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The equilibrium configuration of a submonolayer film adsorbed on a solid surface is analyzed
via a model classical Hamiltonian. In this model, the adsorbed atoms or molecules are repre-
sented by point particles interacting through connecting springs and the substrate is simulated
by a two-dimensional periodic potential. The resulting structure of the film is found to be either
commensurate or incommensurate with the periodic potential, depending on the force constant
of the springs, the. amplitude of the periodic potential, and the degree of mismatch between the
Iength of the unstretched springs and the lattice parameter of the underlying periodic potential.
Next, the lattice-vibration spectrum of the film is studied. It is found that when the film struc-
ture is incommensurate, the excitation spectrum starts from zero energy. In the commensu-
rate structure the phonon spectrum always starts at a finite frequency. It is noted that this
difference between commensurate and incommensurate behavior has an important influence on
the thermodynamic properties of the film. Qualitative comparison with experimental data is
made.

I. INTRODUCTION

A submonolayer film adsorbed on a solid surface
is a system with complexity rivaling that of a three-
dimensional solid: The atoms or molecules in the
film can exist in various phases (and undergo phase
transitions); and they interact in a complicated
manner with the substrate underneath. Recently,
the system of He or He submonolayers adsorbed
on solid surfaces has received considerable experi-
mental and theoretical consideration. ' Dash and co-
workers have performed a series of experiments
with He submonolayers adsorbed on a copper sponge,
and found that at low temperatures the contribution
of the adsorbed layer to the specific heat has a T
dependence. This peculiar behavior seems to indi-
cate that the film behaves like a two-dimensional
solid. However, if we neglect the substrate com-
pletely, the concentration of He atoms and vapor
pressure under those experimental conditions indi-
cates that it is very unlikely for the adsorbed atoms
to condense into a solid phase. Taking the substrate
into account, condensation into complete registry
seems possible, but then the specific heat wbuld
have an exponential behavior at low temperature.
This apparent paradox remains unexplained at the
present time. However, the latter alternative moti-

vates one to ask the following: When the atoms or
molecules exist in a solid phase on the surface,
does their configuration bear any simple relation
with the lattice underneath, and how will their con-
figuration influence thermodynamic properties? In

this paper, we attempt to answer these questions
for a system described by a model classical Ham-
iltonian. The equilibrium configuration (the ground
state) is obtained by minimizing the system poten-
tial energy, i. e. , the kinetic part of the energy is
neglected. This is equivalent to neglecting zero-
point vibrations. Because of the extreme light mass
of helium atom, this model may not be directly ap-
plicable to a system of He molecules adsorbed on
surface: It would be more appropriate for an ad-
sorbate of other rare gas species such as Ne and
Ar.

II. HAMILTONIAN AND THE DIFFERENCE EQUATION

In actuality, for many physisorption systems,
various central factors, such as the nature of the
adsorbate- adsorbate and adsorbate- substrate inter-
actiono, are little known. It seems worthwhile,
therefore, to investigate idealized models of the
system to arrive at a qualitative understanding of
the interplay of various factors in determining the
equilibrium configuration and excitation spectrum.
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We adopt here a "rigid substrate" model. In this
model, the substrate is replaced by a sinusoidal
potential. The adsorbed molecules are restricted
to lie in the x-y plane, and their short-range inter-
action is approximated by elastic forces between
nearest neighbors. Assuming the molecules can be
ordered in a square array, the Hamiltonian of the
system then takes the form

+ [k(l+ 1,m) —$(lm) —b] ~

p [ rl (l, m+ 1) —rl (l, m ) —b] '

+- [$(l, m+ I) —$(l, m)]

+—[)I (l+ I, m) —q(l, m)]'

T =-,' Fi Mr'(l, m),
l~m

p = —Z ( [ x(l + 1, m ) - x(l, m ) —)), ] '
2 t, m

and

U U——cocos 2 (), m) ——cos2 s((l, m))

(2. 3)

(LP, + P /a &,) $ (I, m ) = w U/2 sin2z g (I, m ),
(b~p p/n d,,))j(l, m)=zU/2sin2wrl (l, m) .

(2. 4)

+ [y(l, m+1) -y(l, m) —V]'].

+ — Z ( [x(l,m + 1) —x(l, m)]z
l,m

+ [y(l + l, m) -y(l, m)]']

2' 2'—W Z cos—x(l, m)+cos—y(l, m)
r, m a ' '(2 1)

Here r(l, m) =x(l,m) e„+y(l, m) e„ is the position vec-
tor of the (l-m)th molecule, n and P are force con-
stants, and M and p, are the mass and natural spacing
of the adsorbed molecules, respectively. The or-
dering of the molecule is such that x(l+ 1,m)
&x(l, m) and y(l, m+1) &y(l, m).

