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In a previous publication, ferromagnetism of the Hubbard model was studied in the infinite-
interaction limit for a nearly half-filled band, using a new diagrammatic approach based on the
work of Nagaoka. In this paper, the results of this previous work are shown to apply away from
the nearly half-filled-band limit, in which this system was shown to be rigorously ferromag-
netic in a paper by Nagaoka. As was done previously, the approach due to Nagaoka, in which
one considers the motion of "holes" (i.e. , sites not containing an electron) is used to obtainan
expansion of the partition function in powers of inverse temperature. The approximation of
keeping only contributions from those "hole" paths having electrons of one spin only is shown
to be valid over a wide range of electron concentration. Using this method, the Curie tempera-
ture and magnetization are calculated and compared in detail with some transition-metal disul-
fide experimental systems which are simple two-band itinerant-electron systems to which this
model can be shown to be applicable. To understand these systems, a discussion of their dis-
ordered nature is introduced. Comparison is also made with other narrow-band theories, in-
cluding Hubbard's theory and the work of Harris and Lange.

I. INTRODUCTION

In Ref. 1 (hereafter referred to as I), the mag-
netic properties of the Hubbard model were dis-
cussed in the limit of interaction strength much

larger than ba.ndwidth. The theory discussed in I
was shown to be valid for fcc lattices with further
than near-neighbor hopping included, for a nearly
half-filled band (i. e. , near the limit discussed by

Nagaoka ). In this paper, it willbe argued that that
theory should be valid as we move away from the
limit of one electron per site.

In the infinite-interaction-strength limit, the
Hubbard Hamiltonian reduces to

3C = Q k)y Q(g ggg q

fje
where

Qt~= (I -Bf g)Cf~ ~ 5&q= Cf~C

where c;, is the annihilation operator for an elec-
tron of spin 0. on lattice site i, and h&& is the hopping
integral. '2' Throughout this paper Eq. (1) will
be taken as our model Hamiltonian. In this model,
electrons hop from site to site in such a way that
there are never two electrons on a lattice site.
Harris and I ange discussed exact sum rules sat-
isfied by the one-electron Green's function of this
model. We will discuss our results in the light of
their resul. ts in Sec. III.

Both I and Brinkman and Rices discuss this model

by expanding either the resolvent or the partition
function in a power series in k, ~. A term, of order
n in such an expansion was shown to be related to
the number of paths of a "hole" (i. e. , a lattice
site not containing an elect'ron of either spin), in

which the "hole" after n hops ends up on its origina, l

site a,nd all the spins in the system are returned
to their original configuration. In order to guaran-
tee that the spin ordering is unchanged by the motion
at the "hole, "Brinkman and Rice' sum only those
paths in which the "hole" retraces its steps. Such

paths were shown to give the largest contribution
to the first 12 orders in the expansion of the resol-
vent for the near-neighbor hopping in a simple
cubic lattice. By doing so, they are able to sum
the series exactly and thus obtain the density of
states for a "hole" (or excess electron) created in
an exactly half-filLed band. They then use their
approximation to find the electrical mobility. In

I, the paths summed are those on which all elec-
trons have the same spin. The object in I was to
obtain the magnetic properties of the system.
These sa,me spin or "ferromagnetic" paths give a
contribution comparable to that of the self-retracing
paths summed by Brinkman and Rice for the fcc
lattice with near-neighbor hopping. If more than

near-neighbor hopping is included, they can be
shown to dominate the higher-order terms in the
expansion of the partition function in h&;/KT, which
are the most important orders for low tempera, -
tures for close to a half-filled band. Closer to the
half-filled-band or Nagaoka limit, the magnetic
properties are discussed in Ref. 6.

In Sec. II, a critical discussion is given of both
these theories. It is then argued that the "ferro-
magnetic" path approximation should be the appro-
priate approximation to use away from the half-
filled-band limit. In Sec. III, this approximation
is compared with various other narrow-band theo-
ries. In Sec. IV, the validity of this theory for
describing some experimental observations on
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transition-metal disulfides and transition metals
is discussed.

