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Ultrasonic attenuation of compressional waves in single-crystal copper and potassium was
studied at 4.2'K in magnetic fields up to 27 kG. Saturation of the attenuation in large fields
is found for all directions of B in copper with sound propagation along [010] and [101]. How-

ever, the saturation levels are generally approached as B ', rather than at the predicted B 2

rate, which is found for the case of potassium. The anisotropies of polar plots made by ro-
tating B in planes perpendicular to q indicate that the high-field attenuation in copper is dom-
inated by orbits running near Brillouin-zone contact regions, rather than by extremal orbits
over the main body of the Fermi surface. Tilting 8 out of the high-symmetry crystal planes
of copper results in large abrupt decreases in the attenuation at the boundaries of the "dog-
bone" and "four-cornered-rosette" hole-orbit regions, which can be attributed to changes in
direction (relative to q) of the open orbits in these regions.

I. INTRODUCTION

Most investigations of the magnetic field depen-
dence of the attenuation of sound waves in pure
metals at low temperatures have concentrated on
the various resonance effects which occur in rela-
tively weak magnetic fields. ' These resonances can
be attributed to specific bands of electrons on the
Fermi surface and are readily interpreted on the
basis of idealized models in terms of the corre-
sponding Fermi-surface dimensions. The attenua-
tion in large magnetic fields is also of interest,
however, because it depends explicitly on the an-
isotropies of the electron-phonon interaction (defor-
mation potential) and electron relaxation time. De-
tailed predictions ' have been made about the be-
havior of the attenuation in large fields, but no ex-
tensive experimental investigation has yet been
carried out for any metal. Foremost among the
unresolved questions is whether or not open elec-
tron orbits can prevent the attenuation from satu-
rating as the magnetic field strength is increased
without limit. Similarly, very li tie is known about
the relative contributions from different parts of
the Fermi surface to the anisotropies observed in
the high-field attenuation for a g'ven experimental
geometry.

The attenuation of compressional waves in rela-
tively large transverse magnetic fields has already
been studied to a limited extent in several metals.
Apparent saturation of the attenuation with increas-
ing field strength was found for a number of metals
supporting open orbits as weQ as for many having
closed Fermi surfaces. ' Attempts to estimate
electron relaxation times by fitting high-field data
to a B law were met with varying degrees of suc-
cess, ' but the small ranges of magnetic fields used
(usually between 6 and 11 kG) tend to limit the valid-
ity of the results. When larger magnetic fields {up

to about 20 kG) were used, some evidence' of non-
saturation due to open orbits was seen, and the
high-field attenuation in ultrapure crystals was
found to be extremely anisotropic.

In order to resolve the saturation question and
gain some insight into the mechanisms determining
the high-field anisotroyy, we have carried out a
detailed investigation of the compressional-wave
attenuation in single-crystal copper and potassium.
The experiments were performed at a temperature
of 4. 2 'K, with sound waves propagating along the
[010]and [101]crystal axes, and special techniques
were employed to ensure precise alignment of the
magnetic field.

II. THEORY

The theory of the electronic contribution to the
compressional-wave attenuation in strong magnetic
fields was first discussed by Kaner, and the aniso-
tropies expected in various geometries were studied
in detail by Kaner et al. These workers predicted
that the high-field attenuation in single crystals
with long electron mean free paths l should be
very sensitive to the relative orientations of the
magnetic field B, the sound propagation vector q,
and the directions of any open electron orbits. If
B is tilted out of the plane perpendicular to q then
the contributions to the attenuation by electrons on
both open and closed orbits are generally reduced.
Under the conditions q/»1 and «1 {where & is
the sound frequency and T is an average electron
relaxation time), the reduction in attenuation with
tilt angle Q is given approximately by'

a(p)/o'(p = 0) = 1/(ql sing), sing» (qf) . (1)

Similarly, if q is rotated by an angle 8 in the plane
perpendicular to 8 away from a direction perpendic-
ular (in r space) to a band of open trajectories, then
the attenuation due to the open-orbit electrons falls
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off sharply':

&(8)/&(8=0) = 1/(ql sin8}2, sin8»(q/) ' . (2)

In both cases, the attenuation decreases are due to
the development of a drift velocity along q, but the
magnitude of the effect for a given angular deviation
is greater for a rotation of q than for a tilt of B.

