
PERTURBATION THEORY FOR A BOUND POLARON

polaron (o. «1) in a Coulomb field was calculated
for the case P = (Es /~, )'~' «1 by the method of
Platzman. The disagreement betm een the correc-
tion to the binding energy as determined by Platz-
man and the result of an effective-mass equation

with corrections to the orders np ~0 and ap ~0 js
removed if Platzman's procedure is improved
by adding one step in his iterative process. The
binding energy is given by the expression (25).

The method of expanding the energy in powers of
P cannot be extended in a simple way to include
corrections of the orders beyond P .
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The f-sum rule has been examined at the conduction- and valence-band edges of PbS, PbSe,
and PbTe. Experimental values of electron and hole effective masses, and of energy gaps
were used. For both two-band and six-band models, it was found that PbTe does not follow
thesamef-sum ruleasdo PbSand PbSe. However, itwas also found that, for the III-V and II-VI
semiconductor sequences (InSb, InAs, InP), (GaSb, GaAs), and [CdSe, CdS (hexagonal)J, the
members of each sequence do follow the same f-sum rule. It is concluded that the well-known
anomaly in the values of the energy gap E~ of the PbX sequence [E~(PbS) &EG(PbTe) &Eg(PbSe)]
is due to an irregular value of Eg for PbTe. It appears likely that this anomalous value of
the energy gap of PbTe reflects, through the L6 conduction-band edge, an irregular value
of the 5s electron energy of the tellurium atorh. It is proposed that the I 6 conduction-band
edge states in PbTe differ from the equivalent states in PbS and PbSe. This difference re-
sults in PbTe having an f-sum matrix element different from that for PbS and PbSe; this is
the reason that PbTe does not follow the same f-sum rule as do PbS and PbSe. The f-sum-
rule plots of the experimental data for these semiconductors have been used to calculate ma-
trix element values.

I. INTRODUCTION

The energy gap E~ of a compound semiconductor
MX is generally observe'd to decrease as the atomic
number of the atom X increases. Examples of this
well-known "rule" may be observed by considering
the energy-gap values given in Table I for several
series of semiconductors. The values shown are
optically determined values of E~ for two III-V
series and two II-VI series, including both zinc-
blende and wurtzite structures. For each series,
the energy gap of MX decreases monotonically as
the atomic number of atom X increases. The data
shown, covering different crystal structures and

a range of energy gap of more than a factor of 10,
demonstrate that this rule is well established
experimentally.

However, the energy gaps of PbS, PbSe, and PbTe
do not exhibit this monotonic decrease. The ex-

perimental values'~ of E~ between 4 and 373 'K
for these semiconductors are such that Eo(PbS)
&EG(PbTe) &E~(PbSe). Precise values' of these
energy gaps at 4'K are: for PbS, E~= (0.286
+0. 003) eV; for PbTe, E~= (0. 190+0.002) eV; for
PbSe, E~ = (0. 165+ 0. 005) eV. The fact that the
sequence of energy-gap values for the PbS group is
anomalous in that EG(PbSe) & E~(PbTe) has been
noted by a number of authors' ' as far back as 1959.
However, there appears to have been little explicit
discussion of which member or members of the se-
quence exhibit an irregular value of the energy gap,
and thus even less discussion of possible reasons
for the existence of this irregularity.

This paper is a theoretical study, previously re-
ported~ in preliminary form as a letter, whose
aims were: (a) a determination of the irregular
member(s) of the PbS sequence; (b) obtaining in-
formation concerning the reasons for the existence
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TABLE I. Values of the energy gap EG (in eV) for
several III-V and II-VI compound semiconductors.

T ("K) F& (eV) Ref. T ( K) F& (eV) Ref.

