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We use an E-vs-0 relation (derived by Kane from the k p method) which includes a finite
spin-orbit splitting 6 and the effects of the higher band interactions to calculate the concentra-
tion dependence of the effective mass of electrons in the I'8 conduction band of HgSe. The calcu-
lation employs numerical methods derived earlier by us for the analyses of Shubnikov-de Haas
data relating to warping effects in the same band. We find a good fit to the observedconcentra-
tion dependence of the effective mass reported by Whitsett from Shubnikov-de Haas results,
using the following values of the band parameters: P=7. 2&&10 eV cm, E~=-0.22 eV, &
=0.45 eV and A' =0, B'=0, M=-5, L' =-2, and I -M-N=4 in units of I' /2mo. The close
agreement between the theory and experiment indicates that a finite & and the inclusion ofhigher-
band interactions should be considered-in the evaluation of band parameters from experimental
results in HgSe. Beating patterns in the Shubnikov-de Haas oscillations in n-HgSe were initially
reported by Whitsett. In this paper, we present the results of an experimental investigation
which examines in detail the dependence of the beating patterns on electron concentration and
magnetic field direction. The concentration range studied extended from 4.69 x10 ~ to 3.73
x10 cm . Magnetic field strengths up to 80 kOe were employed in the measurements. The
results are similar to the earlier observations of Whitsett; namely, two nodes or minima in
the oscillatory amplitude occur for B II (111), one minimum for @II OOO), and no minima for
Bll (110). For the orientations Bll (111)and BII (100), the Landau-level numbers of the nodal
positions are found to be independent of concentration. The variations of the nodal positions
with magneiic field direction have been examined for the orientations 5 II II (110) and 5 II II

(100). Comparison of the results with published data on the III-V semiconductor GaSb indicates
that the orientational effects may be a general feature of the beating in zinc-blende structures.
The results are analyzed in terms of a semiclassical model of two Fermi surfaces split by in-
version asymmetry, using the band parameters derived from the effective-mass analysis.
This model predicts the observed concentration dependence of the beating frequency for B II (111),
assuming that the two nodal points seen for this orientation are related by simple beating. The
calculated splitting of the surfaces, derived from this model, is compared with the predictions of
Both's nonclassical model which involves interaction between electron spin and external magnetic
fields.

I. INTRODUCTION

In an earlier paper, Galazk". Seiler, and Becker'
(GSB) reported the results of an experimental in-
vestigation of the Shubnikov-de Haas (SdH) effect
in n-HgSe. From the analysis presented, it was
concluded by the authors that the conduction band in
HgSe has X'8 symmetry, and a value for the warping
parameter was determined. Whitsett~ had previ-
ously reported effective-mass determinations in
n-HgSe from SdH measurements. Both he and other
authors have interpreted effective-mass results on
the basis of somewhat more restrictive band mod-
els than were considered by GSB. In the first part
of the present work, we undertake an analysis of
Whitsett's results based on the band model used by
GSB. Next, we give new experimental measure-
ments on beating effects in the SdH oscillations in

HgSe; these data are presented together with an ex-
tension of the GSB analysis to include the influence
of inversion asymmetry. In the GSB paper, analyt-
ic expressions relating the SdH frequency anisotro-
py to warping of the k = 0 conduction band are listed
only in summary form. Since these same expres-
sions are also employed in the present paper, we
outline their derivation in an Appendix, and give the
extension necessary to include inversion-asymme-
try splitting.

A. Effective Mass

A number of experimental investigations have
provided information about the dependence of the
conduction-band effective mass upon electron con-
centration in HgSe. Room- temperature results
were obtained by%right, Strauss, and Harmane

using infrared ref lectivity and magnetoreflectivity



BAND STRUC TURK OF Hg Se:

measurements. Shalyt and Aliev used Hall-effect
and thermoelectric-power measurements in strong
magnetic fields to determine the dependence of the
electron effective mass on concentration in the liq-
uid-nitrogen-temperature region. Similar mea-
surements were employed by Aliev, Korenblut, and
Shalyt to extend the results to temperatures be-
tween 95 and 300 'K. In the liquid-helium-temper-
ature region, only one investigation of this kind has
been reported. Using the temperature dependence
of the amplitudes of Shubnikov-de Haas (SdH) oscil-
lations, Whitsett determined the cyclotron effective
masses of the conduction electrons at the Fermi
surface for samples having from 1.86&&10'~ to 4. 52
&& 10'8 electrons/cm .

In the above studies, a nonparabolic conduction-
band model derived by Kane for InSb was found to
account satisfactorily for the effective-mass varia-
tion. By comparing their data with the nonparabolic
conduction-band model, the above authors obtained
values of E~, the forbidden energy gap at A=O, and

P, the momentum matrix element between conduc-
tion- and valence-band Bloch functions at k = 0. '
Harmane reanalyzed the data taken by Wright et al.
and obtained values of P and E~ different from those
originally reported. Values of P and E~ slightly
different from either those obtained by Wright
et al. , Whitsett, or Harman, were reported by
Bliek and Landwehr (see Ref. 10 for listing of the
parameters used in calculations in Ref. 9), who re-
analyzed the published electron effective-mass data
of Wright et aE. and Whitsett.

