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The equation of motion for the averaged Green’s function in an alloy couples the latter to the
Green’s function for which the average is restricted so that the composition of one atom is
held fixed. The average Green’s function may be regarded as the Green’s function for a zero-
atom cluster, and it is coupled to the Green’s function for a one-atom cluster. There is thus
an infinite hierarchy of equations of motion in which the n-atom functions are coupled to
the (»+ 1) atom functions. The coherent potential approximation (CPA) of Soven corresponds
to truncation in the equation of motion of the one-atom function. We have generalized the co~
herent potential theory to a theory of n~atom functions with truncation in the equation of motion
of the (n+1) atom function (CPA). The formalism is developed, and specific formal. results
are reported. In particular, the existence of localized states in the band tails can be demon-
strated, but the transition region from localized to extended states is beyond the reach of a
cluster theory. The theory provides a systematic basis for quantitative improvement over the
CPA, and allows for a discussion of the effects of randomness in the off-diagonal elements of
the Hamiltonian. Thé cluster hierarchy is formally solved to provide a multiple-scattering
expansion of the average Green’s function, where terms involving one, two, etc., atom scat-
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tering are grouped together. This expansion can be used to generate recently proposed gen-
eralizations of the CPA, but when used in conjunction with the self-consistent n-atom func-
tions of the CPh, it provides the best approximate averaged Green’s function for which the
lowest-order corrections involve the scattering from compact (z +1) atom clusters.

I. INTRODUCTION

Apart from strongly ionic or molecular materi-
als or from simple metals, our present knowledge
of the electronic structures of condensed materials
is rudimentary except for crystals. There, struc-
tural periodicity leads to the remarkable simplicity
of the electronic wave functions expressed in the
Bloch-Floquet theorem and to the existence of en-
ergy bands. Our present concern is with the cor-
responding universal features of the electronic
structures of disordered materials. Soven and
others! have developed the coherent potential ap-
proximation (CPA) into a quantitative tool for the
study of the electronic structures of simple alloys.
It yields, however, only bands of extended states
with sharp edges and shows signs of inaccuracy at
the band edges. In amorphous semiconductors, the
band edges must play a central role in determining
the electronic properties. Moreover, on both the-
oretical and empirical grounds it seems highly
plausible that the electronic structure of disordered
materials consists of bands of extended states with
tails of localized states which may, in fact, over-
lap.? The character of the wave functions changes
from extended to localized at an energy E, near
each band edge, where the carrier mobility drops
abruptly.® One of the central tasks of the electron
theory of disordered materials is to substantiate
or correct these models.® Accordingly, we have
addressed ourselves to improving the CPA quali-
tatively and quantitatively to the point where it can
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conceivably contain such features as tails of local-
ized states and mobility edges.? The resulting
quantitative improvement of the CPA would be use-
ful for simple alloys.

Electronic properties of a disordered material
which are associated with the entire system, e.g.,
the density of states, contain within them a sampling
of all configurations in the system. In calculating
such properties, therefore, it is admissible to
carry out averages over an ensemble of systems
having all possible configurations. Various approx-
imations differ in the way the ensemble average is
inserted into the structure of the calculation. In
the CPA in particular, the average is carried out
in such a way that the effective potential experi-
enced by an electron is the same on each site.
However, localized states produced by a single
impurity are associated with the deviation of the
potential introduced by the impurity from that of
the perfect crystal. Similarly, localized states in
disordered materials are associated with the fluc-
tuations in the total potential, i.e., with the vari-
ation in potential from site to site. This is readily
seen from the arguments of Lifshitz, Kane, Hal-
perin and Lax, Zittartz and Langer, and particu-
larly of Ziman in the context of a classical percola-
tion calculation.* The CPA considers the response
of an electron to the potential at a single site. The
minimal improvement over the CPA would there-
fore be to consider the response of the electron to
the potential on two adjacent sites before averaging,
which allows for response of the electron to the
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difference in potential between the two sites.® This
suggests in turn the possibility of considering the
response of the electron to a cluster of n atoms of
fixed composition and/or position, treating the
rest of the material in an averaged way (CPi).

Bound states can result when the potential dif-
ference between the cluster and the averaged en-
vironment becomes large enough. One might hope
in this way to obtain some exact results by allowing
the cluster size to approach infinity. However, it
then no longer becomes possible to distinguish be-
tween an extended state and one localized on a
cluster. The vexing problem of the quantitative
description of the transition region between local-
ized and extended states, which is central to the
theory of disordered semiconductors, is therefore
inaccessible to the cluster approach. As we shall
discuss later, the difficulty is the same one en-
countered in the theory of phase transitions. 8
Nevertheless, one could expect to obtain improve-
ments over the CPA in the main body of the band
and some semiquantitative results for the band tails
as well. Accordingly, we develop in the present
paper a systematic cluster theory of Green’s func-
tions in disordered systems via a hierarchy of ap-
proximations containing the usual CPA as its lowest
order.

As Edwards notes, in order to obtain localized
states in the translationally invariant averaged
system, it is necessary to break the symmetry in
some manner. This symmetry breaking is analo-
gous to that which is required, for instance, in order
to obtain ferromagnetism.® Thus, the use of a fixed
cluster of atoms is a particular choice of symmetry
breaking which is expected to accurately reproduce
some properties of localized states. In discussing
localized states in disordered systems, Anderson?
similarly breaks symmetry by focusing attention
upon a specific lattice site. By focusing on a par-
ticular cluster of atoms we, of course, obtain re-
sults which are not translationally invariant. The
theories of Lifshitz and Ziman are also manifestly
not translationally invariant.* No attempt is made
by Anderson, Lifshitz, or Ziman to restore the re-
quired translational invariance to prove that the
localized states are not destroyed when this in-
variance is reintroduced. It is therefore necessary
to introduce averaging procedures which restore
the requisite translational invariance. This en-
ables us to show that the localized states obtained
from the translationally noninvariant theory do not
become Mott-type extended resonances? when this
invariance is restored. For this purpose only the
simplest averaging procedure is necessary. The
first and simplest approach, which involves ap-
propriate averaging over the random potential on
the cluster and the location of the cluster, provides
a great deal of insight as to the nature of bound
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states in the band tails. Alternatively, the cluster
hierarchy can formally be solved for the average
Green’s function in a manifestly translationally
invariant form which is a highly summed version
of the usual multiple-scattering theories that have
been employed in connection with the CPA.! In
this expansion, terms are classified as involving
the scattering from m-atom clusters, m =0, 1,

2, ..., N. Upon introduction of the approximate
self-consistent n-cluster Green’s functions (CP1),
the resulting approximate averaged Green’s func-
tion is such that the lowest-order corrections in-
volve scattering from compact (n+1) atom clusters.

II. CLUSTER HIERARCHY
A. Definitions and Conditional Averaging

We work throughout in the one-electron approxi-
mation. The disorder appears in the one-electron
part of the many-electron Hamiltonian, and all of
the basic modifications of the electronic structure
therefore occur already in the one-electron approx-
imation. Many-body effects can be inserted once
the single-particle problem is understood.

The Green’s function § for an electron in a ma-
terial with a given unaveraged configuration and a
Hamiltonian H,+ V is defined by

(E-Hy-V)§(E)=1, (2.1)

where E is the electron energy, the representation
for G is left unspecified, and the right-hand side
is the unit operator. We assume that Hy+V is
time independent, but the theory may be easily
generalized to include, e.g., the time dependence
associated with atomic motion in a classical fluid.
In the Hamiltonian, H, relates to some reference
state about which the system fluctuates, and V is
the potential of fluctuation, which we take to be
random., ’

For many electronic properties of the entire ma-
terial, it is sufficient to know only the average
Go(E) of G (E) over all configurations of the sys-
tem, i.e., over the random potential V, as dis-
cussed in the Introduction:

Gy(E)=( S (E)) . (2.2)
Here and throughout, () implies an average over
V. Equation (2. 2) suffices for the density of states;
conductivity would require { G ), the Hall constant
(g8 8)Y, etc.! We confine ourselves to (§).
However, in order to assess the nature of the
states which contribute to (G (E)) in a given range
of energy, whether localized or extended, it is
necessary to understand what particular configura-
tions of the random potential gives rise to them.
This can be done by examining the Green’s func-
tions for a material in which the contribution to the
potential V of a cluster of atoms is fixed by speci-
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fying the positions and compositions of the atoms
within the cluster and averaging those for all atoms
outside. We therefore decompose the potential into
a contribution from a cluster 1 (the symbol 11 im-
plies the specification of position and composition
of n atoms), V; and into a contribution from the
remainder of the N atoms in the material, V§_;

(2.3)

Let ()'7‘ imply an average over only the parameters
of the cluster m agd( )1 an average over those of
all atoms outside 1, so that

=N,
The Green’s function for a material in which the

cluster 1 is specified and the rest averaged may
then be written as

2=(G )3 =( @ )i @.5)

It is often convenient to specify separately one
atom a of an (n + 1) atom cluster by the correspon-
dence n+1 — n, a.

