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Effect of Nonparabolic Band Structure on Longitudinal Magnetoacoustic Phenomena
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The effect of nonparabolic band structure on the propagation of ultrasound in a semiconduc-
tor such as n-type InSb in the presence of longitudinal magnetic fields is discussed using a
quantum treatment which is valid at high frequencies and in strong magnetic fields. The ab-
sorption coefficient and sound velocity for ultrasound propagating parallel to the magnetic field
are found to change with magnetic field. This dependence on magnetic field arises solely from
the nonparabolicity of the energy bands and would bein additionto any magnetic field dependence
due to a field-dependent relaxation time. A numerical calculation is performed for the case of
n-type InSb and a comparison is made with the experimental results of Nill and McWhorter.

I. INTRODUCTION

Hecent experiments" in n-type InSb have found
a magnetic field dependence of the absorption co-
efficient and the sound velocity for ultrasound prop-
agating parallel to a magnetic field. Classically,
the absorption of ultrasound propagating in a lon-
gitudinal magnetic field should be independent of
magnetic field, ' and this shouM be true even in the
quantum regime for a model assuming parabolic en-
ergy bands and an energy-independent relaxation
time. ' Jacoboni and Prohofsky have shown that an
energy- and magnetic-field-dependent relaxation
time w can give rise to a magnetic field dependence
of the ultrasonic absorption in a longitudinal mag-
netic field and have tried to explain Nill and
McWhorter's experimental results on this basis.
In this paper, we show that the nonparabolicity of
the bagd structure in a semiconductor~ like n-type
InSb can lead to a change in the longitudinal mag-
netoacoustic absorption and the sound velocity in.

strong magnetic fields even when the magnetic field
dependence of 7 is neglected.

In our calculations we assume a nonparabolic
model for the electronic energy bands and piezo-
electric coupling between the acoustic wave and the
conduction electrons. We also assume that the
semiconductor is nondegenerate. The longitudinal
ac conductivity is calculated using a quantum treat-
ment which is valid for strong magnetic fields and
high frequencies. Since we are interested in the
high-frequency region ql » 1, the effect of collisions

is neglected. In Sec. II we present the calculation
of the longitudinal ac conductivity for nonparabolic
bands, and in Sec. III we present the numerical
results for the absorption coefficient and sound
velocity in n-type InSb. The discussion of the re-
sults using the nonparabolic model is given in Sec.
IV, and comparison is made both with the results
of the parabolic model and the experiments.

II. LONGITUDINAL CONDUCTIVITY FOR

NONPARABOLIC BAND STRUCTURE

In the nonparabolic model, the relation between
the energy and wave vector of an electron is

where F~ is the energy gap between the conduction
and valence bands and m ~ is the effective mass of
the electrons, which for our purpose we will take
to be isotropic. The effective Hamiltonian for our
system can be obtained by replacing p by p —(e/c)X
in Eq. (l), where X is the vector potential. For
electrons in a uniform magnetic field directed along
the z direction, the energy eigenvalue equation
takes the form

g 1+ —= P„+ P~ ——g + P»

(2)

where we have used the Landau gauge for the vector
potential Xo= (0, Bx, 0). Tins egllatlon ls identical
to that for free electrons in a magnetic field and
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yields the results

gk„= e"k~'~k" y„[x—{hc/eB) k, ]

for the eigenfunctions and

@2p a ll/2
E = —~ 1 — 1+ —(n+-') 8'(u +kn 2 E ~ c

for the eigenvalues, where &u, =eB/m*c is the cy-
clotron frequency and $„(x) is the harmonic oscil-
lator function. When (n+-', )A&o, @2&,/2~*«E, the
energy eigenvalues reduce to those obtained using
the parabolic model for the band structure. On the
other hand, in strong magnetic fields h+, =E~ and
the energy levels of the electrons are quite differ-
ent from those that would be predicted by using the
parabolic model.

The interaction of the electrons with the acoustic
wave can be taken into account via the vector poten-
tial A, =X,oe

"~' ""which arises from the self-
consistent plezoelectl ic field RccoIQpRnying the
sound wave. To first order in A& the Hamiltonian
is

where

+ 0 4n +kn ~kk

K, =(e/2c)(v X, +X, ~ v) .

we solve the equation of motion for the density op-
erator p,

iaaf
—= [tt, p],
Bp

by expanding th6 opex'Rto1 p= po+ piq w4616 po 18

the unperturbed density operator and linearizing
the equation of motion (8). Taking the matrix ele-
ments of the linearized equation of motion in the
representation (3) and (4), we find that

(fk „-fk„)&0' n' IHg Ikn }
Ek ~ -@kn-@~

f,„=&un~ p, ~un}=n, e-"k

is the Boltzmann distribution since we have as-
sumed a nondegenerate semiconductor, no is the
electron density, and 0= 1/ke T. The electron cur-
rent density is