In this Hamiltonian, the terms proportional to P

in the elastic energy represent a resistance to
shearing stress. This term is essential for the
two-dimensional character of the excitation spec-
trum. It is chosen to be of the simple form repre-
sented in (1) to allow the xandy componentsto remain
uncoupled. To find the equilibrium configuration
r(l, m) of the system, we minimize the potential en-
ergy with respect to r(l, m). This results in a set
of difference equations

(o' &&+ p&&) x (l m) = 2zW/a sin2z/ax(l, m),
(2. 2)

(P &,+n bz)y (l, m) = 2vW/a sin2z/ay (l, m),

where 6~x(l, m) =x(l+1, m) —2x(l, m)+x(l —l, m)
and &zx(l,m) =x(l, m+1) —2x(l, m)+x(l, m —1). It is
convenient to introduce the following dimensionless
quantities:

$ —=x/a, r) —=y/a, b =—p/a, U—= 4W/na

In terms of these quantities, (2. 1) and (2. 2) take
the form

If= —,'o(a' Z —[ g'(I, m)+ j'(l, m)]

%'e expect that two adsorbate systems whose nat-
ural spacings differ only by a multiple of the lattice
parameter would show a close resemblance in the
configurations. To facilitate the discussion of these
systems under a single category, we introduce for
any of the length z such as rl, b, etc. (measured in
units of a), the corresponding reduced quantity z
defined by the relation

z -=mod(z; 1)=z —P, (2. 5)

p bein~ an integer chosen such that mod(z; 1)
p [-—,

'
—,']. These reduced quantities allow an easy

physical interpretation. For example, 4 (l, m) and

g(l, m) are just the coordinates of the (l, m)th parti-
cle reduced to the first unit cell of the substrate
periodic potential.

A model Hamiltonian similar to that described by
Eq. (1) has been analyzed by Frank and Van Der
Merwe in their theory of two-dimensional disloca-
tions (Ref. 4 will be hereafter referredtoasFV).
These authors approximated the resultant difference
equation by the corresponding differential equation
and obtained a closed form for the solution of x(l, m),
regarding E, m as continuous variables. The result
obtained by FV is qualitatively successful in explain-
ing various dislocation phenomena. However, the
validity of the differential equation solution is lim:-

ited to a small region where the phases x(l, m),
y(l, m) are slowly varying functions of l and m.
Moreover, within such an approximation, one can-
not determine whether the final spacing of the
molecules in the monolayer bears any simple frac-
tional relation to the period of the periodic poten-
tial. This question of "commensurability" of the
structure has important consequences for the exci-
tation spectrum of the film, as we shall see in later
sections. For these reasons, we propose to study

the Hamiltonian in (2, 3) retaining the discrete na-
ture of the configuration ro(l, m). This will allow
us to look into the finer details of the configura-
tion r 0(l, m), and a generalization of the concept of
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"pseudomorphism" (adsorbate being in registry with
the substrate). In the region where the phase of the
solution is slowly varying, we obtain good agree-
ment with the result obtained by FV.

g(f, m)=g(I), q(f, m)=ri(m), (3. 1)

and the problem of determining the structure is re-
duced to two one-dimensional problems. We shall
discuss below only the solution for t(I). The solu-
tion for r)(m) follows in an identical way. Equation
(1.4) now becomes a set of two second-order non-
linear difference equations. We still need to speci-
fy the boundary conditions. For a submonolayer
film, the appropriate boundary condition is to allow
the substrate potential to extend over an infinite
area. For the molecules on the boundary, we could,
of couse, use the open end boundary condition by
specifying that the tension in the spring joining the
boundary particle to the next one be set to zero.
Mathematically, this proves to be inconvenient. We
know from the theory of lattice dynamics that if N
is the total number of molecules in the film, the
influence of boundary conditions on the bulk proper-
ties goes down as 1/N 'Hence. , in the limit N-~,
i. e. , for a film covering a larger surface area, we
can safely replace the actual system by a film of
infinite extent. The general form for the solution
$(l) may now be written as

$(l) =Ic+d+5(l) . (3. 2)

Here c is the mean spacing of the molecules in the
equilibrium state (in units of a) and can be quite
different from the natural spacing b. d is chosen
such that the term 5(l), which describes deviation
from a rigid lattice, satisfies the property

(6(L)) =0, (3. 3)

where ( ~ ~ ~ ) —= lim„. (1/N)g", (. ~ ~ ), since the non-
vanishing average of 6(l) can be adsorbed in the ini-
tial phase d. The function 6(l) can be Fourier ana-
lyzed as

6'(I) =Z t(s) sin2v(q, I +e,), q, E(0, w) . (3.4)

We can now give a simple classification of the types
of solution r(l, m).

a. Commensurate. This is a structure for which
the phase angle of the molecules in the external po-
tential is periodic, i. e. ,

( h)=I((l+P) for all f, m,

III. BOUNDARY CONDITIONS

It is easy to see from the form of the Hamiltonian
that because of the assumed form for the shearing
stress, the configuration in the lowest-energy state
has the property

ri(m)=g(m+p) for all f, m, (3. 5)

p being an integer.
We define the smallest value of P for which (4. 4)

can be satisfied as the order of the commensurate
structure. It is easy to see that the mean spacing
c and the Fourier coefficients q, must then assume
the form p,/p, p, being an arbitrary integer. Ac-
cording to our definition, commensurate structure
of a given order p includes a whole class of struc-
tures whose mean spacings differ from each other
by a multiple of the lattice parameter a. For ex-
ample, a film which is in perfect registry with the
substrate and another film having a (2x 1) structure
are both classifed as first-order commensurate
structure. We note that a commensurate structure
of order P is composed of superlattices with each
unit cell containing P molecules.

b. Incommensurate. If any of the quantities c
and q, is irrational, the structure is nonrepeating.
We call such a situation noncommensurate.