V=Va+ V5.2 -

(2.4)

B. Equations of Motion

The equation of motion for G; is obtained by av-
eraging that for ¢, (2.1), over the potential Vi-z,

Vﬁ_a)g >;=1 . (26)

Using the definitions of Sec. II A, this may be re-
written as

(E - Hy -

((E-Hy— V3 -

Vi) G —( Vg3 8):=1. 2.7

In many cases of interest, the potential V is a lin-
ear superposition of contributions from each of the
atoms (or molecules) in the material so that

V=21 Vs, (2.8)
€N
and in particular
Via=. E Vi . (2.9)
Ol n
This permits simplification of (2.7) to
(E-Hy-V3) Gz - 21 (VzG33)%= (2.10)

a&d

The set of equations of motion (2. 10) for cluster
Green’s functions of all orders » has a hierarchial
form (Taylor!) reminiscent of that occurring in
many-body theory in that the equation for Gj con-
tams G;.;. The hierarchy terminates only at n
—N when Gg=G. Explicit but approximate results
can be obtained by truncating the hierarchy at some
smaller n, and a specific and simple truncation
scheme is introduced and discussed in Sec. III.

We prepare for the truncation scheme and for a
few exact results developed later by introducing
the proper self-energy ¢ (E) and related quantities.
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C. Proper Self-Energies

The proper self-energy o; associated with G is

defined through
(E-Hy-Vs-03)G;z=1 (2.11)

in the present formalism. Comparing (2.11) and
(2.10) shows that

o3= 20 o, (2.12)
a& i
where
o{® G3=(Vz G3.3)%, (2.13)

and the parentheses around the superscript « in
0§* indicate that an average has been taken over
the parameters for atom «.

It is now convenient to introduce the general

scattering, or T-matrix T§ relating Gz to Gz z,
Gs,3= Gy + Gy TE Gy (2.14)

The physical significance of Tg will be made clear
shortly. Substituting (2.14) into (2.13) gives a
somewhat simpler form for o{*’,

08 = (Vs + Vg Gy TS ) . (2.15)
i o o Vi 4d

Comparing the equations of motion for G; and Gy 3
in the forms (2. 11) with the definition (2.14) of

Ti shows that T"‘ may be related to an effective
scattering potent1a1 U‘-’" in the usual way that 7 ma-
trices are related to scattering poténtials:

1¢=UE (1 -Gz Ui (2.16)

where

-
Ol
_.

=Vz+035-0q (2.17)

The effective /potentlal U3z is simply the difference
between cluster potential and self-energy in the
equation of motion for the “perturbed” Green’s
function Gz 3 and that for the unperturbed” Green’s
function G;;, More explicitly, Ug ¥ s given by

2 (09)-—0'5.‘”) .

g&m,a

UE=v; -0+ (2.18)
Before going on to discuss approximate truncation
of the hierarchy, we introduce a condition which
must be satisfied by Tg within any approximation
scheme. Any lower-order Green’s function must
be obtainable by averaging down a higher-order
Green’s function, the cluster for which contains the
lower-order cluster, and in particular,

(G3)%=Gs . (2.19)

Averaging (2.14) over the parameters of & and
inserting (2. 19) yields the self-consistency condi-
tion

(T73)%=0, allm, adm. (2. 20)
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III. TRUNCATION: GENERALIZATION OF CPA

We are concerned with an exceedingly complex
problem. An electron is moving according to a
Hamiltonian H,, which may be periodic or transla-
tion invariant, while being scattered by a random
set of scattering centers. The scattering potential
from each center may be strong, the centers may
be densely distributed, and the contributionsto V
from each may overlap. One class of attempts to
solve similar multiple-scattering problems involves
replacement of the actual scattering potential by
a mean field having the translational symmetry of
the averaged system. Such an approach can be
exact in principle. The mean field then becomes
identical to the proper self-energy, e.g., in Eq.
(2.11) for G,.! From this point of view, all mean
field theories contain approximations to the self-
energy of varying degrees of accuracy. The sim-
plest approximation is to replace the random po-
tential V by its average ( V), the virtual crystal
approximation.” As long as the potential fluctua-
tions are sufficiently small, i.e., V-(V) small
in some sense, for perturbation theory in powers
of V-(V) to converge rapidly, the virtual crystal
approximation works reasonably well. For a den-
sity of scatterers, sufficiently low that multiple
scattering can be ignored and single scattering
treated exactly, the optical model works well.®
Soven! has introduced a scheme, the CPA (Taylor'),
which combines the virtues of both of the above and
gives reasonably accurate results for high densities
of scatterers in the main body of the energy band
of a disordered alloy. However, all of the above
simplify the proper self-energy so greatly that the
resulting energy bands no longer ¢ontain tails of
localized states. Even the CPA, the most complete
of these, omits the spatial nonlocality of the proper
self-energy. Soven has shown explicitly that the
higher-order corrections to the CPA are largest
at the band edges, where such omissions are most
serious. However, higher-order perturbative cor-
rections which themselves preserve the analytic
structure of the lower-order theory will not lead
to the missing band tails.

There is ample evidence that these band tails
come from potential fluctuations, ! some of which
would be automatically included in the clusters
present in the conditionally averaged systems we
have discussed in the last section. For the cluster
Green’s function G;, only contributions to the self-
energy from the N-n atoms « outside the cluster
0§? need be replaced by mean fields. There is thus
some hope that bound states can be preserved in
an approximation scheme developed via the cluster
hierarchy. We therefore generalize the CPA to
describe the motion of an electron in the presence
of a specified, i.e., unaveraged, cluster n and an
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approximate but self-consistent mean field contrib-
uted by the remaining N-n atoms over which aver-
ages have been taken.

As a first step in developing our approximation
scheme, we rederive the CPA within the frame-
work of our cluster hierarchy! in a manner that
immediately provides the necessary clues to its
desired generalization. In addition, we give an
alternative derivation of the CPA! to illustrate how
its cluster generalization, which we subsequently
give, is superior to perturbative correction of the
CPA.

A. CPA

The CPA! is concerned with the totally averaged
Green’s function G, which may be regarded as the
zero-order member of our hierarchy of the cluster
Green’s functions. In all the cases that we con-
sider, G, has translational invariance. Since G, is
related to the self-energy 03 through

(E - Hy - 05) Gy =1 (3.1)
[cf. Eq. (2.11)], where
0-6=Z>a0'6a), (3~ 2)

0§* is independent of @ up to a translation, The

problem reduces to finding the single operator
o{*). To do so approximately, it is sufficient to
truncate the cluster hierarchy at some point. The
equation of motion for G, involves in addition only
G,. Thus, within the framework provided by our
cluster hierarchy, the least accurate kind of ap-
proximation would involve truncation at G,. This
is most readily effected by utilizing the correspond-
ing T matrix T§.

The T matrix by means of which G, can be con-
structed from G, according to Eq. (2.14) is given
by

T_yd (1-GUd)?, (3.3)
where
,U§=va-ogw>+2(og>-ogs>), (3.4)

B#a

according to Egs. (2.16) and (2. 18), respectively.
Now O’-g” is the proper self-energy from atom 8
where atom « has its parameters fixed, whereas
in 0’ the parameters of atom a have been aver-
aged over. It is physically reasonable that there
is a finite distance, a coherence length, over which
the effect of fixing atom « can persist. If one
supposes that coherence length to be less than an
interatomic separation, which means no persistence
at all, one can set
o =0,

a# B (CPA). (3.5)

Insertion of (3.5) into (3. 4) yields
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U§:V5;—o‘°‘), (3.6)
and insertion of (3.6) into (3. 3) yields®
TE=(V3-0l)[1 -Gy (V3 -0{)]! (CPA). (3.7)

Finally, insertion of the approximate form (3.7)
into the self-consistency condition

(15)%=0 3.8)

following from (2.20), yields the CPA. The co-
herent potential is clearly seen as an approxima-
tion to oy.

Within the present theoretical framework, the
CPA follows from truncating the cluster Green’s-
function hierarchy at G, by ignoring the outward
persistence of the effect of fixing the parameters
of an atom @ upon the proper self-energy (Taylor?).
This provides a clear mathematical and physical
basis for the CPA. It can be expected to work best
either when the fluctuating potentials are weak, so
that the outward propagation of the effect of condi-
tional averaging is also weak, or when the mean
free path, which relates directly to the coherence
length, is fairly short. A condition of this sort is
required for the validity of the generalizations of
the CPA that we shall introduce later. However,
at the mobility edge, the energy of the transition
from localized to extended states, ° it is the persis-
tence of the amplitude of a wave function over the
entire material which distinguishes an extended
from a localized state.!® Distinctions of this sort
cannot be explored within a theory which ignores
correlations persisting beyond a certain distance.

Within the CPA, the average T matrix for scat-
tering off-site a with site B8 specified does not van-
ish as it should":

(Tg‘)avﬁo (CPA), (3.9)
where!
g=(Vz-o§)[1- Gy (Vz-0§*)]" (CPA) (3.10)
and!
GE=[G;' = (Vg -0 (CPA) . (3.11)

The correction terms to Gy which would make (3.9)
vanish are the lowest-order correction terms with-
in our cluster hierarchy. What may be regarded
as approximations to these have been found to be
significant near the band edges. !

We can see that averaging Eq. (3.'7) leads to an
« independent 6{*’ up to a translation which is local
in space and is complex only within a bounded en-
ergy domain. The total self-energy 0y is therefore
k independent, which leads immediately to sharp
band edges, i.e., no tails of localized states.

