
PHYSICAL REVIE W B VOLUME 3, NUMBER 12 15 JUNE 1971

Second- and Third-Order Elastic Constants of Aluminum and Lead~

Tetsuro Suzuki*
Department of Metallurgy and Mining Engineering

and Department of Physics, and Materials Research Laboratory
University of 1llinois, Urbana, Illinois

(Received 4 March 1970; revised Inanuscript received 14 December 1970)

The second- and third-order elastic constants of Al and Pb are calculated as the second and
third derivatives of the binding energy with respect to the finite deformation parameter. The
binding energy is derived from a local pseudopotential by use of second-order perturbation
theory. It is shown that the binding energy satisfies not only the diagonal equilibrium condi-
tion, but also the off-diagonal equilibrium condition, i.e. , the first derivative of the binding
energy with respect to a volume change as well as with respect to shear deformations is zero.
Accordingly, the present method of calculation is based on a stable lattice model. The results
of the present calculation of the third-order elastic constants of Al are found to be in qualitative
agreement with the experimental data obtained by Thomas. The complete experimental set of
the third-order elastic constants of Pb is not yet available; however, the calculated pressure
derivatives of the second-order elastic constants are in agreement with the experimental data
of Miller and Schuele. On the other hand, the method initiated by Leigh, which is based on a
rigid-band model, cannot reproduce the experimentally observed third-order elastic constants
of Al. This is an indication that the pseudopotential method is to be preferred to the rigid-band
method as far as the calculation of second- and third-order elastic constants is concerned.

I. INTRODUCTION

In the calculation by the method of uniform defor-
mation, ' ' the elastic constants are defined as
derivatives of the cohesive energy or the binding
energy of a crystal with respect to deformation pa-
rameters which specify uniform deformations of the
crystal. Accordingly, there are two problems
which enter into the calculation of elastic constants
by this method. The first is to find a proper ex-
pression for the binding energy or cohesive energy.
The second is to define parameters to specify the
uniform deformations. For a given binding-energy
expression, a relationship can be established be-
@veen different sets of elastic constants defined by
different sets of deformation parameters. The re-
lationships bebveen the Brugger elastic constants
and the Fuchs elastic constants are described by
Suzuki, Granato, and Thomasv (abbreviated as SGT
hereafter).

In this paper, a calculation of the second- and
third-order elastic constants of Al and Pb, based
on the binding-energy expression derived from a
pseudopotential theory, will be presented and com-
pared with the previous calculation by Leigh, who
extended Fuchs's y

' calculation of elastic constants
of alkali metals to the calculation of the shear elas-
tic constants of Al.

II. FUCHS-LEIGH CALCULATION

Fuchs calculated the second-order elastic can-
stants of alkali metals from the cohesive-energy
expression of signer and Seitz, which consists of
three terms. The total energy E per electron is

given by

E=E+E +E
where E denotes the energy of a conduction elec-
tron in its lowest state (i. e. , at rest in the lattice),
E~ denotes the electrostatic interaction energy be-
tween atomic polyhedrons, and E is the kinetic en-
ergy of a conduction electron. To a good approxi-
mation, E for alkali metals was assumed to be
given by the expression for the kinetic energy of
free electrons,

(2 l)

where ~ is the atomic volume, 8 is Planck's con-
stant divided by 2m, m is the free-electron mass,
and Z is the valency (1 for alkali metals, 3 for Al,
4 for Pb, etc. ). The electrostatic interaction en-
ergy E is given in terms of the lattice structure
and the effective charge Z,«, which is determined
by the electron density near the surface of the
atomic sphere.

