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%e present a detailed experimental study of the behavior of Pb-Pb supercondueting diodes
in phonon generation and detection. It is shown that the detection process occurs via pair
breaking as well as phonon-assisted tunneling. The present experimental results do not
resolve the distribution in energy of the phonons emitted by the generator. However, the
derivative of the detected signal with respect to the generator current contains well-defined
structure coincident with the phonon density of states of Pb calculated by McMillan and
Bowell.

I. INTRODUCTION

Superconducting tunnel diodes have been success-
fully used' as phonon generators and detectors.
Since then we set as our goal the experimental de-
termination of at least the coarse features of the
generated phonon spectrum for various levels of
excitation and an understanding of the mechanisms
responsible for the detection process. This infor-
mation is essential if such a device is to be used
for studying propagation and absorption of phonons
in solids or in liquid helium in a frequency range
not attainable by conventional ultrasonic devices.

%e use superconductor-barrier- superconductor
tunnel diodes evaporated on two parallel faces of a.

sapphire single crystal -1 cm long and 1 cm diam-
eter. The diode area is 0. 1x0.1 cm and the film
thickness is - 1. 5&&10 ' cm. To the diode used as
phonon generator, we apply pulses of amplitude .

V& 2~, where 2b is the energy gap of the super-
conductor and V is in electron volts. The excited
quasiparticles produced by tunneling relax and re-
combine emitting phonons. 2'3 The relaxation pro-
duces phonons of energy ~ in the range 0&+ & V- 24
while the recombination into Cooper pairs produces
phonons of v & 24, Some of the generated phonons
propagate in the sapphire crystal in rectilinear tra. —

jectories to the detecting diode. Coincident with
the time of arrival of the phonons, a voltage pulse

8 is measured across the detector which is biased
at a voltage V~ & 24 from a dc constant-current
source. The major contribution to the signal 8
comes from those incident phonons of ~ & 2h. ' Such
phonons break Cooper pairs in the detector result-
ing in an increase in the quasiparticle population
above the gap edge, and hence an enhancement in
the tunneling current at V& & 24. Using this simple
model for phonon generation and detection, an ade-
quate interpretation was obtained for previously
published results. ' In the following paragraphs we
discuss some details of the electron-phonon and
electron-electron interactions relevant to phonon
generation in superconducting tunnel diodes.

First we discuss the decay thresholds and their
effects on the genexated phonon spectrum. Excited
particles of energy E- 4 mill either directly recom-
bine in pairs emitting phonons of energy v & 24 or
first individually decay to the top of the gap emitting
rt. laxation phonons with + =E —~ and then recombine
in pairs emitting phonons with u = 2&. Since at E
= ~ the group velocity of an excited quasiparticle is
zero, the thresholda' E„ for the relaxation process
is given by (E„—4) 8uav„h where v, is the sound
velocity and v& is the electron velocity at the Fermi
level. This threshold is of the order of 2x10 ~A

for the longitudinal and 0. 26x 10 6 for the trans-
verse phonons in Pb. Ignoring gap anisotroyy, the
recombination phonons are emitted in an extremely
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narrow band of width 5~, where 5&a/2d is of the or-
der 10 ' for the longitudinal and 10 for the trans-
verse yhonon modes, and hence the phonon spec-
trum emitted from a superconducting tunnel diode
contains an essentially monochromatic peak at co

= 2~. However, the width 5+ is determined by the
probability that a quasiparticle of energy - E„would
first relax to the top of the gap emitting a phonon
of energy co„=E„-4. This probability is propor-
tional to the phonon density of states at +„. This
density is extremely small as evident in the Pb yho-
non syectrum calculated by McMillan and Rowell.
Furthermore, phonons of energy ~„have a wave-
length 2 to 3 orders of magnitude larger than the
film thickness. Therefore, such phonons can only
be emitted with wave vectors in the plane of the
film, resulting in a reduction in the emission proba-
bility. Since, in addition the electron interaction
with long-wavelength phonons is heavily screened
by the dielectric constant of the metal, one expects
that direct recombination will extend far beyond the
threshold E„and may lend itself to a direct experi-
mental determination.

Our scheme to measure the direct recombination
width in Pb is to use a detector made out of Pb-Bi
alloy (both stripes) with a gap slightly larger than
Pb. By careful measurements using detectors with
progressively larger gaps we hope not only to de-
termine the threshold but also the "line shape" as
determined by the ratio of excitati ons directly re-
combining to those relaxing first to the top of the
gap.

