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_The entropy of formation of vacancies in KC1 has been computed using the approach of

Theimer.

It has been concluded that the inclusion of the elastic displacement in the form

proposed by Boswarva and Lidiard, together with the consideration of the effect of anharmon-
icity as laid down by Theimer, leads to a fair agreement with experiment when the next-near-

est neighbors are also taken into account.

I. INTRODUCTION

A theoretical calculation of the entropy of forma-
tion of vacancies is of interest in different prob-
lems, e.g., the diffusion problem. It may also
serve, as pointed out by Theimer, ! to check the
consistency of different theories dealing with the
properties of vacancies. The entropy of formation
of vacancies has been calculated by a number of
workers!~® by following different procedures. Most
of the studies have been confined to ionic crystals
because of the remarkable success of the Born
model of cohesion for such type of solids. Vineyard
and Dienes? have shown that the introduction of a
defect changes the elastic spectrum of the solid.
Consequently, the entropy of formation of defects
can be calculated from the magnitudes of such
changes of frequencies in the spectrum. Stripp and
Kirkwood* have also investigated the influence of
lattice defects on the normal modes of vibration of
crystals by means of the perturbation theory.
Recently, Mahanty and Sachdev®® have shown that
the vibrational self-entropy of a point defect in a
crystal can be evaluated in terms of the vibrational
frequencies of two pseudomolecules whose dynam-
ical properties can be expressed in terms of those
of the region affected by the point defect in the
crystal. The basic assumption in Theimer’s ap-
proach is that the frequency shifts Ay, =v/-v; are
small. This assumption is evidently not valid for
the few localized modes that may be introduced by
the defect. However, for the calculation of the en-
tropy of the dissociated vacancy pair, which de~
pends on all the modes of the system, the error in-
troduced by Theimer’s assumption is expected to
be quite small. Matthew” has shown that Theimer’s
method gives a somewhat lower value for the en-
tropy of formation compared with the value obtained
from an exact calculation. However, this method,
utilizing the simple Einstein model of localized
vibrations, appears to be most suitable for a de-
tailed analysis of the different contributions to the
entropy. In this method it is necessary to know the
displacement of the nearest neighbors due to the
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creation of a vacancy. Theimer has treated a va-
cancy purely as an electric singularity. % It has
been pointed out by Brauer® that a vacancy in the
matrix of an ionic crystal should behave as an
electric as well as an elastic singularity. Utilizing
this concept, Chandra et al. % have found an im-
proved agreement with the experiments by neglect-
ing anharmonic effects. Boswarva and Lidiard®
have pointed that the elastic term introduced by
Brauer® overemphasizes the elastic component in
the displacement of more distant ions. Recently,
Hardy and Lidiard!® have shown from the considera-
tion of distortion dipoles that the elastic strength
of the vacancy in KCl-type crystals is negligibly
small and consequently the Mott-Littleton!! proce-
dure which considers electric displacement alone
is quite justified. In view of the above discussion
we have thought it worthwhile to make a detailed
analysis of the situation to ascertain (i) whether the
elastic displacement needs to be considered at all,
and (ii) whether the anharmonic effects, as con-
sidered by Theimer, ! have any significant influ-
ence on the entropy of formation of Schottky defects.
In the determination of the changes in the matrix
elements of the force constant $Af, (%), only the
six nearest neighbors are taken into account, al-
though the summation extends over the whole lat-
tice. In the present work the validity of this ap-
proximation has been checked by extending the cal-
culations tothe next-nearest neighbors and compar-
ing their contributions with that of the nearest ones.