Leigh' extended Fuchs's &
' calculation of elastic

constants of alkali metals to the calculation of shear
elastic constants of Al by taking into account the
deviation of the kinetic energy E of the conduction
electrons in Al from that of free electrons given by
Eq. (2. l). Because the number of conduction elec-
trons per atom is more than sufficient to fill the
first Brillouin zone in Al, the effect on E due to
the Brillouin-zone distortion associated with shear
deformations was expected to be much larger than
in alkali metals. The effect of the movement of
the Brillouin zone on E in alkali metals was con-
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sidered to be negligible by Fuchs.
Leigh expressed E", which is a function of mo-

mentum, in terms of four parameters which were
supposed to be consistent with experimental data on
the Fermi surface in the undeformed state. The
derivatives of E with respect to the shear deforma-
tion parameters were calculated under the assump-
tion that E changed because of the displacement
of the energy gap present at the Brillouin-zone
boundaries and because of the accompanying redis-
tribution of electrons within and bebveen Brillouin
zones. Moreover, the energy vs momentum rela-
tionship on either side of the zone boundaries was
assumed to remain the same during the deformation.
This assumption was referred to as "the rigid-band
model" by Harrison. "

The electron density near the surface of an atomic
sphere, which was necessary for Leigh's calculation
of the electrostatic interaction energy E, was
another adjustable parameter, since the Schrodinger
equation for Al could not be solved to determine the
wave function and the energy of conduction elec-
trons. In addition, the bulk modulus, which re-
quires a knowledge of Eo in addition to E~ and E,
was not calculated by Leigh. Hence, his calculation
was limited to the shear elastic constants. As a
result, he adjusted these five parameters to the
four available experimental results, namely, the
two shear elastic constants —,'(C„—C») and C«,
the electronic specific heat, and the width of the
soft x-ray emission spectrum.

The calculation of shear elastic constants based
on the rigid-band model was extended to magne-
sium, P brass, and ~-phase copper and silver al-
loy by Reitz and Smith, ' Jones, ' and Collins,
respectively.

When Daniels" extended Fuchs's calculation y
'

of the second-order elastic constants of alkali met-
als to the calculation of the pressure derivatives of
the second-order shear elastic constants, he found
that it was necessary to assume the effective charge
Z,« in the electrostatic interaction energy E to be
pressure dependent. Similarly, in the calculation
of the pressure derivatives of the second-order
elastic constants of Al and Mg, Schmunk and Smith'
found it necessary to add one more adjustable pa-
rameter, namely, the pressure dependence of the
effective charge, to the parameters already used in
the rigid-band-model calculations of second-order
elastic constants.

Five Fuchs third-order elastic constants, which
do not contain a contribution from the volume-de-
pendent energy E, were calculated by Thomas, '
who extended Leigh's procedure to the third-order
elastic constants. Starting from the same expression
for the cohesive energy as used by Leigh, Thomas
found it impossible to reproduce the experimental
Fuchs elastic constants when using the five param-

eters which are compatible with the experimental
data on the Fermi surface of Al. Since it was im-
possible to calculate the volume-dependent energy
E for polyvalent metals by the direct extension of
the Wigner-Seitz method, Leigh's calculation' and
other calculations' '3 based on a rigid-band model
of polyvalent metals were limited to the calculation
of shear elastic constants, which do not contain con-
tributions from E . Furthermore, there was no way
to check whether the calculation was based on a
stable model of the crystal lattice.

IIl. PSEUDOPOTENTIAL CALCULATION

A. Binding-Energy Expression

In pseudopotential theory, " 2' the energy E(k) of
a conduction electron as a function of momentum k
is calculated by second-order perturbation theory,
whereas in the Fuchs-Leigh calculation E(k) was
expressed in terms of adjustable parameters. The
energy of a conduction electron in a perfect crystal
is given by

k k
(

~ ~
) ~ (k+qlwlk)(klw 1k+ q)

2m ' - (k /2m)(k —lk+ql )

(3. 1)

where the summation extends over all the recipro-
cal-lattice points q except the origin. The matrix
element of the screened pseudopotential between two
plane waves (k+ q I w!k) is obtained from the matrix
element of a bare ion pseudopotential (k+ q I w, I k)
by use of a dielectric function. The total energy of
the conduction electrons is obtained by summing the
above expression for E$) up to the free-electron
Fermi surface and subtracting the electron-electron
interaction energy. [The electron-electron interac-
tion energy is counted twice when we perform the
summation with respect to k, since E(k) represents
the energy of an electron in the field of ions and
other electrons. ]