There are several reasons why the simple Kane
model used in these cases is not applicable to the
conduction band in HgSe. First, the expression for
the conduction-band energy that was employed is
valid only if the spin-orbit splitting ~ of the valence
bands is much larger than E~. Bliek and Land-
wehr' have shown that this may not be a good as-
sumption for HgSe. Second, the effect of higher-
band k p interactions on the effective mass were
not considered. In the case of HgTe, Groves,
Brown, and Pidgeon" showed that the assumptions
of infinite spin-orbit splitting and of no interactions
with higher bands (usually made in the m* vs n--
analysis for Z~ and I') can cause serious errors for
a 1"8 conduction band. (Bliek and Landwehr~0 did
not include the effects of higher bands in their anal-
ysis. ) Third, the recent study of the SdH effect at
liquid-helium temperatures by GSB has confirmed
that the conduction band in HgSe has Fs symmetry,
as in Hg Te. Therefore, the conduction-band model
of I'„symmetry, as in InSb, is not, strictly speak-
ing, applicable.

In this paper, we calculate the concentration de-
pendence of the cyclotron resonance effective mass
for a band model which takes into account the ef-
fects of finite spin-orbit splitting and higher-band

interactions for a I'8 conduction band, as in HgSe.
The energy-band parameters needed in this calcu-
lation are adjusted to give a good fit not only to
Whitsett's SdH effective-mass data, but also to the
previously reported SdH frequency anisotropy re-
sults of GSB. In addition, our theoretical analysis
gives values for the effective-mass anisotropy and
its concentration dependence.

B. Beating Effects in SdH Oscillations in HgSe

Beating effects have been observed in the SdH os-
cillations by Whitsett in the II-VI semiconductor
HgSe, and in the III-V semiconductor GaSb by Seiler
et aE. ' ' For both materials, the beating is found
to be associated with the carriers in the k = 0 con-
duction-band minimum. Whitsett~ proposed that
although the Fermi surface of the conduction band
is nearly spherical in HgSe, the beating effects may
arise because of slight bulging of the Fermi surface
in the (111)directions in k space. Such a model
implies that two extremal cross sections perpendic-
ular to the magnetic field may have different areas
for certain field directions, thus leading to the ob-
served beating. Groves and Wyatt' considered the
possibility of obtaining beating effects from two ex-
tremal orbits on a warped Fermi surface; from
Whitsett's measurements of the anisotropy of the
SdH period they concluded that the size of the warp-
ing expected in HgSe is much smaller than that
needed to produce the observed beating.

Roth, Groves, and Wyatt, "and Roth" have
shown that inversion asymmetry effects appearing
in zinc-blende structures produce two orbits for
carriers in the conduction band of HgSe and lead to
the orientation-dependent beating observed by
Whitsett in this material. Seiler, Becker, and
Roth' demonstrated that the beating behavior seen
in GaSb is not simple and thus cannot be fully ex-
plained in terms of a semiclassical model of two
Fermi surfaces produced by inversion asymmetry
splitting. The authors showed that the quantum-
mechanical theory of Roth which includes the inter-
action between the electron spin and external mag-
netic fields accounts for many of the major features
of the GaSb data.

In the case of GaSb, the beating effects can be
detected only for a rather narrow concentration
range [n = (1.2-1.5) x 10' cm" ] . Although Whitsett
observed beating in HgSe over a wide concentration
range, detailed investigation was carried out only
for a sample withe-1. 3&10' cm . Thus, in both
semiconductors, data are lacking on the concentra-
tion dependence of the beating effects. In HgSe,
improved crystal growth technology, increased un-
derstanding of the band structure, and the existence
of a successful theoretical model to explain the
beating effects suggests that a wider and more ex-
tensive investigation than had been undertaken by
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Whitsett should be considered for this material.
In this paper, we present detailed observations

of beating effects in the SdH oscillations in HgSe.
Sample behavior was investigated in the electron
concentration range from 4. 69~10 to 3. 73&10
cm '. Systematic studies of (i) the concentration
dependence of nodal positions, and (ii) the variation
of nodal positions with magnetic field direction are
reported. It will be shown that certain features of
the beating behavior cannot be explained in terms
of a semiclassical model of two Fermi surfaces
produced by inversion asymmetry splitting of the
k = 0 conduction band. Although many of the earlier
experimental results in HgSe have already been ex-
plained by the quantum-mechanical theory of Roth
et al. ' and Roth, ' understanding of some of the
new results given below will require further devel-
opment of the theory.

II. THEORY

Earlier, Roth, Groves, and Wyatt estimated the
size of the zinc-blende splitting in HgSe from Whit-
sett's data by assuming a semiclassical model. In
their paper, an E-vs-k relation derived by Kane,
good for either I 6 or I 8 band symmetry, was used
to calculate the area difference between the two ex-
tremal cross-sectional areas of the Fermi surface
which are perpendicular to the magnetic field direc-
tion. The size of the band parameter P (Kane's B)
depends on the choice of band symmetry and is re-
lated to the splitting; Roth, Groves, and Wyatt"
estimated the size of 8 for both symmetries. GSB
showed from the concentration dependence of the
angular anisotropy of the SdH effect, that the 0=0
conduction-band minimum in HgSe has 18 symme-
try. Both, Groves, and Wyatt" carried out their
calculations by computer techniques. Seiler and
Becker' had found that in GaSb the SdH period ex-
hibits dependencies on magnetic field direction of
a simple functional form. Starting with an E-vs-k
equation involving nonparabolicity and warping, they
were able to develop by analytical methods expres-
sions for the extremal cross-sectional area, and
thus the SdH period, which exhibited the same func-
tional forms, thus allowing direct comparison with
experiment. Seiler, Becker, and Roth' outlined a
similar calculation for GaSb which in addition to the
nonparabolicity and warping, also takes into account
the energy contribution due to inversion asymmetry
splitting. Recently, we completed an analysis of
the warping and symmetry of the conduction band in
HgSe from SdH measurements' using the analytical
methods of Seiler and Becker. ' (A description of
this calculation is given in the Appendix of the pres-
ent paper, together with the extension of this analy-
sis to include inversion asymmetry splitting. ) It is
shown in the Appendix that, to a reasonable approx-
imation,

kp, = Co[1 —C, y, (8, 0)+ Clays(8, 9 )],
where

2mo (E') —E 'E
g

2E '(1+k~P /3b ) —(Eg+ k~P /3&)Ci-v z
2E '(1+k$P /34 ) —(E,+kfP /3&)