From these results, one would expect the anisot-
ropy encountered as B is rotated in the plane per-
pendicular to q to be heavily dependent on the loca-
tions and orientations of open orbits, with negligible
contributions to the high-field attenuation coming
from orbits running parallel to q in r space. Like-
wise, the theory predicts a general reduction in the
attenuation at high fields when B is tilted out of the
perpendicular plane.

The behavior of the attenuation as the magnetic
field is increased without limit has been discussed
by Cohen, Harrison, and Harrison for a free-elec-
tron gas, and by Pippard, Kaner, and Mertsching'
for the general case of a real metal. If no open or-
bits are present, all of these workers predict that
the compressional-wave attenuation will saturate
when the field becomes strong enough to satisfy the
high-field condition, &o, r»ql (where ~, is the cy-
clotron frequency). The saturation is expected to
proceed as B, and the level at which the attenuation
saturates in a particular experimental geometry
depends upon the sound frequency and the electron
mean free paths. If the magnetic field is increased
further, to the point where electrical screening'2
breaks down, then an inductive~ absorption becomes
important, and the attenuation begins to rise above
the saturation level as 8 . However, for high-con-
ductivity metals at low temperatures and moderate
frequencies (f5500 MHE) this breakdown should
occur at fields on the order of hundreds of kilogauss
and so would not be observable under ordinary ex-
perimental conditions.

The effect of open orbits on the compressional-
wave attenuation in an increasing magnetic field has
not been conclusively resolved by the various theo-
ries. Pippard has speculated that open orbits which
do not lie along the direction of propagation in r
space can cause the attenuation of waves propagating
perpendicular to B to increase indefinitely as B2

without ever reaching a saturation plateau. Accord-
ing to the calculations of Kaner3 and Mertsching, '
however, open orbits cannot prevent the attenuation
from saturating, although the saturation levels are
highly dependent upon the existence and orientations
of such orbits [as indicated in Eq. (2)].

III. EXPERIMENTAL METHODS

A standard pulse-echo technique' was used to
measure the relative attenuation of compressional
waves in magnetic fields up to 27 kG. Most of the
data presented here were taken for two single crys-
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FIG. 1. Schematic drawing of tiltable sample holder.

tais of copper, designated Cu-I and Cu-II, which
have residual resistivity ratios (pg98ox/p, ,ax} of
3000 and 35 000, respectively. Some data were
also obtained for a single crystal of potassium
having a resistivity ratio of about 4000. The copper
specimens were oriented to better than 0. 5 using
the Laue backref lection method, and the faces of
all the crystals were spark planed flat and parallel
to within 0. 0001 in.

Because of the great sensitivity of the high-field
data to the orientation of B relative to q and the
crystal axes, it proved essential to have some
means of accurately orienting the crystals in the
plane of rotation of the magnet. This was accom-
plished by means of the sample holder illustrated
in Fig. 1, which enabled the crystals to be tilted
about two mutually perpendicular axes in the rota-
tional plane. These two tilt angles, together with
the rotation angle in the horizontal plane, provided
the three degrees of freedom by which the field
could be oriented with an accuracy of better than
0. 1'.

The first task in each experimental run was to
align the crystal in the Dewar so that the direction
of propagation of the ultrasonic wave was perpen-
dicular to the plane of rotation of B. The procedure
involved taking a series of high-field polar plots
over a 360' interval at various tilt-angle settings.
The magnet turntable was motorized and geared
to a potentiometer, so the attenuation could be re-
corded continously as a function of magnetic field
angle in the rotational plane. Two criteria were
used to determine when the proper alignment had
been achieved. First, a high-field polar plot with
B lq should reflect the symmetry of the Fermi
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FIG. 2. High-field polar plots for Cu-II with Sl q, q
II [010], and f=12.0 MHz. The successive curves are
for decreasing values of magnetic field strength, with
corresponding f/B values of 0. 8 MHz/kG (dash-crossed
curve), 1.5 MHz/kG (solid curve), 2.8MHz/kG (dashed
curve), and 4.5 MHz/kG (dot-dashed curve).
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FIG. 4. High-field polar plots for Cu-II with BJ. q, q
II [T01], and f= 11.8 M«The values off/B in order of
decreasing magnetic field strength are 0.8 MHz/kG
(solid curve), 3.5 MHz/kG (dashed curve), and 7.4
MHz/kG (dot-dashed curve) .