The above derivation of the CPA imbeds it with-
in the hierarchy of cluster Green’s functions that
we have introduced and provides a basis for its

generalization. An alternative derivation, which
we now introduce, makes clearer the connection
with Soven’s original derivation.! We develop the
exact Green’s function § about some as yet unspec-
ified Green’s function G,, defining thereby a T ma-
trix

g=90+90T90, (3.123,)
G=(E-Hy-20,Vy)?, (3.12b)
Go=(E = Hy =22 W), (3.12¢)

where the W'* and therefore §, are as yet unspec-
ified but are not random variables. Equations
(3.12) lead to the following explicit expression for
T:

(3.13a)

(3.13Db)

T=U(1-G,U)",
U=23, (Vg = W®) .

Averaging § in (3.12a) completely to obtain the ex-
act G, leads to

Go=90+So(T) SGp - (3.14)

Imposing the condition that the reference Green’s
function G, be the exact averaged Green’s function
G, leads to

(T)=0, (3.15)

with the result that the reference potential W *’ be-
comes the exact self-energy o{*’. This ¢{*’ can,

in principle, be determined by the self-consistent
solution of

< T) =0 =<Z>oe (VB? - Uf)a)) [1 - GOZ)(I (VBZ _U(()a))]-l > )
(3.18)
but it is practically impossible to do so. Instead,
and at this point we follow Soven by making an in-
dividual-atom ¢-matrix expansion of (3.16) with G,
replaced by the as yet unspecified G, we write

(TY=(2Ttg+2t3Sels+ ), (3.17a)
[ B#a
tz=Vzg =W [1=G(Vz-W®)]1. (3.170)

We note that ¢; depends only on single-atom quanti-
ties. If the V3 are all independent random vari-
ables, then

(TY=2(t3)%+ 2 (t3)% 8o (t3)F 4. . (3.17¢)
o B#o

At this point, Soven determines W to be the co-
herent potential by imposing the requirement that
the single-atom ¢ matrices vanish when averaged, !

(t3)*=0 (CPA), (3.18a)
so that!

Gy =Gy +neglected terms of fourth
and higher order in #3 (CPA). (3.18b)

We see that { T) does not vanish in the CPA but
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that the leading terms are of fourth order in the
tz.! Finally, we see also that the CPA cannot be
improved near the band edges by direct calculation
of the higher terms in (3. 18b) because all have the
same analytic structure and give rise to sharp band
edges. As noted in Sec. I, the cluster hierarchy
can be used to generate a summed version of the
t-matrix expansion of (3.17a). This expansion is
presented in Sec. VI, and its relation to the cluster
theory is discussed.

Although all calculations employing the CPA have
been performed when V, can only have two values, !
the above general formalism is not restricted to
this case. Thus, the random variables V, could
take on a large number of discrete values, or even
have a continuous distribution. Thus, the following
theoretical development is not limited to the case
of binary alloys.

B. Coherent Cluster Potentials

In our first derivation of the CPA, the key ap-
proximation was (3. 5) and the corresponding self-
energy was determined from (3.7) and (3.8). The
CPA can therefore be generalized to the corre-
sponding approximation (CPf) for a cluster Green’s
function of order n (x> 0) as follows:

ofy=0f, all &, a (CPR) (3.19a)
T§=(Vz =01 - G5 (Vg —of*)]"!

(cpn), (3.19b)
(T§)=0 (CPA). (3.180)

As is shown in Sec. IV, (3.19c) is a single alge-
braic equation for each & within the coherence
range of the cluster n. This is, of course, an im-
portant simplifying feature in any attempt to per-
form numerical calculations. However, if the
of® in (3.19b) and (3. 19c) were different for all
a0, then the problem of the evaluation of G; via
(2.11) would be as complicated as that of evaluating
G of (2.1) for a particular irregular composition
of the whole lattice, thereby making CPh intracta-
ble. In Sec. IV, we therefore prove that of* dif-
fers only from its asymptotic value ¢4’ inside a
region about the cluster n whose size is of the order
of the coherence length. Therefore, for the cases
of interest where the coherence length is short,
the evaluation of Gj is of comparable difficulty to
the evaluation of a Green’s function for an impurity
cluster (of the size of the coherence length) in a
pure crystal (with complex band structure). Be-
fore proving the above properties and demonstrating
other explicit results which imply the feasibility of
CPn calculations, we consider an alternate deriva-
tion of CPn which parallels Soven’s derivation of
CPA.!
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Alternatively, we can develop § about a refer-
ence function G;, defining thereby a T,

$=63+54T4G3z, (3.20a)

9a=<E—Ho—V;—E Wé"")", (3. 20b)
ad i :

Ty=U (1-G3 Uy, (3. 20¢)

U= 2 (Vz- W) . (3. 20d)

@R
Averaging (3. 20a) over all but the cluster n gives

Gi=93+93(T3):%: . (3.21)

A single-atom f{-matrix expansion of Ty gives

Ty= 0 t§+ 20 t§ ggtheeen (3.22a)
agi atd i

where

1 =(Vy-WEN[1=G; (Vz - WE) . (3.220)
The CPn approximation is

G3=»S83 (CPRd) | (3.23a)
with

(t§)%=0, all a7 (CPR) (3. 23b)
determining the cluster coherent potential

Wi = of®) (CPR) . (3.23c)

Thus, in the CPf ( T )3 does not vanish, but the
correction terms are once again of fourth and
higher order when the V3 are independent random
variables.

The criterion that the CPn be accurate is similar
to that for the CPA. _Equation (8.19a) implies that
the addition of site « to cluster n does not affect the
self-energy on site B&n, a. This requires that the
effect of adding another atom to a cluster decay
rapidly away from the cluster, i.e., that the co-
herence length be short. This in turn suggests
that quantitatively accurate results can be obtained
from the CPh for extended states when the cluster
radius becomes larger than the mean free path.
Since no difficulties exist in dealing with long mean
free paths, fairly rapid convergence is expected
whenever the CPh treatment is warranted, i.e.,
in strongly disordered systems with short mean
free paths.

IV. PROPERTIES OF CPii APPROXIMATION

In this section, we assume that the CPh approxi-
mation (3.19) has been made for a particular clus-
ter 1.

A. Self-Consistency

The proper self-energy is obtained in the CPh
from Eqgs. (3.19b) and (3.19c). We now prove that
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it satisfies the equation of motion, or rather its
equivalent (2. 15), once (3. 19b) is substituted for
T§ therein. We start by rewriting (3.19b) and then
averaging it:

(TE)E=((Vz -0 (1+6,TE))Y =0 (CPH) .
(4.1)
This may be rewritten as

o =(Vz+Vz Gy T

-of” Gy(T§)® (CPR) . (4.2)

As the last term in (4. 2) vanishes according to
(8.19c), it is identical to (2.15) as required.

We certainly do not expect the correct formal
structure of the hierarchy to be preserved for
m>n once the CP1 is made. However, we can
show that “self-consistency, ” i.e.,

(T8)9=0, allmch, ad¢m (4.3)
is preserved for all an i.e., 0sm<n. Before

we can define the T°‘ which enters (4. 3), we must
introduce Green’s functions G of order lower than
the order 1 for which the CPE is.carried out. This
done by the general form of the exact consistency
equation (2.19):

==(G3 )™ (CPR) . (4.4)

We now prepare to obtain an equation of motion for
G3 in the CP1 by rewriting the equation of motion
of Gy [Eq. (2.11)] as

(E-Hy-Vg)Gy— 2 _V5Gy~

BEi-m

Eﬁ (VzGy3)%=

(4.5)

To make explicit the introduction of the CPa [Eq.
(8.19a)] into Gy 3, we relabel it as

Gy,2=G§ =[E~Hy~ V3 -03- (Vg — 0§ (CPR) .
(4.8)

We see that an equation of the exact form [Eq.
(2.14)] holds for G§,

GE=G4+G; TGy (CPA) , 4.7)

with Ti given by (3.19b) and G by (2.11) in the
CPn. Multiplying by Vx, averaging over site a,
and using (2. 15) since, as shown by (4. 2), it holds
in the CPn, gives

(V3GE)¥=0{ Gy (CPH) , (4.8)

which is structurally of the form (2.13).
We can now average down the equation of motion
(4.5) in accordance with (4.4) and get

(B - Hy= Vi) 6= Z) ~<Vgc—~>

- E<V~G—-) = (4.9)

ad i

(Cph),

where
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CE=(Gy,z )™ =(G§ ) (CPH) . (4.10)

At this point we can introduce lower-order 7 ma-

‘trices through

62=65+G63T%Gx, ach (CPR)  (4.11a)
G#;=C5+GzThGs, peii-m (CPY) .
(4. 11b)

The equation of motion (4. 9) and the T-matrix defi-
nitions (4.11) enable us to obtain explicit expres-
sions for the self-energy o defined through
-1
6a=(E-Hy-v3- T o) (4.12)

-

a€m

namely,

o =(Vz+VzGaTE), all aém (CPR)

(4.13)

which has the same form as in the exact theory.
Similarly, comparing (4.9) and (4. 12) leads again
to relations of the same form as in the exact the-
ory:

08 Gz=(VzGs3)%, acii-m (CPR) (4.14a)
0 G=(V3G3)*, ad¢n (CPRH) . (4.14b)

m

Because Tf-; is defined as a scattering matrix
through (4.11), it obeys the equation

7865-0U%6G53, acfi-m (CPR)  (4.15a)
7862-U%G%, aq¢fh (CPR) . (4.15b)

From (2.18) and the definitions of the self-energies
entering the Green’s functions in (4. 15), we have

UE=vz-08+ 2 (o“”a -0¥), a€fi-m (CPH)
pgm,d
(4.16a)
U—~— Va—oty ) (og“”—og)), a€n (CPh) .
BEm/a
(4.16b)
We have defined the self-energy o““” as follows:
o® GE=(of G, Beh, @ (CPR) (4.17a)
od® 6E=(V, 6§ )", pefi-m (CPH). (4.17b)

This in turn enables us to make the definition

G&=(E-Hy-Vzz-0%)", a¢h (CPH) (4.18a)
of= X _o&® (cPh). (4.18b)
B o
Averaging (4.15) over site P gives
(T&6:)%=(18)¥ 65=(UEGz2)%,
a€fi-m (CPR) (4.19a)
(186:)%=(UEG6E)¥ aeii CPR). (4.19b)
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Upon substitution of (4.16) into (4.19), the terms
containing V3 —o""" vanish because of (4.14) and
(4.18), as does each of the terms in the sum over
B. Equation (4.19) vanishes identically; there-
fore, the self-consistency condition (4. 3) follows
in the CP1.