II. THEORY
A. General Principles

The relation between the entropy and the frequency
of lattice vibrations is given by%*2

e, ‘
Sy=k 2J In= (1)
i=1 i

where v; are the normal-mode frequencies of the
N cations and N anions, and v] are the frequencies
of the same lattice modes perturbed by a vacancy
pair. For small changes of the normal-mode fre-
quencies, S; may be approximated by the equation
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TABLE I. Constants used in the calculation. TABLE II. Displacements of the nearest neighbors
Constants Values Source o a vacancy (in &).
7o R) 3,147 Ref. 14 Type of displacement Cation vacancy Anion vacancy
p(&) 0.334 Ref. 9 Electric only 0.236 0. 277
74(&) 1.51 Ref. 14 Electric + elastic 0.277 0.339
r.(A) 1.63 Ref. 14
b(10"%erg) 0.2067 Ref. 9
4.68 Ref. 12
(10" cm?) 1.33 a crystals. We designate the uth ion in the Sth cell
_(10"%4 cm?) 2.96 a . _
(10" cm?) 3. 84 b by a single symbol 7= (i, S).
= 2= - We assume a Born-Mayer potential®® U(Im) for
23, R. Tessman, A. H. Khan, and W. Shockley, Phys. the repulsion between two ions, defined by
Rev. 92, 890 (1953).
" Calculated. U(lm) = Btm) b exp {[r() +7(m) = v(Im)]/p}, (4)
in which
X Ay, % Ap? B(++)=1.25, pB(+-)=1.00, pB(--)=0.75,
~ 1
Sa= -k v 2 k ) ) and #(?) and 7(m) are the crystal radii. The force

constant f,.(!) (c=x, v, 2z) for the ion [ is given b
Also, the sum of the squares of the normal-mode Fooll) Y & y

frequencies is equal to the trace of the dynamical 02U (Im)
matrix of the crystal, and hence approximately ! Sooll) = =27 a——%—-
m
S~-—ikZ)—W-—g——Z) Afo(l), 3 2 2
B ” -3 v () sl L)
r¥(Im)  pr*(Im)  pr(Im)

f being any one of the 6N diagonal matrix elements
which are all equal in ideal sodium-chloride-type (5a)

TABLE III. Changes },,Af,, () of the diagonal element of the dynamical matrix produced by a dissociated vacancy
pair in KC1 when only electric displacement is considered and nearest neighbors are taken into account. € is the
number of equivalent ions at a distance !. The changes A(1), A(2), etc., of the nearest-neighbor distances are measured
in 10~ cm

Ulols Vacancy Q A1) A2) A3) A4) A(5) A(6) [Q)6A S5 @14
Anharmonic Without anharmonic
100 K* 6 - 268 vo -33 -33 -33 -33 1.18f79 3.2379
100 cr 6 -309 oo -29 -29 -29 -29 1.635% 4.29f9
110 K* 12 -33  -33 26 26 69 69 — 4,469 ~3.75)
110 cr- 12 -29 -29 26 26 69 69 —-4.74f9 —-4.07f9
111 K% CI 16 26 26 26 42 42 42 2.3059 2. 807}
200 K* 6 ~ 268 46 12 12 12 12 3.13f9} 5.13f79
200 cr 6 - 309 46 12 12 12 12 3.8659 6.50f9
210 K% cr 48 69 12 -8 -8 =35 -23 -1.01f} 0.45f9
211 K% cr 48 -8 -8 —42 18 18 28 -0.86f) —-0.17f9
220 K% cr 24 -23 -23 5 5 20 20 -0.2979 —0.08f!
221 K% Cr 48 5 18 18 -11 -17 -17 0.58f) 0.87f9
300 K% CI 12 46 -22 -4 -4 -4 -4 -0.297{ —0.1459
310 K% Cr 48 -4 -35 4 4 10 20 0.1459 0.52f}
311 K% cr 48 28 4 4 -8 -8 =17 -0.43f1} —-0.17f)
222 K% cr 16 -11 -11 ~-11 12 12 12 -0.147] —0.09f)
320 K% cr- 48 20 20 -2 -2 -11 ~14 -0.14f9 +0. 03179

321 K% CI 96 -17 -8 -2 13 10 6 ~0.56f) -0.297!
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Z fuol) = D Ultm) 35 -2

2

). (5b)
where m labels the ions in the neighborhood of the
ion . When only the nearest neighbors are con-

sidered (m=1, 2, ---, 8), we have for the ideal crys-
tal

2 o) =370 (6)

If 7(Im) undergoes a change by an amount A (Im)
in the electric field of a vacancy, one has for the
displaced condition of the ions of the lattice®

1o, _Av(im) | a%r(@m)
Zozfuu(l)"gf ,%._;1(1 p + p - -..) ,

(7

where

Av(tm)=[Em)-E@)]- # (Im); )

#(Im) is a unit vector pointing from ion / to ion m.