II. CRITICAL DISCUSSION OF BOTH THEORIES

A. Away from Nagaoka Limit

The first six moments A, of the spectral density,
which give the first six orders in the expansion of
the resolvent, for a single "hole" in a half-filled
band have been calculated and tabulated in Table
I for the fcc lattice with near-neighbor hopping.
Also listed are the contributions obtained using
self-retracing and "ferromagnetic" paths alone.
(The work of Domb was used in compiling this
table. ) In terms of the moments, the resolvent is
given by

Tr(& —X) =Z Ai
l-0 Cu

where h is the near-neighbor hopping matrix and

A, is the lth-order moment, given in Table I. As
is seen from this table, although the self-retracing
paths work quite well for the first 12 orders for
the simple cubic, ' they fail quite badly for the fcc
lattice. The ferromagnetic paths do not seem to
be a much better approximation although they do
give the odd-order terms that are not obtained in
the self-retracing-path approximation. Some com-
bination of these two paths would probably be the
best approximation; however, it is difficult to sum
both contributions analytically in such a way as to
avoid overcounting. We will not be concerned with
this problem in this paper, but rather with what
happens as we move away from the half-filled-band
limit. When the system is partly magnetized, the
ferromagnetic paths start to dominate the high-
order terms When . the system is 2/g magnetized,
higher-order terms are dominated by ferromag-
netic paths as seen in Table I. The point to be made
here is that results valid for a nearly half-filled
band appear to be very much dependent on the lattice.
The reason for the interest in the fcc lattice is that
the metallic ions in transition-metal disulfides, to
which we expect the results of this paper to apply,
lie on an fcc lattice. '

As we move away from the half-filled-band limit,
there are two effects which must be considered.
First, as was pointed out in I, there are "hole"
exchange paths. As in a normal noninteracting
fermion system, their effect is to give rise to a
Pauli exclusion principle for "holes. " It was seen
in I that these exchange paths enter with a sign
(- 1)~', where P is the number of "holes" ex-
changed. They thus subtract from the partition-
function contributions in which more than one "hole"
occupies the same state. Second, there is an in-
direct "hole"-"hole" interaction, which was not
included in I. This interaction comes about because
two holes can cross each other's paths. When this
happens, certain paths that normally would be in-
cluded in the expansion of the partition function
must now be excluded. This happens because the
second "hole, " on crossing the path of the first,
can change one of the spins on the path. For ex-
ample, consider a "hole" which executes a certain
path away from its original site and then retraces
that path. If before it has retraced its path a sec-
ond "hole" crosses the path and changes one of the
spins, the spins will not be returned to their ori-
ginal configuration when the path is retraced. If
there are many holes in the system, i. e. , we are
away from the half-filled-band limit, each "hole"
will have its path crossed many times. Thus, it
will be very unlikely for a "hole" to traverse a
path more than once and be able to return the spins
to their original state. Thus, the only paths that
are allowed are the "ferromagnetic" paths. Hence,
the results of I should be valid mell away from the
half-filled-band limit. In fact, "ferromagnetic"
paths should be the dominant paths away from the
nearly half-filled-band limit.

As may be inferred from I and Ref. 5, the ex-
istence of ferromagnetism is due to the fact that
the "hole" bands are narrower in the paramagnetic
state than in the ferromagnetic state. Thus, the
"holes" near the bottom of the "hole" bands have
lower energy when there is ferromagnetic order-
ing. %hen we neglect the contribution due to cer-
tain classes of paths (i. e. , nonferromagnetic paths
in this case), we are most likely narrowing the

TABLE I. First six moments && of the spectral density for paramagnetic and ferromagnetic states of an fcc lattice.

Ferromagnetic
state

12
48

580
4176

44 892

Paramagnetic
state

12
24

362
1458

14 539.5

Parmagnetic
state

self-retracing
paths only

12
0

296
0

7332

Paramagnetic
state

ferromagnetic
paths only

12
24

222
858

6236. 5

m/N, =0.2

12
24. 96

375.52
1558.66

15 589.96

M/N~ = 0.2

Ferromagnetic-
path approximation

12
24. 96

223. 20
982.66

7588.76
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bands a little too much. Since excessive band nar-
rowing increases the tendency towards ferromag-
netism, we expect the results of including only fer-
romagnetic paths to be a slight overestimate of the
tendency towards ferromagnetism (i. e. , an over-
estimate of the Curie temperature). We know, how-
ever, that the system should order ferromagneti-
cally for the following reason.