J= Tr(pi., )= Z &/'n'( p~an}&anlZ. ,(u'n'},
0' kn'ff

(10)

where the current-density operator to first order
in Xg is

~1
2Xo eXg

( )E pl

Here v is the velocity operator for the unperturbed
Hamiltonian v = —(f/h) [r, Bo] Using the. effective
Hamiltonian for the nonparabolic model, we find
that

and [ ], denotes the anticommutator.
Using the gauge where the scalar potential is zero,

we find the following relation between the piezoelec-
tric field and the vector potential X,:

~„= (1+2SC,/E, )-'f,/I +,

~,= (1+2Z,/E, )
-' (Z„-eBx/e)/n +,

~,= (1+2',/E, )-'f,/I + .

To obtain the coIQponents of the conductivity tensor
we must first calculate the electron current density
induced by the piezoelectric field. Following the
same proeedux"e as described in an earlier paper,

E = (f&u/e) A, .

In piezoelectric semiconductoxs, the coupling be-
tween the elections Rnd the acoustic wave is only
important if the piezoelectric fieM induced by the

wave is longitudinal. In our present case we are
interested 1n an acoustic wave propaga~~ng parallel
to the dc magnetic field so that the only component
of the conductivity tensor of interest is o'„. Using
Eqs. {3)-(12),we find the. t

~3 kt Bg I/ 3 @g ~ rn+a &d

e..(a, ~) = 1/ke-ke ak/2 Q n e- 8/ke kk gg
f n

4q 8 2m 2' +Q~ 2 kg
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where

(o~ = (4', e'/m*)'/'

is the plasma frequency,

l.33

a„= [1+(48'(o, /E, )(N+-," )]'/',

a/(e) =e ' erfc( —fe)

is a function related to the complementary error
function. ' In obtaining the above result, we have
used the exponential cutoff of k, provided by the
Boltzmann distribution to expand Eg. (4)

E~„= -»E»+», E»a„+ff l»» /2m+a„,

since

].29
l0 )Q2

1
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FIG. 2. Change in the sound velocity as a function of
dc magnetic field & for nonparabolic band structure in
n-InSb at co=10 rad/sec, 'E=10'K, qll(ill).

for InSb at the low temperatures in which we are
interested (T & 100 'K).

The relation between the absorption coefficient
&„and the longitudinal conductivity is given by

4m'p2q 1
--q Impei.' 1-4wv.,/i~c) ' (15)

where p is the density of the material, &isthestatic
dielectric constant, v, is the sound velocity, and

P is an appropriate piezoelectric constant. In a
cubic crystal like InSb, the only component of the
piezoelectric tensor which is nonvanishing is P&4.

For q yarallel to the (110) direction P = P«, while
for g yarallel to the (111)direction P= (2/43)P„
for waves which induce longitudinal electric fields.

The change in the sound velocity due to the inter-
action between the ultrasound and the conduction
electrons is also related to the longitudinal con-

ductivityy

Therefore, if one knows the longitudinal conductivity
0„, one can obtain the absorption coefficient and
the change in the sound velocity.

m. NUMERICWL RESULTS

From Egs. (13), (15), and (16), it can be seen
that a, and he, /»/, will deyend uyon the magnetic
field when we use the nonparabolic model for the
energy bands of a semiconductor. For comparison,
the result for the longitudinal conductivity using the
parabolic model, "

SU + ~ + ~ 17
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FIG. 1. Absorption coefficient 0'tr as a function of dc
magnetic fieId & for nonparabolic band structure inn-InSb
at u) =10~' rad/sec, T=10'K, q IJ(111).

is independent of magnetic field. %e can readily
see that (13) will reduce to (1V) if k&u, «E», so that
at low magnetic fields, the result using a parabolic
model for the energy bands should be valid. On the
other hand, in strong magnetic fields such that
Im, = F~, the nonparabolicity of the energy bands
leads to qualitatively different results.

As a numerical example, we shall consider the
absorption of ultrasound and the change of sound
velocity in n-type InSb at high frequencies and at
low temperatures. The relevant values of the pa-
rameters for this material are no = 1.75 ~10' cm
m*=0. 013mo, @=18, P,4=1.8&10 esu/cmm, E,
= 0. 2 eV, p = 5.8 g/cm', and e, = 4 &&10' cm/sec.
The results for o'„, and the change in sound velocity
as functions of magnetic field are shown in Figs.
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FIG. 3. Change in the attenuation &n„as a function of
magnetic field inn-In' at co =5.655 ~10 rad jsec and q II

(111}for three different temperatures.

FIG. 5. Difference of the change in sound velocity as
a function of magnetic field inn-InSb at M=5, 655 ~10~o

rad/sec for three different temperatures.

