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We report the results of a detailed investigation of the de Haas-van Alphen effect in single-
crystal mercury. The data were taken for the three major crystallographic planes in magnetic
fields extending up to 116 kG and at a temperature of l. 2 'K. The frequencies have been assigned
to orbits on the second-band electron-lens surface and on the first-band hole surface. Sev-
eral new extremal orbits on the first-band surface are reported. The results are in general
accord with the Fermi surface deduced from other experiments and from band-structure calcu-
lations.

I. INTRODUCTION

There have been several recent studies of the
Fermi surface of crystalline mercury. However,
there is a need to complete de Haas-van Alphen
(dHvA} frequency measurements to a uniform ac-
curacy. This work reports the results of an
extensive dHvA experiment to provide more ac-
curate and complete dHvA frequency measurements
and to extend the understanding of the Fermi sur-
face of rhombohedral mercury.

Previous dHvA experiments in mercury were
carried out by Verkin, Lazarev, and Rudenko, ~

Shoenberg, ~ and Brandt and Rayne. s The work of

Brandt and Rayne, which was the most extensive
of the three, gave dHvA frequencies of several ex-
tremal orbits in principal crystallographic planes
and the general topology of the Fermi surface of
mercury. Other reported work on the Fermi sur-
face of mercury includes cyclotron resonance ex-
periments by Dixon and Datars, magnetoresistance
experiments by Datars and Dixon' and Dishman
and Rayne, and magnetoacoustic experiments by
Bogle et al. ~ These experimental results are in
essential agreement with the Fermi-surface topol-
ogies determined from the relativistic-augmented-
plane-wave (RAPW} model of Keeton and Loucks, '
the empirical MAGV model of Dishman and Rayne,
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and a variety of pseudopotential models. ' ' How-
ever, none of these models can simultaneously and
accurately describe the hole surface, the electron
surface, and the magnetoresistance data. The
present work is discussed in terms of these models
for the Fermi surface and provides information
about additional extremal cross sections of the
Fermi surface.
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FIG. 1. The Brillouin zone for mercury showing some
directions (lmn) in reciprocal space and [lnznj in real
space.

zone surface. ' In the actual hole surface, the
sharp corners are expected to be more round, and
the X-face section is expected to be narrower.

In what follows, the pair of arms on either side
of the breakthrough region near the X face in Fig.
2 will be called the "P arms, " and the breakthrough
regions at L„X, and T will be called the L, X,
and T face openings, respectively. Ne adopt the
notation that (fmn) represents a. direction in re-
ciprocal space, or a plane perpendicular to the
(fmn) direction. Real-space directions are rep-
resented by [fmnj. Sets of equivalent directions
will be represented by (fmn) in reciprocal space
and by (lmm) in real space.

Observation of the py and ya orbits shown in
Fig. 2 are reported for the first time in this study.
These orbits, and the I(; and p orbits, have limited
range. The py orbit is expected to exist for an
angular range of magnetic field direction of about
z 6' centered approximately 13' from the (112)
direction in the (111)plane, with its minimum
dHvA frequency about 30 from this center toward
(110). The yz orbit is expected to be observed
only in or very near the (1TO) plane from a sharp
cutoff near the (112) direction toward the (110) di-
rection; the position of this cutoff depends sen-
sitively on the size of the T-face opening and on
the P-arm shape near K. The v orbit cannot occur