InP
InAs
InSb

ZnS'
XnSec

Z n'I'e'

l. 416
0. 425
0. 236

298 3. 66 —3. 76
297 2. 67
300 2. 25

a GaAs 4
a Casb

Cds 298
f CdSe 298
g CdTe'

l. 517
0. 813

GB ' 53"
1.9; 1.85b

h

These data are from O. Madelung, Physics of III-V
semiconductors (Wiley, New York, 1964), p. 352, where
full references to the original work will be found. (GaP
is omitted because its conduction-band structure differs
from that of GaAs and GaSb. )

Values determined using radiation polarized E tl c and
E~c, respectively.

Cubic (zinc-blende) s tructure.
M. Cardona and G. Harbeke, Phys. Rev. 137, A1467

(1965).
Hexagonal (wurtzite) structure.
M. Cardona, J. Appl. Phys. Suppl. 32, 2151 (1961).

~R. E. Nahory and H. Y. Fan, Phys. Rev. 156, 825
(1967).

Data not available.

of the irregularity.

II. THEORY

In order to investigate the energy-gap sequence
in the lead-compound semiconductors, the f-sum
rule' was used. For the L point of the Brillouin
zone of the fcc lattice, the f-sum rule may be
written as

m 2, (p, L l v; l I, n)(n, L I m~ I L, p)
Um, , ' m „Epz —Ez

fn Eq. (1), (m/m"), ~ is the ijth component of the
effective-mass tensor at the point k= L of the band

p, the symbol 6;& is the Kronecker delta, and m is
the free-electron mass. In the matrix elements,

p and n are band indices, L represents the L point,
and m, is the jth component of the quantity w defined~

by m. k= mII, where 0 is the perturbation used
in k ~ p theory. The quantities E~ I and E„~ are
the energies of the bands p and n, respectively, at
the L point. The summation in Eq. (1) is taken
over all bands n (n Wp) which interact with band p.
The unperturbed Hamiltonian is the Hamiltonian
for k= L.

For PbS, PbSe, and PbTe, the surfaces of con-
stant energy are prolate ellipsoids of revolution for
both holes and electrons. These surfaces are
characterized by two effective masses, a longitudinal
effective mass m, and a transverse effective mass

m, . The longitudinal axis of the constant-energy
surface is the (111)direction in k space. Since a
transverse cross section of the constant-energy
surface is a circle, there are no off-diagonal terms
in the effective-mass tensor, and i =j for both m&

and m, . Thus Eq. (1) contains only terms for
which i =j, and the matrix element product in the
sum in Eq. (1) may be written'0 as l(n, I. I m; I I., p) l .

We now consider band structures of the lead-
compound semiconductors to which the f-sum rule
may be applied. The simplest model is one corn-
prised of only two bands. The band p is the lowest
conduction band (L6) and the band n is the highest
valence band (L6). These two bands thus define the
energy gap, and in the notation of Eq. (1), E~ z
= E(L~), E„z= E(L6), and the energy gap Eo = E(L,)
—E(L6). The sum in the f-sum rule contains only
one term in this case and Eq. (1) reduces to m/m*
= 1+ (2/m)(lMl /Eo), where m~ is either m, or m„
and M is either (n, Llw, lP, L) or (n, Llv, !P,L). Re-
arrangement gives

(2)

Equation (2) shows that, for this simple two-band
model, m*/(m —m*) is proportional to the energy
gap Eo. Moreover, the linear plot of m~/(m —m*)
as a function of E~ passes through the origin, i. e. ,
the point [m*/(m —m*) =0, Eo=0].