The other threshold of interest is that occurring
at E=3~. Here a particle with E& 3~ would either

.relax to the top of the gap emitting a yhonon with
+ & 2~ or break a Cooper pair, resulting in three
excited particles of energies E„E„and E, such
that E= E, +E,+E,. It is obvious, however, that
these two processes are indistinguishable in our
type of experiment if both generator and detector
are made out of the same superconductor since the
final number of yhonons emitted with co & 2~ is the
same in both cases. But in an experiment where
the detector gap is larger than the generator gap
as described in the previous paragraph one is capa-
ble of detecting which process is yredominant. This
can be explained as follows: Consider for the mo-
ment that a number of excitations is produced with
E =44. If pair breaking is the dominant process,
one would obtain, say, E, = Ez = 4 and E3 = 2d, the
latter giving a relaxation phonon of co = 4. However,
if the excitations relax directly to the top of the gap,
a number of phonons of energy cu = 3~ is produced.
In spite of the possibility of phonon reabsorption
some of the 34 phonons will escape into the sap-
phire. Only in this latter case will the larger gap
detector show an enhancement of the signal by an
amount proportional to the number of 3A phonons

that escaped.
For higher excitation energies, and in particular

when ~ =E —~ lies in the vicinity of one of the pho-
non peaks co, = 4. 45 me V and ~& = 8. 5 me V we en-
counter new difficulties. As discussed by Scalayino
the lifetime of such quasipartieles is so short that
their level width is comparable with their excitation
energy. The concept of a quasipartiele occupying
a well-defined level E breaks down and the state-
ment that it will relax to the top of the gap emitting
a phonon of co = E —~ becomes meaningless. Indeed,
a total excitation energy E has been added to the
system and its final decay to the top of the gap will
increase the energy of the phonon gas by (E —z)
which is in general distributed among various pho-
non modes including those around + =E- 4.

In the experiment, we use diodes whose resis-
tance is typically of the order 10 to 10 ' 0 and the
generator is driven by a current of several amperes.
Assuming the lifetime of an excitation to be 10 '—
10 ' sec the steady state in the generator will con-
tain some 10'6-10" excited particles/cm' and a
large population of phonons. The spectrum of the
phonons escaping into the substrate could be calcul-
ated from the detailed balance at each energy level
between the electrons and the phonons using inter-
action rates appropriate to the degree of excitation
of the system. The interactions to be taken into
account are the Coulomb interaction given by the
yseudopotential p,

* and the electron-yhonon inter-
action described by the function o.~(ur)E(~), where
n is the effective electron-phonon coupling, E is
the phonon density of states, and (d is the phonon

energy. Both p,
* and n~E have been calculated for

a number of superconductors by MeMillan and
Rowell. In addition, one should also consider the
possible interactions among the large number of
excitations present in the generator. The calcula-
tion of the emitted phonon spectrum is quite compli-
cated and we will concentrate here on presenting
the experimental results in ful1. detail and compare
them with crude calculations based on the simplest
possible models.

In this paper we present experimental results
showing the behavior of Pb diodes both as phonon
generators and detectors. The experimental tech-
niques are described in Sec. II. In Sec. III, sim-
plified models of the generator and detector are
described and their behavior is calculated in the
range where first-order relaxation processes are
valid. This is followed by a presentation of the ex-
perimental results and a comparison between theo-
retical and actual behavior in Sec. V.

II. EXPERIMENTAL TECHNIQUES

The samples were evaporated on two parallel
faces of a sapphire single crystal as shown sche-
matically in Fig. 1. The sample holder was de-
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signed to provide for each pair of indium dots a
pair of pressure contacts connected to a floating
low-impedance coaxial line. Each line and its pres-
sure contacts is individually enclosed in a con-
tinuous ground shield. This together with the par-
ticular geometry and arrangement of the In dots
shown in Fig. 1 reduced to a negligible amount the
inductive coupling between input and output of one
diode as mell as that between generator and detector.
To the generator we apply dc pulses 3-4 p, sec mide
at a repetition rate 1000 Hz. The generator pulse
current I and voltage V are fed to a dual trace sam-
pling scope. A dc bias V~ & 2~ is applied to the de-
tector and its pulse output S is amplified and fed
into a second sampling scope. The sampling points
are positioned - 2 p, sec beyond the leading edges of
the generator and signal pulses, respectively, thus
taking the acoustic time of flight into account. The
outputs from the sampling scopes are fed either to
x-y recorders or to a data-acquisition system (to
be referred to as DAS for short) which transfers
the input in digital form to a magnetic tape. Our
DAS has three digital voltmeters which permit us to
record three separate channels simultaneously.
There are also 24 additional channels which can be
recorded sequentially.

To obtain the derivatives 8 V/BI and s S/BI we
developed the following scheme. We use a function
generator running at 500 cps with two outputs; one
supplies a square wave, the other a sine wave.
Part of the square-wave output is used to trigger
the modulation pulse generator at 500 cps. Theoth-
er part is differentiated, full wave rectified, and

II
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FIG. 1. Schematic drawing showing the configuration
of the evaporated samples to minimize inductive coupling
between generator and detector.

amplified to trigger the main pulse generator at
1000 cps. The sine-wave output from the function
generator is used to drive the reference channels
of two lock-in amplifiers. The modulation pulser
is connected through an isolation network in paral-
lel with the main pulser and the two pulse trains are
aligned in position and width. The isolationnetwork
is necessary to ensure the constancy of the modula-
tion pulse height at all values of the main pulse.
Since the diode resistance is always extremely
small, all sources, pulsed and dc, operate in a
constant-current mode as seen at the diode ter'mi-

nals. When the modulation pulse is applied, the
output from the sampling scopes contains a square-
wave component at 500 cps. The V and S outputs
are then fed through a bandpass filter or directly
into the signal channel of the lock-in amplifiers
and provide a dc output proportional to 8 V/BI and

sS/eI.
The data are recorded on magnetic tape in the

form of separate files or sets containing either
(V, I, S) or (V, s V/sI, aS/az) or (V, I, S),
where V~ and I~ are the detector bias voltage and

current, respectively. Each data set contains about
1000 points. To drive the various components of
the experimental setup we use a timer, a stepper
motor, and high-resolution potentiometers. The
timer pulse energizes the stepper motor power sup-
ply. After the step is completed a command pulse
is produced and fed into the DAS which records si-
multaneously the three channels of interest. The
cycle is then repeated every 3 or 12. 6 sec when the
integration time of the digital voltmeters is 1 or 10
sec, respectively.