The partition function for those lattices consid-
ered by Nagaoka' is given by

z= g z,
gpjn confjg

(2)

where

z =g„(x„-II„)(PI )"/&!, (3)

where A„ is the sum of all "hole" paths of positive
sign with a total of n hops and &„ is the sum of all
exchange paths of negative sign with a total. of n

hops. A„and B„are functions of magnetization.
For each exchange path, there is at least one non-
exchange path giving the same contribution (i. e. ,
same number of hops), namely a single "hole" fol-
lowing the total length of the exchange path, instead
of two or more "holes" exchanging places on the
path. In a state of zero magnetization, A„ is no-
ticably smaller than in the completely ferromag-
netic state because there are fewer allowed paths
in the nonmagnetic state (i.e. , paths in which the
spin configuration is returned to its original state
in the end). This can be seen in Table I. From
what we have said about exchange paths, A„—8„
must be smaller in a nonmagnetic than in the ferro-
magnetic state. Thus, there is a tendency towards
ferromagnetism until the electron density becomes
low enough for the results of this treatment in terms
of "holes" to become meaningless. More will be
said about this later in this section. For the
Nagaoka& (i. e. , nearly half-filled-band) limit, the
"holes" can lower their energy by remaining in a
region in which all spins point in the same direc-
tion, and in the thermodynamic limit, these regions
can be large enough to lower the "hole" energy to
the energy at the bottom of the band, which is equal
to the lowest "hole" energy in the ferromagnetic
state. It was shown, however, in Ref. 6, that be-
cause of the "hole" exchange, the system probably
still orders ferromagnetically for three-dimensional
lattices. In two dimensions there is no long-range
magnetic order, but there could be short-range
order. 9

To summarize, we expect the "ferromagnetic-
path" approximation to be valid for roughly between
a half- and a quarter-filled band, but we do not ex-
pect the approximation to be too accurate numeri-
cally in the nearly half-filled-band limit itself. For
very low electron densities [for example, for less
than a quarter-filled band (i. e. , less than half an
electron per site)], the approximation is probably

also not too accurate.

B. Numerical Results of Ferromagnetic-Path Approximation

Let us consider the results of a calculation of the
magnetic properties using this approximation. In this
paper, instead of restricting "holes" to paths con-
taining electrons of the same spin, we will restrict
the "holes" to paths not having electrons of a
given spin. That is, we allow "holes" to hop onto
sites containing other "holes. " If the spins of the
paths traversed by two such "holes" are the same,
there will be an exchange collision path equivalent
to this direct collision path which will cancel it.
Two "holes" moving on paths of opposite spin can-
not collide in the "ferromagnetic-path" approxima-
tion used here because that would mean that one
path was not "fe'rromagnetic. " Following the pro-
cedures of I, we find the following grand-cannonical
partition function:

@=II ((+ exy(((~(ic)((-n,„&- v&&(~'), (4a&
k, fr~

q P~ es&(N&,z (4b)

where p. is a chemical potential for the "holes. "
Here we sum over N„but keep N, fixed (i.e. , we

relax the restriction N„=N, -N,}. We then require
the average N„ to satisfy N„= N, -N, . It follows
from Eq. (4a) that the magnetization, susceptibility,
and number of "holes" are given by

m=N, tanh{- —(4/ IN)Q„" [f(e(k)(I -n q))

-f( (k)(I - .,))jr~(k)), (5 )

(5b)y = N,/(Zr —Ze),
where

Ke = —' (N, /N, ) (1/N, ) Z k & (k) f ( —& (k) (1 —&,y)),
where f(x) is a Fermi function, f'(x) is its deriva-
tive, and

N. =.~f(- (k)(1-..„)) . (5c}
k, ep

It was shown in I that for N„/N, less than 0. 25
the high temper-ature susceptibility !( does not obey

a Curie-Weiss law because of the strong tempera-
ture dependence of e. It was also shown that the

Curie temperature reaches a maximum value equal.