The total binding energy E of the crystal is ob-
tained by adding the electrostatic energy between
positive ions to the total energy of the conduction
electrons. The expression for the total binding en-
ergy thus obtained is rewritten as a sum of three
terms, the free-electron energy E„ the electro-
static energy E~, and the band-structure energy E,.
The free-electron energy E, (per ion), which in-
cludes the exchange and correlation energy, is de-
fined as follows:

3 k~ 3v~Z ' 0 916 e
]O ~ 0 2r,

O. &&5-0.03' ln—



(k(M, + (ze'/~)(k) d% d'ic
I0 0

(3. 2)
Here e is the electronic charge and x, is given in terms
of the atomic volume 0 and valence Z by

In the present paper, a simple local pseudopoten-
tial, which corxesponds to the local part of the
Heine-Abarenkov-Animalu 3 model potential

s),(r) = —Ze'/r (r & r, )

is used together with both the Hubbard-Sham and
Hartree dielectric functions to calculate the band-
structure energy E3 and the last term of the free-
electron energy E,. From this potential, we obtain
the energy-wave-number characteristic

q 4vZe~ 4wU()r,&(q)=,~ —
~

+- ~' osq,

4mUA+ 3 Sing 7'~
q

' 1 —&(q, k~)
&(q, kr)

(3.6)

where q= Iq I, and k~ is the radius of the free-elec-
tron Fermi sphere,

e(q, k~) represents either the Hubbard-Sham dielec-
tric functiorP'

Every quantity in Eqs. (3. 2) and (3.3) is expressed
in cgs units. The free-electron energy E, is de-
pendent solely upon the atomic volume.

The electrostatic energy E3 is the classical elec-
trostatic energy of a lRttice of positive point charges
Ze imbedded in a uniform background of compen-
SRting negative chRx'ge. The electrostatic lntex'Rc-
tlon 6Qexgy E ln the Fuchs-Leigh cRlculRtlon ls
equal to the same electrostatic energy E, (with Z
= Z,«) minus the electrostatic energy of the atomic
sphere. Hence, although E~ is not equal to E, the
derivatives of E~ and E with respect to volume-
conserving shear deformations are equal.

The band-structure energy Es is derived from the
second-order perturbation term of Eq. (3.1), with
care taken to count electron-electron interactions
only once. E3 is given as a summation of an energy-
wave-number characteristic E(q) over all recipro-
cal-lattice points except the origin:

(3.4)

na

2g + —'+ I/wsok

ox' the HRltl 66 dlelectrlc function which ls obtRlned
from the above expression by xeplacing the last
factor by unity. Here, g= q/2k+ and a() is the Bohr
radius. The last term of the free-electron energy
E„calculated from the pseudopotential of Eq. {3.5),
ls given Rs

k geq+- — k d k

By combining the iree-electx'on energy E» the
electrostatic energy Ea, and the band-structure en-
ergy Es, we obtain the expression for the total bind-
ing energy per ion.

In this papex, the equilibrium condi. tions fox' Al
and Pb were checked by taking the first derivatives
of the binding-energy expression with respect to
diagonal as well as off-diagonal components of g;&.
The second and third derivatives of the binding-en-
ergy expression with respect to both the diagonal
Rnd the off-dlagoDRl components of the finite defox'-
mation parameter, i.e. , the complete set of sec-
ond- and third-order elastic constants, were cal-
culated by the same method as used by SGT in the
case of the alkali metals. Since the alkali metals
are cubic, there are six independent third-order
elastic constants; however, only three independent
relations (i.e. the pressure derivatives of three
second-order elastic constants) have been mea-
sured'~y ~6 ~' experimentally. The complete set of
third-order elastic constants of Al has recently been
measured by Thomas. The experimental data for
Al give the first complete check of a calculation of
third-order elastic constants based on a pseudopo-
tential method.