In a more realistic band picture, additional bands
of index n interacting with the band p under consid-
eration should be included in the sum in Eq. (1).
Recently, Herman and his co-workers have re-
ported" calculated band structures of PbS, PbSe,
and PbTe. From their results, the appropriate
bands in the f sum are (in order of decreasing en-

ergy) as follows: L4„ I.6, L, (lowest conduction
band), L6 (highest valence band), L4„ I6, all in
double-group notation. Thus the more realistic
f sum will contain five terms due to six bands and

is of the form

where m* is again either m, or m, . In Eq. (3),
which is the multiband analog of Eq. (2), the same
value (Ej was assumed for each of the matrix
elements in the f-sum rule; the quantity o is then
defined by the equation

o -' -=Q„' (E~ z —E„z)-' .
Thus, given the energy differences (E~ z —E„z,) for
the bands involved, and subject to the approxima-
tion that each matrix element in the f sum has the
same magnitude IXI, a plot of m*/(m —m*} as a.

function of o should be a straight line passing
through the origin [m*/(m —m*) = 0, o = 0].

We may also examine the two-band f-sum rule
at the band edges of additional semiconductors with
different crystal structures. In particular, InSb,
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Compound mq/(m —mq)

TABLE II. Data on effective masses for PbS, PbSe, and PbTe at 4'K (m is the free-electron mass).

Carrier (mq/m) {m,/m) m)/(m —m))

PbS
PbS

PbSe
PbSe

Pb Te
Pb Te

PbTe

Electrons
Holes

Electrons
Holes

Electrons
Holes

Holes

0. 080 + 0. 01
0. 075+0. 01

0. 040+0. 008
0. 034+0. 007

0. 024+0. 003
0. 022 +0. 003

0. 036 + 0. 002

0. 087 +0. 012
0. 081 + 0. 012

0. 042+0. 009
0. 035+0. 007

0. 025 + 0. 003
0. 023 +0. 004

0.037+0.002

0. 105 + 0. 015
0. 105 + 0. 015

0. 07+0. 015
0. 068 + 0. 015

0.24 + 0. 05
0.31+0.05

0. 1.17+0.019
0. 117+0.019

0. 075+ 0. 018
0. 073 + 0. 017

0.316+ 0. 082
0.45 +0. 11

K. F. Cuff, M. R. Ellett, C. D. Kuglin, and L. R. Williams, in Physics of semiconductors: ProceedAggs of (he
Seventh International Conference, Paris, 1964, edited by M. Hulin (Academic, New York, 1964), p. 677; the calcula-
tions of m*/(m —m*) were made from these data by the author.

"J. R. Burke, 8, Houston, and H. T. Savage, Phys. Rev. (tobe published).

InAs, InP, GaSb, GaAs, and hexagonal CdS and

CdSe were investigated. All of these semiconduc-
tors have both their conduction- and valence-band
edges at the I' point. '~ The constant-energy sur-
faces" for electrons (16 band) in these III-V semi-
conductors are spheres; for light (I", band) holes,
the constant-energy surfaces are warped spheres.
For hexagonal CdS and CdSe, the electron (I'7

band) constant-energy surfaces'4'5 are spheres
within experimental error; for holes (I', band) the
constant-energy surfaces are spheroidal. " For
both spherical and spheroidal constant-energy sur-

0 IO —ELEC

faces, there are no off-diagonal terms in the ef-
fective-mass tensor. Then i =j in Eq. (1) (eval-
uated at k= I'), and Eq. (2) is applicable. This is
the case for electrons in the III-V compounds listed '

above and for electrons and holes in hexagonal CdS
and CdSe. If the warping and consequent deviation
from sphericity of the III-V light-hole constant-
energy surfaces is small, then Ec(. (2) would be
approximately satisfied for these light holes also.
Then, applying the two-band model to these III-V
and II-VI semiconductors, we expect values of
m "/(m —m*) for electrons and holes plotted as a
function of energy gap E& to be straight lines pass-
ing through the point [m~/(m —m") = 0, EG = 01.