II. FERMI SURFACE OF MERCURY

The first Brillouin zone8" of rhombohedral
mercury with symmetry points and principal sym-
metry axes labeled in accord with previous work
on mercury is shown in Fig. l. The Fermi sur-
face of mercury, which has a volume equal to that
of the Brillouin zone, cuts through the L faces to
yield lens-shaped second-zone electron surfaces
centered at I. on the (100) faces of the Brillouin
zone, and a multiply connected first-zone hole
surface. Unlike the free-electron sphere, however,
the actual Fermi surface also appea, rs to con-
tact the X and T faces to produce openings in the
hole surface centered at X and T. A nearly free-
electron model ' of the first-zone Fermi surface
of mercury viewed from the [111]direction is shown
in Fig. 2 with markings to illustrate breakthrough
at X and T and some extremal orbits. The out-
sides of the solid lines near X and T represent the
breakthrough-region sizes predicted by Keeton and
Loucks while the dotted lines represent those pre-
dicted by the MAG V model of Dishman and Ray-
ne. Black areas on the model are regions where
the surface is joined to other parts of the extended-
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PIG. 2. Some possible hole orbits on the first-zone
Fermi surface of mercury shown on a nearly free-elec-
tron model viewed along the trigonal (111)direction.
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for field directions in either of the (110) or (112)
planes, but is expected to occur for a very limited
range of (15 + 3)' from the (112) direction in the
(111)plane. Finally, the v orbit is expected to
have a range of approximately + 3' centered at
the (1IO) direction in the (ill) plane, which de-
pends entirely on the P-arm shape near E. The
hole surface also supports a large hexagonal-
shaped orbit q around the outside of the T face
for field directions near the (111)direction.

The electron lenses support n orbits which exist
for all field directions. For the lens normal to
(100), for example, the a-orbit dHvA frequencies
are largest with H near the (100) direction and
smallest for lf near the (100) plane.

III. EXPERIMENTAL METHOD

Both the field modulation and torque methods
were used in measuring the dHvA effect. The
torque magnetometer, described earlier by Van-
derkooy and Datars, was used for aligning some
of the crystals in the field of a 20-kG rotatable
iron magnet. The large-amplitude field modula-
tion magnetometer of conventional design~~' wa, s
used with the fields of 5'7- and 116-kQ superconduc-
ting solenoids. All data were taken at 1.2 'K.

A modulation frequency of 517 Hz was used and

the modulation amplitude was limited to less than

V5 G, above which the magnet was driven normal.
This frequency was chosen to give the best signal-
to-noise ratio for the dominant y and 7 signals.
At this frequency there mas complete penetration
of the mercury sample because the large magneto-
resistance made the skin depth large. The pickup
coils were impedance matched to a twin-T filter
to remove the fundamental frequency & and the
signals were phase sensitively detected at har-
monics nw with a PAR HR-8 lock-in amplifier.
Harmonics from the second to the seventh were
used, low harmonics to obtain a general view of
the dHvA spectra, and the seventh to enhance lom-

amplitude high-dHvA-f requency signals relative
to strong low-frequency signals. For the higher
harmonics, the skin depth may not have been
greater than the sample dimensions. While such
conditions could have decreased signal amplitude,
they would not have caused errors in the dHvA

frequencies mhich were measured in this work.
Optional-band-pass filters tuned to the harmonic
of interest were used occasionally between the
twin-T and lock-in amplifier. The output from the
PAR was filtered by a Krohn-Hite 3322R band-pass
filter principally to remove background drift. The
filtered signals were recorded on magnetic tape
together with magnetic field voltages using a data
acquisition system for subsequent Fourier analysis.
Usually the field was scanned ~ linearly in 1/H,
and typically 10 to 20 pairs of field and dHvA volt-

ages mere recorded per dHvA oscillation for over
100 oscillations. For the Fourier analysis, the
data were first presmoothed by subtracting a
least-squares parabola fitted to the data and then
interpolating for signal values spaced equally in
reciprocal field. It mas found necessary to pre-
smooth the field values locally for traces in which

many points were recorded to ensure a monotonic
data table. A fast Fourier-transform computer
subroutine was then used to compute the Fourier
amplitude for the dHvA frequency range of interest.
The square root of the Fourier amplitude vs
dHvA frequency was generally plotted on a Benson-
Lehner plotter. Taking the square root resulted
in suppressed dominant peaks and improved vis-
ibility of low-amplitude peaks.

A sample Fourier-amplitude and dHvA frequency
plot is shown in Fig. 3. The Fourier-amplitude
plot corresponds to an experimental trace with H

along the (112) direction detected by the seventh
harmonic to suppress signals of the y branch. The
frequency plot shows the va, riety of harmonic and
sum frequencies observed and demonstrates the
need for Fourier analysis in resolving the spectra.
The yz frequency branch, which is first reported
in this work, is seen to correspond to a relatively
strong signal in the Fourier-amplitude plot.