Cz- ao

(2)

(3)

8,= LCD[1 —(C,/2w)g, (8) w (C2/2v)g, (8)] .
The function

(6)

gi(8)= 5,
"

yi(8, m)&V

is evaluated in Appendix A of Ref. 1V for 5 lying in
the (110) plane. The integral

g 3(8) =
f() 3'a(8~ p) dp

is given in Ref. 13, also for the case where 5 lies
in the (110) plane.

A. Effective-Mass Calculations and Analysis

The cyclotron effective mass is defined as'

A dQrn*-——
2m dE

(—,+y)P —E 'P /34 +E 'P /3n.
m'/2m,

+u[2E '(1+k~P /3b ) —(E~+k~P /3&)]. (5)

Here E' is the Fermi energy, E~ is the direct en-
ergy gap at k=0, I' is the momentum matrix ele-
ment, & is the energy splitting of the valence band
due to spin-orbit interaction, mo is the free-elec-
tron mass, and y is a small term which depends
upon concentration. (For infinite spin-orbit split-
ting, 'Y=O. ) For HgSe, we note that E~&0. k„and
(It) are a set of polar coordinates lying in the plane
perpendicular to the magnetic field 5, and 8 is the

angle between the field direction and a crystallo-
graphic direction lying in the plane of rotation of the
magnetic field. The form of the functions y, (8, p)
and y3(8, p) depends on the plane of rotation of the
magnetic field. Seiler and Becker' give the form
of y, (8, y) for 5 lying in a (110) plane and Seiler,
Becker, and Roth" give the form of ym(8, y) for the
same field orientation. The coefficients u, v, and
sv are defined in the Appendix; they contain the ef-
fects of the higher-band interactions.

In Eqs. (2)—(4), k~ is an appropriate spherical k

vector. The coefficients Co, C„and Cz are only
dependent on the Fermi energy and the band param-
eters; their evaluation is outlined in the Appendix.
The extremal cross-sectional areas g, perpendicu-
lar to the magnetic field are given by
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where g is the area of the Fermi surface in the
%„=0 plane (where k„ is parallel to the magnetic
field direction), m* is the cyclotron mass when the

magnetic field is along the kH direction, and E is the

Fermi energy. The derivative in Eq. (7) can be
conveniently determined numerically by finding the
appropriate E and 8 for slightly different values of
concentration ox k vector and then taking the quo-
tient of the differences. In calculating the effective
mass, we neglect the influence of the inversion
asymmetry splitting term by setting Ca= 0. This
should be a good approximation since the energy
splitting is small.

1. Extraction of Band Parameters
from WIntsett's Data

Nhitsett'8 effective-mass data are presented in
Fig. 1. The SdH frequencies in the figure are cal-
culated from the 5(((100) period data at 4. 2 K given
in Table II of %hitsett'8 paper. Values of the ef-
fective masses for 5(((100) are taken from Table DI
of the same reference. The possible experimental

FREQUENCY, GAUSS

FIG. 1. Variation of cyclotron effective mass as a func-
tion of SdH frequency. The data points, along with their
uncertainties, were obtained from Bef. 2. The curves
show the results of calculations using the following sets
of band parameters: curve 1 (results of present calcu-
lation), P=7. 2&&10" eV cm, E~= —0.22 eV, &=0.45 eV,
A. ' =0, M=- 5, I ' =- 2, and (L-M-Ã)=4 curve 2 (higher-
band parameters set equal to zero), P=7.2 &10 eV cm,
E =-0.22 eV &=0.45 eV and &' =M=L'= (L-M-N)=0.
curve 3 (obtained from Bef. 10 and including the higher-
band interactions), P =6.6&10 eV cm, Ez= —0.19 eV,
4=0.38 eV, &'=0, M= —5, L'= —2, and Q, -M-N) =4;
curve 4 (obtained from Bef. 2 and including the higher-
band interactions), P = 7.1 &10 eV cm, E~ = —0.24 eV,
4=0.45 eV, &'=0, ~=-5, L'=-2, and L-M-%=4.

error in the SdH periods or frequencies is + 5%, ac-
cording to Whitsett. A measure of the uncertainty
in Whitsett's m* data can be obtained fxom the scat-
ter of mass values computed for several magnetic
field strengths from the average value; Whitsett
estimated these to be of the order +0.001 or less.
The uncertainties in %hitsett'8 data are indicated
by the error bars in Fig. 1.

A good fit to the experimental data is obtained as-
suming the following set of band parameters:
I'=7. 2&10 'eV cm, E,= —0. 22 eV, &=0.45 eV,
A' = 0, B' = 0, M= —5, I.' = —2, and I.—M —I)i = 4.(The
higher-band parameters are given in units of
h /2mo. ) This same set ot parameters has previ-
ously been shown to give an excellent fit to recent
data on the concentration dependence of the magni-
tude of the warping of the Fermi surface in HgSe. '
Although the separate fittings do not necessarily
give a unique setp the values chosen can be consid-
ered as reasonable, based on present knowledge of
the band parameters in cubic semiconductors.
More recently, Broerman has used this set of
band-parameter values in an analysis of the concen-
tration dependence of the Hall mobility in n-HgSe at
4. O'K. " To illustrate how significant the omission
of the higher-band parameters can be to the effec-
tive-mass calculation, we also show in Fig. 1 the
computed results using both Whitsett'8 and Bliek
and I andwehr'8 band parameters, ' together with
the above-assumed values of the higher-band pa-
rameters.