to approximately 4% of the bandwidth for N„/N,

where N, is the number of electrons, n, =N, /N„
where N, is the number of spin o electrons, and

where o'„ is the spin of the electrons on a path fol-
lowed by a "hole. " The methods used in I which
lead to Eq. (4a) restrict the "holes" to ferromag-
netic paths probabalistically. In such an approxi-
mation, we neglect damping of the single "hole"
states. This problem will be discussed in Sec. IV.
Equation (4a} is a mixed- connonic al- grand- connonic al

ensemble defined as follows:
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=0. 25, and falls to zero at N„/fV, = 0 (i.e. , a half-
filled band). I et us consider 8 and T, for lower
electron density. For N„/N, a 0.4 (i. e. , N, /N,
«0. 6), it was shown in I that 8 is independent of
temperature for temperatures of the order of T,.
This occurs because at such "hole" densities, the
"holes" form a degenerate fexmion system. Then,
me may replace the Fermi function by a step func-
tion for such lom electron densities and tempera-
tures. Making this approximation and using a
square density of states [i.e. , density of states
p(e) nonzero for e between —6 and 6, where %

' is the bandwidth, and 0 outside this range], we may
solve Eqs. (5a} and (5c) simultaneously to obtain
the following relationship giving m as a function of
7 and N, /N, :

rn = N, tanhm o. 25(x,/~. )'
e a

(6)

This is simply the magnetization in the molecular
field approximation for a Heisenberg-model spin
system. Then, the susceptibibty above T, is
Curie-gneiss and the Curie temperature is given by

(A,/X.)'
I 0. Wr.-/X,

'

T, goes to 0 quadratically for low electron density
and increases faster than (V,/N, )' as the electron
density increases. For near 0. 60, the curve of
T, vs N, /N, no longer follows Eq. (7) but bends over
and has a maximim at N, /N, = 0. V5, as shown in I.
The same calculation was also performed using the
density of states calculated from near-neighbor
tight-binding functions for a fcc lattice. The re-
sult is shown in Fig. 1. The dependence of T, on
density is a little stronger and 7, falls to zero for
nonzero N, /N, (at N, /N, =0. 2}. This lattice struc-
ture is the one on mhich the metallic ions lie in the
transition-metal disulfides to mhich this theory
should apply. The results for T, vs X,/N, agree
qualitatively with the experimental results of
Jarrett et al. 8 on transition-metal disulfides, which
are plotted on the same graph in Fig. 2, in that
both curves peak in the sa.me place. The Curie
temperature tails off, however, more rapidly in
this theory than in the experiments and goes to zero
when N, /N, becomes l. The square density of
states should be appropriate because of the ex-
tremely disordered nature of the cobalt iron disul-
fides system.

Equation (5a) has been solved for m vs T, using
a square density of states again. The results are
plotted in Fig. 3 with the experimental results of
Jarrett et a/. fox' FeQ V,CoQ p582 The magnetization
versus temperature for the molecular field solution
of the Heisenberg model mith the saturation mag-
netization and T, fit to the same scale (which is
what we get in the large-U limit of Stoner theory)

0,030

0,020-

0'-—
0 0.2 0.4 0.6

Nef Na

0.8 1.0

FIG. 1. T~ vs NejN~ for R fcc lattice with near-neighbor
hopping for love hole density (T, in units of AjE, vrhere
K is Boltzmann's constant).

are plotted on the same graph. All three curves
appear to agree with each other quite well. Thus,
it appears that both Stoner theory and the present
model will fit the magnetization for this mixture
of compounds. (If U is greater than the bandwidth,
Stoner theory also gives a saturation magnetization
equal to the number of electrons in the system. )
The present model, in which correlations are taken
as important, homever, should be a better descrip-
tion of the Hubbard Hamiltonian when U is greater
than the bandwidth than is the Stoner theory (i. e. ,
Hartree-Fock theory) in which correlations are
neglected. Electron-electron correlations can only
be neglected if electron-electron interactions are
not too large.

As seen in Fig. 4, the magnetization-vs-T curve
falls below that curve for Stoner theory as me get
closer to a half-filled band. Furthermore, the
magnetization curve for the disulfides lies above
the curve found from the Stoner theory for N, /N,
& O. 75. These deviations from the present theory
mill be discussed in the Sec. Dt.