Using IBM System/360 the binary-coded decimal
data on tape are read and stored permanently on a
private disc pack. To simplify subsequent program-
ming and analysis the raw experimental sets are
converted such that the independent variable V or
V~ is equally spaced. We use linear interpolation
to compute about 500 equally spaced points. This
procedure introduces only a negligible amount of
smoothing and the equally spaced set still contains
all the noise and information in the raw set.

This completes the description of the experimen-
tal techniques. Before proceeding to Sec. III we
would like, however, to discuss some aspects of the
detector characteristic which are relevant to the
present study. As mentioned previously, the de-
tector is biased at V~ & 2b, . In this region the cur-
rent is composed of a complicated superposition of
contributions coming from various sources. ~ All
contributions are more or less of the same order
of magnitude. The I- V characteristic and probably
also the way the various contributions add up are
highly nonlinear. We summarize some of these
contributions and their possible effect on our mea-
surements. The order of magnitude quoted for each
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FIG. 2. Effect of the dc magnetic field associating
with the generator current on the detected signal pulse.
(a) The Iz — Va characteristic showing the resonance
peak and its rotation (dashed line) with increasing
magnetic field. The detector pulse shapes labeled by
b, c, and d in (b) correspond to detector bias indicated
in(a)bythe arrows labeled by b, c, and d, respectively.

istic such that a region of relatively high dynamic
resistance, and hence an enhancement of the signal,
was obtained. Operation with a fixed bias at the
peak, though desirable, proved to be quite tedious.
Small drifts in the bias voltage result in large
changes in the signal. More serious, however, is
the effect of the magnetic field associating with the
generator pulse current. This magnetic field acts
essentially as a dc field adding to or subtracting
from the externally applied field resulting in a ro-
tation of the characteristic about a point adjacent
to the position of the peak as shown in Fig. 2(a).
This drastically modifies the shape of the received
signal pulse as shown in Fig. 2(b). We emphasize
that this is a "dc" effect and as seen in Fig. 2(b)
the ac inductive coupling is barely discernible.
Operation in this mode was usually avoided where
possible by increasing the magnetic field sufficient-
ly till the resonance peak disappears and the I-t/'
characteristic becomes stationary with moderately
large changes of the magnetic field.

(d) Finally there is the so-called subharmonic
structure occurring at VI = 2&/n where n is an inte-
ger. This structure, though not well understood,
has been the subject of a recent study by Giaever
and Zeller' who attributed it to the self-detection
of the Josephson radiation. ' Our results show some
peculiarities associated with this structure and

may contribute to a better understanding of its na-
ture.

III. THEORY

contribution is estimated relative to the current
flowing at the same voltage when the films are nor-
mal.

(a) The tunneling current due to thermally excited
quasiparticles should be of the order 10 in Pb di-
odes at 1'K.

(b) Leakage current' of unknown origin appears
to be linearly dependent on the voltage and is of the
order 1-3x10 in-our samples. It may contribute
phonons haying a Planck's distribution (heat).

(c) Structure due to the self-detection of the ac
Josephson current appears in one of two forms: the
well-known Fiske constant voltage steps' at the
resonance frequencies of the strip-line modes which
are well defined and numerous for V«, and the
resonance peak' which occurs at voltages where
the separation betmeen modes and their respective
Q's are so small that their separate structure is
mashed out. This structure is extremely sensitive
to magnetic fields and is sufficiently strong to dom-
inate the characteristic in a perfect diode producing
currents of order 10 . Obviously, the voltage re-
gion where the resonance steps occur was excluded
from our measurements. However, by properly
adjusting the magnetic field it mas possible to move
the resonance peak to a position on the character-

In the experiment the applied pulses are suffi-
ciently wide (3-4 psec) that a steady state is es-
tablished in both generator and detector. The pho-
non pulse incident on the detector will produce an
increment i(Va) in the current where Vs & 24 is the
bias voltage. Since i(Vs) will have the duration of
the phonon pulse the transient response of the de-
tector can be calculated using the simple equivalent
circuit of Fig. 3. Here I~ is supplied to the diode
from a constant-current source and the arrival of
the phonon pulse is simulated by closing the switch
at time 8= 0 reducing the diode resistance at the
bias point from A~ to R~. The voltage appearing
across the load resistance Ai, is given by

S (i) = I,(R, —R,')(R,'+R, )-' R—,e-' "o,

with

io--C(Ra+Re ).

The diode time constant R~C~ is small compared
to tp and was ignored. If i « I~, one may linearize
the characteristic and put Is(Rs —Ra) =iR, where
A~ is the dynamic resistance at the bias point.
%ith tp»pulse duration, the signal-pulse amplitude
is then

S=iR (l+R /R )
' . (l)
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FIG. 3. Simplified equivalent circuit of the detector.