Table I lists the values of the band parameters
I' and E~ obtained from a variety of investigations
together with the corresponding band-structure as-
sumptions used in the analysis of the data.

2. AnisotroPy of Effective Mass

Since the Fermi surface is slightly nonspherical,
the effective mass is slightly anisotropic. The an-
gular dependence of the cyclotxon effective mass is
given by the function gg(8), as seen from Eqs. (6)
and (7). Calculation of this angular dependence is
shown in Fig. 2 for a sample with an electron con-
centration of = 1.6x 10' /cm . The magnitude of this
anisotropy depends upon concentration in the man-
ner presented in Fig. 3.

B. Beating Effects

If inversion asymmetry is included in the evalua-
tion of 8 in Eq. (6), then the SdH frequencies con-
tributed by the two areas are

Thus, the semiclassical result for the beat frequen-
cy, given by this calculation, is

&s = &0 (C2/v) gp(t)),
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nodal points are seen, we calculate the beat fre-
quency from the data according to the expression

0.0500

0.0495

F, = [(1/a„..., —1/a, ...,)] '

for comparison with the theory.

III. EXPERIMENTAL
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FIG. 2. Angular variation of the effective mass for an
electron concentration n - l. 6 x 10 /cm .

TABLE I. Comparison of values of I' and E~ obtained
from analysis of effective-mass data on HgSe.

1E~ I

~(eVcm) (eV)

8 x10- - 0. 2

Ref. Comments

Large &, no higher bands;
obtained from room-temper-
ature reflectivity data
assuming I'6 energy band.

7.1 x10" 0.24 2 Large &, no higher bands;
obtained from oscillatory
magnetoresistance data taken
at liquid-helium temperature
assuming I"

6 energy band.

7.62x10 8 0.2 9 Large &, no higher bands;
obtained from published data
assuming I'6 energy band.

7.5 x10 0.15 8 Large &, no higher bands;
reanalysis of data from
Ref. 3.

6.6 x10-s 0.19 10 Finite &, no higher bands;
obtained from analyzing data
on Ref. 2 assuming a I'8

energy band.

7.2 x10-' 0.22 This Finite &, higher bands
paper included; obtained from

analyzing data of Refs. 2 and
1. I'8 symmetry of the con-
duction band was confirmed
by the authors in Ref. 1 and
thus a I'& energy band must be
used,

where FO=KcCO/2e is the SdH frequency obtained by
ignoring both inversion asymmetry and warping.
The number of oscillations between nodes is Eo/Ee.
In Eq. (9), the concentration dependence of the beat
frequency is in the COC3 product, and the angular
dependence is given by the ga(e) function.

As in the case of Whitsett, we observe two nodal
points for limited angular ranges around 5II(111),
but only one nodal point for 5II(100). Where .two

Experimental techniques connected with the SdH
measurements have been described by Seiler and
Becker, '7 and details on sample preparation were
presented in GSB. In Fig. 4 (taken from Ref. 1),
we show typical data for several field directions
transverse to the current direction. For 51I[001],
the nodal position is easily established by inspection
to within one cycle of the SdH oscillation. For
5II [111], the low-field nodal position can also be
clearly seen. In the case of the high-field nodal po-
sition for this field orientation, however, the large
harmonic content of the oscillation introduces a con-
siderable uncertainty in the determination of the
amplitude minimum. (This latter point will be fur-
ther discussed. ) We investigated the dependence of
nodal position on electron concentration in the range
4. 69&&10' to 3. 73&&10' cm for the magnetic field
directions 5II(111) and 5II(100). We also studied the
angular variation of the nodal positions for the
transverse orientation (I J. 5) for the cases III (100)
and III (110). Table II lists the electrical properties
of the samples together with the respective nodal
positions of the beats for 5II(111) and 5II(100). The
corresponding Landau-level numbers are given in
parentheses. No beating effects were observed for
5II (110).

Figure 5 summarizes the data on the nodal posi-
tions. Whitsett's measurements are presented on
the same plot. The nodal point positions were first
surveyed in dc magnetic fields up to 20 kOe using a

n ( Io'~m')
2 8 20 50 45

I I I I I

O
O

E
I

.04

.03
O

.02
E

.Ol

~00 i I I

0 2 4 e 8

SdH FRECLUENCY (IO GAUSS)

FIG. 3. The magnitude of the effective-mass anisotropy
(plotted as [m*((111))—m*((001))]/m*((001))) as a func-
tion SdH frequency. For convenience, the electron con-
centration is also indicated. [The symbol m*((hAE)) de-
notes the effective mass with the magnetic fieM aligned
along the given crystallographic direction. 1
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B II [OOI]

B Il[ITI]

B II [I I 0]

A diffeerent angular. variation is seen in Fig. 8 for~ ~

' in samplethe current-field orientations 5 L III(100

16a h
Among the samples listed in Tabl II le, ony

had the correct orientation for this study.
As seen in Fig. 4, the oscillatory frequency ap-

pears to be doubled in the region of the high-fieM
nodal point for 5!I(111). In our data, the oscilla-
tions are usually obtained using field modulation and
phase- sensitive detection techniqu Th' fes. is requen-
cy doubling is also observed using dc methods. We
assume that the doubling shows the presence of the
second harmonic of the SdH frequency. The maxi-
mum amplitude of the second harmonic should then
appear at the minimum amplitude of the first har-
monic (the first harmonic is the fundamental SdH

frequency); this field point was taken as the high-
field nodal position. As a check, it is seen that the
component identified as the second harmonic is
damped more than the first harmonic as the tem-
perature increases, as expected. Th de no al posi-
tion obtained from the high-temperature minimum
in the first harmonic is in good agreement with the
same position obtained from the low-temperature
maximum in the second harmonic.