The contributions of the next-nearest neighbors
to 3 foe(l), can, however, be found in the following
manner: Let us define

Z;ufccr(l)= [Eofoc(l)]l""[zufoo(l)]z ’ (9)

where the subscripts 1 and 2 denote contributions
to 3 foo(!) from the nearest and next-nearest neigh-
bors, respectively.

Thus, for an ideal crystal we have

D fO0)=6f2 +672+) +673(=)=37°,

where
1 2 .
0 (ro+r_-rg) /e
=p - -] e i}
fi ’ B(+ )<‘—£p m,o)
0 1 2\ ro-vrg e
Fal+)=0bB(++) 0 - 070 e o, (10)

0(_)— - _}____‘/Z 7. - Varg) /
Fa=)=08( )<p2 p%)e(z Sar)le |

Thus, when we ignore the next-nearest neighbors,
fY+)=0 and

=277 (11)

In the electric field of a vacancy,

R sr(m) 1 Adv(m)
?fw(l)—m%f?@_ p + 2 p2 )

12
+

[F3+) +£3(=)]

n=1

(1 _Ar(n) .\ 1 8%(n) )
X Py 2 pz ’

o

(12)
where
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0.522F3(+)

—19.186£)(+)
—4.958f3()
—3.59373(-)
~3.808f3(+)

392 392 392 42 42 42 42 -167 — 167 - 167 - 167

392

cl-
K* CI-

100

—3.858f3(2)
—3.326£(-)
—3.528F3(+)

o 48 -22 =22 14 14 14 14 —-64 -~ 64 —64 - 64

12:12

110

39 39 -—-21 =21 -21 16 16 16 16 16 16

39

111

42 42 -21 =21 -21 16 16 16 16 16 16
—-12

42

Cl™
K% CI”

111

1. 734 9(2)
3. 906 £9(-)
6.840£2(+)
—3.03513(+)

11 11 1.653f3(2)
1.4377%(-)
3.44973(+)

—3.162F(%)

11

11

—22 —22 —22 —-22 —-12 —-12 -12

6:6

200
210

16

-15
-15

16

16

32

16
16
14

16
16
14

—-139

24

16 16
12

32

32

— 167

24
24 :24

C1-

210

10

10

12

—~12

K~l'

211
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TABLE V. The changes Y, ; 47,,(I) of the diagonal elements of the dynamical matrix produced by a dissociated vacancy
pair in KC1, when electric as well as elastic displacement are considered and nearest neighbors are taken into account.
Q is the number of equivalent ions at a distance I. The changes A(1), A(2), etc., of the nearest-neighbor distances are
measured in 107! cm.