III. RESULTS

0.05

PbS && In order to investigate the sequence of energy
gaps in PbS, PbSe, and PbTe, the f-sum rule was
applied to experimental values of the energy gap
E~ and the effective masses m, and m, . The values
of energy gap used are quoted' above. The longi--
tudinal and transverse effective masses m, and

+

0.
0

~O.IO

E

0.05

O.IO

I

HOLES

~ REFERENCE I6

0.20 0.30

PbS ~~

0.5
I

ELECTRONS

0.4—

E 03-
I

E

E O.Z-

PbTe

O. l

oi
0 O.IO 0,20

ENERGY GAP Es {eV)
0.30

0.
0 O.lo 0.20

ENERGY GAP E~ (eV)

0.30

FK„". 1. m&/(rn —m&) as a function of energy gap Eg for
electrons and holes.

FIG. 2. m&/(m —m&) as a function of energy gap &G for
electrons.
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TABLE III. Energy differences {in eV) defining g.

Ep,l. —En, L,

E(1.-„) —E(L;45)

E(L g)
—E(~g)

E(L;„)—E(l.',)
E(L ) —E(l-' )

E(L ) —E(L')

E(~6) —E(l-4g)

E(L6) —E(16)

E(1-',) —E(1-,)

E(I-6) —E(L 45)

E(L,+,) —E(Z,',)

Pbs

—2. 67

—1.76

0.286

2. 56

2. 60

—2.91

—2.00

-0.286

2 ~ 52

2.36

PbSe

20 37

—1.54

0.165

2. 08

2. 19

—2. 70

—1.87

—0.165

1.86

2. 08

PbTe

—l.70

—1.20

0. 190

1.20

1.78

—1.85

—l.45

—0.190

0.95

1.53

m, are those reported by Cuff and co-workers' as
determined by de Haas-Shubnikov measurements
at 4. 2 K. These data are given in Table II, as
is a very recent value" of m„at approximately
4'K, for holes at the Fermi surface in p-type PbTe

TABLE IV. Calculated values of 0 (eV).

Band p PbS

0.300

—0. 282

PbSe

0.153

—0.152

PbTe

0.191

—0.208

containing 3. 0 ~10" holes cm . Figures 1-3 show
plots of m~ j(m —m*j as a function of the energy
gap E~ for m = m, and m = m, for both holes and
electrons. In each plot, it is clearly apparent that,
within the experimental errors shown, the points
for PbS, PbSe, and the origin define a good straight
line, whereas the point for PbTe does ~ot lie on
this line. The semiconductors PbS and PbSe satisfy
the same two-band f-sum rule, whereas PbTe does
not. It is also noteworthy that, for the plots of
longitudinal effective mass for both electrons and
holes, the point for PbTe lies above the straight
line defined by the points for PbS, PbSe, and the
origin.

To investigate the situation when additional bands

TABLE V. Effective-mass and energy-gap data for several III-V and II-VI semiconductors (m is the free-electron mass).

Compound

InSb
InAs
InP
GaAs
GaSb
InSb
InAs
GaAs "

GaSb
CdS
CdSe

CdS

CdSe

80
80
80
80
80
20
20

~ ~ ~

20

1.8

1.8

Carrier

Electrons
Elec trons
Electrons
Electrons
Electrons
Light holes
Light holes
Light holes

Light holes
Electrons
Electrons
Perpendicular

holes
Perpendicular

holes

Ref.

a
c, d

c
a, e

h

k

0.0145
0.024
0.077
0.073
0.049
0.0160
0.026
0.12
0.052
0.204
0. 13

+ 0.0005
~0.002
~0.005
+0.005
+0.005
~0.0006
x 0.002
+0.03
+ 0.005
+0.010
+0. 02

0. 7 +0. 1

0.45 z0. 09

m~/(m —m*)

0.0147 a 0.0005
0.025 +0.002
0.084 a 0.006
0.079 +0.006
0.052 + 0.006
0.0163+ 0.0007
0.027 a 0.002
0.136 +0.04

0.055 + 0.005
0. 258 +0.015
0.15 + 0.025

+1.63
—0.84
+0.35
—0.31

E, (eV)

0.225
0.41
1.41
l.51
0.80
0.2355
0.41
1.52

0.81
2.582
1.840

2. 582

1.840

Bef.

b
b
b
b
b
h
i
b

b
1

l

E. D. Palik, S. Teitler, and B. F. Wallis, J. Appl. Phys. Suppl. 32, 2132 (1961).
"D. Long, Energy Bands in Semiconductors (Wiley, New York, 1968), p. 111.
'E. D. Palik and R. F. Wallis, Phys. Rev. 123, 131 (1961).
E. D. Palik and J. R. Stevenson, Phys. Rev. 130, 1344 (1963).