E(V- E) dE
f( ) P(g2 g2)[(V E)2 g2]}1/2 t

where the current is

(4)

shown in Fig. 4(a) and the number produced per
second in the energy range between F. and E+dE is
proportional to

1 Vg+&
8) ff [(V g)2 g2] VR

Vg+4+6 (E- V,gE
[(E V )2 g2] v2

24 5 V~+D
8 2& [(V +D) —& ]' (2)

where (5/2h)'~' is related to n, by the expression

(5/2&) ~ = n, /46N(0)Ad,

where N(0) is the density of states for one spin at
the Fermi level, while A is the area, and d is the
total (both films) thickness of the diode. To relate
n, to the phonon density in the incident shower we
must use the detailed balance equations. '~

We derive equations to describe the detailed bal-
ance in a simple three-level system which. is ap-
propriate for the generator with V& 64 as well as
for the detector. Although in the steady state the
results obtained- for the generator are obvious, the
equations may be useful in applications where the
applied pulses are too narrow to establish the steady
state; they also provide in a concise fashion the
manner in which one should calculate the number
of phonons of e & 2~ for V &4~.

In the generator the tunneling current I produces
identical excitations on either side of the barrier.
These excitations are distributed in energy as

Our experimental results show that probably three
different mechanisms are contributing to f(Vs). The
largest contribution comes from the pair-breaking
mechanism'6 (PBM for short), described in the
Introduction. The second comes from phonon-as-
sisted tunneling" (PAT) while the third is from an
unknown source and produces well-defined steps at
the "subharmonic" voltages 24/n. These mecha-
nisms will be discussed later in, more detail and we

proceed here to calculate the current i(Vs) coming
from PBM. We assume that incident phonons with

v & 2& produce a steady-state population n, of ex-
citations which occupy the states in the energy range
4 & E«+ 5 on either side of the barrier of an ideal
diode at absolute zero. At a bias V~ the current
will be given by the usual tunneling expression

1 E(E—Vs)dE
f(E2 g2)[(E V )2 g2]} 172 '

where 8 is the normal-state resistance. Since
5 « ~ one can take the density of empty states as
a constant equal to its value at V~+~ and obtain

b,

I= —
Jl f(E, V) dE.

R g
f(E, V) dE

If we ignore all processes which involve phonons of
~ & 2~ the generator may be represented by the
three-level system shown in Fig. 4(b). It consists
of 3 electron levels: a Fermi level 0 containing all
condensed pairs and two excited levels 1 and 2 at
energies ~ and 3~, respectively. The electrons
are interacting with a bath of phonons of v = 26 and

of total population N~. The whole system is in con-
tact with a medium at constant temperature. The
permissible transitions are (i) single-particle tran-
sition from 1 to 2 (2 to 1) absorbing (emitting) a
phonon of u& =- 2A; (ii) pair condensation (breaking)
from 1 to 0 (0 to 1) emitting (absorbing) a phonon
of e = 26; (iii) no transitions are permissible be-

f.L.

INJECTED POPULATION
' DENSITY

2
e

. N2

2Z)
e

NI

FIG. 4. (a) Distribution of the injected population vs
energy. (b) Simplified equivalent three-level system.

Concentrating on phonons of e & 2~ the current I is
divided into two parts

3h
Ii—- — f(E, V) dE
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dNj 2I, a &a
dt e

+PN —rN + —,—nN N»P 1 (9)

dN~, q 1 Nq= ~ rN, —
~ P Np + —,—n Np N, —y (Np —Npo) +J,

(10)
where N» is the population of the phonon bath in
thermal equilibrium and n, P, and x are constants
defining the respective transition probabilities while

y is the rate of phonon escape to the constant tem-
perature medium. J is the number of phonons ab-
sorbed by the detector per second from the inci-
dent phonon shower.

For the generator (J= 0) in the steady state
(d/dt = 0) one may combine Eqs. (8)-(10) to obtain
the obvious result

(I + 21~)/e = y (M —Mo),

wiiich states that the number of phonons escaping
to the sapphire crystal is equal to (I+ 2')/e, if we

ignore those phonons that escape to the helium bath.
Taking the generator as a point source emitting
yhonons in an isotropic medium the phonons ab-
sorbed by the detector per sec will be given by

J = —(I+2I&)
e 2ml

(12)

where a is a constant & 1, and l is the length of the
sapphire crystal. Using this value of 8 in (10) and

combining Eqs. (8)-(10) the steady-state popula-
tions in the detector (I&=I&=0) are given by

A P a
N, = N, 0+ p

—(I + 2')2I'l y 7' e
(13)

for level 1 and

N= -- N2
p

1

for level 2 where the thermal equilibrium values
PN~o=rN, o were used.