8. Equilibrium Condition for the Binding-Energy Expression

1. Equilibrium Condition seith ResPect to 'g~;

Because the expression for the volume-dependent
iree-electron energy E, contains the approximate
expression for the correlation and exchange energy,
the entire expx ession for the binding energy does
Qot necessarily have a minimum at the observed
electron density or lattice spacing. In the expres-
sion for the binding energy proposed by Ashcroft
Rnd Langreth and also used in SGT, the equilibri-
um condition with respect to uniform expansion of
the lattice was forced to fit the observed lattice
spacing by adjusting the last term of the free-elec-
tron energy E, given by Eq. (3.2). Hence, the ex-
pression f'or the binding energy contained one addi-
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tional implicit parameter besides the adjustable
parameter in the assumed pseudopotential. Further-
more, the expression for the binding energy was not
entirely consistent with the assumed pseudopoten-
tial. In this paper, however, the last term of the
free-electron energy is directly calculated from the
pseudopotential [Eq. (8.9)]. For each value of the
core radius used, the depth of the well Uo is chosen
so that the present expression for the binding energy
is minimum at the observed atomic volume (ex-
trapolated to 0'K). In Table I, the values of the
two parameters in the assumed pseudopotential are
shown, together with the binding energy and the
three second-order elastic constants calculated
from the pseudopotential with the corresponding pa-
rameters. Also shown in Table I are the observed
values of the binding energy and the linearly extrap-
olated values (to 0'K) of the observed second-order
elastic constants of Al and Pb. ' '3' In the case of
Al, the choice of the parameters x, =2. 2 a. u. and

Uo = —1.62 a. u. (with the Hartree dielectric func-
tion) or Uo= —1.58 a. u. (Hubbard-Sham dielectric
function) in the pseudopotential reproduced the ob-
served binding energy and the three second-order
elastic constants reasonably well at the observed
lattice spacing. In the case of Pb, it is found that
the calculated binding energy never becomes larger
than the observed binding energy. The choice of

r, =1.60 a,.u. and Uo= —1, . 70 a. u. (with the Hartree
dielectric function) or Uo = —1.67 a.u. (Hubbard-
Sham dielectric function) reproduced the best pos-
sible values of the binding energy and the three sec-
ond-order elastic constants at the observed lattice
spacing within the framework of the present calcula-
tion.

It is noticed that the values of the parameters in
the pseudopotential thus determined are rather close.
to those adopted by Animalu et a/. in their local
pseudopotential calculation of the phonon dispersion
curves. They have chosen their values from the ob-
servation that the orthogonalized-plane-wave (OPW)
form factor calculated from the local pseudopoten-
tial is a good approximation to the QPW form factor
calculated from the Heine-Abarenkov-Animalu model
potential for lq I & 2k~ and converges quickly to zero
for Iql &3k~. Accordingly, the convergence of the
summation of the energy-wave-number characteris-
tic, as well as its various derivatives, is also found
to be very fast. The summation over the recipro-
cal-lattice points )q l & Sk& is sufficient to ensure
numerical accuracy of 1%.

2. Equilibrium Condition upwith Respect to 0;& (i~j)

Next, we have to show that our expression for the
binding energy also satisfies the equilibrium condi-
tion with respect to shear deformations, i.e. ,

TABLE I. Parameters in pseudopotential, binding energy, and second-order elastic, constants.

Core
radius

~, (a. u. )

Depth
of well

Up (a. u. )

Calculated
binding
energy

(10"erg)

Observed
binding
energy

(10"erg)

Calculated
second-order

elastic constants
C)( C(2 C44
(10"dyn/cm')

Observed
(extrapolated to 0 'K)

second-order
elastic constants

C)) C(2 C44
(10"dyn/cm )

A],

Hartree

Aj.