1 and 2, for ~=10" rad/sec, T=10 K, and prop-
agation parallel to the (111)direction. It can be
seen that at low magnetic field both o.'„and ~v, /u,
are independent of the field, while at high fields,
o!„increases and &v,/v, decreases with the field.
In fact, th, e absorption coefficient is about 30%
higher at a magnetic field of 100 ko than would be
predicted using the parabolic model.

For comparison with the experiments of Nill and
McWhorter, we have plotted ho.'„= &„(B)—n„(0) as
a function of magnetic field for three different val-
ues of the temperature and at a frequency of 9 GHE

in Fig. 3. As can be seen from Fig. 3, 6&„ in-
creases more rapidly with magnetic field when the
temperature is lowered. In Fig. 4, Ag, is shown

as a function of magnetic field for three different
frequencies and at a temperature of 10 'K. The
r eason that b, e~, has a maximum as a function of
frequency is due to the breakdown of screening in a
semiconductor of this carrier density in the micro-
wave frequency region. In Figs. 5 and 6

[nv, (B) —nv, (0)j/v, is shown as a function of mag-
netic field for three different temperatures and
frequencies. Again the change from the zero-field
value becomes larger as the temperature decreases
and has a maximum as a function of frequency in

the microwave ultrasonic region.

IV. DISCUSSIOX

The calculations presented here show that the
nonparabolic band structure of a semiconductor
such as n-type InSb can lead to a magnetic field de-
pendence of the acoustic absorption and the sound

velocity for waves propagating parallel to the mag-
netic field. This is in contrast to the results using
a parabolic model for the band structure, which
predict no magnetic field dependence of the acoustic
absorption or the sound velocity in a longitudinal
magnetic field. The deviations from the predictions
of the parabolic model become important when the
spacing between the Landau levels, 5&„becomes
comparable to the energy gap E,. The parameter

&u, /E~ beco'mes equal to unity at a magnetic field
of about 200 ko. Under these conditions, the de-
pendence of the energy of the conduction electron
on magnetic field using the nonparabolic model dif-
fers from what it would be using the parabolic
model. It is this dependence of electron energy on
magnetic field which leads to the magnetic field de-
pendence of &„and g, for the case of nonparabolic
bands.

The use of the nonparabolic model predicts an in-

0.I 0

0.0$
5

FIG. 4. Change in the attenuation &&„as a function of
magnetic field inn-InSb at T =10 K for three different
frequencies.
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FIG. 6. Difference of the change in sound velocity as

a function of magnetic field in n-InSb at X=10 K for three
diff erent frequencies.
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crease in the absorption of ultrasound with increas-
ing magnetic field. This is in qualitative agree-
ment with the experiments ~ although the theory
does not agree with the present experiment in all
the details. For instance, the increase in absorp-
tion predicted is only about 20% of what is experi-
mentally observed. However, since Jacoboni and
Prohofsky have predicted a similar effect because
of a magnetic field dependent r, the experiments
may indicate that both effects play an important
role. In addition, Nill and McWhorter estimated
that in their experiments ql was about 5. Since the
effect of the magnetic field on the relaxation time
would be to reduce its value below that at zero
field, the theory presented here, which neglects
the effect of collisions, would cease to be valid as
one went to higher fields. On the other hand, as
we went to higher frequencies, me mould expect the
theory to be valid at higher magnetic fields, as the
parameter q/ scales both with frequency and relaxa-
tlon time.

The change of the sound velocity with magnetic
field using the nonparabobc model is of the same
magnitude as that observed experimentally. The
sound velocity decreases because of an increase
in the screening of the piezoelectric field due to the
increase in o„with magnetic field. This increased
screening does not reduce the absorption because
of a greater increase in the number of carriers

which interact resonantly with the ultrasound. The
effect of the nonparabolicity in the band structure
is to introduce an energy, and therefore, a mag-
netic-field-dependent effective mass for the elec-
trons. This effective mass for electrons in a Lan-
dau level of quantum number n is m~a„. The effec-
tive mass introduced in this manner increases with

magnetic field and leads to an increase in the den-
sity of states for those electrons which are in res-
onance with the sound wave. Since the ac conduc-
tivity for the electron increases with decreasing
temperature, the changes in Q, and the sound ve-
locity will become larger as the temperature is
lowered.

In conclusion, our calculations show that the ef-
fect of nonparabolicity on the longitudinal magneto-
absorption of ultrasound is important and must be
taken into account in any theory of ultrasonic ef-
fects in n-type InSb. The change in the absorption
with magnetic field due to the nonparabolicity is
smaller than what is observed experimentally at
9 GHz, but the effects of nonparabolicity should be-
come more important at higher frequencies where
the field-dependent relaxation time can be neglected.
The effect of the nonparabolicity may explain the
increase in absorption with field observed experi-
mentally at the higher temperatures where the field
dependence of the relaxation time would be expected
to be less important.
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