We ignore the contribution of N~ to the detector
signal and put n, =Ny Ny{). Using the equilibrium
populations per unit volume n, o =N, o/Ad and n~o

=%~0/Ad one gets from (3) and (13)

pa 4~ 0

tween 2 and 0. To take into account the excitations
produced on both sides of the barrier we assume
that 2I, /e and 2Iz/e particles are injected per sec
into levels 1 and 2, respectively, where e is the
electronic charge. Let N, and N, be the instanta-
neous population in levels 1 and 2 and let 7

' be the
lifetime of an excitation in level 2. Following Roth-
warf and Taylor' the detailed balance equations are
as follows:

dN~ 2I~ N~

dt

x 1+ — (ydx2vl+~0) '(I+2I, )
f a

e

- v3
—1I'.

(15)
The detector signal is finally obtained by substitut-
ing (15) and (2) in (1). It is obvious that in general
the signal at a fixed bias is not a linear function of
the generator current I for V& 44. Furthermore,
the dependence of the signal on temperature is de-
termined not only by n» and n~o but also by its de-
gree of excitation by the incident phonons. To esti-
mate the order of magnitude of the different terms
in (15) we calculate n, o and n~o. Using the super-
conducting density of states and Fermi-Dirac dis-
tribution one obtains

ga
n ~ o

= 2b N(0) e -b/t (16)

and from the Debye spectrum and Bose-Einstein
distribution one gets

SN
6T 4t m/t

neo —SN — -- —e (17)

which are valid for e/T»2r/kT»1. Here N is the
number of atoms per unit volume, 9 is the Debye
temperature, T, is the superconducting transition
temperature, I = T/T„and b = 60/k T, . If we now
linearize (15) and substitute n, o and n~o from (16)
and (17) one finds that the signal is a strong function
of the temperature and will vary like (b/t)~me ~'.

This temperature dependence diminishes with in-
creasing excitation level and vanishes in the limit
of high excitation. We calculate now the factor that
determines the behavior of the signal for the follow-
ing values of the parameters for Pb; T= l. 2 'K,
T, = 7. 19 'K, 8 = 105 'K, N = 0. 33 x 10"cm ', N(0)
=1.824x10 eV 'cm ', ' l= l cm, a=1 and taking
yd to equal 2&& 10 cm sec'-the velocity of sound'
in Pb one gets

(a/e)(ydx 2wl~n»)- 2. 6x10~ A '.
It is obvious that the acoustic mismatch between Pb
and the sapphire substrate may reduce the value of
a far below unity and that photon scattering at im-
perfections and dislocations in the sapphire may re-
duce the phonon shower density at the detector by
an order of magnitude below that estimated here.
However, the generator current is typically in the
order of amps, and the detector response will not
be linear in the current.

The integrals of Eqs. (6) and (7) can be obtained
in terms of elliptic integrals. They can easily be
put in a form appropriate for computation using
subroutines available in the IBM scientific subrou-
tine library. We compute the signal in the linear
S= C(I+2I3) and square root S= C(I+2I,)~~ limits,
where C is a constant. The derivative sS//sI is
computed using Lagrangian interpolation polynomial
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of degree 2 relevant to three successive points. The
results shown in Figs. 5 and 6 are normalized such
that both 8 and I equal one at V=64, while the deri-
vative is normalized by taking the constant C = 1.
The solid and dashed curves depict the behavior in
the linear and the square-root limits, respectively.
The kink in the signal curve and the singularity in
the derivative obviously occur at I(4b, ) and reflect
the effect of the square-root singularity in the theo-
retical density of states of a superconductor at the
gap.

One also finds that the ratio S(64)/S(4b) varies
from 3. 1 in the linear limit to 1.76 in the square-
root limit. This ratio is an important parameter
which links theory and experiment. One can write
at constant bias

S(V) = C,(I 1+C2[I(V) + 2I2{V)] I
v —1), (16)
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where C, and C, are constants. Putting x = C, I(6b)
and using for the currents the values I~(4b, ) = 0,
2Iz(64) =I(6b), and I(44) = 0. 646I(6b, ) one obtains

S(6a)/S (4a) = [(1+2m)~'- 1] [(1+0.646~)~'- 1] '.
(19)

The dependence of this ratio on x is depicted in
Fig. V. Since there is a good agreement between
theoretical and experimental values of I(V) one can
use the experimental ratio S(66)/S(46) in Fig. 7 to
obtain the value of CzI{6b,) appropriate to the exper-
iment. Through proper normalization one can com-
pare the theoretical pl.ediction with the experimen-
tal results.

At a fixed generator current the detector signal
vs bias can be written

I.O

0.8

0.8
z

0.5

~~ 0,+
NC

0.3
z

0.2

O.O O.l 0.2 0.3 0.4 OS 0.8 07 0.8 0.9 I.O
NORMALIZED CURRENT

FIG, 5. Calculated signal vs current in the linear
{solid) and square-root (dashed) limits, normalized
such that I (64) = 1 and S(6&)=1 in both cases.

NORMALIZEO CURRENT

FIG. 6. Calculated derivatives of the signals shown
in Fig. 5.

Itg Vp+ &
B) 8 1 It /It [(V g)3 g2] l/3

and since it depends on one constant C~, comparison
w'1th expel iment ls stl alghtforward.