'E. D. Palik, J. R. Stevenson, and R. F. Wallis, Phys. Rev. 124, 701 (1961).
H. Piller, J. Phys. Chem. Solids 24, 425 (1963).

~C. B. Pidgeon and B. N. Brown, Phys. Rev. 146, 575 (1966).
"C. B. Pidgeon, D. L. Mitchell, and B. N. Brown, Phys. Bev. 154, 737 (1967).

I"ootnote added in proof. A very recent experimental value of the light-hole effective mass in GaAs has been reported
by A. L. Mears and B. A. Stradling [J. Phys. C 4, L22 (1971)]. Their value is m*=(0.087+0.005)m at 50'K, leading
to a value of m*/(m —m*) =0.096+0.006. This new value of m*/(m —m*) for GaAs is an even better fit to the straight
line in Fig. 8 than is the point shown.

~H. Ehrenreich, Phys. Rev. 120, 1951 (1960). In this paper, the author estimates the light-hole effective mass in
GaAs at low temperatures, and he suggests an approximate accuracy of 30 lo.

R. A. Stradling, Phys. Letters 20, 217 (1966).
"J. J. Hopfield and D. G. Thomas, Phys. Rev. 122, 35 (196$).
D. Long, Energy Bands in Semiconductors (Wiley, New York, 1968), p. 133.
R. G. Wheeler and J. O. Dimmock, Phys. Bev. 125, 1805 (1962).
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0.6
HOLES Et ECTRONS

E

E 0.3-
E

0.2—

PbTe &&

OA—

E 0,3—
E

E 0.2—

O. l

PbTe

o.lo 0.20

0..
0 O.IO 0.20

ENEF|GV GWP E, (eV)
0.30

0 (eV)

~~/(w -~~) as a function of 0' for electrons.

FIG+ 3e pl)/(t6 —Nl)) as afunctlon of ellel~ gap EG for
holes.

are included, the f sum in Eq. (l) was carried out
including five bands (of index n) for the cases in
which the band P under consideration was: (a) the
lowest conduction band L6; and (b) the highest
valence band J~. The former case would lead to
Eq. (3) for electron masses, the latter to Eq. (3)
for hole masses. The energy separations

O. lO —ELECTROXS

(E~ z —E„z) were taken [except for experimental
values of Eo = E(L,) —E(L',)] from the calculated
results of Herman et al. "; these are shown in
Table III for the six bands considered. Using these
energy differences, the quantity a was calculated
and the results are shown in Table IV. Since, for
holes (i. e. , band p=L,', the highest valence band)
o & 0 when calculated from the energy separations
ln Table III& values of —0' %'ere used ln making these
f-sum-rule plots for holes. Following Eq. (3),
plots of m*/(m —m") as a function of the calculated
values of 0 or -a' are shown in Figs. 4-6 for m~
= m, and m*= m&. As in the plots for the two-band
model, it is apparent that the points for PbS and
PbSe and the origin [m*/(m-m )=0, o'=0) form
a good straight line upon which the point for PbTe
does not fall. The general form of the plots is the
same for the six-band model as for the two-band

0.6
HOLES

E
0

~o.l 0
E

0.05

O.lO ~ ( V) 0.20
l

HOLES

REFERENCE l6 PbS

l

030

0.4—

E
i

E 0.$—

E

P bTe

o. l

oi
0 O.lo 0.20 0.30 0;.