surface about the propagation direction. Second,
the structure of the polar plot should vary in a
symmetric way when the crystal is tilted by positive
and negative angles of equal magnitude away from
the on-axis (aligned) position.

I V. EXPERIMENTAL RESULTS AND INTERPRETATION

A. High-Field Anisotropy

1. Rotation of B in the Plane PerPendicular to q

The anisotropy of the attenuation in successively
stronger magnetic fields can be seen in the polar
plots of Figs. 2-4, which were generated by rotat-
ing B in the plane perpendicular to q. Since the
contribution of a particular electron to the attenua-
tion at high fields depends upon the ratio of cyclotron
orbit radius to sound wavelength, one would expect

the data to scale with frequency as the field intensity
is increased. Accordingly, the ratio of frequency
to field intensity is used as a parameter to indicate
how far into the high-field (u&, ~ »ql) region the data
for each curve were taken. For example, if f/B
& 5 MHz/kG, then r/X & 0. 1 for single-zone orbits.
The various types of orbits encountered for a given
direction of magnetic field are indicated in the
stereogram of Fig. 5 which was derived from mag-
netoresistance data. '

The data of Figs. 2 and 3, generated by ro-
tating B in the (010) plane (along arc AB of Fig. 5),
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FIG. 3. High-field polar plots for Cu-I with Biq, q
II [010], and f=31.8 MHz. The values off/B in order

of decreasing magnetic field strength are 1.5 MHz/kG
(solid curve), 2.9 MHz/kG (dashed curve), and 4.5
MHz/kG ( dot-dashed curve).

FIG. 5. Sterographic plot of the magnetic field direc-
tions giving rise to different types of orbits in copper,
determined from magnetoresistance data (after Ref. 10).
Periodic open orbits exist for B directed anywhere along
the great circular arcs, except at the singular points
(100) and (111). In the shaded regions there are electron
and hole orbits, separated by aperiodic open orbits, but
only electron orbits can exist in the clear regions of the
stereogram.
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reflect the symmetry of the Fermi surface about the
[010]axis. The curves for Cu-I are similar to those
for Cu-II having the same value of f/B, although
the data for the two samples were taken at quite
different frequencies and fields. Since the mean
free paths of Cu-II exceed those of Cu-I by about a
factor of 10, the detailed structure of the Cu-II po-
lar plots is generally sharper than that of the Cu-I
plots. However, it was found that this difference
in sensitivity can be overcome by increasing the
frequency (and field strength) by a factor of 10 for
Cu-I to ensure that both crystals have approximately
the same value of ql (as well as the same value of
f/B). It is seen in Figs. 2 and 3 that with q Ii [010],
the attenuation is greatest when the magnetic field
is in the [101] (or [10I])direction but shows the
fastest rise with increasing field strength for B
along the [100] (or [001])axis.

The twofold symmetry of the Fermi surface about
the [101] axis is exhibited in the polar plots of Fig.
4, which correspond to a movement of B along arc
CD of Fig. 5. It is seen that with q tl [101]a pro-
nounced dip occurs in the attenuation when B is
along [101], whereas the absorption here was a
maximum in the previous case with q tl [010]. The
basis for this difference between the two geometries
appears to be the orientation of q relative to the
open-orbit band directed along [010] in k space. In
Fig. 4, q is parallel instead of perpendicular to the
r-space trajectories of these open-orbit electrons
so, by Eq. (2), this band contributes very little to
the high-field attenuation. As B is rotated away
from [101], however, the open orbits coalesce to
form extended, closed orbits of rapidly decreasing
lengths. The sharp rise in attenuation with field
rotation is thought to be due to the increasing con-
tributions made by these orbits as their lengths are
reduced and the electrons are able to complete more
revolutions before scattering. Likewise, the dip
at [101]becomes sharper as the magnetic field
intensity is increased and the r-space lengths of
the extended orbits at every field direction near
[101]are correspondingly reduced.