The large number of harmonic and sum frequen-
cies in Fig. 3 may be evidence of magnetic inter-
action effects such as those observed by Phillips
and Gold~ while the difference frequencies are
probably absent because the modulation amplitude
mas chosen so that the seventh-order Bessel func-
tion would reduce the amplitudes of the lower-fre-
quency dHvA signals. However, no detailed a,ttempt
mas made to determine the origin of the harmonic
and eombinational frequencies and these will be
ignored in subsequent discussion.

Small mercury samples were gromn, from
99.9999%pure mercury supplied by the United
Mineral Corporation of Nem York, with a modified
Bridgeman technique similar to that described by
Dixon and Datars. Initially, measurements could
only be made to within about 5 of major crystal-
lographic planes because of difficulties in accurate-
ly orienting the small samples by back-reflection
Laue techniques and then mounting them in the
dHvA apparatus in liquid nitrogen. Consequently,
samples mere grown inside a very small goniometer
designed to fit accurately inside the rotatable
cylindrical sample holder of the dHvA apparatus.
Measurements could then be made within +1' of
desired crystal planes after first adjusting the
goniometer in a series of torque magnetometer
experiments. A combination of P-arm dHvA oscil-
lations and induced-torque open-orbit peaks ' were
used to determine corrections to the goniometer
adjustment. For example, with the torque magne-
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FIG. 3. Sample Fourier-amplitude plot at, the {112)
direction and dHvh frequency plot in the region of the
{11'9jdirection for fields in the {1TO) plane,

IV. EXPERIMENTAL RESULTS AND DISCUSSION

A. Trigonal-Bisectrix Plane

Figures 4 and 5 show the dHvA frequency plots
for a sample oriented in the trigonal-bisectrix
(110) plane. The data in Fig. 4 agree closely with

tometer and goniometer axes both vertical, the
goniometer was adjusted so that the dHvA frequen-
cies from the three P-arm branches were similar
as nearly as possible, in order to orient a sample
for measurements in the binary-bisectrix (111)
plane. Similarly, fo'r measurements in the trigo-
nal-bisectrix (110) plane, the goniometer was
adjusted so that the beating dHvA frequencies from
the [100] and [010] P arms were equal, while the
open-orbit peaks corresponding to the (100), (010),
and (110) open-orbit directions coalesced into one
at [001]. Accurate goniometer adjustments were

'

possible for these cases since the features de-
scribed are all very sensitive to crystal orienta-
tion.

the solid curve based on a fourth-order fit to I8-

arm quantum oscillations on the microwave sur-
face impedance. '

The y branch in Fig. 5 is assigned to the y orbit
from the position of the minimum and its angular
range. This was originally assigned to the 7 orbit
by Brandt and Rayne. The minimum frequency is
(1900+ 10) T, 19 from the (112) direction toward
the (110) direction, and the frequencies at (110)
and (112) directions are (2080+ 10) and (2040+ 10)
T, respectively.

The yz branch is assigned to the y2 orbit illus-
trated in Fig. 2 because of the cutoff near the (112)
direction and the increase in frequency toward the
(110) direction. The cutoff depends critically on
the size of the T-face opening and on the amount
by which the P arms pass inside the X face at K.
Assuming that the orbit passes through K, the
radius of the T-face opening would be approximately
0. 2 A, which is in agreement with the value of
0. 198 A estimated by Dishman and Rayne from
the MAG V model. There may be evidence of the

yz orbit in the experiment of Bogle et gl. The
break in the points labeled y in Fig. 2 of Ref. 7
may indicate that not only y but also y2 orbits were
observed because for H near the (112) direction,
the Fermi-surface calipers along the (111)direction
of the y and yz orbits are approximately equal.

The frequency branch g was observed only with
the 116-kG magnet. This branch is assigned to
the hexagonal-shaped hole orbit g centered at T
and completely enclosing the 7. face. Tile orbit
has a minimum frequency of 21 900 T a't the (111)
direction with an angular extent of 12' toward the
(100) direction, where it is cut off sharply by the
L-face opening, and 18.4' toward the (110)direc-
tion where it is cut off sharply by the X-face open-
ing. Bogle et a/. 'predict similar angular ranges
and report a caliper dimension O'T"~-0. 90 A ' from
T through W to the outside of the hole surface.
The frequency corresponding to a hexagon with
this dimension is 22100 T and compares favorably
with the minimum value of 21 900 T observed in
this experiment.