0 O. lO 0.20

pIG. 4. yg&/{m —mt) as a function of 0 and —0' for
electrons and holes, respectively.

(-o.) (eV)

FIG. 6. gag&/(m -m&) as a function of -0 for holes.
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F.

E
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0,5 I.O I.5

np

I.O
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I.O 2.0 3.0

0 0 0.5 I.O
KNKRGY GAP Ke(eV)

I.5

FIG. 7. m* j(m —m*) as a function of energy gap Ez
for electrons. The temperature shown is that at which
the experimental data were taken.

0.20 I
I

LIGHT HOLES

0 I5 — T 20 K

Gc)As ~~

0.IO

0.05

oi
E

+E 9.03

0.02

0.5 I.O

As

l.5

O.OI

'0 I

O. l 0.2 0.3 0.4 0.5 0.6
ENERGY GAP Ez(eV)

FIG, 8. m*/(m —m*) as a function of energy gap Ez
for light holes. The temperature shown is that at which
the experimental data were taken.

model. As might be expected, the fit of the straight
line to the points for P18 and PbSe is somewhat
better in the sip-band case.

Similar plots of m*/(m —m*), for electrons and

light holes, as a function of energy gap EG have
been made for the sequences (InSb, InAs, InP) and

(GaSb, GaAs), ' and for electrons and perpendicular

)If' 0.2
E
I

E

E

'0 I.O 2.0
ENERGY GAP Et;(eVj

3.0

FIG. 9. mf/(m-m&) for light holes, and m*/(m —m*)
for electrons as a function of energy gap E~. The tem-
perature shown is that at which the experimental data
were taken.

holes in hexagonal CdS and CdSe. The effective-
mass dataused are shown in Table V, as are the ap-
propriate values of the energy gaps. The results
are shown in Figs. 7-9. In each case, the points
shown lie, within the experimental error of the
data, on a good straight line passing through the
origin, i. e. , the point [m*/(m-m )=0, Eo=0].

IV. DISCUSSION

The principal results embodied in Figs. 1-9
are: (a) for the three semiconductor sequences
InX, GaX, and CdX, the experimental data for each
sequence follow the same f-sum rule, and the f-
sum matrix element is thus the same for all of the
members of a given sequence; (b) for the PbX
sequence, the data for PbTe do not follow the same
f-sum rule as do the data for PbS and PbSe. In
addition, the indium-, gallium-, and cadmium-
compound semiconductors all show a series of en-
ergy-gap values which decreases monotonically as
the atomic number of atom X increases. It is
therefore concluded that the irregular member of
the PbS-PbSe-PbTe sequence is the one, namely,
PbTe, which does not satisfy the same f-sum rule
followed by the other members of the sequence.
It is thus proposed that the irregular value of the
energy gap in the PbX sequence is that of PbTe.
Further, it is suggested that this irregularity is due
only to an anomalously large value of the energy
gap for PbTe, rather than to an anomalously low
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gap of PbSe at all temperatures from 4 to 393 'K.
This observation indicates that there is no unusual
temperature deyendence of either the e1.ectron-phonon
or lattice-expansion contributions to the encl gy gap
to account for the observed values of band gaps.

The most likely explanation of the f-sum rule re-
sults is that PbTe does not follow the same f-sum
rule as do PbS and PbSe because the value of the
matrix element M for PbTe is different, for funda
mental reasons, from its value for PbS and Pb8e
On comparison with the results of the f-sum-rule
plots for those sequences (i. e. , InX, GaX, and
CdX) exhibiting a regular series of energy-gap
VRlues Rnd Rlso hRvlQg the same vRlue of M this
irregular value of M for PbTe is indeed unusual.
[The observed result for the six-band f-sum-rule
plot for PbTe would also be, the case if the matiix
elements for the various terms in the sum in Eq.
(1}were not all the same for PbTe. However, the
fact that PbS and PbSe do satisfy Eq. (3) shows that
the use of a single matrix element N is a good ap-
proximation in their case. ] In any event, the re-
sults obtained suggest the existence of a qualitative
difference between the oand-edge states at th8 L
point for PbTe and the equivalent states in PbS
and PbSe.