IV. EXPERIMENTAL RESULTS

A. Data Processing

As mentioned in the Introduction, all subsequent
processing is carried out using the data sets equally
spaced in the independent variable V or V~. Vari-
ous methods to smooth (filter) and differentiate the
experimental data were attempted. " Vfe found that
the most suitable method is to calculate the least-
square fit over an interval of 11 experimental points
to a third-order expansion in terms of Chebyshev
polynomials. " The expansion coefficients thus ob-
tained yield immediately a smoothed value of the
function at the point in the center of the interval as
w'ell Rs R good approximation to its del lvRtlve at
that point. Although a higher degree of smoothing
could be obtained by increasing the size of the in-
terval, ,the correlation between the highly nonlinear
experimental results and the polynomial expansion
(even of higher order than the third) diminishes
very rapidly and results in an extraneous fit to the
experimental curve.

In comparing a theoretical prediction with an ex-
perimental curve the required scaling factors are
calculated using similar techniques. %e first cal-
culate a smoothed value of the experimental function
at a chosen point using the Chebyshev polynomial
expansion. The smoothed value is then used to ob-
tRln the SCRllng fRCtOl.
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Sec. II. Its response to the phonon shower is de-
picted by the solid lines in Figs. 9(a) and 9(b) for
generator voltages V= 2. 24~ and 94, respectively.
Though the phonon spectra emitted at these gener-
ator voltages are expected to be quite distinct the
detector response, except for a change in magni-
tude, remains essentially the same. This seems
to lend some support to the assumption that the PBM
furnishes the major contribution to the detected
signal. We proceed therefore to compare the pre-
diction of Eq. (20) with the experimental curve.
With a scaling factor calculated at V~ =1.6 mV,
the behavior of the signal described by Eq. (20) is
given by the dashed curves in Figs. 9(a) and 9(b).

O.OI
2.0 25

s(es) z s (oa)
50

FIG. 7. Dependence of C&I(6&) on the signal ratio
S(6~/S(4~).

B. Detector Signal vs Bias

The dependence of the detector signal on the bias
is not only important but also quite intriguing and

we proceed here to discuss it in some detail. From
„the various samples studied we present results for
a particular diode where the Josephson constant
voltage steps are confined to bias voltages below
0. 5 mV. Its J~-V~ characteristic in Fig. 8 clearly
manifests the subharmonic structure described in
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FIG. 8. Iz — Vz characteristic of the detector in an
applied magnetic field of 30 G.

0,0—
0.0

s

0.4 0.8
I i I i I s I

I.2 I.S 2.0 2 4 2.8

RECEIVER BIAS IN mY

FIG. 9. Measured signal vs detector bias (solid),
the theoretical fit due PBM (dash), and the dynamic
resistance of the detector characteristic (dot dashed).

Generator voltage (a) ~=2. 24» (b) ~=9&{&=1.32mV).
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The dotted curves depict the dynamic resistance
R„scaled at the same point. All curves are quite
similar in shape but the agreement is good only in
the range 1.55 & Vz & 2. 3 mV. The deviation is by
no means random and has a well-defined dependence
on the bias voltage. This deviation cannot be attrib-
uted to the failure of the linear approximation
Is(Rs —Rs) =iR~ [adopted in deriving Eq. (1)] be-
cause the maximum value of the signal in Fig. 9(b)
is only -4 p. V.

Since Eq. (1) remains valid no matter which
mechanism is responsible for the signal current i
we should invert Eq. (1) and plot

f(V, ) = C,
h

S
~
(1+R,/R, )/R, .

2.6—

2.4-

2.2

I.6-
N

O
I.4-

N

K I.2-
O

I.O-

hh

In this way we get rid of the effect of the nonlinear-
ities in the I~ - V~ characteristic and obtain the ac-
tual signal current induced by the phonon shower.
Scaling again at V~=1. 6 mV one gets the astonish-
ing results depicted in Figs. 10(a) and 10(b). The
signal current is nonanalytic, possesses singulari-
ties at V~=0 and V~=2& and has finite jumps ap-
proximately at the subharmonic voltages Vs = 2n/n
The singularity at V~=0 can be taken care of by
the current given by Eq. (2) owing to the PBM. To
explain the sharp rise near V&=2&, one has to in-
voke the presence of a measurable contribution
coming from PAT. Before going into more detailed
discussion let us first introduce two more curves
[Figs. 11(a) and 11(b)] which show the dependence
on V& of the ratio of the measured signal to that
calculated from Eq. (20) scaled at the same bias
V& ——1.6 mV. These curves essentially represent
the "excess" signal over that expected from PBM.
The sharp rise near V~ = 2b remains practically
unchanged since, as evident from (20), the PBM
contribution diminishes only slightly in this region.
The striking difference, however, especially evi-
dent in Fig. 11(b) is that the excess signal between
the jumps at the subharmonic voltages is now con-
stant. Incrementing the normalization factor by
some 13% at each step would therefore result in
full agreement between the meas'ured signaI and

'that calculated from PBM for V~ & 2 mV. In Fig.
11(a) these steps though constant over most of their
range, deviate by an amount - the noise amplitude
at the right end. However, calculation at other
generator voltages yielded constant steps similar
to those in Fig. 11(b) but with different increments
in the required normalization factor. The required
increments are -20, 17, 15, 13, and 12% at V/d
=2. 24, 5, 7, 9, and 11, respectively.

