
for SrF, and BaF,.

TABLE I. First three rows of this table contain the
following calculated data for the indicated isolated
substitutional-impurity ion in CaF2. equilibrium inward
radial displacements op R from their respective lattice
sites of the eight F ions nearest the impurity, the
dipole moments (directed outward) mpea induced on
these anions, and the energy W in ev required to create
these isolated substitutional impurities in CaF2. The
last row contains the equilibrium displacement &pR of
the impurity ion from its lattice site toward the vacancy
center in the combined defect-impurity center.

Estimates of the displacement of an ion surround-
ing the defect-impurity complex are given by the
vector sum of the displacements of that ion asso-
ciated with the isolated impurity and with the isolated
F center. An estimate of the impurity displacement
may be obtained by minimizing the total energy of
the distorted lattice with respect to a displacement
ER of the impurity ion toward the vacancy center.
This calculation differs from that used to obtain the
equilibrium displacements of the ions surrounding
the isolated F center in that only one ion is free to
move and that the coupling between the impurity and

the induced dipole moments on the surrounding ions
must be retained. In the actual calculation of the
equilibrium value of e the displacements associated
with the isolated F center were neglected; the re-
sults of this calculation are shown in Table I.

The difference in the point-ion potentials of the
distorted and undistorted lattices contributes to the
perturbation V'( r) —V( r). The first-order energy
corrections due to this perturbation were obtained
using the wave functions given in Eq. (5). These
results are shown in Figs. 3 and 4. A simple cal-
culation indicates that the order of magnitude of the
energy changes resulting from the induced dipoles
on the ions surrounding the defect-impurity center
is 0. 3 eV; this energy is regarded as being negli-
gibly small in this calculation.

The introduction of the impurity ion at a site adja-
cent to the F center results not only in changes in
the point-ion potential of the F electron, but also
in changes in the interaction of the F electron with
the filled ion-core states in the crystal. We shall
refer to the contribution to the energy of the F elec-
tron arising from its interaction with these ion-
core states as the ion-size correction. This ion-
size correction includes the repulsive potential
arising from the requirement that the F-electron
wave functions be orthogonal to all the occupied or-
bitals in the crystal and the contributions to the en-
ergy of the F electron remaining in the Hartree-
Fock potential after the point-ion potential has been
removed, that is, the screened Coulomb potential
inside the ioncores and the exchange potential of
the F electron with the ion-core electrons. This
correction to the F electron energy is discussed in
Refs. 23 and 32, where it is shown that in the ap-
proximation the variations of 4, (r) over the region
of the ion-cores are neglected, the ion-size correc-
tion is given by

0'p

mp
W
E'p

Na'
—0.09
—0.02
15.5

—0.02

Lu+
0.11
0.02

-28.0
—0.7

Y
0.10
0.03

27 t

—0.07

La~
0.06
0.03

—230
—0.04

The sum in Eq. (7) is to be carried out over all the
indicated lattice sites in the crystal, with the va-
cancy center being denoted by &=1. There are N
ions in the crystal. The coefficients A„and B„are
constants associated with the ion at site y; the val-
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ues of these coefficients for the alkali, alkaline
earth, and halide ions are tabulated in Ref. 23. The
energy associated with the F-electron wave func-
tion 4, (r) is denoted by E, , the potential energy
of an electron at the site y due to all the other ions
in the crystal is denoted by U„, and r„denotes the
position of lattice site y. The validity of the ap-
proximations made in obtaining Eq. (7) are discus-
sed in Ref. 32. We shall assume that Eq. (7) is a
good approximation for the ion-size correction en-
ergy of an F electron in CaF&.

The change in the ion-size correction energy due
to the introduction of the impurity ion and to the re-
sulting lattice distortion can easily be broken into
three parts, one of which is the change due to the
replacement of the core states of Ca with those
of the impurity. Since the ion-size correction en-
ergy of the F electron depends on the difference of
the F-electron energy and the energies of the oc-
cupied core states, there will be an energy change
due to the shift in the energy of the F electron rela-
tive to the shifts in the energy of the core states.
Finally there will be an energy change due to the
lattice distortion.

The energy changes resulting from each of these
three contributions to the change in the ion-size
correction were calculated for selected impurity
cations adjacent to an F center in CaF2, the re-
sults of these calculations are shown in Figs. 3
and 4. The coefficients A„and Br for the trivalent
impurities considered here were obtained using the
approximate expressions

Ar =2wqRor y ~r ~Ror ~

where Ror is an effective ionic radius ' for the ion
at site y. Similar approximate expressions are
given in Ref. 23. The sums over the lattice sites
are easily evaluated since the F-electron wave
functions decay exponentially in the region of the
crystal beyond the sphere defined by the cations
nearest the vacancy center, i. e. , they are well
localized about the vacancy center. In this approx-
imate calculation we have terminated the sums on
the shell of fluorine ions nearest the vacancy cen-
ter.

In the calculations described above, only contribu-
tions to the diagonal matrix elements were taken
into account. The large changes in the diagonal

energies shown in Figs. 3 and 4 certainly indicate
that the off-diagonal matrix elements cannot be ig-
nored. However, one also notes from Figs. 3 and
4 that the contributions to the diagonal matrix ele-
ments from the point-ion-lattice distortion and from
the changes in the ion-size correction tend to cancel
the contribution from the additional charge on the
impurity. One might expect that a similar cancella-
tion occurs for the off-diagonal matrix elements.
The only off-diagonal matrix element between the
s and p states we have been considering that is not
identically zero by symmetry considerations is that
between the states @M(r ) and 4,0(r); for this off-
diagonal matrix element such a cancellation does
indeed occur. In particular, while the contribution
to this off-diagonal matrix element from each of the
three sources mentioned above is of order 1.5 eV,
the total off-diagonal matrix element is less than
0. 3 eV for all four examples considered here.
While the exactness of this cancellation is certainly
greater than can be expected from such a crude cal-
culation, it is nevertheless clear that this off-diag-
onal matrix element makes little contribution to the
energy levels and that there is no significant mix-
ing of the F center s and p wave functions.

A color center consisting of an F center perturbed
by an adjacent monovalent or trivalent impurity ca-
tion in CaF2 is not neutral and therefore we do not
expect it to be thermally stable. This is indeed
the case for the ionized photochromic center. Al-
though one might conclude from the energy levels
shown in Fig. 3 for an F center perturbed by an
adjacent Na'-impurity ion that this center is re-
sponsible for the 6050 A absorption band observed
by Scouler and Smakula' in electron-irradiated Na-
doped CaF&, these observations regarding thermal
stability lead us to suspect that such an identifica-
tion would be incorrect. Studies of the dichroic
properties of the optical absorption of colored Na-
doped CaF&, as well as studies of the EPR reso-
nances of this material are needed before any
definite conclusions can be reached.
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