B. Locality of o(a) in CPh

One particularly simple model has been of great
utility in the study of disordered crystalline alloys,
e.g., within the CPA.' In that model, H, has the
full translational symmetry of the crystal. The
fluctuation potentials Vz depend on the particular
atom on a site and are independent random vari-
ables under the assumption of complete composi-
tional disorder. Finally, it is supposed that only
a single energy band is involved and the V3 are
local in the crystal coordinate, or Wannier, rep-
resentation for that band:

8| vzly) (4.20a)

Here the vz are the amplitudes of the single-site
potentials, they are random variables and are not
necessarily restricted to only two possible vari-
ables. The Greek indices are here used to label
sites of atomic occupancy. We now prove that o ‘“’
and T§ are similarly site diagonal.

Because V3 occurs as the left-most factor in
(2.15), (4.20) automatically implies that

=Vg Ogq Oyq -

(Blo§® |7) =645 (a|o$® | ) , (4. 20b)
and similarly,
(Blo& | V) =845 (a| 0 }y) (CPH) (4.21)

from (4.13). In CP7, Egs. (3.19b), (4.6), and
(4.7) permit us to write

Gy T§=6§ (Vs —of®). (4.22)
Substituting (4. 22) into (2.15) gives
(alof? |7)=(vz +vz (@] G§| @) vz )¥ 5,4
~(vz (a| 6§[ )7 (a]of®])
v+ g (@] G| @)vg ¥
:<a" ad 1 i' a> 5, (4.23)

1+(va—(a|G§|a))E

so that 0‘“’ is site diagonal. With (4. 23) estab-
lished, (3 19b) shows immediately that 7§ is simi-
larly site diagonal.

Even though o§*’ is site diagonal, it is obviously
not site independent. It does not exist for the sites
€1 and, because the specifying of the cluster po-
tential Vj destroys the translational invariance, it
must depend on the position of « relative to the
cluster. In order that CPn calculations be compu-
tationally feasible; it is necessary that the o“’" are
site dependent only within a finite region. This

important property of CPh is proven in Sec. IV C.
The above proof of locality can be generalized
to include localization of V3 to any subset of sites.
If V3 is a matrix which has nonzero elements only
for a set of 7 sites related to a so that it can be
represented by an 7 X7 submatrix, of*’ and T§*
have similar »X7» representations. This allows
immediate generalization of the CPA and the higher
CP to include randomness in the off-diagonal ele-
ments of the Hamiltonian, 12

C. Asymptotic Limits of G, 0§ in CPi

Wave functions in a disordered system are either
extended with a finite-phase coherence length
(similar to a mean free path) or are localized; the
Green’s functions must have finite range. Ignoring
the breakdown of translation invariance introduced
by the fixed cluster potential permits us to repre-
sent this finite range schematically by

(@] Gal B) —~ g5 ¥/ Re
7R

(4.24)

where R, is the distance between sites @and 8, and
1/ k3 is the coherence length. Since all lower-order
Green’s functions Gy may be obtained from Gj; by
averaging down over n-m, (4.24) implies that all
lower G are of finite range, denoted schematically
by
(a|Gz|p)—= gz e*3%8/Rypy  mCh
B

Thus, according to (4.24) and (4. 25), information
concerning the presence of the cluster must decay,
at least as e™*®e7/R, for quantities such as Gt
T¢, and o{*, where 7 is a site in the cluster 1 and
a is far away. This suggests particularly simple
asymptotic limits, which we now proceed to ex-
plore. In particular, it is possible that all quan-
tities become independent of the presence of the
cluster n, asymptotically.

Let us suppose that such an asymptotic region
exists and examine the consequences of our as-
sumption:

(4.25)

oé""-——» o™, (4.26a)
Ry

where 0{* is a independent up to a translation, and
hence

(a|lGslp)~(al|G,lp), (4. 26b)

where G, is translationly invariant and of finite
range. Let us write G, in the general form

Gu=(E-Hy=22, W),

Ra)’ or RB‘Y" ©

(4.27)

where the W are invariant up to a translation.
We may define a T matrix as follows:

Ga GA+GATKA GA, (4.283)

T3a=Usa (1 = G4 Uyt , (4. 28Db)
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Uga = Z)UM— > (V~—W‘°" E ( (@) Wfqm)- small. We have shown that
a€ R .
(4. 28¢) SuR 0(g 4% (CPR) (4. 36)

Now Gy must equal G, asymptotically. Since G,
has finite range, this requires finite range and lo-
calization of Ty,, according to (4.28a). Finite
range and localization for Ty, results only from
finite range and localization for U;,, according to

(4. 28b). Equation (4. 28c) guarantees a local Uy,
only if
o —= Wi, (4. 29)
Ryy=e
which implies that
W =g | (4. 30)

We note for clarity that by finite range we mean
that a matrix (alM|g)~0 as R ~«, and by local
we mean that

(a|M4|B)~0 as R, or Ry~ .

Turning now to the CPn, the self-consistency

requirement (4. 23) gives cff" site diagonal with

amplitude

g - {atmle lcg; l"‘ﬂf;’;j (CPR), (4.31)
where G¢ is the asymptotic limit of G;f, Eq. (4.6),

GI=[E-Hy-o0z~ (V3 -0 (CPR) (4.32)
and

05=22,0 (CPR) . (4.33)

Equation (4.31) may be rewritten immediately as
0l =( Vg + Vg G4 TS )8 (CPR) (4. 34a)
where
=(Vz -0 [1 -G, (V3 =al@)]! (CPn) (4.34b)
and
(T3)y3=0 (CPA). (4. 34c)

Equation (4. 34) is identical in structure to the de-
fining equations of the CPA (=CPO), (3.7) and
(3.8). Thus, we have shown that if the Green’s
functions are assumed to have finite range and if
translation-invariant asymptotic forms are assumed
for all quantities, the CPfi reduces to the CPA
asymptotically.

We now quote a result relating the relative rates
at which Gy and 0§*’ approach their asymptotic
limits. Let

oéa) 0.(

Ryyex

+54(R,,), ren (4. 35a)

(o] G3| @) — (a| G4 | @)+ g4 R4, (4. 35b)
R

ay=™

be the definitions of s, and g, which are taken as

by a detailed analysis of the corresponding gen-
eralizations of (4.34). In other words, o{* ap-
proaches asymptotic behavior faster than Gj.

The fact that the CPA ¢%’ is the asymptotic lim-
it of the CPn 0§*’ is important in any calculations
involving CPn. Thus, the CPn equations (3.19)
could be solved self-consistently by initially using
0! for 0f* and then iterating. The first step is
merely a Koster-Slater impurity problem for the
cluster 0 in the CPA environment. Preliminary
calculations of this nature have been carried out
by Kirkpatrick in these laboratories. Since these
calculations have direct bearing on the existence
of localized states in the band tails, the above it-
eration scheme is discussed in Sec. VII. Alterna-
tively, inside of the CPA band, o{* can be ex-
panded directly in a power series of CPA quantities.
This expansion, which is discussed in Sec. VC,
could be used to 1mprove convergence.

Because the G, an are obtained from Gy
by averaging down over 1 — m in the CPh, prec1se1y
the same asymptotic behavior holds for all m Cn
and, in particular for G,. Clearly, at this stage
of development of the theory, no essential improve-
ment over the CPA is achieved by fixing the po-
tential associated with a localized cluster except
in the vicinity of that cluster. This, as we shall
see, allows for certain of the localized states, but
the CPn must be augmented before it yields a sig-
nificant improvement over CPA throughout the ma-
terial.