It is clear from the above definition that the in-
commensurate structure is just the limiting case of
commensurate structure when its order approaches
infinity. However, as we shall see in Sec. IV, the
difference between the total energy of the commen-
surate and incommensurate state decreases as the
order P increases. Hence, when the order is much
larger than unity, the question of "commensurabili-
ty" is somewhat academic. For practical purposes,
a convenient way of description is to introduce a
cutoff P in the order of the commensurate structure,
beyond which we make no distinction between the
two classes of structure. Before we go on to cal-
culate the energy of the various structures, we
should point out that the present definition of com-
mensurate and incommensurate structure bears
close relation with the various concepts such as
"coincident structure" and "registry" which have
appeared in the literature of surface physics.

&(l) =ppl+d, , r/(m) =ppm+dp . (4. 1)

Substitution of (4. 1) into the expression for poten-
tial energy gives

E, -=2p,/N'na'=b' —
p U[cos2wd, +cos2vd, ] .

(4. 2)

For E, to be a minimum, Po, d„and dz should ob-
viously be chosen to satisfy the following:

IV. GROUND-STATE ENERGY OF COMMENSURATE

STRUCTURES

In this section, we restrict our discussion to
commensurate structures with order p ~ 3. We
treat each commensurate structure separately ac-
cording to its order.

a. First order (p= 1). When p= 1, 5(l) is identi-
cally zero and x(m) assumes the simple form
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FIRST ORDER (C =0)

C=I

SECOND ORDER (5 =~2)

'VVVVVV
C=—3

2

THIRD ORDER (C =+~3)

TY'YVTT
C=—4

3

C=2

C=—5
2

C=—2
3

(a) c. Third order (P = S). The general form of $(l)
for P =3 is

$(l) =cl+d+t sin2s(cl+e), (4. 11)

—U(cos2w[cl+d+t sin2m(cf+e)]) . (4. 12)

with 2 =+ 3, and a similar expression holds for
rt(m). In terms of (4. 11), the expression for poten-
tial energy is now

E~= 2yg—N~ea = (b —c) + ', t—
FIG. 1. Schematic diagram of commensurate struc-

tures of order 1-3. x denotes position of an adatum in
the external periodic potential. For each order, we have
illustrated two structures whose mean spacings differ only
by a multiple of the wavelength of the periodic potential.

The procedure by which values of c, d, e, and t
are determined is again described in the Appendix.
The result is

c=b- b+ —,'sgn(b), d=0, e= —,
' (4. is)

t is given by the solution of the transcendental equa-
tion

Pa= b —b

d, =d, =o.
The potential energy is then

Eq —-b —U.

(4. s)

(4. 4)

(4. 5)

t = sU/2[J', (2st)+ cos2st], t6[0, to], (4. 14)

where to correspond to the first zero of Z, (2st)
+ cos2mt. Various commensurate structures of or-
der 1-3 are illustrated schematically in Fig. 1.

The physical picture of this state is exceedingly
simple. It is shown schematically in Fig. 1(a).
Every molecule is located in a minimum of the po-
tential well and equally spaced.

b. Secomf order Q = 2). The general form of
$(l) for P = 2 is

$(l) =cl +d+t sin(l w+ 2se), (4. 6)

withe = 2.
Since f and p directions are completely symmet-

ric, we have also

ri(m) = cm +d ~ t sin(mm+ 2ve) . (4. 7)

Substitution of (4. 6) and (4. i) into the potential en-
ergy gives

&z=—2&2/N o, a = (b —c) +4tasin~2se

V. GROUND-STATE ENERGY OF INCOMMENSURATE

STRUCTURES {p- )

Commensurate structures of small order can be
treated exactly as seen in the previous paragraphs.
However, when the order of the structure approach-
es infinity, such an exact solution is no longer fea-
sible. For an incommensurate structure, ((I) is
now represented by the full series

$ (I) = cl + d +Z, t (e) sin2v(q, + e,), (5. 1)

where c and q, are irrational numbers. For the en-
ergy to be an extremum, $(l) must be a solution of
the difference equation (2. 5):

Sa|$(l) = v U/2sin2w)(I) . (5.2)

We introduce the Green's function G(l, I') defined
by the equation

+ Usin2wd sin(2vt sin2we). (4. 8) &, G(l, I ') = 5 g, g. (5.s)
The correct choice of the quantities c, d, e, and t
are based on the consideration that they should ren-
der the potential energy a minimum. We leave the
details of the determination of their values to the
Appendix and only list the results below:

c = b —b + —,
'

sgn (b ),

Then the general solution of t'(I) may be written as

$(l) =cl + d+ 2 G(I, I')sU/2sin2w)(l') . (5.4)

The Green's function G(l, I ) is easily found as

G(l, l')= j,I, dk[e' " ' '"](4sin2kw) '. (5. 5)

where sgn b —= Ib I/b, (4. 9)
Substitution of (5. 5) into (5. 4) and using the method
of iteration yields the following expansion for 5(l):

t = wU/4cos2mt, tE[0, —,'] . (4. 10)

and t is given by the solution of the transcendental
equation

$(I) = Ic+ d+ g t(e) sin2ss(cl+ d), (5.6)

the amplitude t (s) being proportional to (U)'/sinscm.
We note that even when U«1, the amplitude t(s) can
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Maximum

of potential

Minimum

of potential

phase d. This conclusion is obviously independent
of the approximation used for t(I). It leads to a
fundamental difference between the excitation spec-
trum of incommensurate and commensurate struc-
tures.