We note that for 5ii(111), the amplitude is very
close to zero at the low-field nodal p s't' Fosi ion. or

at the nodal os' '
0, however, the amplitude is still t 1s i qui e arge
e n al position, but no second harmonic struc-

ture is seen. Da ta for a low-concentration sample
7a, showing this latter feature of the beating for
5ii(100), are presented in Fig. 9.

I

10

I

20

IV. RESULTS AND DISCUSSION

Table I of Roth s paper lists the nodal points ob-16

served by Whitsett for three samples of concentra-

B(kOe)
I 1 I I I I I I I I I I I I

FIG. 4. Reproduction of x-y recorder traces of 'l-
iato ma ery gnetoresxstance data taken on sample 4a at

s 0 osc1-

l.3 'K usin field-m'
g

' — odulation and phase-sensitive detec-
tion techniques. The signal is obta' d h'l
at the second harm

one w i e detectin
once of the modulation frequency. Th'

g

figure is taken from Ref. 1, F' 3

4-in. Pacific Electric Motor electromagnet. For
es, i was necessarythe highest-concentration sampl 't

to employ an 80-koe Westinghouse superconducting
magnet to see the 5[i(ill) high-field nodal point.

wit ma
igure 6 shows the variation of the nodal o t'posl lons

wi magnetic field direction in sample 4aT for
5l III' 110 .
f

As seen in the figure no beat'
ound for 22' &8& 35'. Figure 7

'
th
ea ing is

igure gives the x-y re-
corder trace corresponding to the field direction

= 25' in Fig. 6. At - 30' and 90, the amplitude
dependence on field is observed t bo e quite similar
in appearance. The behavior for 5i ill(110) ob-
served in sample 4aT appears to be typical.

& I I I&

& IOO&

(D
& Ip

CQ
ta

I

IPI7 IPI9
»I

IPI8

n [cm ~]

FIG. 5. CConcentration dependence of the nodal positions
for current orientation I II (110) and ma etic

and B II 100). Slope of the straight lines
drawn through the data points is 2.
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FIG. 6. Variation of the nodal positions with magnetic

field direction for BlI II [100].

tion 8. 46&&10', 1.34&&10', and 4. 52&&10' cm
These same results are included in the data pre-
sented in Fig. 5. Roth' has suggested that shifts
in Landau-level number of the nodes with concentra-
tion may be related to changes in both the quantities

p and y (our C,). In Roth's theory, we have

p = —,
' (1 —&u J~,) = —,

' (1 -gm "/2m, ),

where e, is the cyclotron resonance frequency, and

g is the spin-splitting factor .InsPection of Fig. 5
sho)vs that to )vithin the accuracy of the measure
ments, the Landau level-numbers of the nodal posi
tions for 5II (111)and Oil(100) are indePendent of
carries' concentration. Both IL( and y would be ex-
pected to change with concentration in a complicated
band. The absence of any shifts in Landau-level
number suggests that any changes in these quanti-
ties which do occur (i) are small, or (ii) compen-
sate each other. The constancy of the nodal posi-
tions is not inconsistent with predictions of the
semiclassical theory, since predictions relating
only to the beat frequency are given by this theory.

Rpth has obtained a value pf C3= 0. 085 frpm a
fit tp Whitsett's data for a sample with &=1.34&&10'

cm . According to the earlier work on this prob-
lem, " this value of C2 corresponds to a value of P
of 6. 52 (in units of h '/2m, ). (We assume I"8 sym-
metry and use appropriate values of a and 6 in de-
riving this latter result. ) Assuming that the two nodal
points for Sll (111)represent simple beating, we find
from the semiclassical analysis given in Sec. IIB
of this paper a value of Cz= 0. 045 and a correspond-
ing value of P = 3.45 (in units of h /2mo) in a sample
with e = 1.34 && 10' cm

In order to derive the above values of P, we have
employed the following band parameters: E, = —0. 22
eV, P= V. 2&&10 eVcm, ~=0.45 eV, and A'=0,
M = —5, L, ' = —2, and (L —M —X) = 4 in units of h /2mo.
This dissimilarity between the values of P derived

TABLE II. Summary of samples investigated for beating effects. The Landau-level numbers of the nodal positions
are calculated from N= (&~&), where &z is the magnetic field at which the node is observed, and P is the SdH period.
In the table, the value of N is given in parentheses. For B II (111), Nhg~~f(egg=18+1 and N),w~f(e)~ ——47+1. For B ll (100),
N= 36 +l.