The dHvA frequency region between 50 and 5000
was carefully studied about the (110) and

(111)directions for the X-face and T-face elec-
tron necks. A frequency of 1950 T, which may be
that of the T-face electron neck orbit, was ob-
served along the (111)direction in one crystal.
However, this assignment is tentative because the
frequency was not observed in other samples with
the same orientation. The X-face neck was not
observed, perhaps because the electron bands are
very narrow or because the oscillations are sen-
sitive to strain-induced phase smearing. The p
orbit, which has been observed by the magneto-
acoustic effect, has not been observed by dHvA.



de HAAS —van ALPHEN EFFECT IN MERCURY 3111

I I I l I I I l l

I60—

i4O—

V)
4dI-

l20 —'

X,
Lal

LLI
ioo—

X
LL.

FIG. 4. P-arm dHvA frequen-
cies for the (110) plane. The
solid curve was calculated from
results of a fourth-order fit; to
frequencies of P-arm quantum
oscillations.

80—

Iooi) I'ooi]

I I I I, I

-80 -40 0
ANGLE FROM ( I l I ) (OEGRE ES )

( I IO)

I I I

40
I

80

It is possible that the p orbit is obscured by the
variety of signals near the (112) direction in Fig.
3 or that it has a low spin-splitting factor for dHvA
measurement.

Because curves && and &3 extend through 180',
they are assigned to & orbits on the electron lenses
normal to (100) and (010) directions. These two

branches are resolved by an amount that indicates
that the crystal was rotated about 1' out of the
trigonal-bisectrix plane about an axis at approxi-
mately the -40' position in Fig. 5. The &, branch
with a minimum frequency of 3250 T is assigned
to an & orbit on the electron lens normal to the
(001) axis. The amplitudes of the signals corre-
sponding to the & branches all decreased rapidly
with increasing dHvA frequency, and &, did not re-
appear near the (001) direction at higher frequen-
cies, even at 100 ko. The 6800-T & frequency re-
ported by Brandt and Hayne is a sum frequency
&+ Y; at the (001) direction c'., is expected to be
greater than 9500 T since k~tJ = 0.538 A ' for the
electron lens.

Spin-splitting zeros may also have contributed
to the rapid decrease in amplitude of the -orbit
signals, since for 0. 61&m)&1.6 and g~2, the
spin-splitting factor cos(,'vgm'f) will —go through
one or more zeros. Little can be said about this
effect, however, because the signals did not re-
appear at high frequencies; attempts, based on an

ellipsoidal model for the electron lens, to use the

dHvA amplitude terms to determine effective g
values (2n+ 1)/mf were inconclusive.
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I'IG. 5. The dHvA frequencies greater than 1500 T for
the (110) plane.

B. Binary-Bisectrix Plane

dHvA frequency plots for a sample oriented near
the binary-bisectrix (ill) plane are shown in Figs.
6 and V. The V-T spread of the minimum p fre-
quencies in Fig. 6 indicates that the sample is
oriented within 1.4' of the (ill) plane since in Fig.
4 the P frequency varies 2. 6 T/deg for the low-
frequency branch where R is 90' from the (ill)
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In Fig. 7, the a-frequency branches arise from
& orbits on the electron lenses, and the y and r
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(ill) plane of mercury.

branches are assigned toy and v' orbits since their
minima are at (112) and (110)directions as ex-
pected. The minimum frequencies for n and 7 are
8240 and 1570 T, respectively, at the (110)direction
while the minimum frequency for y is 2060 T at
the (112)direction.

The y2 branch in Fig. V is assigned to the ya
orbit because its frequency of 5200 T corresponds
to that for the yz branch near the (112)direction
in Fig. 5. The assignment of both these branches
to the y3 orbit is confirmed by the sudden cutoffs
of this y2branch, just 2. 5 to either side of the
(112) direction in Fig. 7, as expected for the ya
orbit. The ILty branches in Fig. 7 are assigned to
the py orbit, since they were observed over angular
ranges for which this orbit is most probable in
Fig. 2. It is not certain, however, that these
branches may not correspond to the I(: orbit which
has a range of about 12' to 18' from the (112) di-
rection toward the (110)direction.