It has been suggested by Pratt and Ferreira 3

value for PbSe. '
The plots of longitudinal effective masses m„

shown in Figs. 2, 3, and 5, are especially interest-
ing. In every case, the point for PbTe lies above
the f-sum line satisfied by PbS and PbSe. There
ls, theQ, no wRy in which the point fox' PbTe on the
m, plots can lie on this line while having, simul-
taneously, the observed values of rn, and R value of
energy gap less than the energy gaps of PbS and
PbSe. This observation suggests that the explana-
tion of the fact that the point for PbTe lies off the
line is not due merely to erroneous experimental
values of the effective masses and/or energy gape.

It should be mentioned at this point that consid-
eration of the band structures reported by Herman
et a/. "for PbS, PbSe, and PbTe show a smooth
progression in band structure near I. from Pb8 to
PbSe to PbTe, In tI11s respects the bRQd stx'uctux'es
of these lead compounds are similar to those of
many III-V Rnd II-VI compounds~" in that there are
no unusual band crossings of the type noted~~ at I'
in the progression from silicon to germanium to
grey tin. This point lends support to the view that
the lack of a monotonic decrease of the enex gy gap
of the PbX semiconductors with atomic number of
X is fundamental, rather tha, n being an effect re-
lated to band crossing or other unusual phenomena.
It may also be noted that, experimenta11y, the value
of the energy gay of PbTe is larger than the energy

Matrix element
in units of

yP-$ 4' /2 (eV)1/2

Electrons

Holes

Electrons

Holes

Electrons

Holes

Electrons

Holes

Pb Te

Electrons

Holes

Electrons

Holes

Electrons

Holes

Electrons

Holes

I M] ) =4, 08

I M]) ~4.32

I M) I =3, 26

l M) l =3.32

IÃgI =4.05

I &] I =4.23

I &g } =3.26

IM,'I =5, 92

) MP =6.&9

I M,'I =1.66

1M)'I =1.39

I &, I =5.94

I &g I =6.48

I &&'l =&.68

I &&' I = &.45

TABLE VI. Values of matrix elements calculated from
slopes of f-sum-rule plots for PbS, PbSe, and PbTe,
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that the energy-gap variation in the PbS group is
related to an anomaly in the outer s-level energies
of the sulfur, selenium, and tellurium atoms. Fig-
ure 10 shows a plot of the calculated ' outer s-level
energies U of the group-VI atoms (including polo-
nium) as a function of atomic number. The values
are: for sulfur, U(3s ) = —1.5471 Ry; for selenium,
U(4s ) = —1.5749 Ry; for tellurium, U(5s ) = 1.4162
Ry; and for polonium, U(6s2) = —6. 227 Ry. It may
be seen that the points for sulfur, selenium, and

polonium fall on a good straight line. The point for
tellurium, however, definitely does not lie on this
line, and the anomaly in this series of electron
energies is clearly seen to lie with the tellurium
atom.

The unusual behavior of the data for PbTe in the
f-sum-rule plots thus correlates with the irregular
behavior of the 5s electron energy of the tellurium
atom. This correlation supports the view that the
anomalous energy-gap value and the irregular
value of the matrix element M for PbTe are due to
a qualitative difference between the band-edge states
in PbTe and those in PbS and PbSe. As calculated
by Herman et al. ,

' the IV-VI semiconductor energy
band, at the L point, whose atomic character is that
of a group-VI outer-electron s level, is the L6 con-
duction band. For the case under discussion, the
relevant group-VI atom is tellurium. It is there-
fore concluded that the PbTe L6 band-edge states
differ from the equivalent states in PbS and PbSe
because of the irregular 5s level energy of the
tellurium atom.