As the density of electrons becomes small (for
less than a filled band), the approximation used
here does not give a total energy which goes to zero
as the electron density approaches zero [i.e. , the
total energy in the exponent to Eq. (4a) does not go
to zero]. The source of this error is the distinc-
tion made, in calculating "hole-hole" exchange ef-
fects, between spin-up and spin-down "holes" (ac-
cord'ing to the spin of the electrons on the path on
which they travel). When the density of electrons
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FIG. 2. T vs N/N, . The
solid line is for a square density
of states (X, in 'K). Dashed line
is the data of Jarrett et al. on the
cobalt-iron disulfide system
(H,ef. 8).
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is small, most of the "holes" move on paths which

contain no electrons, which makes this distinction
meaningless. Then, if we drop this distinction at
low electron densities, the energy becomes

k occuyied by "holes"

The system is taken to be paramagnetic here. We
should make a distinction, however, between spin

up and spin down in sites containing electrons. We
do this by treating the electrons as holes in the
"hole" band and treating spin correctly for them.
Then, we sum Eq. (8) over all k, which gives 0,
and subtract off the energy due to the electrons,
each of which has an energy e (k)(l ——,'N, /N, ), since
each electron is a hole in the "hole" band. For
the electrons, however, we do have to make the
distinction of spin in labeling states to calculate
exchange. We thus obtain

e(k)(l —,'N, /N, ) . —

K occuyied by electrons

For a square density of states, we find

E/N, = —2n&(1 —2n). (10)

This is to be compared with the result of Kana-
mori's theory which in this limit gives'

C. Simple Multiband Generalization

The methods of this paper can easily be applied
to a simple multiband model of a ferromagnetic
substance in the limit of strong intra-atomic Cou-

„i/N. = —2n&(1 —n),
where n=0. 5N, /N, . Since the energy given in Eq.
(11) is smaller than the energy in the ferromagnetic
state, but Eq. (10) gives about the same energy as
the ferromagnetic state, we see that our approxi-
mation overestimates the tendency to ferromagnetism
in this limit. Nevertheless, for greater than a
quarter-filled band, we expect the results of this
paper to be qualitatively correct.

I.O

x
E

0.8-

0.6—

0.4-

0.2"

FIG. 3. Magnetization M/N,
vs &&/& using a square density
of states for &,/N, =o. 75 is given
by the solid lines, the dashed line
gives the experimental results of
Jarrett et al. (Ref. 8) for Fep, yg

Cop. 25sp, and the dot-dashed
line gives the magnetization found
from the gneiss molecular field
theory.

0 I

O.OI 0.02 0.05 0.04
KT/Q

0.05 0.06 0.07 0.08
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lomb interaction by negligible intra-atomic ex-
change (we refer here to exchange without the self-
Coulomb interaction included). This model is de-
scribed by the following Hamiltonian:

K= Q h(g C,~, C)g, P(P) .
i jupe

Here, & and p label the particular orbital that the
electron hops into and P, is a projection operator
which guarantees that the total number of electrons
on a site never deviates by more than one electron
from the average number of electrons per site.
For example, if there is an average of three and
a half electrons per site, an electron can jump from
a site contRining four electrons to a site containing
three but not to another site containing four elec™
trons. This guarantees that the very large Cou-
lomb energy always has its minimum value. The
effect of the intra-atomic Coulomb interaction is
thus replaced by these projection operators. Fol-
lowing our treatment for the single-band model,
we consider the motion of either an excess of elec-
trons or deficiency of electrons (i. e. , "holes" )
from atom to atom. %6 will again find that "ferro-
magnetic" paths are the most important ones.
Whenever such an excess electron or "hole" hops
onto a site, in the next hop any one of the electrons
(or holes) on the atom is equally likely to hop off.
Then, following our approximation, We must
multiply the number of possible paths taken by a,
"hole" or electron by the probability of the net spin
of each atom along the path remaining the same,
which is the probability of an electron of the same
spin always being the one to make each successive
hop. This probability for a path of hops is equal to

(1 -8,)',
whexe 0 is the spin of the electron or "hole" follow-
ing the path and n, is given by

n, = (N, em) /2p—iv', ,

where p is the number of orbitals of each spin per
site. Then, we simply replace 1-n, ~ in Eq. (4a)
by 1-8+ to find Z, and from Z, we find.

m=&, tanh-,' P(- (I/2', )Q„-[f{-~(k)(I —n, ))

-f(- ~(k) (1 —e,))]~(k)J, (i4a)

y=N, /(ECT -Ke), (i4b)
where
K= (I/4p)(N, /K, )(1/N, ) Qf e(k)~f '(- e(k)(I —n, )) .