The angular range of 41. 2' of the v. branch in

Fig. 7 means that the sum &rw+ &x'g is at least
but perhaps greater than, 0. 3S, A . The k~& is
the inside dimension of the T-face opening of the
hole surface along TR' while k~~ is the inside di-
mension of the X-face opening along the XE line.
This value is essentially the same as the value of
0. 40& obtained from the MAG V model, but nearly
twice that obtained from the RAPW model which
is seen to underestimate the sizes of the X- and
T-face openings. The present results yield a min-
imum value for k~~+ k~~ whereas the magnetore-
sistance results, summarized in the MAO V model,
yield a maximum value for this dimension. Taken
together these measurements show that the sum
k ~~+@&'~ is 0. 40 A ~. Also the sharp cutoffs of
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the W~ branch 2. 5' to either side of the (112) di-
rection in Fig. 7 mean that 0. 866 k„'~+A~~ 0. 47,
where k~~ is the distance from X through E to the
outside of the 8 arm near K. The amplitudes did
not drop suddenly near the ends of the y branch in
Fig. 7, thus indicating that this branch was not
observed over the total angular range for which the

y orbit is geometrically possible. However, the
angular range of 33. 5' over which y was observed
means that 0. 866 k~~- k~~ must be less than 0. 18

A . Thus, the measured angular ranges of the
7', y&, and y orbits show that Q&& 0. 38 A

0 ~5 A-s and kx~ (0.25 A ', where the inequal-
ities arise primarily from the uncertainty in the
angular range of the y branch.

C, Trigonal-Binary Plane

The dHvA frequency plots for a sample oriented
near the trigonal-binary (211)plane are shown in
Figs. 8 and 9. The sample was not oriented with
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TABLE I. Some dHvA frequencies and extremal cross-
section areas of mercury.

Field direction
(deg)

2 from (001)
froward (001) '

19 from (11'2)
toward (110)

(110)
(112)

(0») '
(111)'

(111)
(110)
{110)
(1TQ) '
(112)

dHvA frequency
(T)

73.9+0.5

1900 + 10

2080 + 10
2060+ 10

1570 + 10

21 900 +300

1950

3780 a 10
3410 a 10
3630 + 1Q

3240 + 10
3580 ~10

5200 + 10

Area
(in a.u. )

l. 98 xlp

5.08xlp 2

5. 56 x 10
5. 50 x 10

4. 19xjp

5.85 x10-'

5. 21xlQ

1.Ql x lQ

9.11 x]0
9.70 xlp"
8.89 xlp ~

9.56 xlp"

13.9 xlp"2

19.1 xlp-'p7 8 from (112) 7150 +10
toward (110)

'Directions of minimum dHvA frequency for the orbit.
"The G-orbit values correspond to the lens normal to

(001).

the goniometer used for the other planes. The
actual orientation was obtained with a computer
program in which a search was made for the ori-
entation yielding the best least-squares fit of the
measured P-arm frequencies to the P-arm dHvA

frequency model, which will be discussed else-
where. ' The best fit and the orientation corre-
sponding to it are shown in Fig. 8; the normal
X to the measured plane has angular coordinates
(86. 5, 9. 0) in the stereographic projection.

The frequency branches & in Fig. 9 are from
the ~ orbits on the electron lenses. The branch
7' has been assigned to a 7 orbit since its minimum
is near tbe projection of the (011)direction on the

plane of measurement. Finally the y branches on

either side of this direction correspond to y orbits,
but are not symmetrical about it because they are
very sensitive to rotations about the trigonal axis.

The minimum frequency for a direction 9. 0
from the (OT1) direction for 7' is (1600a 10) T; this
value compares favorably with the value of 1570 T
obtained at the (Oil) direction in the (110)plane,

since the frequency increases slightly as A is ro-
tated from tbe (011) direction in the (111)plane.