V. AVERAGE GREEN’S FUNCTION: ECPR

The physical quantity of interest is the average
Green’s function (§)=G,. An approximation to G,
is obtained directly by stopping the CP1 at level
6, i.e., by using the CPA. It was argued in Sec.
III B, however, that the higher », the more accurate
the CPii can be expected to be, at least within the
cluster. We therefore used a prescription for cal-
culating a lower-order Green’s function G4,
mcil, (G in particular) from a G; obtained via
the CPn. The simplest prescription involves only
averaging down, i.e.,

G =(Gz)™R GV =(G;)* (CPh) , (5.1)

which is discussed in detail in Sec. IVA. However,
the CP1 singles out a particular set of atoms or
sites il through the approximation on ok all

BE R, @ and all a¢ R, Eq. (3.19a). The use of the
CPh in (5.1) does not yield a translationally in-
variant approximation to G, as is required. The
cluster fi could have been taken anywhere so that
averaging G},’” over all clusters translationally
equivalent to the original one restores its transla-
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tional invariance. Next, there is nothing special
about any particular cluster configuration for fixed
n, so that GE,E) should be averaged in addition over
all cluster configurations of » atoms in which the
relative separations of the atoms or sites are suf-
ficiently small that the cluster does not decompose
into two independent parts. We would then have

GiP'=07: P;GE®  (CPh) (5.2)

for the averaged Green’s function, where the sum-
mation is over all clusters of order n as stated
above. In (5.2), Pj is the probability of a given
cluster 11 in an ensemble of all possible configura-
tions.

To examine how G{”' differs from the CPA re-

sult, we deal explicitly with the case n=1. We have
from (5.2)
GV =2 p3(Ga)¥= (1/M L4 (62)¥  (CPY),
(5.3)

since pz is the probability for specifying one site
out of a total of N sites or 1/N. Taking matrix
elements, we get

(8| GV’ )= (B G4 M) + (1/N)

2o LB(GDEY) - (8| G4 1] (CP1), (5.4)
where
Bl(62) ¥ N myerra= Bl Gal”) (€PD) . (5.5)

The asymptotic Green’s function G, is just the CPA
result according to Sec. IVC. Let R, be the dis-
tance beyond which asymptotic behavior is mani-
fested. We obtain from (5.4) that

(Bl AG|¥) ~O[9L(B, v; Ry)/NI(B| G4] )  (CP1),

(5.6)

where AG is GV’ - G, and U8B, ¥; R,) is the number
of sites satisfying Rg, or R,,<R,. Thus AG -0
and G{V’ -G, as N increases to infinity. In other
words, no calculation of G, based on a translation-
ally invariant form of the simple CPh can yield a
result different from CPA if » remains finite as

N goes to infinity. We require therefore for non-
trivial results a subtle generalization of the aver-
aging process used thus far. In Sec. V, we develop
such a generalization and examine its properties.
In Sec. VI, an alternate approach which results
directly from the cluster hierarchy is discussed.

BlGilv)+ 2

@y R

8| Gt,z| 7=

In particular, for Rg,, R,, <R, and therefore
R,,>2R,, (5.10) gives
(B, GT,fﬁ' Y)= (ﬁl GII Y), Rg, R, <Ry, R,,>2R,.
(5.11)

(8] Gi| @) (@| Uiz | (@] 61,2l M mormmry B Gilv) (CPR) .

A. Final Averaging

It is clear from the above arguments that in order
to obtain a G’ which is different from the CPA
it is necessary to allow for the possibility of having
specified clusters everywhere densely distributed
throughout space. The total size of the specified
cluster divided by N then -remains finite when
N -, Since it is impossible, practically as well
as formally, to do CPil in the limit # -« in the
general case, we must consider only certain special
cases. For a single compact cluster 7, it is ex~
pected that G{® provides an improvement over the
CPA in the region of the cluster fi, an assertion
which is amplified in Sec. VII where localized states
are discussed. Thus, the CPh G{® has nontrivial,
but finite, information content above that contained
in the CPA G{”. However, this information con-
tent was lost in (5. 4) because it was spread out
uniformly over infinite space. We now show how
the information content of GB“’ can be made macro-
scopic in the sense that the improved approximation
to G, say G{, which is solely determined by the
G{®, differs from GY°’ in a totally nontrivial
manner,

First, it is convenient to consider the case of a
single cluster 1 in CPn where 1 is divided into two
disjoint subclusters Tand . If we take 1 and
each to be compact, then

Gz =Gy,n (5.7)

has the asymptotic properties of CPh as given in
Sec. IVC. The presence of the specified clusters
1and i imply a local nonzero value of Ut za Of '
(4 280) and (4. 30) in the region around the clusters
i and m,

(@| Uz, 4| @) #0, R, <R,, veilor i (5.8)

where R, measures the range over which the self-
energy 0}% differs from the CPA. By (4.35) and
(4.36), R <R,, where R, is the ran%e used in (5. 6).
For R,, >2R,, AT and ME M, the o7 = just differs
from o4* only in the two disjoint regwns R, and
R,, <R, about the subclusters [ and m. Specifi-

cally,

Grm (Cp#), (5.9)

where U1 is defined as usual by (5.9), so that
upon taking matrix elements

(5. 10)

[

Thus, in the neighborhood of the subcluster 1

G; = -G‘f which must just be the CPI result smce

{and th are beyond each other’s range of influence.
Therefore, given the CPh Gi® for all fi, we auto-
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matically have the G$*'%’ for Ry, >2R,, and hence
G{foBat 850 | provided Riy,i; > 2R, for all i and
j, where fi; and 7, represent arbitrary clusters of
size n. G{M®2r=-2**") therefore has specified in-
formation about clusters distributed densely
throughout space, so that a final averaging which
leads to a translationally invariant approximation
to G, does not reduce to the CPA as in (5.2). It
now remains to specify the optimum distribution of
the clusters 1, f,,..., fi, ... in space and the
nature of the final averaging to provide translational
invariance. First, we require the clusters {i;} to
be as compact as possible to minimize max(«;,
BiE€N;)Ra;p;,. Second, we want to obtain the maxi-
mum amount of information content in G§" which
is related to

W=1im(1/N)25; (e, B;;R,) as N-o ., (5.12a)

This is, of course, accomplished by choosing
min(@,€1;, BEMN,) Rasp;=2R, to allow the clusters
to be as close as possible to each other. Thus,
specifying 7, establishes a cell of size R, about A,
and 1, is then placed in a neighboring cell of size
R,, etc., until space has been filled. If N(R,) is
the number of sites in such a cell, the total and
optimal number of cells is N/N(R;). Since any
cluster 1; could be centered in the ith cell, we must
first average over the composition and type of
cluster 7;, provided it is kept centered in the ith
cell so that its range of influence does not extend
into neighboring cells. Thus, we have the extended
CP1 approximation (ECPh)

Gé("l}”: 2 <

z Hpﬁi> G{®»  (B'CPT), (5.12b)
n

i
analogous to (5.2}). Finally, the translational in-
variance must be restored; however, in (5. 12b)
after averaging over 1, in the center of each of the
cells, all of the cells are equivalent, so that a
translational-invariant averaging implies only a
spatial averaging over all translationally equivalent
sites within a single cell subject to cyclic boundary
conditions. Thus, we first average over the com-
positions and the shape of 1; in the center of cluster
7. Then cyclic boundary conditions are applied to
the ith cell, and finally a translational average in-
side this ith cell is performed with these cyclic
boundary conditions, i.e., we average over all pos-
sible positions of the cell origin subject to the usual
cyclic boundary conditions,

Kohn!® has also utilized a similar but less com-
plete notion of periodically repeating a particular
disordered configuration of limited spatial extent.
Thus, if

Gy’ = 2 P; GE™' (CPhi)

£

(5.13)

b
o

is a compositionally averaged Green’s function,

K. F. FREED AND M. H. COHEN 3

where 3z c; implies that the clusters 1i; are “cen-
tered” in i as discussed above then let G}’ be that
part of G§™’ in cell i, so that the translational av-

erage of GB;” subject to cyclic boundary conditions

18
Gy =E~Hy~ 2 o'® ini (CPH) (5.14)
aci
and, finally,
G = (E—-Hy~2) o 0'¥)! (ECPR) (5.15)

by the equivalence of averaged cells.

From the discussion in Sec. IV C, it is clear that
the asymptoptic nature of CP1 is related to the
finite range of G,. Thus, R, must be the order of
magnitude of the coherence range R,= maxR ,; for
which (¢|G,1B) #0. (See Sec. VB for a more ex-
plicit discussion.) The latter is of the same order
as the mean free path ! for the CPA, and therefore
the approximate magnitude of R, can be obtained
directly from the CPA from the exponential decay
of the off-diagonal elements of G, as in (4. 24) for
G, and Ry=1/k,. It should be noted, however,
that as the energy approaches the band edges, [ -
and the above prescription would require that
Ry—, We would there be dealing with infinite
compact clusters {f;}. The region near the band
edges is thus inaccessible to our present theory.
However, since bound states are described approxi-
mately in the theory (see Sec. VII), we can use it
as a means of interpolating between the main body
of the band, when it can be expected to hold, and the
tails, where it is qualitatively correct, through the
difficult transition region. The theory can be ex-
pected to be most accurate as W of (5.12a) ap-
proaches unity, i.e., when the radius of the largest
compact cluster which can be treated is of order
the mean free path or greater. We note that the
case [ -« is reminiscent of regions near critical
points where infinite-range correlations, fluctua-
tions, etc., must be included in any proper theory.

B. k Dependence of o

Because of the lack of translational invariance
of ‘cg“v, it is clear that the self-energy associated
with G{"> within cell 7 is not site diagonal. There-
fore, the o'® in (5.14) and (5.15) are no longer
site diagonal at @, so the complete proper self-
energy Opcpz=q 0'® is now K dependent, thereby
introducing an improvement over the T{-independent
05 in CPA.