Lll;  Vacancy Q Af1) A@2) AB) Al AB) Al [ 4Af, D]
Anharmonic Without
anharmonic
100 K* 6 ~272 24 24 24 24  —2.838f9 -0.78719
100 cr- 6 - 318 53 53 53 53 -4.,096f9 —1.0747}
110 K 12 24 24 55 55 43 43 -8.767f} -8.181f}
110 cr 12 53 53 67 67 32 32 -10.9227) ~10.0277%
111 K* 8 55 55 55 -50 -50 -50  —0.359/} 0.235f9
111 cr 8 67 67 67 -54 -54  ~54  —0.934f} -0.1387¢
200 K 6 —-272 25 26 26 26 26 2.5691) 4.64819
200 cr 6 - 318 17 31 31 31 31 3.180f) 6.010]
210 K* 24 43 26 5 5 -48 -23  —0.576f} 0.006)
210 cl- 24 32 31 6 6 -53 -23 0.072f% 0.652f)
211 K* 24 5 5 =50 19 19 20 -1.293f} -0.899f%
211 cl- 24 6 6 - 54 19 19 18 -1.006f —-0.572f]
220 K* 12 - 23 -23 11 11 16 16  —0.287f) -0.1907%
220 cl- 12 - 23 ~-23 13 13 15 15 —0.359f% -0.260°¢
221 K* 24 11 19 19 -9 -20 -20 0.000} 0.185f)
221 cl- 24 13 19 19 -9 -21 -21 0.0007 0.1997)
300 K* 6 25 - 29 1 1 1 1 0.0001% 0.040f!
300 cl- 6 17 -32 3 3 3 3 0.054f" 0.090f!
310 K* 24 1 -48 8 8 12 14 0.3591} 0.657f%
310 c1- 24 3 ~53 10 10 13 12 0.359 79 0,718}
311 K* 24 20 8 8 -6 -21 -21 - 0.216f} 0,104}
311 c1- 24 18 10 10 -6 -6 -23 - 0.216f] -0.095f]
222 K* 8 -9 -9 -9 11 11 11 - 0.144f} -0.122f}
222 c1- 8 -9 -9 -9 11 11 11 - 0.144f% -0.122f}
320 K* 24 16 12 1 1 -12 =17 - 0.072f} 0.01857%
320 cl- 24 15 13 2 2 -12 -18 - 0.144f) —-0.0505%
321 K* 48 -20 -6 1 11 10 7 - 0.431f) -0.279f%
321 Cl- 48 -21 -6 2 10 10 8 - 0.431f} -0.2791%
Ar(tm)=[Em)-EW)])- #um) ; (13) Mre—2a 1 <_l>, (19)
a,+a.+2a 47 €
m and #n label n_garest and next-nearest neighbors,
respectively. ¢ is comprised of two parts: (a) The a is the displacement polarizability, o, are the
electric part is written as electronic polarizabilities, and € is the static di-
electric constant. (b) The elastic displacement is

§919c=M'7’%?/"’3 , taken to be

where Egla.g:K’rg-f/'ya, K=€100—M"Vo. (15)
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$. is the number of equivalent ions at a

TABLE VI. Contributions to +Af4s() from the next-nearest neighbors considering electric as well as elastic displacement.

distance I. The changes A(1l), A(2), etc. of the next-nearest-neighbor distances are measured in 101 em.

[QEaAfco(l)]Z
Anharmonic

AT A@®) A(9) A(10) AQD A(12)

Q Al) A2 AQR) A4) aBG)  A)

Vacancy

[ARA

Without anharmonic

—4.7947%(-)
—0.73375(+)

~13.4777%(+)

- 24.144£3(-)
—29.605f3(+)
—-13.5097%(+)
—~16.9221%(-)

83 83 —-139 —~139 —-139 -139

83

392 83

479

392

392

392

100

102 102 -169 —~169 —-169 —-169

102

102

479 479

479

CI"

100
110

11

11

11

11

—16.450 F3(-)
—-6.2937%(-)
—7.532f5(+)
—0.4277%(+)
-1.2527%(-)
—0.4597%(-)
—0.9547%(+)
—3.65179(+)
—3.8407%(-)

42 42 42

42

16 16

-31

CI- 12

111

—7.473f%(-)
—9.32373(+)
—0.4317%(+)
—-1.2937%-)
—-3.593f%(=)
—~3.5987%(+)
—3.8091%(+)
—4.0967%(-)

35

35

80 80 —46 —46 —46
100

100

80
100

111
111

43 43 43 43

—-56 —56 43 43

-56

Ccr

-2

K*

200
200
210
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16 16 16

35

16
—139

CI-

34 —-13 -13 —-32
—16

34

35 35

35
43

24
24

K*

-39

—16

43 43 35 35

43

43

—169

CI-

210

27
32

- 27

24

211

32

24

Ccrr

211

Here K is a measure of the elastic strength of the
vacancy at (000). The above relation for K has re-
cently been suggested by Boswarva and Lidiard, 9
which ensures that the displacements predicted by
(14) and (15) join smoothly to those of the nearest
neighbors. Brauer, ® who first proposed the inclu-
sion of elastic displacements, gave a relation

K=& (16)

which overemphasizes the elastic component in the
displacement of more distant ions. ?