(i4c)
Unfortunately, we find from Eq. (14a) and (14b)
that if p & 1, the saturation magnetization per atom
is greater than the magnetic moment per atom cal-
culated from the Curie constant, and such behavior
is not observed in Rny known experimental system
to which this strong interaction itinerant model

(( I

might be applicable. This indicates that the intra-
atomic exchange interaction must also be taken
large. A multiband version of the treatment given
in tllis pRpex' with intra-atoIQic exchange tak611 as
very large will reduce in the classical spin (i. e. ,
large spin) limit to de Gennes's treatment of the
Zener double-exchange model of ferromagnetism.
Such a model of ferromagnetism might be applicable
to iron metal which appears to have nearly equal
pRX'RIQRgnetlc Rnd SRturation IQOIQents ~ suggesting
a, localized spin model, "but has a Fermi surface
at low teIQpex'ature and evidence of d-electron con-
ductivity( which suggests itinerant d electrons.
In order to understand the magnetic properties of
iron metal in terms of such a model, however, it
is necessary to determine whether such a model
would predict the existence of a well-defined Fermi
suxface in the completely ferromagnetic state and
whethex' the experimental Fermi sux'fRce of ix'on,
in particular, is reproduced. More will be said
about this in future work.

Ilr. COMPAR&SON OF PRESENT MODEL XIIII OTHER
NARROW-BAND MODELS

%'6 have already mentioned the fact that a multi-
band version of the model presented in this paper
for infinite intra-atomic exchange and Coulomb in-
teractions, but with exchange much larger than
Coulomb interaction, is, for infinite atomic spine,
de Gennes's treatment of Zener's theory of double
exchange. ~3 In this case, the probability of hopping
from site to site is the average of the cosine of
half the angle between neighboring site spins. Since
this has its maximum value when the spins are all
aligned, the band is narrowed in the paramagnetic
state, leading to ferromagnetic ordering at low
temperatux'es. In both models, we obtain a Curie-
Weiss susceptibility when the excess carriers in the
band form a degenerate gas, Rnd non-Curie-%eiss
behavior for higher temperatures or l.ower concen-
trations of excess carriers. In both models, the
Curie constant yields a magnetic moment which
agrees with the saturation moment.

Another comparison which would be constructive
is a comparison between Green's function found in
the present approximation and that found in Hub-
bard's approximation Rnd in the work of Harris and
Lange. ' To make this comparison, the one-electron
Green's function will be calculated for a balf-filled
band, and the qua, sipartiele energies will be found
from it and compared with Hubbard's work. The
one-electron Green's function can be written as

G„...(t(=((e... e',.)) ps~, da, e" s=."i"
Cg ca
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where ) u& is a state with spin & and no "holes"
(i e. , an, exactly half-filled band). The Hamiltonian
js given by

g{;=Q b()(at(, a;, + b), b),)+ Ugn(, tt(, , (16)
i jfJ

where
g„= (1-n, ,)c„, b„=n, , ct, ,

which ls the lax'ge-U lllMt of the Hubbard Hamllto-
nian. 3'4 The contours are chosen such as to enclose
all the poles on the real axis (which range from
e = U+ 6 to &u= —&, where 4 is half the bandwidth).
Using the fact that

xl ~&=o,

we obtain

X iP iP
~01e ~3 —

~01e

x iP — fP (1V)
e1ect ron 2 +, elec tan n

where lip&„„, , is state I o,'& with a spin o' electron
created at site i and liP&„„, is i a& with a spin o

electx'on RnihllRted Rt Site g. Using the fRct that

Ifp&,...=~~.
I ~&, Ifp&....„..=b'i.

I
~&,

combined with the anticommutation relations

f~&e~ &re) =1 &i, s (c&a~ bred=&&, a~

we obtain from Eq. (1V)

G„„(t)=f d&, [(1—n, ) e'"a'

x"i.(fpl (~s —&) 'I fp&" i.