C. Corrections to CPA and ECPh

Inside the CPA band, because of the finite density
of states for the CPA, we can make a formal
power-series expansion of the CPn G¢ of (4.6) in
terms of the CPA G4 of (4.32):

G =G+ Go Ugy (@) GE 4+ -+, (5.16)
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where ) is the formal expansion parameter and
(o)

-0} (5.16)

by (4.28c) and (4. 30). - Substituting (5.16) into the

self-consistency equation (4. 23) for o"°" and using
the CPA result (4. 31) gives a power-series expan-
sion of ¢{*’ in terms of the CPA ,

Uga(@)=Uyy +0 § -

(Ot) _Z; O.(Ot "))xj
=0

(5.17a)

J

of® 2)—( Z (valal 3] ) (6l G (] G| e

4

(o)

+ 2 (vgl(al6E|p)* vz -0k ) oV -

BkR, o

is that of the second-order correction, etc. Be-
cause of the finite coherence length in the CPA
band, -

(achlﬂ)R > gy € *AF @8/Ryg (5.18)

so that
of¥ Vg sife *aRa) /R, pER  (5.19a)
04D o 0(0§% V) + s {2 - MaRa) /R3,, BT
(5.19b)

etc., which is merely a reflection of (4. 35) and

(4. 36). Convergence of the expansion (5.17a) in-
side the CPA band thereby implies that the asymp-
totic range R, of CPn be of the order of the coher-
ence range of the CPA. The use of (5.17) might
therefore be a useful computational aid, given the
CPA.

We can also examine the lowest-order corrections
to CPn to give an indication as to the expected con-
vergence properties of the ECPn approximation (see
also Sec. VI). The examination of the lowest-order
corrections in CPn proceeds directly as in CPA.
Using the alternate definition of CPh embodied in
(3. 22) and (3. 23), and assuming that the V3 are in-
dependent variables, the lowest-order correction
to (¥1 G 17') is the fourth-order contribution

Z

«#B a,Bd i

l(a] 6] )]z (@] 63l B (8] Gyl

x((132)% (1828

where all higher-order terms which involve only
two-site scattering can easily be incorporated, as
is done by Soven (see also Sec. VI). Because of
the finite coherence range of G; (4. 24), the only
contributions to (5. 20) occur in the region R,

Ry <1/ky, where £=v, v/, {=a, . The maximum
terms in the summation occur for age yy’, but

(r| G| @)

(5. 20)

) (vg -0y
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where
PRI (5. 17b)
OIS (31 (@l GZ18)I2 (vg = 0§)) (5 - 0®)
gE 1+0’(°‘)(OKIGA|0£)
(5.17c¢)

is the magnitude of the first-order correction,
while

(a)))& (v - O.AB)) (v; _0(7))

ooV E(v-(a|GA|B)°‘ (05 o«») [1+0 (a] Gy | |

(5.17d)

even for such terms the argument of the summand is
still complex in the region of nonzero density of
states because it contains the quantities T ) )"‘
(and @ B) and (alGﬁIB) (and o~ B). For large
enough clusters n, the summation runs over a num-
ber of terms with essentially random phases, and
therefore is usually expected to be small. Near

the band edges, Eq. (5.20) should be an extremely
useful and delicate test of convergence.

Far enough from the cluster n, when ¥, ¥/, and
all significant @, B are in the asymptotic region,
Eq. (5.20) gives

L (leaa|(aleslpl®((

a#B o, B

Eyyd ( (7, )2y

x(alGa|B) (Bl Galy"), (5.21)

etc., for higher-order two-site scattering terms,
thereby giving contributions which are independent
of 1.

VI. AVERAGING VIA EQUATIONS OF MOTION:
MULTIPLE-SCATTERING THEORY

In Sec. V, we obtained an approximate G, from
CPn by averaging G; and using the asymptotic prop-
erties of CPn to provide a translationally invari-
ant result, the ECPn for G,. This approach re-
quires the evaluation of G; for some set of suitably
chosen compact clusters n. There is, however, an
alternate manner of utilization of the information
contained in {G;, CPn, all fi}to produce a transla-
tionally invariant approximation to G,.

This alternate approach of averaging can be used
in conjunction with the CPn to provide recently
sought generalizations of the CPA. This averaging
procedure can also be used to provide a formal
general solution to the hierarchy which should prove
to be quite useful. As this method produces a
theory which is more complicated than the CPn,
only the general formal development is presented
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here. Clearly, a more thorough discussion is
merited; however, such a treatment is beyond the
scope of the present work which places emphasis
on the localized states in the band tails and the
accompanying improvements over CPA. Rather
than presenting the most general form of the formal
solution to the hierarchy, the simplest solution is
first obtained, then the generalizations and their
properties are briefly discussed.

Assume that we are given a complete set of Gf¥’
in CPn for all n. Then from the equation of motion
for all possible G;., from (2.10),

(B~ Hy - E (Ve G EHE=1,

Vy.3) G~ (6.1)

where the superscript ) implies that a quantity is
obtained directly from CPn and the superscript
(nh) implies that it is obtained from the CPn via
the hierarchy. Note that the terms in

( V—*Gg' t“’)“ are of finite range because of the fi-

Go=go+g0 L (Vs 83 )1+2 2 20(V3,83, (Va8

! @y op*ey
+&o E E E
oy gty agfagey
+ 2

ayrislyeeeyn aitai_l.---

where G3=(3)z. We can alternately take ﬁ:f\f, with
Gi—~g5= 5 to obtain an exact multiple-scattering
expansion of (G), where terms are classified as
involving scattering of 0,1, 2,3, ..., N sites with
the random potentials Vg e To our knowledge, this
multiple-scattering expansion has not previously
been used, but it is similar in spirit to the usual
T-matrix expansion, merely being a more highly

g Ve oo e eV G = \813p000d
'a1g0<Va1ga1 V“zgal"‘z Vot G"‘lo‘z"'”n> 1%2 oy
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nite coherence lenght of G; and the presgnce of V3 on
the left. Since these terms in ( V3 --: )% are given
by the CPn, (6 1) is an inhomogeneous equation for
G for all i — 1. The solution is, therefore,

(ﬁ 1
G = g3 1+ 831 E ( V3 Gy 2 ye (6.2)
where
8317 (E - HD - Va_")-! (6. 3)

1s the Green’s function for the impurity cluster

n- i in the unperturbed crystal with band structure
given by H,. Similarly, by substituting the solution
(6. 2) into the equation of motion for Gz.3, we get
an inhomogeneous equation for G{", all il -2, which
is easily solved formally. Continuing this process,
we can arrive at the approximate G{"™. However,
the above solution of the hierarchy is, in principle,
exact and is therefore examined before discussing
the approximate solution. This process provides
an explicit recipe for evaluating G, from the exact
G; for all n, i.e.,

BECAYA

O(l oy

<Va1ga1 <Va2ga1az (Vasgala ag >a3 >a )al +

(6.4)

n

f

summed version. For comparison, we can intro-
duce the set of conditional scattering matrices

5z, =Vz 0-gz..3, Vi)™ (6.5)
1 il i 1 i-1 i

to describe the sc_a}tteri_gg—off '&i in the presence of
the “impurities” @; -+, ;. Using (6.5), Eq. (6.4)
can be rewritten as

Go=8o+80 Lt Y 1gg4g0 20 2 (talgo@az)azg >a1

ay ) agfay

+g02 2 2

@y oaptay agiagsop

+ 2

agrizly seoynogtagagsec 0y

where the last term has been left in terms of Gﬁ.__
Equation (6. 6) is exact for Gj exact, and for n=N,
the last term is

Vay CR~1&,0 v, Gya & « « Gy1 !

Thus, (6.4) and (6.6) can be viewed as an exact

2o (tT1g, taz . 'tazi'.}

<t€¥1g0 <t "zgatl <taga2 >a3g3132>52>51 Foeee

&’n_aga'l---é?,,_zva',,G&y--&',,)”"ma” ’ (6.6)

[

expansion in the scattering-off individual atoms

or sites in the presence of clusters of all possible
sizes in the background. The expansion (6.6) could
probably be quite useful for low impurity concentra-
tions, since in this case (6.6) is an expansion di-
rectly in powers of the impurity concentration.
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The approximation G§"™ to G, is then obtained
from CPn by using the CPh G instead of the exact
Ggin (6.4) and/or (6.6). In using (6.4) or (6.6)
in conjunction with the CPn, it is necessary to have
GS“’for all possible 1. However as discussed
in Sec. V, when the cluster 1 is composed of dis-
joint parts, say 1 and m, which are asymptotic

with respect to each other G3,z may be obtained
from the CPI Gi and the CPm Gj, etc. The num-
ber of different clusters n for which the CPn must
be obtained is thereby limited. This is to be con-
trasted with the approach of Aiyer et al.,® where
fully self-consistent scattering by pairs of defects
is treated. In the latter case, it is necessary to
evaluate Z%(R) and G (R) (in their notation) self-
consistently for all possible pairs of scatters.
However, for a sufficient degree of randomness,
G (R) is expected to have finite coherence length R,,
so that for R >R, the pair of atoms would represent
independent noninterfering scattering centers as in
the CP2.