VI. PHASE DIAGRAM

FIG. 2. Position of the phase of the lth adatom 8 = 27I.

(cl+d) relative to the extremal points of the periodic po-
tential.

be of considerable magnitude for some large values
of s, say, sp (so»1)for which sac is close to integer
value. This actually indicates an instability towards
a commensurate structure of order sQ. As we have
emphasized previously, we will neglect the differ-
ence between this kind of commensurate structure
of large order and a true incommensurate struc-
ture. It is seen that in the limit U«l, the s=l
term in the Fourier series of 5(l) contributes most
to the ground-state energy. This conclusion should
hold true even for large values of U from a consid-
eration of phase coherence. Figure 2is a schematic
diagram showing the position of the phase 2v(el +@)
with respect to the minimum and maximum of the
potential; it is not difficult to see that in the Fourier
series g,", t(s) sin2ws(cl + d), only the term with
s = 1 is in the right direction of minimizing the en-
ergy for all values of l . Other Fourier components
are incoherent. Hence, the equilibrium configura-
tion in this case can be reasonably approximated by
retaining only the s = 1 term in the Fourier series
of 5(l). It is noteworthy that in the second- and
third-order commensurate state . this choice of
Fourier component and phases give the exact an-
swer. The quantities c and d here can be deter-
mined by variational method. The details are left
in the Appendix. The result is

I I I I ~ I

~ ~

-0.5—
/

/
/

/
/

/
///

j

El

E2

3
E~

JU =0.3IB

I I I

O. l

I I I

0.2 0.3
Ibl

I

0.4 0.5

(b)

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

Ei

/
/

/
/

/
/

In Sec. V, we have obtained expressions for the
potential energy per molecule E„E~, E3, E„, etc. ,
as a function of two basic parameters in the prob-
lem: U, the ratio of strength of potential to the
elastic energy, and b, which is a measure of mis-
match of the film and the substrate. In Figs. 3(a)
and3(b), wedisplaythe variationof E, , E, , E, , and E„
with lb I for two fixed values of KU, namely, WU

= 0. 32 and EU= 0. 64 (E„etc., are all even func-

sln7Tc

-=2p QN2na2

=2f sin cv+f'v sin 2mc —UJ, (2mt),

(5. 7) /
/

//
//

/
where t is given by the smallest positive solution of
the transcendental equation

ju =0636

t=wU/2sin crt, (2vt) . (5. a)

Equation (5. 8) can be solved graphically for f as a
function of c and U, substitution of the solution into
(5. 7) gives the corresponding value for 5 and leads
to a functional dependence of t and c on b and U.
The energy E„then can also be expressed as a func-
tion of b and U. We wish to point out here a very
important fact: The potential energy of the incom-
mensurate structure E„ is independent of the initial

I I I I

Q. I 0.2

Ibl

I

0.3
I I

0.4 0.5

FIG. 3. Potential energy per adatom as a function of
mismatch of the spacing (5) for two different values of
K Eq, E2, E3, E„,etc. , are thepotential energy of the
first order, second order, third order, and incommensu-
rate structure, respectively.
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l l l

l.2—

l.0—

0.8—

'8 4 &'~ QY&Nk s @"

F!Lif+gggg444%+

O. l 0.2 0.5 0.4 0.5

I'IG. 4. Phase diagram: I-first order, II-second
order, III-third order, IV—fourth order, V-fifth order
shaded region: incommensurate structures and commen-
surate structures of order &5.

tions of b). For v"U=0. 32, commensurate struc-
ture of order 1-3 has lower energy fox values of
b near 0, 3, and &. Other values of b favor an in-
commensurate structure. Since we have not com-
puted the energy functions for higher-order com-
mensurate structure, we cannot exclude the possi-
bility of higher-order commensurate structure in
this region. When v'U=0. 64 the lowest-energy
structure is of order 1-3, and as the value of Ib I

varies, successive transitions occur in the sequence
first order, third order, second order. %'e can
now construct a phase diagram showing the region in
(v"U, lb I) space where various structure has the
lowest energy. This is shown in Fig. 4. %e note the
following facts:

(i) For values of v'U& &, the boundary between
the first-order commensurate structure and the in-
commensurate one in (v U, b ) space is a very nearly
straight line corresponding to the condition

WU/b =l. 54.
Or in terms of the unscaled units

(W/a)"'(~ -Pa)-' = O. 7V . (5. 2)

This is in good agreement with the value of critical
misfit given by FV for the special case p = 1. The
agreement with the differential equation approach
here is not surprising, since the boundary of these
two structures lies in the region Ibj&1, for which
the phase of the solution is slowly varying. In Fig.
5, we have plotted c against 5 for the incommensu-
rate structures at SU= 0. 225. According to the

To study the excitation spectruxn, we return to the
Hamiltonian P. in (l. 3). Suppose each molecule is
displaced fxom its equilibrium position by a small
amount, i.e. ,

$(l, m) = $'(f)+u(l, m),

q(f, m) =ri'{m)+t {l,m) .

