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where

In deriving Eqs. (16) and (36), we have used the

property of the Kronecker 6, (6,&) =6,&. If we as-
sume that the polarization vector a of the electro-
magnetic wave points in the z axis and make the
approximation that the matrix element H,'~~~ is in-ff
dependent of the vector k&, we obtain, after carrying
out the integration, the result given in Eq. (18).

*Work performed under the auspices of the U. S. Atomic
Energy Commission.
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Carrier Repopulation from Infrared Faraday Rotation under Hot-Carrier Conditions
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The magnitude of the Faraday rotation in Ge and Si under hot-electron conditions has been
estimated for different orientations of the magnetic and the hot-electron dc field. The possi-
bility of the evaluation of carrier repopulation from the analysis of Faraday-rotation data is
discussed. The conditions required for a successful experiment for the application of the
method are examined. It is found that the experiment is possible at room temperature, but
the conditions are more favorable at liquid-nitrogen or lower temperatures.

I' INTRODUCTION

The Faraday rotation of infrared signals is pro-
duced in semiconductors mainly by the free carri-
ers if the wavelength of the signal is beyond the ab-
sorption edge. The specific angle of rotation is de-
termined by the frequency of the signal, the dielec-
tric constant of the material, the free-carrier con-
centration, and the effective mass of the carriers.
It is independent of the momentum relaxation time
of the carriers if the frequency is such that the pro-
duct of the frequency and relaxation time is much
larger than unity. Therefore, one may determine
one of the above-mentioned three parameters of the

material, i. e. , the dielectric constant, the carrier
concentration, and the effective mass of carriers,
since we know two of them from other experiments.
This method has been applied to obtain the effective
mass of carriers in III-V compounds and in Ge. ' 3

The free carriers in a semiconductor, except in
a few cases, normally occupy one valley or equiva-
lent valleys in equal numbers in a many-valley
semiconductor. The carrier population in the dif-
ferent valleys may be altered when a high electric
field is applied to produce hot-electron conditions.
Such population transfer affects significantly the
conductivity and galvanomagnetic properties of
semiconductors under hot-electron conditions and
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is also believed to be the cause of bulk negative dif-
ferential conductivity (BNDC) observed in GaAs and
in Ge. ' The view that the population transfer is
the underlying mechanism of BNDC in GaAs is now
generally accepted, but for germanium it is still
being discussed in the literature. ' Experimental
evidence for population transfer in Ge comes from
the magnitudes of conductivity and Hall-mobility
anisotropies, the Sasaki effect, and pressure ef-
fects in hot-electron characteristic, in all of which
the change of relaxation time plays a more signifi-
cant role than carrier repopulation. There are no
direct experimental results giving the carrier pop-
ulation in the different valleys under the above-men-
tioned conditions. Recently, it has been suggested
that the carrier concentrations may be directly ob-
tained by measuring the plasma, frequency provided
the product of plasma frequency and momentum re-
laxation time is much larger than unity. However,
for Ge and Si with the usual carrier concentrations
the plasma frequency is such that the above condi-
tion is not satisfied and the method is inapplicable.
The infrared Faraday rotation as discussed earlier
provides, on the other hand, an alternative method
for the direct determination of carrier concentra-
tion and is applicable to these materials. In an ear-
lier note the authors discussed the suitability of this
method in estimating the population transfer in
GaAs. The purpose of the present paper is to ex-
amine the expected electric field dependence of
Faraday rotation in Ge and Si and the possibility
of applying this method for the estimation of carrier
repopulation in these materials. It may be men-
tioned that Faraday rotation in n-type Ge and Si was
studied earlier by Ipatova et al. confining their
attention to.the saturation region in the hot-electron
characteristics.