We should note also that the multiple-scattering
expansion used by Takeno'? is a more highly
summed version of the exact form of (6.6) with
n=N.,

The exact expansion (6.4) and (6.6) for » =N is
expressed in terms of the bare Green’s functions
g0, and it is well known that it requires quite elab-
orate calculations to get even the CPA from the
usual T-matrix expamsion.14 Thus, we can reex-
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press the exact expansion in terms of perturbed
propagators, thereby making connection with re-
cently suggested extensions of the CPA. The
simplest improvement of the propagators is ob-
tained by considering the unspecified complex self-
energy 0, which is written formally as a sum of
potentials originating from each site

0=0,,0 (6.7)

The cluster hierarchy (2. 10) can be written exactly
as

[E_HO"VE_GE]G'_ Zz((Va—O'(a))Ga’-d)a:l s
adEn
6.8)
where
oz= 2ol 6.9)
aEi

Equation (6.8) follows directly from (2. 10) because
@ Gy,3)%=0' G5, 6.10)

since ¢'® is taken as independent of the specifica-
tion of @, Defining the perturbed Green’s functions

Yii=E~Ho= Vg—-0z]" 6.11)

and the perturbed conditional 7' matrices

=(Va,=0?)1-vg..5,,Ve -0 )"
(6.12)

the expansion (6.6) can be obtained in partially
dressed form as

T.i;‘.i - -
Ggeerlyg Oy

Go=7o+ YOE (T y47, D LD (1T (13 o) *

@y agtey
& &
+702 Z E <T 170<T&'17a1<7a1a al 2) 2) 1
0y agtay agfag o
& @ o, -1 ( o ee el
+ > YolT 17075;12 T&"I'...g"_zY&‘I...gn_z(Van—U *n)) Ggpway) o1 . (6.13)

o, izl '"ai#o‘i-l"" ,aq

If we choose n =N, the last term in (6. 13) contains
(Vg, -0'*")Gg= 3" Gy.i, (6.18")

while for the CPn approximation G§™,

(&g apy

Ggpees, = G&'l.l. "
in (6.13). The simple CPA is obtained from (6.13)
by requiring

("1y¥1-9 (6.14)
as the self-consistency requirement for c("", and
taking

Go=7v, (CPA). (6.15)

The lowest-order corrections considered by Soven
are the two-site scattering terms, and these are

[

just the third term (with 771y, (rg2)%2yz ) of (6.13).
An improved approximation to the CPA has been

- suggested by Schwartz and Suzuki using multiple -

scattering and diagrammatic techniques, respec-
tively.'® In this approach, the self-energy o is
determined by the self-consistency requirement
that all average single- and two-atom scattering
vanish, i.e., in terms of our expansion

o
<'r 11 7%1y, 2 ('r 27/;;> Yoo (CP24).
agtay 1 1
(6.16)
This approximation is similar in spirit to that of
Aiyer et al.,’ and as mentioned in relation to that
work, because of the finite coherence length R of

Yo, With a suitably chosen o, for R°‘1°‘2> R,
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(@1v5l @)~ 0, Raa,> Rg (6.17)

(6. 16) becomes

(1% 47 %y, 2

, (73,%2) “2y5,)*1=0
ag# o Raja2 < Ro

(CP2A). (6.18)

Note that the restriction in (6.18) to Ry, 4,< R, re-
duces the apparently intractable summation over
all possible pairs to a summation over a finite num-
ber of pairs. In highly disordered systems, where
R, is quite small, (6.18) may even be tractable,

As Suzuki noted, a next approximation would be ob-
tained by self-consistently determining o such that
all one-, two-, and three-atom average scatterings
vanish, etc.’® We note again that the finite coher-
ence length of ¥,, etc., restricts the summation
over a, and a, in the three-atom term of (6. 13) to
those which satisfy Ry, 4, Rapas<Ro.

However, we now note that the introduction of the
proper self-energy of (6.7) into the hierarchy as in
(6.8), is far from the most general use of perturbed
propagators. The oz in (6. 8) makes specific ref-
erence to the cluster B only insofar as it does not
contain contributions from atoms on . Further-
more, the same o'® is used in the auxiliary propa-
gators v, Yg.1, **+, Yo. Such a choice is, of
course, motivated by a desire to obtain the exact
proper self-energy of (G), so that if o‘® were cho-
sen to be the self-energy of G, in any approximate
theory, the result is a self-consistency requirement

1

Go=To+ Ty 2 (Vg - sV Tg ¥+ Ty 20 ( (Vg - s
o1 3

+ Ty 2 < (V3,- s(‘)“‘l’)l“al 2

aq ag# oy

+P0 Z;

ai,i=1,- I X TR g

where Gi is the exact cluster Green’s function.
Because of (6, 20), it is more convenient to leave
(6. 22) in terms of the potentials V3 - s than to
introduce conditional 7 matrices as in (6.5) and
(6.12). However, (6.22) can still be considered

to be an exact multiple-scattering expansion. [Note
that we are free to choose E:ﬁ, and then in (6. 22)
Gy= G, the unaveraged Green’s function.]

For the case E:T\’I, the freedom of choice of s,
m=1,...,n, enables us to make all the terms of
the exact series (6. 22) involving 1,2, .., n atom
cluster scattering vanish for any choice of Ty.
However, we now demonstrate how the use of the
CPR approximation in (6. 22) can be used to ex-

< (Vaz - 83‘;%)) I3 3, Z

(V'&l - 38“1))1-'&1 e (Vak - Sﬁf_%k)) G'&l_ .o ak >‘¥1' v ak!
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for the approximate proper self-energy. However,
on physical grounds it is expected that the proper
self-energy, say s;g("", of the exact Gz would differ
from that (i.e., s{*) of the exact G, in the neigh-
borhood of the cluster i, This arises because the
information concerning the specification of the clus-
ter I propagates over distances of the order of R,,.
Thus, we expect greater accuracy and rapidity of
convergence of the multiple-scattering expansion
if the approximate proper self-energy si reflects
this dependence,
Explicitly, let

sp= 2 sz (6.19)
be a decomposition of the fith auxiliary proper self-
energy into contributions from each site in some as
yet unspecified manner. s$® depends upon the ran-
dom potential V3 of the cluster B, but not upon the
random potential of the site . Furthermore, in
general,

s 2s¥ o, &R, m, alli,m (6.20)
so that there is maximum freedom of choice of
{s§ all §i, &} to speed up convergence and maintain
internal self-consistency. Defining the new per-

turbed propagators
Tz =(E-Hy- Vg - s7)7, (6.21)

the exact cluster hierarchy can formally be solved
to give the exact cluster series

Ty 2 ((Va,=s&?)Ta,3, 42>°‘1

ag# oy

l/.. S= ..(Ct3) e L A AN
<( (!3 oqaz ) a1a2a3> 3> > 1 R
agF o, ap

(6.22)

plicitly generate the optimum approximation in which
Gy=T; and terms which involve scattering-off clus-
ters of size n+1. The final result, therefore, is
an explicit recipe for the evaluation of sy from
quantities obtained self-consistently from CPh, as
well as an explicit representation of the lowest-or-
der corrections. Consider the term in (6. 22) in-
volving scattering-off n-atom clusters. A sufficient
condition for the vanishing of this term is that the
average scattering-off of the nth atom vanishes,
i.e.,

Y {(Vg-st)Tz.13)%=0, alli~1. (6.23)
ag -1



3 CLUSTER THEORY OF THE ELECTRONIC STRUCTURE ...

A sufficient condition for the vanishing of (6. 23) is
that the summand vanish for all a:
(Va-s§)Ta; ;2%:0 allfi-T, agfi -1
(6.24)

If Tz, 3 were taken as the CPR Gé“:‘lﬁ'é",’ then by
(4.14a) and (4. 4),

(V- s§pTs.1,3 )% =046 - 1, @) 61 @
IO

where G(ﬁ 5 ang oy (@ - 1, @) denote the (n - 1)
cluster Green s function and proper self-energy as
obtained from CPi-1, i.e.,

(6. 25)

G - (GEL P

E<E—H0— Ver- T ofyG I,a')) "1 (6. 26)
8¢ -1 -
Thus, if we take
s‘."‘.’-o‘."”( -1,a), ann-1, aci-1 (.27

n-1

then (6. 24) and (6. 23) are satisfied identically, so
that the n-atom scattering term of (6. 23) vanishes
identically., We note that if the 51te a is asymp-
totically far from the cluster fi- 1 so that o'}
@-1, @) is sensible independent of - 1,

ss‘:‘i’ ~0f® (@), Rezi>Ry. (6. 28)

This is the CP1 approximation in which there is
direct account of correlations between site o and
its neighbors which are within the coherence range.
We note that in order to obtain s~°‘-’, allfi-1,
a&n-1, the CPH G(ﬂ’ is requlred for all . How-
ever, because of the asymptotic properties of non-
compact clusters (5.11), there are only a finite
number of translationally inequivalent clusters 1 to
be considered.