.l— J

0
c'
0 O. l O.il

PIG. 5. The mean spacing of the incommensurate struc-
ture 2 as a function of the mismatch ™b. The transition
from an incommensurate structure to a first-order struc-
ture occurs vrith a discontinous jump of c.

phase diagram, transition between the two struc-
tures should occux at b = 0. 145, at which point c
jumps from 0 to 0.032. The transition is therefore
first order in the usual terminology of phase tran-
sition. (The reader is cautioned not to confuse be-
tween first-order phase transition and a first-order
commensurate structure. )

(ii) The range of 6 (for a fixed U) for which a
commensurate structure exists decreases with in-
creasing order of the structure.

It is now obvious how higher-order commensurate
structures enter this phase diagram. For example,
we have illustrated schematically on the phase dia-
gram whexe the fourth- and fifth-order structuxe
should appear. The fourth-ordex structure should
occur in a narrow strip ax ound b= —,

' and the fifth-
order structure around b= 5 and b= 5 . As the
order increases, the width of each strip decreases.
Strictly speaking, a true incommensurate structure
only exists in the limit U-D, i.e. , an infinitely
weak periodic potential. For values of U between
D. 2 and 0.4, we conjecture that the structure of the
film would be commensurate of order P &10. For
U'~0. 4, it can be seen fxom the phase diagram that
the structure is definitely commensurate with order
between 1 and 3.

VII. EXCITATION SPECTRUM OF THE MONOLAYER
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Substituting (6. 1) into expression (2. 3) and noting
that

&u', (q) = (2n/M) [1—cos2vq„]+ (2p/M) [1 —cos2vq, ]

(v. 6)
8P =0 =0
BX g0(g) 8$ ~0())

(7. 2)

—[u (l, m)+v'(l, m)]

r, m, r', m'
D, ~'. g. . u(l, m)u(l'm')

D, „',, ~ v(l, m) v(l', m')
l, m;t', m'

we obtain, to second order in u and v, the following
expansion:

E(q, j') = ( 'Uo/2M)(cos2v[$'(l)]e ' '" '" ) ~,„;.

(v. 9)

For the first-order commensurate structure which
is in registry with the potential, E(q„,q„)=5~ ~.
xv'Uo/2M. The normal-mode frequencies are sim--

ply given by

&u'(q) = (2o.'/M)[(l —cos2vq„)

+ (p/~) (1- cos 2.q,),v'U/2],

7t U
+ — Z cos[2v('(l)]u'(l, m)

E, m

m U
+ Z cos[2vg'(m)]vz(l, m) . (7. 3)

l, m

Here, the dynamical matrix is given as

D~~', r ~ =[~ir ~~ (1+P/o')

i. e. , the frequency spectrum starts at a finite val-
ue v(Uo/M)"z.

In the second-order commensurate structure, the
solution ( (l) is given by

$ (l) =el/2+ —,
' —(-1)'f(U);

substituting this into (6. 9) gives

E(q, q ) = (mzUo/M)(sin2vt(U)e' '"" '~")5, „~
—~z6~, ~"i~am —(P/») ~» &, „],

(v. 4)

= (v'Uo/M) stn2vf (U) 6,, , (v. 1o)

DI'. i m
= [~» ~m~ (1+p/o')

u(lm) = (1/X) Q p(q )e'"'x'e'"~y"

p(q) satisfying the reality condition

q'8) = q *(-4)

(v. 6)

(v. 6)

In terms of these normal coordinates, the expres-
sion for the energy is now

(i) q*(~)
Ma

+Z ~',(j)9 (a)q*(a)

+ & E(&j, a ') q (a) q (i'), (7. 7)

where

—~ 6 .-"~ ~~, i —(P/») ~i, r „~...] .

Since the displacements u, e are completely uncoupled
in this model, we shall discuss below only those
normal modes for which u is finite and v =0. The
other independent normal modes can be simply ob-
tained by replacing u by v. For the sake of conve-
nience, we assume the film contains N molecules
and eventually allow N —~. We introduce now the
standard plane wave expansion

The frequency of the normal modes is in this case
given by

~'(q) = (2o'/M)[(1 —cos2vq„) + p/o. (1 —cos2vq, )

+ (v U/2) sin2vt] . (7. 11)

Again, ~(j) starts ate finitevalue z[(Uo/M) sin2ztJ' '
which is 1ower than the first-order gap v(Uo. /M)"',
except in the limit t 0 which corresponds to the
asymptotic region on the phase diagram near b =-,'-,

The excitation spectrum of higher-order com-
mensurate structure can be determined in exactly
the same manner as in the study of phonon spec-
trum of crystalline lattice with a basis. The nor-
mal modes will be divided into several branches.
Qne general characteristic of commensurate struc-
ture is that there exists nomode utith zero fxequen
ey value. This is due to the fact that the ground
state of a commensurate structure is nondegener-
ate —there are no other states of equal energywhich
can be reached by an infinitesimal symmetry oper-
ation. We also note that the gap will decrease with
increasing order of the structure.