Sample

7a
la
7aT
16a"
15a
4a
4a Tc
1aa
llaa
lla
12a
13a

n = 1/RHe
(cm 3)

4. 69 xlo"
4. 88 xlo"
6.08 xlp
6.99 x 10"
7.75 x lpi7

9.5pxlp
9.69 x 10~7

11 5 x 1017

16 x 10"
19.6 xlp~7

35.0 xlp"
37.3 xlp"

(oem)-'

5.75 xl03
5.775 x 103
9.90 x103
9.7 x103

13.0 x 103
10.5 xlo
11.2 x103
12.36 x 10~

17.57 x lp3
24. 9 x 1Q3

25. 25 x 10'

B~o
(cm /V sec)

90.0 xlo
74.3 xl03
95.4 x103
87.0 xlp3

104.7 x 103
69.0 xlo
72.5 xlo
66.9 x103

~ 4 ~

56.2 x 10'
44. 7 xlo
42. 2 x 103

4. 5 (5o)

5.o (5o)
6.1 (48)
6.35(47)
7.2 (46)

0 ~ ~

9.7 (48)
15.8 (44)
16.2 (45)

B II (111)
(kae)

10.5 (18)
lp. 75(16)
12.7 (18)

12.65 (20)
15.5 (19)
16.2 (18)
18.0 (18)
20. 8 (2Q)

34. 8 (2O)

5.25(36)
5.6o (3o)
6.3O(36)
6.55(35)
6.7O(37)
8.3O(35)
8.55(35)
9.40 (35)

(39)
2O (39)

Noda]. positions
B II (loo)

(kae)

'Sample 7a remeasured after approximately 4 months
room-temperature anneal.

Sample with I ll (100). All other samples were
oriented with I II (110).

'Sample 4a remeasured after approximately 4 months

room-temperature anneal.
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FIG. 7. Reproduction of x-y recorder
trace of oscillatory magnetoresistance
data taken on sample 4a T using field-
modulation and phase-sensitive detection
techniques. The monotonically changing
magnetic field is parallel to a direction
30' away from [001] in the plane BiT II

[110]. The signal is obtained while de-
tecting at the second harmonic of the
modulation frequency.

IO

I

ls
B(koe)

I

20

OP

O
6-

CQ

I I & I I I I I

leo
IL OOI

'

[Ioo] [Iio] [oio]
I I I I I t 1 I I I I

0 l0 20 50 40 50 60 70 80 90
8, DEGREFS

FIG. 8. Variation of the nodal position with magnetic
field direction for BlI II [001].

semiclassically and from the quantum theory has
already been noted for the GaSb case. ' As seen in
Fig. 10, the concentration dependence of the beat
frequency for @II(111)can be fitted with the value of
P = 3.45 over the complete concentration range using
the semiclassical theory.

Inspection of Fig. 6 shows that as the magnetic
field is turned away from the (111)direction,
toward the (110) direction, the two (111)nodal
points approach each other. If the two nodes for
@II(111)are connected by simple beating, more
nodes should be seen in the field range of measure-
ment for this direction of field rotation. No such
additional nodes are detectable. A similar behavior
of the nodal points has been noted in the case of
GaSb and has been cited as evidence for the inade-
quacy of the semiclassical theory. '3

The quantum-mechanical calculations of Roth'

were made only for Sll(100), 5II(110), and 5II(111).
For other field directions, the Hamiltonian has not
been solved as yet. Comparison between the re-
sults given in Fig. 6, and results obtained for the
same orientation (5& III(110)) in GaSb (see Fig. 12

LLI
O
I—

R.G- l I

LLI . 1

O
j—

1$

IJJ
CL

RG. 2.5
I

5
I I

B(koej
20

FIG. 9. Reproduction of x-y recorder trace of oscilla-
tory magnetoresistance data taken on sample 7a using
field-modulation and phase-sensitive detection techniques.
The monotonically changing magnetic field is parallel to
the [100] direction. RG indicates the relative gain em-
ployed in the measurements. The signal is obtained while
detecting at the second. harmonic of the modulation fre-
quency.



cillations in HgSe are reported. Calculations in-
volving inversion asymmetry splitting indicate that
the effects may be explained only in part using a
semiclassical theory. The quantum-mechanical
theory is as yet not complete enough to predict all
the details of the observed behavior.

J l~ll
(Ol 8

n cm
FIG. 10. Theoretical and experimental dependence of

beat frequency on electron concentration for 8 II |,'ill).
The theoretical curves are obtained using the semiclassi-
cal theory outlined in the text. The experimental beat
frequency is calculated from the data by assuming that the
hvo observed nodes for 8 II (&&jI.) are related by simple
beating. B' in the figure is the same as P (Kane's B) in
the text.

A very useful presentation of the E-vs-k rela-
tionship for materials with diamond and zinc-blende
lattices has been given by Kane. Kane employed
a perturbation theorem of Lowdin to take into ac-
count bands far removed in energy from the lowest-
lying conduction band and the highest-lying valence
bRQds. These stRtes Rt 0 = 0 Rre put into one of two
groups: Group A. includes the closely bunched
states of interest (I"8, I'7, and I'8) and group B in-
cludes the remainder. Any state in group A. inter-
acts only weakly with any state in group B, but may
interact strongly with any other state in group A.
The k p interactions between states in A and B are
then removed to lowest order by ordinary perturba-
tion theory which leaves the states in A. with a "re-
normalized" interaction matrix which must be diag-
onalized exactly. Lowdin showed that

(AI)

in Ref. 13) shows that the angular behavior of the
beating effects in these two semiconductors is quite
similar. The similarity in results for GaSb and

HgSe indicates that this aspect of the beating behav-
ior may be a common feature of zinc-blende mate-
rials.

For 5it(100), only one node has been observed so
far (see Fig. 6). Our present results extend only
to fields up to 80 kQe. Studies of the de Haas-van
Alphen and Shubnikov-de Haas effects in n-HgSe in
pulsed fields up to 210 kQe were carried out by
Bliek and Landwehr in samples with electron con-
centrations between 1.96 and 3. 26&&10' cm
These studies examined sample behavior only for
the case %II(100). The results showed that no beat-
ing effects could be observed (except for the nodes
previously found by Whitsett) at these high magnetic
fields. Both's theory predicts a weak minimum or
"wobble" in the SdH amplitude at very high Landau-
level numbers for the orientation 5~~(100); experi-
mentally, it is found that the SdH oscillations are
undetectable in the range of magnetic field strength
corresponding to the position of this low-field min-
imum.