II. INFRARED FARADAY ROTATION IN MANY-VALLEY

SEMICONDUCTORS

The specific angle of Faraday rotation d'or a
many-valley semiconductor at infrared frequencies
in the presence of a hot-electron dc field F is given
b 10

e(F) = j(u(p, e)' ' e„,/2e,
where co is the signal frequency and p. and a are, re-
spectively, the permeability and permittivity of the
material. The magnetic field has been assumed to
be applied in the z direction, and E„„is the xy com-
ponent of the dielectric tensor. It is given by

ciprocal effective-mass tensor a normalized by m, .
It should be noted that in deriving the above ex-

pression for 9 it is assumed that ~'»g„(N„e'/m, e)
&& n«. It is also assumed that the time period of the
signal is much smaller than the relaxation time,
i.e. , ~T && 1,

We may calculate the Faraday rotation angle for
germanium and silicon under hot-electron condi-
tions using the above expression for e provided N„
corresponding to the applied hot-electron field is
known. Ipatova et cL. calculated the values of N„
assuming that the carriers are scattered by intra-
valley optical phonons and have energies much
larger than the optical phonon energy. The Faraday
rotation angle is found to be independent of the ap-
plied field and lattice temperature. However, this
assumption may be valid only at very high fields
where the mobility is found to vary as 1/F.

The results of Ipatova et al. '
do not give any idea

of the expected change in the angle of rotation at
fields below the saturation region or at high fields
where the nonequivalent intervalley scattering is
important. Therefore it is not possible to assess
on the basis of these results whether the Faraday
rotation data would be suitable for the determination
of carrier repopulation at all fields. We present
in Sec. III the estimated values of e at different
electric fields for two lattice temperatures, 77 and
300'K. These have been calculated using values
of N„(F), obtained either from the analysis of ex-
perimental anisotropy characteristics or estimated
from elaborate theoretical analysis. " '

III. FARADAY ROTATION IN Ge AND Si UNDER
HOT-ELECTRON CONDITIONS

We consider first the case of silicon for which
the situation is somewhat simpler. The satellite
valleys along the (111)directions, being separated
by large energy gaps from the main (100) valleys,
do not play any role. Carrier repopulation may be
produced in this case when the electric field is ap-
plied along the [100] direction, since the valleys
along [100] and [TOO] are differently heated com-
pared to the other valleys. The specific angle of
Faraday rotation for this case is given by

Ng(F) Ni(F)x
N o(Qt + $ —

N (o)op+ cg}

2

~ . N„e u&o
p

(d m, c (2)

where N„ is the carrier population in a valley, and
m, is the conductivity effective mass of the mater-
ial; &so= e8/m„B beingthemagnetic induction,
8„,= &„„~~-n~„and a, ~ is a component of the re-

8,'(F) = —K'~ (~) (~)

Ng(F) g 1 Ng(F)x n, + 1 — a, o, , (4)
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where K is the dielectric constant of the material,
&0=(N,&/m, c) is the plasma frequency, N, (F) is
the carrier concentration in the [100] valley, and

a, and a, are the longitudinal and transverse com-
ponents of the reciprocal effective-mass tensor
normalized by m,

In the above equations the superscript on 9 indi-
cates the direction of the magnetic field and of the
propagation of infrared fields and the subscript,
that of the high electric field. The values of 9 at
different electric fields for the two orientations ob-
tained by using the estimated values of NI(E}' '

and the mass values are shown in Fig. 1. The ro-
tation angle varies by a large amount with the elec-
tric field and the curves for the two orientations of
the magnetic field are also different. The difference
is much enhanced for 77 K in comparison to that
for 300'K. We find from Eq. (3) that if we study
the value of 9 at any field normalized by the low-
field value we may obtain N, (E)/N using the known
value of the mass anisotropy factor E . On the
other hand, if we perform experiments with the two
orientations of the magnetic field we may obtain
N, (F)/N and in addition K . It is interesting to note
that the value of e(E)/e(0) approaches the same
field-independent value for both the lattice tempera-
tures at very high fields. The value for eI~(E}/
e(0) for very high fields is also the same as that
given by Ipatova et al.