Hubbard-Sham

1.8
2.0
2. 2
2.4
2.6

1.8
2.0
2. 2
2.4
2.6

—1.77
—1.71
—1.62
—l.51
—1.41

—1.67
—1.64
—1.58
—1.49
—1.41

10.03
9.95
9.76
9.48
9.17

9.63
9.58
9.50
9.35
9.16

9.06

9.88
9.65
9.22
9.40

11.28

11,67
11.52
11.53
11.77
13.01

7.84 4.71
7.55 4. 58
6.93 4.47
6.29 4.98
6.31 6.60

8.83 6.25
8.64 6.22
8.40 6.41
8.03 6.98
8.02 8.33

11.70 6.26 3.26

Pb
Hartree

2.0
2. 2
2.4
2. 6
2.8

—1.49
—1.68
—1.70
—1.67
—1.61

13.43
13.63
13.70
13.67
13.51

8.40 5.92 4.34
V. 98 5.85 4. 10
7.98 5.87 4.09
7.94 5.79 4.11
8.12 5.72 4.33

5.27 4. 24 1.96~

Pb
Hubbard-Sham

2. 0 —1.45
2. 2 —1.64
2.4 —1.67
2.6 —1.65
2. 8 —1.60

G. N. Kamm and G. A. Alers (Hef. 30).

13.36
13.64
13.67
13.62
13.51

10.12 6.91 5, 87
9.79 6.94 5.50
9.72 6.94 5.42
9.V4 6.91 5.48
9.94 6.8V 5.76

"D. L. Wa&dort and G. A. Alers (Bet. 31),
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Bz/Brl„= O (f ~j).
Because the free-electron energy E, is solely de-

pendent on the volume of the crystal,

Bz, Bz((() B(

Bq]~ Bg Bg])

The derivative of the relative volume change v with
respect to the off-diagonal component of the finite
deformation parameter is always zero:

=o ((~j) .Bg

where m„mz, and m, are integers chosen so as to
represent a bcc lattice in reciprocal space, if the
real lattice under consideration is fcc (e. g. , Al and
Pb) or vice versa. It is shown in the Appendix that

8 8 8
gega=

B
'gsgB=O ((&j) ~

kj fj fj

Hence, we obtain

Hence, the free-electron energy E, satisfies the
off-diagonal equilibrium condition, i. e. , BE, /B()((
=o (f xj).

The electrostatic energy E~, which is a central
interaction term, can be written as a summation of
pairwise interaction energies W, which depend
solely on the distance or, equivalently, the square
of the distance between two particles, r~. Hence,

I + Biy(~') I W(r')
B'6(( 2 ~„a(l(~ 2 Br B(i((

yar ti cles

X(2m( (((2glg2+ 2m2 M3g2g8+ 2™smlg3gl).

The origin of the reciprocal lattice of bcc or fcc
structures is a center of symmetry. Accordingly,
the first derivative of the band-structure energy
with respect to the off-diagonal component of the
finite deformation parameter (I(( (i 0j) is zero. In
summary, the binding energy E, which consists of
three parts, the free-electron energy E1, the
electrostatic energy E~, and the band-structure en-
ergy E3, satisfies the off-diagonal equilibrium con-
dition

The derivative of the square of the distance is given
in terms of the coordinates x, before deformation as

Bg =2+ r(r, r(„.
Bgg

Accurdingly, if every particle in the crystal is lo-
cated at a center of symmetry, as in the case of Al,
the first derivative of the summation of the pairwise
interaction energy W is zero. Hence,

=0 (i~j) .

The energy-wave-number characteristic F(q, kr)
derived from a local pseudopotential is a function
of the magnitude of the reciprocal-lattice vector q
and the radius of the free-electron Fermi sphere
k~. Hence, the derivative of the band-structure
energy E, with respect to (i;& (i xj) is given by"

az, + , BF aq BF Bk

Bq Bgg g Bpg Bg])

Here, the derivative of the radius of the free-elec-
tron Fermi sphere with respect to the off-diagonal
component of the deformation parameter is zero
because it is dependent solely on the total volume of
the crystal. The square of the magnitude of the re-
ciprocal-lattice vector, q, is given in terms of the
primitive reciprocal-lattice vectors gl, g&, and g,
of the simple cubic lattice such that

3 3

q = ~ ~ m& m&g&g&,
5=1 9=1

=o (f~j)

for fcc and bcc structures.

C. Elastic Constants

The second- and third-order elastic constants of
Al and Pb were calculated for the values of the pa-
rameters shown in Table I. The second- and third-
order Fuchs elastic constants, which are deriva-
tives of the binding energy with respect to the de-
formation parameters n, e„and y( (i=1,2, or 3),
were calculated and then related to the Brugger
elastic constants by methods discussed in SGT.
The second derivatives of the electrostatic energy
E~ for bcc and fcc structures were calculated by
Fuchs, and the third derivatives for these struc-
tures were calculated by Cousins and also by
Suzuki and Granato. ' The derivatives of the band-
structure energy E3 were calculated by summing
the derivatives of the energy-wave-number char-
acteristic F(q) up to the 5th neighbor of the recip-
rocal lattice instead of the 76th neighbor as in SGT;
the summation is reduced because of the improved
convergence of the energy-wave-number charac-
teristic used in the present calculation.