+n, e '" '„„„„(ipl(+s-x) 'Iip&„„„„]. (18)

We have assumed that (iPI (&s —3C)
'

l iP& is indePen-
dent of iip&, which is true in the ferromagnetic-
path approximation. Using this approxima. tion,
which was used in Sec. II to find the partition func-
tion, to evaluate the resolvent (ipse (&z -K) '

i ip) and
Fourier transforming Eq. (18), we obtain

1
; „.( )=( — .).Z -„,(k)(1 )

+n~ 4 — (19)
1

e (k)tt ~, —U

I ike the Green's function in Hubbards first paper
on correlations in narrow bands, there are bvo
bands separated by an energy U. The spectual
weight of each band is the same as thatoccurring in
Hubbard's Green's function, which is x'equi. red by
the sum rules of Harris and Lange. The major
difference between this theory and Hubbard's theory
is the fact that the Green's function of spin 0 has
poles at both the energies that were assigned to
spin-up and to spin-down electrons in Hubbard's
paper. This must be the case because if an elec-
tron is created on a site already containing an elec-
tron of opposite spin, either of the two electrons
on that site can move around the lattice as a free
particle, A similar result hoMs for an electron
RDQi4ilated on R 81te contR1n1Ilg one electx'QQ.
Like Hubbard' s first paper, this theory does not
give Quasipal ticle lifetlIQe broRdenlng. In his thix'd

paper on this problem, Hubbard includes lifetime
broadening by a renormalized Green's-function de-
coupling procedure. The bandwidth in the paramag-
netic state found by this procedure is in the infinite-
U limit equal to the ferromagnetic state bandwidth.
This would imply that there is no ferromagnetic
ordering. We know, however, from the arguments
given in Sec. II, that this bandwidth is excessive for



the paramagnetic state. The width of the major
part of the band must be narrower in the paramag-
netic state, aside from band tails containing very
fem states, because there are fewer possible paths
on which the holes may hop, appearing in the ex-
pansion of the partition function or resolvent.

IV. APPLICATION TO IRON-COBALT DISULPHIDE
MIXTURES

The plot of T, vs electron concentration (Fig. 2)
for Fe, „Co„S2 (x goes from 0 to I where x=N, /N, )
RppeRI'8 to Rgx'ee with that found fx'om oux' model
qualitatively except near x= 6 mhen it is not expected
tobe valid, and at x near 1. In I, itmas argued
that for x near 1, the theory could give the mrong
T, because for U lax ge but not infinite, there mill
be a Heisenberg-model-like effective ferromagnetic
exchange coupling in a tmo-band generalization of
the Hubbard model, mhich keeps T, from falling to
0 at x= 1 as it does in our model. The situation is
not that simple, homevex, because not only does
the magnetization-vs-temperature curve found from
our model not agree with the experimental system,
but the conductivity of pure CoS„which should on
the basis of our model be zero because in this
limit thexe is one electron per site Rnd the large
U keeps electrons from hopping onto the same site,
is actually metallic. As mas remarked in I, it ap-
pears that there is an effective increase in h, &

as
me move from x= 0 to x= ly and Dear x= ly me Do

longer have U greater than the bandwidth. A pos-
sible reason for this mill nom be given.

First of all, we rule out the possibility that the
cobalt atoms form separate impurity bands. If this
were the case, either the conductivity would be zero
because the large U mould keep the electrons from
hopping (there is exactly one electron per impurity
band atom), or the saturation magnetization would
have to fall below the number of electrons in the
system for the conductivity to be nonzero and this
ls Dot observed fol x& 0.95. The saturation mag-
netization does, homever, fall below its maximum
possible value for x greater than Q. 95 implying ob-
viously that there is pola, r state admixture at this
point. Imagine that instead of forming impurity
bands, the cobalt atoms formed resonant states
near the bottom of the conduction bands. %e could
equally mell think of the Fe ions forming resonant
"hole" states near the bottom of the "hole" bands.
In order for the "holes" in these states to conduct,
they must hop onto cobalt ions. The level width of
the resonant state should be a, measure of this ef-
fective hopping integral if the iron atoms are, on
t ave ag, o tha a a - eighbor distance
apart. Since the density of states near the bottom
of the band is usually smaller than average these
level widths and hence the effective h&& mill be re-
duced. below that of pure Co8 . %'e postulate then

that near x= I, the effective hopping is such that
h„/U is great enough to allow polar state admix-
ture. For lower x, however, the effective h„/U
is much smaller, Rnd thus the theory of this paper
should be more appropriate. In this picture, then,
pure Co83 shouM be described by ordinary Stoner
theory, but for values of x less than about 0.95, the
theory of this papex should be Dlox e Rppl oprlRte.