The treatment of the incommensurate case is
more difficult. We shall consider here only the
case U«1, i. e. , the weak-potential region, where
perturbative theory with U as the expansion param-
eter is possible. As the phase diagram indicates,
this is exactly the region where incommensurate
structure is most likely to exist.
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$ (t) = cl +d —t sin2w(el +2) (V. 12)

Referring back to the solution for the incom-
mensurate structure in Sec. IV, we have

For X «1, the solution for t can be obtained in
closed form by expanding J,(t) on the rhs of (6. 15)
in powers of &. To first order in X

t= (wU/2sin cw) J,(2wt) . (V. 13)

t = ~/2+ O(~'),

$ (l) = cl+ d —(X/2) sin2w(cl+ d)+ O(X2) .
(V. 15)

%e introduce now the following definition:

X =-w V/2sin~cw . (V. 14)
Substitution of (6. 7) into (6.9) gives for the incom-
mensurate structure

&(q, q') =, (cos2w[cl+ d —(&/2) sin2w(cl+ d)] e' ""'«") &, , = X(&/M) sin2cw[5. .. ,e'2" + 5,„,.„e'2'"]5„„;

+ I (o'/2M)sin~cw[5. „...——,5. .. 2, e' ' ——,6„,. e' ' ]5, „,+. . . (7. 16)

Following the standard procedures in the theory of lattice dynamics, it can be easily shown that the fre-
quency spectrum can be obtained as the solution of the following infinite secular equation:

-~'+~,(q- 2c)
—~'+ &a', (q —c)

—(0 + co f( q )

—(d + (d ~ ( q + C )

—~'+~', (q+2c )

= o, (v. lv)

q-c = (q„—c, q ), (q +c ) =(q„+c,q,),
—&u +&@&(q —c) V

v«' —(0 +&ui(q )

—(0 +(0 i(q + c )

V=(&&/M) (sin cw)e' '" ~O(X2),

~', (q) = (2o'/M) (1 —cos2o'q„)

+ (2p/M) (1 —cos2wq, )

(V. 18) (v. 19)
The three branches of solution of (6. 21) are shown
schematically in Fig. 6.

For values of q„near c/2 and —c/2, ~, (q)
= ~, (q+ c) and a gap appears in the phonon spectrum.
Near the value q= c/2, u&(q ) is approximately deter-
mined as

+ (&/2M)X sin cw+ O(X4) .

To determine &u(q) to second order in X, it, is suf fi-
cient to diagonalize a 3x3 block, namely,

M = 2 M1(q ) +%1(q —C )

'2~[~ (q)-~i(q- c)]+41''lg'". (7. 2O)

Near q = 0, the frequency of the lower branch can be
determined by the usual perturbation theory

'(q) = '(q)+
I
&'l1[ l(q) - &(q + c )] '+ l~&(q ) - ~&(q - c )]-')

2p o.'3 . 2 (sin wc)(sin wq„) —sin 2wq——(1 —cos2wq„)+—(1 —cos2wq, )+ X sin cw . z
".

w +O(A. ') .s induc m —sin32mq„
(V. 21)
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a. Ne On Xe. Taking the values of I ennard-
Jones parameters for Ne as

o'„, „,= 2. f49 A, e = 35. 8 ('K},

a (Xe lattice const) =4. 81 A,

FIG. 6. Phonon spectrum of an incommensurate
structure.

Hence, we arrived at the important conclusion that
t:o order X at 3.ast

&(q=0) = constxi t'ai for i4'( && 1 . (V. 22)

The displacement corresponding to the q = 0 mode
lS

U(l) ~ [1+ (&/2) cos2w(ef+ d)] . (V. 23)

Before discussing the connection of our result
with the experimental work, we need to have a rea-
sonable estimate of the two important parameters
8' and Q™occurring in the model. We can estimate
the unscaled values of 8' and p, by assuming a Len-
nard-Jones-type interaction among the nearest
neighbors of the Rdsorbates:

(8 1)

The length of the spring constant is approximated
by the separating of two molecules for which the
potential energy V(r ) is a. minimum, i. e. ,

&(2)ii6 (8. 2)

The force constant e corresponds to the second
derivative of the potential at the minimum, namely,

(8. 8)

The amplitude of the periodic potential 8'can be
obtained by pex'fox'Dllng R lat'tice sum with the posi-
tion of the adsorbed molecule as variable. This
has been done for specific physisorption systems. 7'8

We consider hexe two illustrative systems.

This we recognize immediately as the displacement
of a molecule when the phase d is changed to d+ 5d
(to first order in A). The existence of a zero-fre-
quency mode is a direct consequence of the fact that
the incommensurate structure i s deI. enervate. Under
an infinitesimal operation which shifts the phase d
of evex'y molecule by the same Rmount we R11lve Rt
the same structure. The existence of a zero-fre-
quency mode is therefore expected to hold true be-
yond perturbative theory.