The Brugger third-order elastic constants of Al
and Pb, calculated with the parameters which best
reproduced the binding energy and second-order
elastic constants, are shown in Tables II and III.
The experimental third-order elastic constants ob-
tained by Thomas are included in Table II. As
far as the present author is aware, this is the first
case where pseudopotential calculations of the third-
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TABLE II. Third-order elastic constants of Al
(10"dyn/cm').

TABLE III. Third-order elastic constants of Pb
(10 2 dyn/cm2).

C123

C144

Crt 6

C4M

Hartree
=2, 2 a, u.

00 ———1.62 a. u.

—6.86
3~ 22
1.42
0.49

—3.47
0.92

Hubbard-Sham

c 22au
Uo-——1.58 a. u.

—7.66
-4.19

l.45
0.58

0.73

Experimental

-10.76+ 0.30
3.15+0.10

+ 0.36 +0.15
0. 23 + 0.05
3.40+0.10
0.30 +0.30

C123

C144

C18

C456

Hartree
y = 2. 4 a. u.

Uo ———1.70 a. u.

—5.47
—3.16

0.72
0.41
3 ~ 23
0.61

Hubbard-Sham
y =2.4a. u.

Uo ———l. 68 a. u.

—6.24
—3.82

0.86
0.43

—4.05
0.46

Experimental data at 25 C by J. F. Thomas, Jr.
(Hef. 29). Strictly speaking, calcuLated values should be
coxnpared with the linear extrapolation of experimental
data to 0 K. However, experimental data on the temper-
ature dependence of the complete set of the third-order
elastic constants are not available at present.

order elastic constants can be compared with the
experimental data; homever, a forthcoming mork

by Naimon et aE. mill present comparisons of the-
ory with experiment for the third-order elastic con-
stants of Mg. The results of the present calculation
reproduce the qualitative features of the observed
third-order elastic constants, including weak Cauchy
relationships.

The pressure derivatives of the second-order
elastic constants of Al and Pb, determined from the
calculated third-order elastic constants, are also
presented in Tables II and IQ and compa, red with the
linear extrapolations (O'K) of the observed values
of the pressure derivatives of Al (Ho and Huoff )
and Pb (Miller and Schuel. e") in Table IV. The com-
plete set of third-order elastic constants of Pb is
not yet available experimentally. On the basis of
the agreement for the pressure derivatives, it can
be conjectured that the calculated values of the third-
order elastic constants of Pb shall be at least quali-
tatively in good agreement with the future experi-
mental data.

The complete set of the third-order elastic con-
stants recently measured by Thomas29 clearly sup-
ports the pseudopotential interpretation. The fail-
ure of the rigid-band model to explain the three
Fuchs elastic constants B'E/Be~ Be2, BSE/Bra By, ,
and B~E/By~ Bya By, indicates the inadequacy of this
model; these third derivatives conserve volume

and, in contrast to those derivatives mhich describe
changes of the second-order elastic constants with

pressure, do not allom for the introduction of addi-
tional adjustable parameters into the rigid-band
model.

In this paper, it has been shown that (i) the ex-
pression for the binding energy, which is based on

a local pseudopotential, satisfies not only the di-
agonal equilibrium condition but also the nondiagonal
equilibrium condition and (ii) the derivatives of the
same expression with respect to deformation pa-
rameters reproduce reasonably mell. the experi-
mental data of the second- and third-order elastic
constants of Al and the second-order elastic con-
stants and their pressure derivatives of Pb, with-
out introducing any additional parameters besides
those used in the expression for the binding energy
itself. The procedure adopted in this paper to sat-
isfy the diagonal equilibrium condition is found to
have another advantage besides the formal consis-
tency discussed in Sec. IQB1. Although the pro-

IV. SUMMARY AND DISCUSSIONS

The second-order elastic constants of some of the
simple metals, including alkali metals and Al, were
previously calculated from the rigid-band model.
Because the dominant contribution to the second-
order elastic constants of alkali metals comes from
the electrostatic energy, it may be argued whether
or not a pseudopotential calculation is more valid.
However, the calculation of the second-order shear
ela,stic constants of Al and other metals based on the
rigid-band model could not be completely checked
mith experimental data. The number of independent
experimental parameters available at the time the
calculations were carried out was not substantially
larger than the number of adjustable parameters in
these calculations.