V, SUMMARY

The dHvA results of Brandt and Hayne are ex-
tended and clarified, and three orbits (g, y2, and

py) were observed for the first time by the dHvA
effect. The dnvA frequencies and corresponding
extremal cross-section areas for a variety of or-
bits are summarized in Table I. The minimum
frequencies determined here for the p, v, y, and
& orbits confirm the values of Brandt and Rayne'
within the combined frequency and orientational
accuracies. However, the value 3V80 T for the
o-orbit frequency with 0 along the (111)direction
is considerably larger than the value 3450 T re-
ported by Brandt and Rayne. For measurements
in the (110)plane, the observed angular range of
the q orbit is in good agreement with the range
predicted by the four-plane-wave model of Bogle
et a/. , whereas the sharp cutoff of the y& orbit is
consistent with the MAO V model of Dishman and

Hayne. 6 These angular ranges indicate that the
dimensions kL,'U and kx'~ for the hole surface are
approximately 0. 87 and 0. 30 A, respectively. For
measurements in the (111)plane, tbe angular
ranges of the 7', y~ andy orbits show that

u",~+a~~=0. 40A ', 0. 866 I ~",'+a",,=0.4' '
and

0. 866 k~"~ —k~'~ & 0. 18A

respectively; so that

4'~g&0. 38 A; 4'z"~&0. 15 A

kx'E &0. 25 A

In this way, the dHvA experiment provides infor-
mation about inside and outside dimensions of the
hole surface of mercury.
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Experimental and theoretical evidence is presented to support the hypothesis that the ampli-
tudes of observable magnetoacoustic oscillations are to a large extent controlled by collision
damping. By fitting experimental data on copper to a simple formula derived from the free-
electron theory, we find that the temperature dependence of the electron-scattering rate for
belly orbifs is given by {l.5 ~ 0. 2) xl0 T for temperatures below about 13 'K. This value is
comparable to those obtained by other workers using cyclotron resonance. Although our method
needs further theoretical development, we believe it has considerable potential as a tool for in-
vestigating scattering processes in metals.

I. INTRODUCTION

In a recent paper, Haussler and%elles' demon-
strated that numerical values for the electron re-
laxation time in metals can be extracted from
measurements on the amplitudes of Azbel'-Kaner
cyclotron-resonance (AKCR) oscillations. The
amplitude A„of the nth resonance peak, is, ac-
cording to free-electron theory, proportional to
n2e 3'"'"', where ~ is the microwave frequency and

v is the relaxation time. Since the cyclotron fre-
quency (), is given by + =n~, , this behavior has the
simple physical interpretation that the amplitudes
are primarily determined by the probability e
that an electron can complete an orbit and return
to the skin region where the microwave field is
large. (This simple behavior is only followed
when one can neglect the possibility that an electron
completes more than one orbit, i.e. , when
e ~""~'«1.) Haussler and Welles were able to
obtain values for the effective scattering rate in
copper as a function of temperature for several
distinct orbits on the Fermi surface.

In this paper, we demonstrate that the magneto-
acoustic analog of Haussler and%elles's experi-
ment can be carried out. The magnetoacoustic ef-
fect involves spatial rather than temporal reso-
nances, in fact resonance peaks occur whenever

some suitable dimension on an electron orbit is a
multiple of the sound wavelength. Several work-
ers ' have reported an exponential decrease of
the amplitude of the observed oscillations with
harmonic index v and we conclude that the regime
e ~' "&'«1 is experimentally accessible.

II. THEORY

A. Free-Electron Model

Cohen, Harrison, and Harrison' have laid down

the theoretical groundwork for a wide range of
magnetoacou~tic effects using the free-electron
model and assuming an isotropic relaxation time 7

(i. e. , the electron mean free path is given by
f =vz&, where vz is the Fermi velocity). They
showed that for longitudinal sound waves of wave
vector q in the presence of a transverse magnetic
field H (normal to q) the attenuation coefficient is
given by

¹n
su&~ ef) ~

pg) s

where N is the electron density; m is the electron
ma, ss; p is the density of the metal; v, is the sound
velocity; and the argument X of the function S» is
given by X=qR, where R is the orbit radius, in
real space, of an electron on an equatorial belt of