In PAT" a phonon of energy wwill increment the
signal current at 24 —co & V~ & 2~ by an amount
identical in shape to the diode I-V characteristic at
26 & V & 2~+co. Given the phonon spectrum in the
incident shower one couM use Kleinman's analysis"
to calculate the cont'ributions from PAT. Assum-

0.S
0.0 0.4 0.8 I.2 I.S 2.0 2.4 2.8

DETECTOR BIAS IN mY

2I—

(b)

I.6—
X

cn l.5—
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I I i I . I & I s I & I & I
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RECEIVKR BIAS IN NV

FIG. 10. Normalized signal current vs detector bias.
(a) V=2. 24~ (b) V=9~.

ing a constant matrix element for PAT and a uni-
form phonon distribution we calculated a current
i(Vs) and added it with an adjustable parameter to
(20). The fit to experimental results was consis-
tently worse than that we already have using (20)
alone. If the matrix element for PAT is indeed
constant independent of the phonon energy the ex-
perimental result suggests the existence of a large
peak at the low-energy end of the phonon spectrum
similar to that calculated by Kinder et al. It is
evident, however, that our understanding is still
quite poor and more detailed analysis and measure-
ment are required.

C. Detector Signal vs Generator Current

The detector signal vs generator current is
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FIG. 11. Ratio of measured signal to that calculated
from I'BM vs detector bias: (a) V= 2. 24&; (b) V= 94.

shown by the solid curve and the original experi-
mental data by the dots. The differential resistance
D of the generator is shown in Fig. 13 where the
experimental data are sufficiently smooth that all
the dots lie on the solid curve. The second deriva-
tive BD/BV is shown in Fig. 14 together with the
Ph phonon spectrum [o,2(u&)E(&u)] with its origin
shifted to the right by an amount = 2~. This spec-
trum was plotted using numerical tables of n~E for
lead kindly given to us by Rowell and McMillan. "
The vertical solid lines show the positions of the
Van Hove critical points obtained from Table I of
Ref. 17. There is an excellent agreement between

70—

shown in Fig, 12 together with the t/'-I character-
istic of the generator. The general qualitative
agreement with Fig. 5 is obvious and the signal
behavior corresponds to an intermediate case be-
tween the linear and square-root limits. The ratio
S(6&)/S (4n) is -2 and yields from Fig. I the value

of CzI(66)-18. No attempt was made, however,
to compute a fit to the measured signal using Eq.
(18). The details of the signal for larger currents
show more clearly in BS/BI which is discussed in

Sec. IVD.
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D. Signal Derivatives vs Generator Voltage

In this section we present BV/BI and BS/BI and their
respective derivatives with respect to V using the

smc othing and differentiation method described in

Sec. IV A. The smoothed first derivatives are
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GENERATOR voLTAGE IN mV

FIG. 13. Smoothed differential resistance L) (solid)
of the generator with the original experimental values
(dots) everywhere coincident with the solid curve.
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tained from Ref. 17 and the dashed lines other critical
points of the spectrum.

our results and those obtained by Rowell and Kopf
(Fig. 8, Ref. 1V) showing that the methods we use
here are of comparable accuracy.

We turn now to the signal derivative D' = BS/aI'
shown in Fig. 15 together with the spectrum. One
immediately sees that here, as in the generator,
all the details of spectrum are reflected in D'.
This leads to the tentative conclusion that at a large
enough voltage the phonon spectrum emitted from
a Pb-Pb tunnel diode will closely resemble the pho-
non spectrum of Pb. Naturally, one will find a
large peak of finite width in the phonon population
at (d - 2~ coming from recombination. The width
of this peak will determine the population at the
low-energy end of the emitted spectrum, the nar-
rower the peak the larger this population. Obvious-

ly, this will happen if we assume that the majority
of the generated phonons can escape to the substrate
without any further interaction. We pursue this as-
sumption in some detail in the following paragraph.

There is good qualitative agreement for V & 64
between the measured derivative and that calculated
from the simple model shown in Fig. 6. Quanti-
tatively, however, the agreement is poor because
of the large effect of the electron-phonon interaction
due to the presence of the transverse-phonon peak
~ in this region. It is difficult to explain the exis-
tence in D of structure so closely related to that
of the transverse-phonon peak. The difficulty here
comes from the fact that two large contributions to
D are occurring simultaneously: (a) The emitted
phonon spectrum is rapidly varying as the singular-
ity of the electron density of states sweeps across
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FIG. 15. Smoothed derivative D' of the signal {solid)
and the original experimental data (dots) together with
0.2E (dashed) and the critical points as in Fig. 14.