In case of germanium the situation is complicated
by the possibility of carrier transfer to (100) val-
leys from the main(111) valleys. However, it is
this suspected transfer which leads to interesting
phenomena and needs investigation. There are two
important directions of the field to be considered,
the [111]and the [100] directions.

e(e
e(o) $.0

0.6

p,4
0

I I I

6 8
FIELD IN kV/Cm.

I
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FIG. 2. Variation of Faraday-rotation angle in germa-
nium with dc electric field. Curves 1 and 2 show the
variation of 6fff at 300 and 77'K, respectively. Curves
4 and 5 show the variation of 6fff at 300 and 77'K, respec-
tively. Curve 3 is for 6 fpp at 77'K.

When the electric field is applied in the [100]
direction the carriers in the (111)valleys are all
equally heated and would have the same carrier con-
centration. If there is transfer of carriers to the
(100) satellite valleys, we can also assume that the
transferred carriers are equally distributed among
these valleys, since heating of carriers in these
valleys would be quite small in the field range of
interest. The specific angle of rotation in this case
is thus given by

i.6 e010(F) KII0 ~'~ ~~ 111( )
(P P 0)

a&)

l.2
+ (4aIe, +2a, )

N100(F) 0

e (~)e(e"

I I I
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FIG. 1. Variation of Faraday-rotation angle in silicon
with dc electric field. Curves 1 and 2 show the variation
of 6&(}p at 300 and 77'K, respectively. Curves 3 and 4
are for 6fpp at 300 and 77 K, respectively.

where N111(F) and N100(F) are, respectively, the
carrier concentrations in each of the (111) and (100)
valleys.

It is evident that any variation of 9 with the ap-
plied electric field would indicate transfer of pop-
ulation from (111)valleys to (100) valleys. We show
in Fig. 2 the expected variation of 9 with the field
obtained by using the estimated carrier population
quoted by Heinrich. ' The expected change is quite
large at lower temperatures and should be easily
observable.

Next, let us assume that the electric field is ap-
plied inthe [111]direction. Inthis case, of the four
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+
N 8 aiat+f at)Nostra(F) 2

+ (4a,a, + 2a, )
Nsoo(F) R (5)

2
111IF& v If1/2 ~~ ~ e111( ) 2

01114
co N

valleys in the (111)directions, three are equally
heated, but the fourth one is much less heated.
Hence, under these conditions there are three
classes of valleys: the hot (111), cool [111], and the
(100) valleys. The specific angles of rotation in this
case are given by

8
B110(F) If 1/ 2 ~o/ ~o @111( )

111

from the analysis of experiments.
We see from the above results that in principle

a Faraday-rotation experiment at infrared frequen-
cies in the presence of a high electric field across
the sample would enable one to obtain the electron
population in the equivalent and nonequivalent val-
leys for different values of the field. The anisot-
ropy factor for the effective mass in Si may also
be estimated from such data. Thus, an experiment
of this nature would provide direct evidence to
support or reject the electron-transfer theory which
has been suggested as an explanation of BNDC in
Ge. In addition, knowledge of the electron popula-
tion in the different valleys at various fields would

allow one to estimate the intervalley relaxation
rates and shed significant light on the role of inter-
valley scattering in determining the hot-electron
conduction characteristics of Ge and Si.

+
N (I a&a~+ra&)No111(F) 1 p

+ (4a, a, +2a, )
Ntoo(F) 2

The subscripts c and h refer to cold and hot valleys,
respectively.

We show in Fig. 2 the expected change in e with
electric field for the temperatures of 300 and 77 'K
assuming that there is no transfer of population to
(100) valleys. The carrier population in the (111)
valleys have been taken from the earlier esti-
mates. ' '" Since there are three values of carrier
concentrations, these can, in principle, be deter-
mined using in addition to the above equations the
number-conservation equation, provided all the ef-
fective masses are known.