V. CONCLUSIONS

where h;; is the initial interaction matrix and h';; is
the "renormalized"' matrix. In Eq. (Al), i, j are in
A. and 8 is in B. The warping and inversion asym-
metry terms come from the second term in Eq.
(AI).

The spin-orbit interaction plays an important
role in the calculation of band structures. With
spin considered, the combined action of the spin-
orbit and k p interactions leads to an 8&& 8 interac-
tion matrix which can easily be diagonalized by
machine calculations. This has been done by Bell
and Rodgers ' for the case of InSb. However, for
analytic purposes a much simpler procedure uses
Kane's "small gap" ox "three-band approximation. "
In this approach the k p and spin-orbit interaction
matrix [h„of Eq. (Al)] between the I"~, I"7, and
X'8 bands is diagonalized and then the higher-band

p interactions [second term in Eq. (Al)] are
treated by first-order perturbation theory. Kane
has thus found the energy for either a I" or a F
band to be of the following approximate form:

E'= &'+ uk 'k'/2m, + v f,(k) 8''/2mo

~ ~f,(k) e '/2m„(A2)

A new set of band parameters has been deter-
mined for HgSe from Rn analysis of previously pub-
lished effective-mass dRtR.

New results on the beating effects in the MH os-

v = (5 —2c ) (I, —M —hf),

m = ~Vn. m',

(A3)

(A4)

(A5)
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f,(k) = (u'P,'+ a'„u', + u', a,')/u', (AB)

—k P (Z' —Z„+ —, b.) =0, (AB)

where E' is the energy eigenvalue, & is the energy
splitting of the valence band due to the spin-orbit
interaction, and P is the momentum matrix ele-

f (k) [y2(y2y2+ y2y2+ y2y2) Qy8yRya]1/ 2/y (Aq)

The conduction-band eigenvalue E' results from di-
agonalizing the Hamiltonian which includes the k p
and the largest spin-orbit interaction terms be-
tween an s-like (I"6) and P-like (I"~+ I'8) basis. The
normalized coefficient a gives the amount of s-like
basis function in the conduction-band eigenvector
and the normalized coefficients b and c give the
amounts of different component P-like basis func-
tions in the conduction-band eigenvector. For ex-
ample, at k=O, a=1 and b=c=O for a 1"eband,
while for a I'~ band a = 0, h = W and c = W. The
parameters'', I, M, N, I', and 8' (Kane's 8),
written in units of 8 /2mo, represent the interac-
tion between far-removed conduction- and valence-
band edges and the s- and P-like bands. The term
f, (k) produces a warping of the Fermi surface and
the term fz(k) gives the inversion asymmetry split-
ting. For very small k, the energy goes as k,
while for small k, the warping term adds energy
terms of order k and the inversion asymmetry
splitting term adds terms of order k . The inver-
sion asymmetry splitting term is not expected to
affect the average SdH frequency. The experimen-
tal results show that only the warping term need be
included to explain the observed anisotropy of the
SdH frequency. For a I'~band, there is also a
splitting term linear in k, which we neglect.

Both, Groves, and Wyatt' concluded that the
maximum cross-sectional area perpendicular to the
magnetic field occurs at ks = 0 (where k~ is parallel
to the magnetic field direction), since the angular
anisotropy of the SdH oscillations observed by
Whitsett in HgSe is small. The extremal cross-
sectional area of the Fermi surface can be conve-
niently calculated byrotating the coordinate system
so that the magnetic field, 5, is always parallel to
one of the new coordinate axes. The details of this
transformation are described in Appendix A of Ref.
17 and are here briefly summarized. The functions
f,(k) and fa(k) are defined by f,(k) =k, y, (e, y), and

f2(k) = k~yz(e, rp), where k, and y are a set of polar
coordinates lying in the plane perpendicular to 5,
and & is the angle between 5 and a cube axis. The
form of these functions depends on the plane of ro-
tation of the magnetic field.

The secular equation for Kane's "three-band ap-
proximation" is

(Z' —Z, ) (Z' —Z„) (Z' —Z„+6)

ment. If we take the energy zero at the top of the
valence band (when k= 0), Z„= 0 and Z, =Z~, and

Eq. (AB) may be rewritten as

(Z' Z,—) (Z') —/'P'(Z'+ .'~)/-(Z'+ ~) = 0.

Rewriting Eq. (A2) gives

Z'=Z'+ua k„/2mo+v y, (e, y)8' k„/2mo

(AQ)

+ ~ ~ ~ ~ +

+ ~ ~ ~ + ~ 1 0 (All)

To achieve an analytic expression for k„we ap-
proximate the cubic root of Z' in Eq. (AQ) by a
quadratic root using a slowly varying parameter ~.
In evaluating y, we use the exact cubic solution E,',
for an appropriate spherical radius vector k&, as
outlined in Appendix 8 of Ref. 17. Thus

e
y

e e e

y+E', a (A12)

Equation (A9) can then be rewritten as

(Z' -Z,) (Z') —u'I" (-', + y+ Z'/B~ —Z"/B~') = 0.
(AIS)

+ I/y2(e, y) (a A, p, /2mo). (A10)

If the band parameters and Fermi energy are
known, Eq. (A10) may be inverted to give k„(e, y)
as a function of E' using numerical techniques.
However, by using reasonable approximations we
can rewrite Eq. (A10) in a form which avoids these
extremely tedious calculations. The first step in-
volves an approximation for the solution of Eq.
(AQ). This approximation is then introduced into
Eq. (A10). The most important approximation we
consider is the introduction, where appropriate, of
a spherical k vector in the evaluation of various
terms in both Eqs. (AQ) and (A10). Algebraic ma-
nipulation then leads to an analytical relation be-
tween k» and E', the Fermi energy. Finally, ana-
lytic expressions for the extremal cross-sectional
area of the Fermi surface and the SdH period are
obtained by integration of k„.