VIII. APPLKATION OF THE MODEL

and the following value of 8" from Ref. 8, W'=60

K, we obtain the following value for KU and b:
U'i = (4W/na )'i =0.218,

b=0. 31 .
(8.4)

b. Ar on Xe. For Ar, OA, „,=3.4 A,
&=124 K', %=140 K, yielding the values for
U'i and b

U ~ = 0. 223, b = —0. 15 . (8. 5)

The phase diagram indicates that with these ci,vices
of parameters, Ne on Xe is in the shaded regi. cn.
According to our previous discussions, 3& a value
of SU= 0. 218, it is mostly likely in a cornrn'"':nsurate

of ordex' 3- 10. The system of Ax' on Xe 1s ln the
first-order structure, but lies very close to the
phase boundary between first-order structure and

incommensurate structure. This result offers a
qualitative explanation. as to why the observed heat
of adsorption of Ne on Xe is smaller than the cal-
culated value based on a model of complete regis-
try. For the system of Ar on Xe, which we have
shown to be in a first-order structure, the observed
value of heat of adsorption does agree fairly well
with the theoretical value.

Recent experiments by Dash" and co-workers on

the specific heat of Ne and Ar submonolayers ad-
sorbed on a copper sponge indicates an exp(-A/T)
dependence at low temperatures. However, the co-
efficient A. is much smaller than the estimate based
on a completely registered model. This suggests
strongly that the system under study is in a com-
mensurate structure of small order so that the co-
efficient A is finite but small.

Bassett' has studied the deposition of silver and

copper on both amorphous carbon and graphite, and

of silver on molybdenite. He observed a remarkably
high degree of mobility for the translation and ro-
tation of an entire island of overgrowth. This is
not difficult to understand within our model of in-
commensurate structure. The change in the value
of the phase from d to d+6d corresponds to the mo-
tion of an, entire island with no energy change. In
a more realistic two-dimensional model with rota-
tionally invariant Hamiltonian, we would also ex-
pect the layer of film to have a rotational mode at
zero frequency. This idea of incommensurate struc-
ture is a'iso the basis underlying the theory offered
by Reiss in explaining this phenomena. As we
have stated at the beginning of this work, if He

monolayers adsorbed on an argon-coated surface do
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form a solid film, then the T specific heat observed

by Dash et al. can be easily understood by assuming
the structure of the film to be incommensurate.

FlnRlly me discuss briefly Ilom R more reRllstlc
HamiltoIuan mould modify the conclusion reached in
this paper. Frank and Van Der Merme' have con-
sidered the influence of second harmonic term in the
potential a.nd the results xemain the same qualita-
tively, unless the second harmonic term is so large
as to produce a nem minimum. Within our model,
it is easy to see that higher .harmonics in the peri-
odic potential play about the same role as higher
pomers of the first harmonic and hence, mould not
change the qualitative picture. Recently, Van Der
Merme" has also considered a more complicated
model mhich alloms for misfits along tmo interfacial
directions. Again, the result is similar to the one-
dimensional case.

IX. CONCLUSION

In this paper, me have analyzed the structure of
a submonolayer film based on a very idealized mod-
el. The structures of the film are classified into
tmo categories —commensurate and incommensurate.
The incommensurate structure is defined very nat-
urally as the limiting case of the commensurate
structure mhen the order Rpproaches infinity. It is
also demonstrated horn the excitation spectrum of
the tmo classes differ from each other. Although
the model is too crude to attach much quantitative
significance to it, me believe that the characteriza-
tions of the structure and excitation spectrum mill
carry into a more realistic model. These general
features could prove very helpful in the theory of
epitRxy Rnd sux'fRce tl'Rnspox't.

FinaQy, this model serves as a pedagogical sys-
tem mhich exhibits a series of first-order phase
transitions. This is very similar to the sequence
of excitonic instabilities in narrom-gap semiconduc-
tors predicted by Kohn. '
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Derivation of Ez, E3, and E„

l. Second-Osde~ Commensal'ate State

According to

Ea= (b —e)2+4f'sin~e+U(sin2md)sin(2vtsin2ve),

minimizati. on of Earth respect to d, e, and t, re-
spectively, yields the equations

cos21Td sin (2'iff sln2'M) = 0 (A2)

cos2we [8t + 2wU

sin�(2nd)

sin(2' sin 2'�)]= 0, (A8)

d=l/4, e=-1/4,

f being then given by the solution of (A4) in the first
quRx'tel, l. e. ,

(A6)

The choice of e is determined by the condition that
(5 —c) should be a minimum subject to the require-
ment that c = + a. It is easily seen by inspection that
e should be chosen as

e = (sgn5) &, e = 6 —5+ (sgn5) & .

Substitution of (A6) and (A6) into (Al) gives

E,= (b —,'sgnS—)'+41'(U)- (1/w) [w'U'-16P(U)]'~',

(A8)

t(U) being the solution of (A6).