We note that, as in silicon, the value of B(F)/
B(0) becomes field independent at high fields, and
the field-independent value is nearly the same for
77 and 300 K. But this value is much smaller than
that estimated by Ipatova et a/. ' The difference
originates from the fact that the theoretically esti-
mated values o of N, /N„are larger than that obtained

IV. FEASIBILITY OF EXPERIMENT

We show in Table I the estimated low-field Fara-
day-rotation angle and the values of relevant param-
eters of Ge and Si for room temperature (300'K).
It is evident from Table I that at room temperature
the frequency of the infrared signal is required to
be chosen greater than 5 x 10' rad/sec to make o/r

larger than 10 so that the effect of v' on e is negligi-
ble. We also find that for this frequency the other
two assumptions, namely, that the plasma frequency
and the cyclotron-resonance frequency are much
smaller than the infrared frequency, are also valid.
Faraday rotation of 1-5 /cm for a magnetic field
of 1 W/mo may be obtained at this frequency using
samples of resistivities 2-5 0 cm as used in hot-
electron experiments. Faraday- rotation angles of
this order have been measured. " However, the
angle appears to be too small for studying the field
dependence with sufficient accuracy to elicit infor-
mation with regard to the carrier repopulation as
discussed earlier. To increase the rotation angle
the carrier concentration may be enhanced by higher
doping. But then impurity scattering would become
important and the hot-electron characteristics will be
modified from their normal form. Alternatively,
the carrier concentration in the samples may be

TABLE I. Estimated Faraday rotation at room temperature.

Material

Ge
Si

Collision
frequency

c/s

3.6 x10"
x10"

Plasma frequency (rad/sec)
for room-temperature

resistivities of
5 Ocm 2 Ocm

7.25 x 10 1.16 x 10
9.65 x10~~ 1.54 x10

Highest
cyclotron-
resonance

frequency
(eB/m&) at
B=1W/m2

2. 2 x10"
8. 8 x10"

Estimated low-
field Faraday

rotation at
(d = 5 x10~3

rad/sec (X =

37 g)
[deg cm ' (W/m ) 'j

5 Ocm 2 Ocm

1.5 4. 0
1 2. 5
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enhanced either by shining light or external injec-
tion. However, hot-electron experiments using
these techniques are not yet reported. The condi-
tions at room temperature may thus be considered
marginal for a successful experiment as suggested
in this paper.

At rv'K, on the other hand, the collision frequen-

cy is increased about ten times. The condition
vr» 1 may be satisfied by choosing the signal fre-
quency one order lower. The wavelength for the

signal is then required to be smaller than 370 p.
Since the Faraday rotation increases as &, we find

that the rotation angle is increased by a factor of
10 . Hence, experimental requirements will be
more easily satisfied at 77 'K and the suggested ex-
periment should be considered feasible at this tem-
perature. It is also at this temperature that BNDC
has been obtained in germanium, and the results
of the experiment would be of particular interest.
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Phonon dispersion relations in Ge have been measured at 80'K for all principal symmetry
directions and on some lines at the boundary of the Brillouin zone. The measurements were
performed by neutron inelastic scattering using a three-axis crystal spectrometer. In order
to achieve maximum accuracy, caxe was taken to reduce resolution widths as far as possible.
In general, the estimated uncertainties of the measured phonon frequencies range fr'om 0.3%
to 0. 5% for optical and from 0. 3% to 1% for acoustic phonons. Frequencies of 238 phonons are
tabulated and phonon linewidths are given for the symmetry directions.

INTRODUCTION

Ge is an obvious material for phonon spectrome-
try with neutrons since it is a good representative
for the covalent bond and diamond structure and is
available in excellent large crystals with quite good
coherent neutron scattering properties. Moreover,
its technical importance lends it a special interest,
particularly as regards thermodynamic properties

related to the phonon frequency distribution. In

fact, it was among the first substances to be studied
in the early days of neutron measurements. In

1958 Brockhouse and Iyengar' published phonon dis-
persion curves for the [100]and [110]directions
obtained by crystal spectrometry, and in 1959
Ghose et al. ~ presented time-of-flight measure-
ments for the [100]and [110]directions. The de-
velopment of the neutron method now allows us to