A comparison of the general features of the polar
plots with the Fermi-surface cross sections" en-
countered as B is rotated in the plane perpendicular
to q leads to some general conclusions about the
relative effectiveness of the various orbits in the
attenuation process. In general, hole orbits, open
orbits perpendicular to q in r space, and electron
orbits running near Brillouin-zone contact regions
seem to be better sound attenuators at high fields
than electron orbits over the central, "belly" part
of the Fermi surface. For example, with q II [010]
(Figs. 2 and 3) it appears to be the "dog-bone" hole
orbits, "lemon" electron orbits, and [010]-directed
open orbits which cause the attenuation to increase
to a maximum at B Il [101]. The over-all attenuation

in the vicinity of [100]is less than that near [101]
because none of the electron orbits run near contact
regions, but it is the "four-cornered-rosette" hole
orbits which begin to contribute at higher fields and
produce the local maximum at [100].

The apparently greater contribution to the high-
field attenuation from orbits near Brillouin-zone
contact regions can be explained on the basis of
deformation-potential anisotropy. Pippard has sug-
gested that the deformation potential, and hence the
strength of the electron-phonon coupling, may be
greatest at the zone boundaries where the electron
velocity is small. ' Indeed, some support for this
theory has already come from ultrasonic-attenuation
experiments on the noble metals at low fields,
where the strongest magnetoacoustic oscillations
often arise from orbits running over Brillouin-zone
contact points. '~ In the high-field region (r «X),
electrons not on open or extended orbits remain
approximately in phase with the sound wave, so
the phase-cancellation effects which favor extremal
orbits at lower fields may be of lesser importance.
Then nonextremal orbits can compete with extremal
ones, and one would expect the high-field attenuation
to be dominated by those parts of the Fermi surface
where the deformation potential is large, i.e. , by
orbits near contact regions.

The effects of open orbits on the high-field at-
tenuation appear to depend first on their orientations
relative to the direction of sound propagation, and
second on their complexity and lateral extent in the
plane perpendicular to the open direction. This is
best illustrated in Fig. 4, where some of the struc-
ture of the polar plots seems to be due to the great
variation in the degree of convolution of the open
orbits encountered as B is rotated in the (101)
plane. For example, when the field is about 15'
from [010] these orbits are quite complex in shape
and so contribute very little to the attenuation, even
though they are perpendicular to q in r space. As
B is rotated farther away from [010] the open orbits
become less complex, and more closed orbits ap-
pear near contact regions, so the general level of
the attenuation increases.

2. Tilt of B out of the Plane PerPendicular to q

A tilt of the plane of rotation of the magnet out of
the crystal plane perpendicular to q can be achieved
by tilting the sample relative to the rotational plane.
Then B is perpendicular to q only along the axis of
tilt, so the orbits contributing to the attenuation at
every other field angle in the rotational plane may
have average velocity components along the propa-
gation direction. Likewise, the field no longer
rotates in a symmetry plane of the crystal, but
rather in a plane such as that marked EF in the
stereogram (Fig. 5); consequently, some of the
orbits involved may be fundamentally different in
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FIG. 6. Polar plots with tilted rotational plane for
Cu-II with q II [010],f=11.4 MHz, and f/B=1. 1 MHz/kG.
The angles of tilt b 8z out of the (010) plane about the
[101]axis are 0' (solid curve), 0.5' (dashed curve), and

1.8' (dot-dashed curve).

character (e. g. , closed instead of open) from those
encountered in polar plots made with Bl q.