Since the conduction band has I'8 symmetry, the
band structure of HgSe should have the inverted
band structure of gray tin. Here E~ must be less
than zero to satisfy Eq. (AQ). Since Z'/6&1, it is
convenient to express Eq. (A9) in an approximate
form for the E' solution for the I"8 conduction band.
We note that

E'+3 6
Z'+ & 3(l+Z'/b, )
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The solution of this quadratic equation correspond-
ing to the I'8 conduction band is then

k2 P~ k'2 PE+" + E+" — +4-,'+yk P'

1+ "z . A14

After substituting Eq. (A14) into (A10), we obtain
the Fermi energy

E = 2 1+ "q E+" + E+" +4 —,+yk, P 1+

+u ' +v y, (8, g&)
2

+yp(8, p)2~ Q

(A15)

After some algebraic manipulations, it can be shown that an approximate expression for k„ is

p E~ —E~E~ [2Eg (1+k~P /3b, ) —(E + kpP /3n)] [vyq(8, p) + ggyp(8, y)]
pk g

(A16)

where

(b '/2mp) 3&' ' 3&
(A17)

Since the last term in the denominator is «1, kp',

is readily expanded and yields the expression

fp', ,= Cp[1 —Ciy~(8, cp)+Cpyp(8 8')] ' (A18)

the functions CQ, C„and C2 are given as Eqs.
(2)-(4) in Sec. IL

The evaluation of the coefficients CQ, C„and C2
starts with a value of b& [or electron concentration,
from which bz= (3nv )'~ ]. The value of E', [used in
evaluating y] and the values of a, b, and c, are cal-
culated for the I'8 band of HgSe in manner analogous

Ep ——E,'+ (u+ 0. 1v)A kp. /2mp. (A19)

Equations (A3)-(A5) are used to determine u, v,
and sv from estimates of the higher-band param-
eters. The coefficients CQ, C„and Cz can thus be
calculated as a function of k~, n, or SdH frequency,
whichever is desired.

to that presented in Appendix 8 of Ref. 1 I. Follow-
ing Groves et al. , "we calculate the Fermi energy
EF by assuming k„=kF, and use a spherical aver-
age of 0. 1 kz for f,(k), thus
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Observations of solid echoes in the P3~ spin system in metallic Si: P are reported. Ho-

mogenous linewidths and spin-lattice relaxation times are given.

The experimental data reported herein is an ex-
tension of that reported previously by Sundfors and
Holcomb. ' It consists of spin-echo data for the P"
nuclear spin resonance, taken from 1.3 to 2. 0 'K
in two of the samples listed in Ref. 1, at phosphorus
donor concentrations of 1.4~102 and 9&&10' cm
(These were samples P-I and P-2 listed in Table
I of Ref. l. )

The experiments were performed using a phase-
coherent pulsed NMR spectrometer designed by
Clark. ~ The cryogenic system used was that de-
scribed by Sundfors. The experiments were con-
ducted using a field of 50 G at 8. 5 MHz. The
echoes were produced by the usual 90 -7-180'
pulse sequence. T2 was measured by changing the
pulse spacing v. T, was measured by observing
the recovery of the echo amplitude, after the sec-
ond of two such echo-producing pulse sequences,
as a function of the time between sequences. The
samples were immersed directly in the helium
bath which was pumped below the X point. The re-
sults of experimental tests to determine if there
was Ohmic heating in the samples due to the rf
pulses showed that such heating was negligible.

The experimental data for relaxation times are
given in Table I, together with other relevant num-
bers for comparison. F'gure 1 shows a spin-echo
signal from sample P-2 at 1.3 K.

The calculated value of T, given in the fifth col-
umn of Table I was obtained under the assumption that
it is determined entirely by magnetic dipolar inter-
action with Sia nuclear spins and with other P '
nuclear spins. The exponential echo-decay plots
which were obtained suggest a Lorentzian shape
for the homogeneous line. Consequently, we write
the expression for the observed P" spin-echo decay
time (Tz)p as

where'

nde

l/(Ta)8) p = yps (2. 5ys., ANs, ) /8 8yai hN. si .

(2)

FIG. 1. Spin echo from P3~ system at 1.3'K, for sam-
ple with ND = 9 &&10 cm 3. Oscilloscope is sweeping at
0. 2 msec/cm.

Given the uncertainty concerning the exact ap-
plicability of Egs. (2) and (8), the numbers in col-
umn 5 of the table, calculated on the basis of those
equations, are in reasonable agreement with the
experimental values of T2 in column 4. They cer-
tainly indicate that there are no significant sources
of broadening for the P3' resonance which are un-
accounted for. (As shown in Ref. I, there is a.

huge inhomogeneous broadening from the distribu-
tion in Knight shifts, giving the short value for T~z.

The fact that the calculated values of T2 are shorter
than the experimental may, among other things,
represent an effect of that Knight-shift distribution
in weakening mutual spin-flip processes between