B. Anharmonicity

The net effect of anharmonicity in the scheme of
Theimer! leads to the following equations for
SefoolD): (1) When only the nearest neighbors are
considered, we find

a0y _Ar(im)
?fw(l)-zf Zi (1 = ) 17

(ii) When the next-nearest neighbors are also con-
sidered, ! we have

o3 B e (i-
n=1

III. CALCULATION OF MATRIX ELEMENTS FOR
POTASSIUM CHLORIDE

The displacement of the nearest neighbor to a
vacancy, £q, was calculated according to the
Mott- Littleton scheme. !*** In accordance with the
recommendations of Boswarva and Lidiard, ® the
data of Tosi and Fumi'® were utilized, and these
are listed in Table I. The calculated values of the
nearest-neighbor displacements for different cases
are recorded in Table II. Contrary to the findings
of Boswarva and Lidiard, ® we obtained an enhanced
nearest-neighbor displacement when the elastic dis-
placement was considered. Ultilizing the values
given in Tables I and II, we have calculated the
changes in the matrix elements of the force con-
stants with and without considering the anharmonic
effects. Tables III and IV show such values for
KC1 when a purely electric displacement is postu-
lated. In Table III, the changes in bond lengths
between the nearest neighbors and the correspond-
ing changes in matrix elements are recorded, while
in Table IV those between the next-nearest neigh-
bors are recorded. Corresponding values for the
case when the elastic displacements are also con-
sidered are recorded in Tables V and VI. The re-
sults shown in Tables III and V are in agreement
with the findings of Theimer and Chandra et al.®
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TABLE VII. Values of entropy of formation for a disso-
ciated vacancy pair, from different considerations
(see text) (hn means nearest neighbor).

Type of Anharmonic Anharmonic Experimental
displacement effects effect value
considered included excluded

Without With  Without With

next nn nextnn nextnn nextnn
Electricity
only 0.025k 0.300k —3.765k —3.488k
Electric (7.1+2.3)?
+Elastic 6,661k 6.841k 2,428k 2,588k

2R. W. Dreyfus and A. S. Nowick, J. Appl. Phys.
Suppl. 33, 473 (1962).

regarding the compression or dilatation of the dif-
ferent bonds.

The calculated values of entropy for different
cases are given in Table VII together with the ex-
perimentally obtained value. In our calculation the
surface and dipole effects have been neglected be-
cause of their insignificant contributions.

IV. CONCLUSIONS

(i) A pure electric displacement when the anhar-
monic effects are not considered leads to an entropy
value with a wrong sign even when the next nearest
neighbors are taken into account.

(ii) A pure electric displacement when the anhar-
monic effects are taken into consideration leads to
an entropy value with a proper sign even when only
the nearest neighbors are considered.

(iii) A combined electric and elastic displacement
considering nearest neighbors alone generates a
;reasonable value for entropy only when anharmonic

ENTROPY OF VACANCIES IN IONIC CRYSTALS, ..
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effects are incorporated; otherwise, a remarkably
low value results. It may be noted here that
Chandra ef al.® obtained good agreement with the
experiments by assuming a Brauer-type elastic
displacement and neglecting the contribution due to
anharmonic effects. The agreement appears to be
fortuitous in view of (a) the lack of any argument
as to why the anharmonic effects were neglected
and (b) the inconsistency of the Brauer-type elastic
displacement as pointed out by Boswarva and
Lidiard.®

(iv) The best and most physically consistent
values of the entropy can be obtained from a treat-
ment which considers the elastic (as proposed by
Boswarva and Lidiard®) as well as the electric dis-
placement, together with the contribution of the
anharmonic effects and the next nearest neighbors.

V. DISCUSSION

Boswarva and Lidiard® have recently observed
that the van der Waals forces contribute signifi-
cantly towards the formation energies of Schottky
defects in ionic crystals. In addition, it seems
that the effect of many-body forces should also be
considered in these calculations. Unfortunately,
owing to the uncertainties of the experimental
data, which are of the order of 30% of the value,
the evaluation of such a small contribution will be
of theoretical interest only.
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