Polar plots made with the rotational plane tilted
at various angles out of the crystal symmetry planes
are shown for Cu-II in Figs. 6-8. The most strik-
ing feature of these "off-axis" plots is the large re-
ductions in attenuation which take place in the vicin-
ity of the dog-bone and four-cornered-rosette hole-
orbit regions. The magnitude of the effect increases
with tilt angle, and the field directions at which the
attenuation drops occur coincide with the boundaries
of these regions as determined from magnetoresis-
tance data. '~ Also of interest are the sharp dips in
the attenuation which occur at [121]and [121](Figs.
7 and 8) when B is no longer perpendicular to q.
These dips can be attributed to the extended orbits
associated with the [111]-and [1T1]-directed open-
orbit bands, respectively, by an argument similar

FIG. 8. Polar plots with tilted rotational plane for
Cu-II with the same values of q, f, B, and 49& as in
Fig. 7, but with the tilt axis taken along [010].

to that already presented for the dip at [101]in the
on-axis case.

The magnitudes of the changes in the high-field
attenuation which take place when 8 is tilted out of
the plane perpendicular to q increase with field
intensity, as illustrated in Fig. 9. This can also
be seen in the off-axis field sweeps of Fig. 10,
where the abrupt decrease in attenuation at the
four-cornered-rosette hole-orbit boundary becomes
more pronounced at the higher fields. Even though
the tilt angle is quite small in this case, the mag-
nitude of the drop is great enough to reverse the
sign of the slope of the attenuation curve.

An explanation for the sudden decreases in atten-
uation with magnetic field tilt at the hole-orbit
boundaries comes from an examination" of the
corresponding changes which take place in the
orbits there. As long as B moves in a symmetry
plane of the crystal there are identical periodic open
orbits on both sides of the hole-orbit boundaries,
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FIG. 7. Polar plots with tilted rotational plane for
Cu-II with q II f101],f= 11.8 M Hz, and f!8 = 0. 8 MHz/kG.
The angles of tilt 4&z out of the (101) plane about the
[101]axis are 0' (solid curve), 0.4' (dashed curve), and
l.5' (dot-dashed curve).

FIG. 9. Magnetic field intensity sweeps for Cu-I
with q II [010],f=91.8 MHz, and 5 II [100] before tilting.
The angular deviations of B from the (010) plane are 0'
(solid curve), 0.4' (dashed curve), 0.7' (dot-dashed curve),
and 1.4' (dash-crossed curve).
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copper can be found in any of the existing theories
of ultrasonic attenuation. It can, in fact, be shown'

that if the relaxation time is independent of the mag-
netic field (as is usually assumed), then only even
powers of 8 can appear in the high-field attenuation
expression. The fact that this anomalous saturation
rate is found for many field directions in copper,
but does not appear in potassium, points to the pos-
sibility that Bragg reflections may be involved.
However, no quantitative explanation for this be-
havior can be offered at this point.

IO/8 (G )
lO l5 V. CONCLUSIONS

FIG. 13. High-field attenuation values for Cu-I plotted
as a function of 8 t with ql] [101],f=52. 2 MHz, and with
3 in the following directions in the (T01) plane: [111](0)
[101]+8' Q), [121](Q), [010] (), [010]—20' (&), and
[101](). Here y/A. &0.1 when 1/Bx10 &10 G '.

B. Limiting Behavior at High Magnetic Fields

Field intensity sweeps like those of Fig. 9 were
made for both copper samples at various magnetic
field directions and frequencies, and the attenuation
was found to approach saturation even in the pres-
ence of open orbits. Similar data taken for com-
parison on a single crystal of potassium indicate
a saturation of the attenuation as 8 ', in agreement
with the theory. It can be seen in Fig. 11 that
tilting 8 out of the plane perpendicular to q reduces
the level at which the attenuation saturates in po-
tassium but does not alter the 8 3 behavior.