Now that I'; and sz_i have been specified, I'z.i
is given by (6. 21), but we can choose s3.3 such that
the term in (6. 22) which involves scattering-off of
(n - 1) atom clusters also vanishes. A sufficient
condition for this term to vanish is

-> -

(Vg -sPPTesa)% =0, allfi-2, adii-

(6. 29)
or
s = (V3Tr,a) (e, 2)®)", alli-2, agii-2
(6. 30)

By induction, all terms involving m-atom scattering
1<m<n, can be made to vanish by choosing
s§ = (V3Ts 2% (T30, all @, o€ m.
(6.31)
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In particular, (6.31) along with (6. 27)-for m =n,
gives an explicit prescription for the evaluation of

a translationally invariant approximation to G,
namely, Iy, from the CPfi, for which the lowest-
order corrections involve the scattering-off of
(n+1) atom clusters. This lowest-order correction
could, in principle, be evaluated once some approx-
imation I'y,, is chosen. By taking I'z 3 in terms
like (Vg - s$)Tz 3 )% to be G“‘K’, we could make
the (n +1) atom scattering vanish. However, as this
procedure is not invariant, i.e., @ is treated dif-
ferently from 1, it simply relegates the (n+1) atom
scattering formally to the higher-order scattering
terms.

For arbitrary I'; (all 1), the recipe (6. 31) for
m=0,..., n-1makes all the (1,...,7)-atom clus-
ter terms in the series (6. 22) vanish, From (6. 22),
we see, however, that the optimum choice of T’ is
that which represents the best approximation to the
exact Gz, and this is taken as the CPi G .

As in the case of ECPH, it would be desirable to
utilize the information which is contained in CPh
more fully by considering a set of specified clus-
ters of size » which are distributed densely through-
out space. The set of GElfz': ;22 %+ +) so obtained
could then be introduced into the expansion (6. 22).
If the summations are then restricted to involve all
translationally equivalent cluster distributions of
this type, the above formalism could be used to
generate a set of I';, etc., for which all scatter-
ing-off of these types of clusters vanishes. How-
ever, because of the asymptotic properties of the
clusters with respect to each other,

-

e G5By oo e s By o) (Rl @)
V Gn]}..-yﬁ'jj-I, o, _,,"Vchﬂjj-Tl,'a ’

(6.32)

and all these higher-order n-atom cluster terms
also vanish in (6. 22) when the simple CPA G¥ is
chosen for I';. Thus, the corrections arising from
m atom scattering, m 2% +1, imply scattering
from compact clusters only.

The averaging via the equations of motion has
been shown to lead to some highly compact and
flexible exact formulations of multiple-scattering
theory. When used in conjunction with the CPn,
it provides a formal solution to the problem of cor-
rectly accounting for the scattering-off of all com-
pact n-atom clusters, This averaging procedure

. would appear to be superior to the ECPR since the

former does not have the underlying analytic struc-
ture as the latter does. Thus, CPnh should be ca-
pable of providing renormalized band edges in addi-
tion to localized states; however, because of its
more general analytic structure we cannot formally
give explicit proofs of these expected results.

CP1h or CP2h calculations would therefore be of
interest, although they are not necessary for the
present development.
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VII. REMARKS ON BOUND STATES

A central problem in the theory of the electronic
band structure in disordered systems concerns the
existence and nature of bound, or localized, states
in the band tails. In the CPA approximation, and
hence in ECPH, the existence of such bound states
in the band tails follows directly from the asymp-
totic properties of CPh and the known properties
of CPA,

In CPAi, if we obtain G{® from Gz via the simple
averaging

Géﬂ): <Gl¥{)>ﬁ , (7 1)

where in the case of the one-band model used in the
CPA, the averaging in (6.1) is discrete, (with v,
not necessarily limited to two values) so that any
localized states, i.e., discrete poles, which occur
in G for any composition #i also appear in G,
Similarly, any discrete poles in any G‘Kﬂ) also must
occur in G of (5.13), even if there are states
in G{"’ which are everywhere dense in that partic-
ular energy range. Thus, it is sufficient to con-
sider the existence and nature of bound states in
Gy only in the CPHl approximation.

The poles o1 G3(E) are determined by the solution
of

det|G§ (E)|=0 . (7.2)

Because of the asymptotic limits of CPii as dis-
cussed in Sec. IVC, we can convert the infinite-
rank determinant of (7.2) to one of only finite rank
by multiplying (7.2) by det|G4(E)|. The result is
just

det|1- G, (E)Uz 4 (E)|=0, (7.3)

where Uy 4(E) is given by (4. 28c) and (4. 30) and,
because of (4. 29), is a matrix of finite rank cen-
tered around the cluster .

We already know that ImGy(E*) is nonzero only
within bounded ranges of E according to the local-
ization theorem."!® In the regions outside of the
CPA band for which ImG 4 (E* ) vanishes, we have

Imo 4 (E*)=0. (7.4)

In energy regions which satisfy (7. 4), we shall now
demonstrate that Uz 4(E*) is also real. Solutions
to (7.3) can therefore occur for real energies E*,
thereby leading to bound states which are between
the CPA band edges and the limit allowed by the
localization theorem. The finite extent of Uy 4(E")
already implies the localization of these states.
From the self-consistency equation for o (E)
in (4. 23), it is clear that ¢$’(E) is continuous
across any poles in (a]Gﬁu (E)la). The only singu-
larities that may occur in 0$* (E) come from the
vanishing of the denominator in (4. 23) and require

(a|Gz(B)|a)=1/(a|o(E)|a)=0. (7.5)
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This can only occur at isolated points, say between
bands, but can be discounted as a general occur-
rence in the band tails. In practice, (4.23) can be
solved self-consistently by taking as the first ap-
proximation

(v3 +v3 (@1 CEEE) | a)wg)®

O_(Ka;l)(E): 1+<7)‘3‘(QIGA307 (E)]a»'& ’ (7. 6)
where
. -1
Gi“(E)=<E—Ho—0A - EEEH . (Vﬁ-O‘ﬁ’)>
(7.7)

is the zeroth-order approximation to C_{g‘. Then
using (7. 6), we obtain a first-order G§,

GEW =[E - Hy= of(E) - Vg - (V3 - of*V)] %,
(7. 8a)

where

o= PO G

ag it

Using (7. 8) in the right-hand side of (4. 23) gives a
second approximation to 0%, o¥**®  which can be
used to generate a G%®, etc., until self-consisten-
cy is achieved.

Note that (7. 7) just gives rise to the Slater-Kos-
ter problem for an impurity cluster i, which is
embedded in a lattice whose band structure is given
by the CPA. Outside the CPA band edges, since
04(E*) is real, the only singularities of (7.7) can
be simple poles for real E, Preliminary calcula-
tions of (7. 7) by Kirkpatrick have indeed demon-
strated the existence of these poles. Therefore,

(7. 6) implies that o$*¥ (E +i€) can have at most an
infinitesimal imaginary part, whereupon

C§?=[E-Ho=0f - Va - (Vg-op™®)]"

(7. 8b)

(7.9)

can only have simple poles for real E in this region.
Since we assume that the asymptotic properties im-
ply that self-consistency may be achieved to any
desired accuracy in a finite number of steps, we
may conclude that o'’ (E) is real (apart from an in-
finitesimal imaginary part).

Thus, in CPR, we have demonstrated the exis-
tence of bound (localized) states outside of the CPA
band edges, but in the enevgy vegion allowed by the
localization theovem. The relationship between
(7. 7) and the usual Slater-Koster problem immedi-
ately provides insight into the parentage of these
states. In the case of the binary random alloy
problem, numerical calculations are feasible and
will exhibit the bound states in detail.

Although (7. 3) provides the conditions for exis-
tence and then the description of the bound states,
it does not directly provide any information as to
their stability as the size of the cluster @i in-
creases. In other words, as » increases, in CPl
do these states remain bound, or do they become
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extended resonancelike states ? Given a bound
state in CPﬁ+fﬁ,, where the state is localized com-
pletely on m, with ii completely surrounding m,
clearly this state will be totally unaffected (i.e.,
remain bound) by increasing the size of the cluster.
On the other hand, if a bound state in CPn extends
outside 1 into the surrounding medium, it may be-
come extended or stay bound as the size of 7 is in-
creased. A little reflection immediately provides
expected cases of both types.

Our inability to treat increasingly large clusters,
in general, limits CPh from determining where the
transition from extended to localized states occurs
and from determining the analytic properties of
the electronic structure in this region. Thus, the
energy region about E, is analogous to the critical
region on a thermodynamic phase diagram since
the long-range potential fluctuations ultimately
determine the character, bound vs extended, of
the states in this energy region. This analogy
between E, and a usual critical point also is clear
from the classical viewpoint of percolation theory. !’

As we pass from CPh to ECPR, we note that
bound states in CPfi, which are localized over a
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spatial region which is smaller in size than R,
must also remain bound in ECP1. Asin (5.10),
two such bound states, on clusters 1 and m, are
totally independent, and therefore there is no tun-
neling or hopping between these states. In the
region near the CPA band edge, however, the ex-
tent of the bound states becomes 2 Ry, so that in
ECPi bound states on neighboring clusters may
overlap slightly. Hence, there is the possibility
of “percolation” to extended states, and therefore
ECPi will contain a transition energy, depending
on cell size, which will only become accurate as
the ECP1 cell size and i~«. By analogy with
critical points in ordinary statistical mechanics,
it is probably necessary to have a separate theory
to describe accurately the region about E,. The
ECPi therefore provides a theory which extrapo-
lates through E, (and the band edges), but is ex-
pected to be accurate in all other regions. Thus,
ECP1 is reminiscent of mean field theories (with
or without the summation of the “dominant” dia-
grams)'® of ferromagnetism, etc., which work well
everywhere but in the neighborhood of the critical
point.
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