TABLE IV. Pressure derivatives of
elastic constants.

BC'

8p

second-older

Hartree
Hubbard-Sham
Experimental
(extrapolated to 0 'K}

0.74
0.55
l.63

1.60
1.78
2. 22

Hartree
Hubbard-Sham
Experimentalc
(extrapolated to 0 'K)

0.514 1.86
0.446 2. 02
0.216 1.80

3.89
3.88
5. 28

c =-,'(C„-C„), s=-,'(c„+2c„).
"P. S. Ho and A. L. Huoff (Ref. 37).
cB. A. Miller and D. E. Schue].e (Ref. 38).
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cedure in SGT reproduced reasonable values of the
second- and third-order elastic constants of Al, it
has failed for Pb. However, the procedure pre-
sented in this paper reproduced the second-order
elastic constants and their pressure derivatives of
both Al and Pb with the same number of adjustable
parameters as in SGT.

The qualitative success of the present calcula-
tion for Al and Pb based on a simple local pseudo-
potential indicates that this approach is more prom-
ising in predicting elastic constants than is the
rigid-band model. It is expected that the accuracy
of the pseudopotential calculation will be improved
with use of a nonlocal pseudopotential. If a non-
local pseudopotential is used, the positive ion charge
Z in the electrostatic energy E, cannot be exactly
equal to the valence, and the orthogonalization hole
must be taken into account. 39

The use of the Hubbard-Sham dielectric function
did not produce any definite improvement of the
results obtained from use of the Hartree dielectric
function. However, it has to be investigated wheth-
er the new approach to the problem of correlation
and exchange proposed by Shaw and Pynnss improves
the calculation of the third-order elastic constants
of simple metals.
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APPENDIX

The proof that

g1 'gf gP. gg gg 'g3
Bg ~

g Bf)]g 8'g]g

is given as follows. The primitive recriprocal-
lattice vector of a simple cubic lattice g, (g, or g,)
is given in terms of the primitive lattice vectors
of the simple cubic lattice 7'» &» and w3.

7 gX 7'3
g)=2F r «)

Hence, we obtain

2 ps ' ~s) Fs ' ~s) rs ' ~s) r~s ' 2)gs'gg= 2' («( «)p

The derivative of the denominator of this expression
with respect to the off-diagonal component of the
finite deformation parameter g, &

is zero:

I.&g ~ r7'sx7's)j = 0;
8$ )g

7, ~ (fsxrs) represents the volume of the unit cell
of a simple cubic lattice, and the derivative of the
volume with respect to the off-diagonal component
of the finite deformation parameter is zero. The
derivative of the numerator is given by

(r~s ' ~s) r~s ' ~s) rs ' ~s) r~s ' ~s))
Bg]g

8 8
= (7s ~ Ts) (Ts ~ 1s)+ (7s ~ 7's) (7's ~ Ts)

Bg]g Bg ~g

8 8—(&s 7's) rs s) —rs s) rs ~ s);
BQ]) 8$ gg

(&s . s s) and (rs .vs), however, are zero by defini-
tion. Furthermore, by use of the relation which
gives the change of the scalar product of two vec-
tors A(A„As, A, ) and B(B„Bs,Bs),

AA ~ 8 =2 Z A, B, qs(,
Asl

we can see that

8 ~ 8
(~s ' 7's) = r7's ' 7's) = 0 (s &)) .

Bg]) Bg ]g

Accordingly, we have proved that

g, ~ g, =0 ( xj)s.
8$ ]g

By permuting indices, we also have

e~ gs 'gs=
sq gs 'gs=0 (s&2) ~

fs. g fg
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