Although the observed universal saturation of the
attenuation in copper was expected theoretically, "
the rate at which the saturation levels are approach-
ed is somewhat surprising. In Fig. 12 it is seen
that with tl tt [010]and B tt [100] the high-field atten-
uation in both copper samples saturates more slowly
than B and, in fact, appears to follow a B ' satu-
ration law. This B ' behavior is found for almost
all magnetic field orientations in Cu-I, as illustrated
in Fig. 13. The only exceptions are when B is near
(but not parallel to) [101]or [121], where magneto-
acoustic oscillations due to extended orbits show up
at high fields, and when B is tilted out of the plane
perpendicular to q near the edge of a hole-orbit re-
gion, where the abrupt attenuation decreases (such
as in Fig. 10) occur. The data for the larger mean
free path Cu-II crystal are much more sensitive to
effects such as these and so cannot always be fitted
to a constant power law over the entire high-field
range. However, when such a fit can be made the
Cu-II data also exhibit a B ' dependence, as illus-
trated in Fig. 12.

No basis for the 8 ' saturation rate observed in

Some general conclusions may be drawn from the
anisotropy of the high-field attenuation in copper
which may be useful in analyzing similar data for
other metals. First, the greatest contribution to
the net attenuation at high fields appears to come
from orbits running near Brillouin-zone contact
regions, rather than from extremal orbits over the
central part of the Fermi surface. In particular,
the gross features of the polar plots seem to be
determined mainly by the open orbits, extended or-
bits, and lemon-type closed orbits in the vicinity
of the [010]-directed open-orbit band; and the next
most effective orbits in the attenuation process at
high fields appear to be the other periodic open
orbits and the hole orbits (e. g. , the [111]-directed
open orbits and dog-bone-type hole orbits). Second,
it may be concluded that the contribution to the high-
field attenuation by a particular band of open orbits
is extremely sensitive to the direction of sound
propagation, since it can vary from a large value to
essentially zero, depending upon whether q is per-
pendicular or parallel, respectively, to the open
direction in r space. Finally, the relative effective-
ness of a band of open orbits running perpendicular
to q in r space appears to depend somewhat upon the
complexity of the orbit shape, with generally smaller
contributions to the high-field attenuation coming
from orbits which are extremely convoluted.

Two general conclusions may be drawn from the
behavior of the attenuation as a function of magnetic
field intensity. First, the attenuation evidently
saturates at high fields for any orientation of B rel-
ative to q and the crystal axes. In contrast to the
prediction by Pippard, open orbits perpendicular
to q in r space do not appear to be able to prevent
saturation, although high- field magnetoacoustic
oscillations associated with open orbits running
parallel to q can sometimes give the appearance
of nonsaturation behavior. Second, the attenuation
for most field directions in copper appears to sat-
ruate as B ', rather than at the predicted'~' rate
of B~, which was observed for the case of potas-
sium.

The immediate implications of this study for
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future ultrasonic work at high magnetic fields are
obvious. First, a resolution of the magnetic Iield
direction to within 0. 1' is necessary in order to
take accurate high-field data in ultrapure single
crystals, and, in the analysis of such data, a 8 '
saturation rate should not be assumed in advance
for metals with open Fermi surfaces. Second, the
possibility of drastically different contributions
from various parts of Fermi surfaces supporting
open orbits should be taken into consideration when

trying to extract electron relaxation times from the
high-f ield attenuation.
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It is shown that three-phonon umklapp processes tend to displaced Planck distributions that
are characterized by the reciprocal-lattice vectors of the crystal.

Since the phonon frequency and the phonon group
velocity are periodic functions of the phonon wave
vector, it is a convenient representation to describe
the wave vector in the reduced-zone scheme. The
distinction between the three-phonon normal and um-
klapp processes occurs only in this scheme. It is
well known that in the presence of an equilibrium
thermal gradient, the normal processes tend to a
displaced Planck distribution. ' ' This is because

these processes conserve the phonon wave vector
(or phonon monemtum}, and the distribution to which
they tend should be consistent with this condition.
We put some arguments in the following to empha-
size that similar distribution functions also exist
for the three-phonon umklapp processes.

If a phonon is represented by (q j}, where q is
the phonon wave vector and j the polarization index,
then the three-phonon processes are described by