2. TAA'd-Ordet' Cornmensm'ate State

According to (3. 14), we have

E~ = (5 —e)~+ —,'t~- U (cos2m[el +d+ f sxn2v(el +e)]) .

%'6 dlffex'entlRte E3 mlth lespect to d, e, Rnd t,
respectively, and make use of the mathematical
ldentltles

cos2w(t sim) = Zo(f)+2 2 Zq, (2mt) cos2ex,
8-1

(A10)

sin2m(t sins) = 2 Z Zz„, (2nf) sin(2e+ 1)~ .

This leads to the folloming conditions for E3 to be
Rn extremum:

sin2we[8f sin2me+2mUsin2md cos(2wf sin2me)]=0 .
(A4)

The only choice of d, e, and t mhich is consistent
mith these equations mhile alloming the energy to be
a, minimum ls
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3t + wUeTp(2 wt) [cos2w(d —e) —ces2w(2cl+ d + e )]

cos2w[- 2cl +d- (2s + 1)e]- cos2w [(2—2s)cl +d- (2s —1)e j
+ wU p Jp, (2wt)

+ cos2w[2cl +d+(2s —1)e]—cos2w[(2+ 2s)el +2+ (2s + l)e]

+ w UQ, Zp„, (2wt )

cos2w [(2s —1)cl+ (2s —1)e —d] —cos2w [(2s+ 1)cl+ (2s+ 1)e —d]
= 0, (A 11)

+ cos 2w[(28 + 1)cl + d + (2s —1)e]- cos 2w [(2s + 3)cl y d + (2s + 1)e]

Zp(2wt) [sin2w(d- e)+ sin2w(2cl +d+e)]

sin [- 2cl +d —(2s + 1)e ]+sin[(2 —2s )cl +d —(2s —l)e ]
+Q,dp, (2wt)

+sin[2cl+d+ (2s —1)e]+sin[(2+2s)cl+d+ (2s ~ l)e]

sin[(2s —1)cl + (2s —1)e —d] + sin[(2s + 1)cl + (2s + 1)e —d]
+ Q, Zp„~ (2wt) = 0, (A12)

+ sin[(2s+ l)cl + d+ (2s —1)e]+sin[(2s + 3)cl + d + (2s + 1)e]

Zp(2wt)sin2w(cl + d)

+Z,Zp, (2wt) (sin[(l —2s) cl +d- 2se]+ sin[(1+ 2s) cl +d+ 2se])

+Z, Zp~, (2wt) (sin[2scl +2se —d]+sin[(2s +2) cl+ d+ 2se] j = 0 . (A13)

(sin(l —,'ws) ) —=0,

(cos (l p ws ) ) = 5 q, p y,

(A14)

(A15)

The apparent complexity of these equations can be
reduced by noting the following mathematical prop-
erties:

(c) d=O, e= —,',

E = (b —c) +-,' t —(U/2)[1 —J', (2wt)+ sin(2wt)];

(d) d= 2, e=o;

E= (b —c) + p t —(U/2)[ Jp(2wt) —1+ sin(2wt)] .

Z, a,Z, (t) =0 for all t ~ a, =0 for all s . (A16)

Since (A12) and (A13) must hold for arbitrary value
of t, (A14), (A15, and (A16) lead to the following
choice for d and e: x(l) = cl —t(U) sin2wcl, (A18)

Shen t& 0, the third choice would obviously be the
one that minimizes the energy. Hence, finally,
we have

d=0 or g, e=0 or g. (A17) Ep= (b —c)'+p t'(U) —(U/2)[1 —Jp(2wt)+ sin(2wt)],

The value of E3 for various combinations of d and
g are with t being given the solution of

(Al9)

(a) d=O, e=0;

g = (b —c) + & t —(U/2) [1 —Jp(2wt) —sin(2wt)];

(b) d=-,', e=-,

& = (b —c) + P t —(U/2)[ —1+Jp(2wt) —sin(2wt)];

t= (wU/3)[J, (2wt)+ cos(2wt)], tg [0, tp], (A20)

where tp isthefirstzeroof J', (2wt)+cos(2wt), andcis
determined by the same consideration as in the
second-order commensurate state, i. e. , by Eq.
(A7).
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3. Incommensurate State =(b —c) +2Psin cw- Udq(2wl), (A22)

Substituting (3.30) into the expression for the
potential energy gives where we have made use of the fact that if c is ir-

rational, then

E.= (b —c)'+2t'sin'cw (sin2wscl) =0, (cos2wscl) = 6, 0. (A23)

—U(cos2w[cl+d+tsin(cl+d)]) . (A21)

With the help of (A10), this can be simplified to

E =(b-c) +2P sin cw

—U(cos 2w(cl+ d) {Jo(2wf) cos2w [2s(cl+ d)]j)
—2U+~ &~, +~ (2w&) (»n2w(cl+ d) sin(2s+ 1) 2w(cl + d) )

Minimizing E with respect to I; and c gives

f = (wU/2 sin'cw) d,'(2wt),

c= b - wP si n2wc .

(A24)

(A25)

E = 2P sin cw+ —,
' t4 sin 2wc- Udq(2wt) . (A26)

The expression for the potential energy can finally
be written as
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