This difference in the L, band-edge states of PbTe
would cause the matrix element M=(L&1 z&IL6),
where j= l or t, to have a value for PbTe different
from its value for PbS and PbSe. This is the reason
that PbTe does not follow the same f-sum rule as
do PbS and PbSe.

It would be of interest to calculate (see note added
in proof) values of the matrix elements M, (defined
below) where j= I or t, using appropriate wave func-
tions (L~ I and I Le), and to compare the calculated
results with the values determined, as described
below, from experimental data on effective masses
and energy gaps. This comparison would be useful
in elucidating the nature of the L6 conduction-band-
edge states in PbTe and, especially, how these
states may differ from the equivalent states in PbS
and PbSe.

An interesting experimental possibility is the
preparation and study of PbPo. A knowledge of
whether this IV-VI compound is a semiconductor
would be very useful. If it is, a determination of
the energy gap (by optical means to avoid the in-
fluence of carriers due to defects produced by radi-
ation from the polonium) for comparison with the
energy gaps of the other members of the Pbx se-
quence would be of great interest.

The slopes of the straight lines in Figs. 1-6
yield, using Eq. (2) or (3), values for PbS and PbSe
of the matrix elements (n, LI z& IP, L) =M& or
N, (j= l or t) for the two-band and six-band models,
respectively. The values of I M; I and I N& I [ in
units of g'~ (eV)'~~] so determined are shown in
Table VI. It may be noted that, within a few per-
cent, IN&l = IM&l, where j= l or t, for either elec-
trons or holes; additional bands in the f sum do
not appreciably alter the slope of the line defined
by the points for PbS and PbSe and the origin. In
addition, the value of I M& I or IN, I (j= I or t) for
one choice (L6 or I 6) of band p is the same within
a few percent of the value for the other choice of
band p. This is as expected, since it is reasonable
that I(L, lm, lL', )I = I(L', lv, l L;)I . It may alsobe
noted that IM, I is about 25%%uq larger than IM, I for
either electrons or holes; the same is true of t N, )

and )N, (. Similarly, the slope of a straight line
through the origin and the PbTe point in Figs. 1-6
will provide the value of the analogous matrix ele-
ments ~M, t and l¹}for PbTe. These values,
calculated using the PbTe point showing the data of
Cuff et al. ,

"are also given in Table VI. Here
also the agreement between matrix elements for
the two choices of band p is good.

V. SUMMARY AND CONCLUSIONS

The f-sum rule has been examined at the conduc-
tion- and valence-band edges of PbS, PbSe, and
PbTe, using experimental values of effective
masses and energy gaps. For both two-band and
six-band models, it was found that PbTe does not
follow the same f-sum rule as do PbS and PbSe.
On the other hand, for the III-V and II-VI semicon-
ductor sequences InX, GaX, and CdX (hexagonal),
the members of each sequence do follow the same
f-sum rule. These results indicate that the well-
known anomaly in the energy-gap values for PbS,
PbSe, and PbTe is due to an irregularly large value
of the energy gap of PbTe. It appears likely that
the anom'alous energy-gap value for PbTe reflects,
through the L6 conduction-band edge, the irregular
value of the 5s electron energy level of the tellurium
atom. It is proposed that the L6 conduction-band
edge states in PbTe differ from the equivalent
states in PbS and PbSe, resulting in PbTe having
a different f-sum matrix element from PbS and
PbSe. This is the reason that PbTe does not follow
the same f-sum rule as do PbS and PbSe. Matrix-
element values have been calculated from the
slopes of the linear f-sum plots of the experimental
data.

Note added in Proof. It has come to the author' s
attention that matrix-element calculations of the
type suggested in Sec. IV have been reported by
S. Rabii [Phys. Rev. 167, 801 (1968)].
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