Throughout I and Sec. II of this paPer, we treat
the exclusion of holes from nonferromagnetic paths
probabilistically, which leads to hole eigenstates
labeled by wave vector k. This ean easily be shomn
to be rigorously true when the spins are randomly
distributed and mhen the magnetization is fairly
high, or for all magnetization when the range of
h&& is large. In all other cases, homever, the effect
of the lifetime broadening of the quasiparticle states
is to smooth out the details of the density of states.
By the arguments given in See. GA, however, this
will not change the result that the. model is ferro-
magnetic for between a nearly fuQ and R half-filled
bRnd.

Another point to remember is that the cobalt-iron
disulphide system is a, disordered system even in
the ferromagnetic state. Thus, there should be
rounding out of the density of states even in the
magnetically ordered state. The presence of addi-
tionRl spin-diso1 del scRttex'1Qg mil, l probably not
change the shape of the density of states signifi-
cantly except to introduce the narroming effect. The
presence of disorder in both ferromagnetic and
paramagnetic states makes possible an interesting
optical-absorpti. on experiment. Because of the
disorder it may be possible to observe the density
of states directly by looking at intraband absorption.
This should make it possible to observe changes
in the density of states predicted when the system
orders magnetically.

V. CONCLUSION

The single s-band Hubbard, -model electronic sys-
tem ma.s shown to be ferromagnetic in the infinite
interaction limit over a wide range of electron
density. An approximate calculation was then made
of the magnetization, Curie temperature, Rnd sus-
ceptibility. The results were used to explain ex- ~

perimental data on transition-metal disulphides.
In order to understand the magnetic properties of
these compounds, it mas necessary to give a short
discussion of disordered systems, mhich mill be
discussed in more detail in future publications. The
results of calculations mere then compared to other
theories of narrom-band systems.

The main result of these calculations is that for
strongly interacting electx ons, it is possible to have
ferromagnetism caused by a change in the bandwidth
when the system orders rather than a band splitting,
mhich is obtained in the more conventional Hartree-
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Fock itinerant electron theory of magnetism.
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The magnetization of &u-Co alloys was studied over a large range of concentrations
(0, 05 &c&4-at. % Co), fields (0&&& 70 kOe), and temperatures (0. 05 K& 1'&200 K). Magnet-
ization and specific-heat results are well represented by a model with the following character-
istics: (a) The isolated Co atoms are not magnetic. (b) The isolated pairs are also not mag-
netic, but have a Kondo temperature nine times smaller than that of isolated Co atoms. (c)
The groups of three or more atoms aremagnetic and lead to magnetic ordering at very low tem-
peratures,

I. INTRODUCTION

A. General Survey

Blandin and Friedel' have classified the behavior
of the transition-metal atoms in noble metals into
bvo types. For the first type, the Stoner condition
for magnetism, U,«p~(Zz) &1, is verified; here
p„(E~) is the d density of states, and U,« the effec-
tive intra-atomic interaction in the Anderson
Hamiltonian. Thus Cr, Mn, and Fe atoms in Cu
and Au hosts carry a magnetic moment. For the
second type, the previous condition is not satisfied;
thus V, Ti, and Ni atoms in the same hosts are not
magnetic. The Co impurity in Cu and Au is between
the two kinds of behavior, just at the limit of mag-
netism.

In the theories of the Kondo effect, it is assumed

that the condition for magnetism is satisfied.
The localized spin 8 interacts with the conduction
electrons, via an antiferromagnetic interaction.
This s-d interaction, —2JS s, leads, in the sec-
ond Born approximation, to a logarithmic diver-
gence in the scattering cross section as the tempera-
ture decreases. This explains the resistivity mini-
mum. '0 More sophisticated techniques are neces-
sary to remove this divergence at low tempera-
tures: A new many-body state builds up below the
Kondo temperature T„; this quasibound state is
usually represented by a negative polarization of
the electrons around the impurity, leading to a
compensation of the local magnetic moment. The
relevance of this problem was increased by the ex-
perimental work of Daybell and Steyert on the CN-

Fe system, " and by the suggestion of Schrieffer'