the phonon peak at &o„and (b) the onset of the de-
tector response to the relaxation phonons is mani-
festing itself by the jump in D' at V= 4b, and the
subsequent rapid drop as calculated from the sim-
plified three-level model. Near the longitudinal
peak co& the situation is probably simpler and lends
itself to the following interpretation. As (V- 2h)
approaches ~& the population of the longitudinal
phonons starts to build up and will continue to do
so [even for (V- 2A) & &o,] as more and more exci-
tations can couple to a larger number of phonon
modes belonging to the longitudinal peak. For' some
(V- 2A) & &o, this population will reach a maximum
as evident in Fig. 15. Competing processes will
tend to transfer the excitation energy to the lower-
frequency part of the spectrum. However, the
magnitude and correct shape and position of the
peak in D' relative to v, leads to the conclusion
that the emitted phonon spectrum contains a con-
siderable population in the longitudinal peak for
(V —2b, ) & w, . Similar arguments will lead to sim-
ilar conclusions near or, . Finally we present
aD /() V in Fig. 16 obtained as described in Sec.
IVA. The resolution is poor because of the large
noise in D' as evident from the scatter of the points
relative to the solid curve in Fig. 15. All one could
claim is the presence of a wide hump indicated by
the dot-dashed line in Fig. 16 which occurs in the
same voltage range covered by the phonon spectrum.
Thus, in the extreme case where the majority of
the generated phonons can escape to the substrate
with no further interaction, an adequate interpreta-
tion of the structure in D' is obtained. %e discuss
now the other extreme where all excitations rapidly
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thermalize by comparing the tunnel diode with an
ordinary heater.

In a heater one uses a highly disordered alloy so
that sufficient energy can be delivered to the phonon
gas due to I 8 losses at moderately small currents.
In such an alloy the electron mean free path is
small and the energy gained by an electron acceler-
ated by the applied field is also small. Thus on the
average all the excitations produced in the electron
gas lie close to the Fermi level and hence on decay-
ing will emit low-frequency phonons. , Although the
heater is not in thermal equilibrium, Narayana-
murti' has shown that the resulting phonon spec-
trum can adequately be represented by a Planck's
distribution from a blackbody x adiator at some
chax acteristic temperature greater than the ambient
temperature. To raise the characteristic tempera-
ture one applies a larger electric field forcing the
electrons to gain more energy between collisions
and hence shifting the peak in the generated phonons
towards higher energy. In contrast the tunnel diode
offers a simple device in which high-energy exci-
tations can be produced as shown in Fig. 3(a). The
lnltlRl decay Qf Rn enelgetlc quRslpRltlcle may 1e-
sult in the emission of a high-energy phonon which
has a finite probability of escaping into the sub-
strate. These phonons have an energy distribution
resembling the phonon spectrum of the metal modi-
fied by the distribution of the injected quasiparticles
and the relative life times. But the lifetime of a
high-energy excitation, particle, or phonon, is ex-
tremely small and it is doubtful that in the steady
state there exist populations of particles or phonons
large enough to account for the structure observed
in the signal derivative O'. The smallness of these

lifetimes implies that all excitation energy is rap-
idly converted to the low-frequency phonons as well
as to the xecombination phonons of energy 2b. If
such rapid thermalization takes place the structure
in D is simply explained as follows. Increasing
the generator current and voltage from I and V to
(I+ 6I) and (V+ & V) will increase the input power
by ( IIV+ VOI) If. 6I is constant, the power incre-
ment is proportional to V(1+D/R) and with rapid
thermalization the increment in the 26 phonons will
be proportional to the same quantity. Hence D' is
approximately a linear function of the generator
voltage and contains a,ll the structure appearing in
D. This behavior is quite similar to that of 0' in
Fig. 15 fox' V &66.

V. SUMMARY

Phonons incident on the detector produce an in-
crease in the tunneling current by an amount t(Vs)
which is shown in Figs. 10(a) and 10(b) at generator
voltages V= 2. 246 and 96, respectively. This in-
crease in the tunneling current can be due to (a) the
enhancement by the incident phonons of the steady-
state population of the excited quasiparticles, and

(b) the existence of additional tunneling channels in
the presence of the incident phonons. The general
behavior of t(Vs) is summarized as follows.

(i) The shape of t(Vs) shows little dependence on
the generator voltage, and hence on the emitted
phonon spectrum.

(ii) The enhancement of the excited quasiparticle
population by incident phonons of energy ~ 2h does
not fully account for the measured t'(Vs).

(iii) The large increase in i(Vs) as Vs 2n, can
be attributed to phonon-assisted tunneling if the
emitted phonon spectrum has a large population of
low-energy phonons.

(iv) lf one views the jumps in i(Vs) at Vs- 2b, /n
to be due to additional tunneling channels, one con-
cludes that all channels are open at V~ = 0 and se-
quentially close as V& is increased to coincide with
one subharmonic values (starting with the largest
value of n).

From the dependence of the detector signal 8 and
its derivative D' on the generator voltage (see Figs.
12 and 15) one may draw the following conclusions.

(a) At V = 4& there is a well-defined kink in 8, and
hence a jump in D', which occur when the relaxation
of injected excitations to the top of the gap starts to
yield phonons of ~= 2h. From this we conclude that
the major contribution to 8 comes from those pho-
nons of w 24 which in breaking Cooper pairs in the
detectox' xesult in an enhancement of the steady-
state population of excited quasiparticles.

(b) The deviation from linearity in the dependence
of 8 on I for V &4h clearly indicates the increase
in the recombination rate of quasiparticle excitations
in the detector as their steady-state population in-
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creases with increasing phonon density in the inci-
dent shower.

(c) The drop in D' following the jump at V = 46, re-
sults from the effect of the singularity in the elec-
tron density of states at the gap edge on the incre-
ment in the number of relaxation phonons of w & 2A

(compare with model calculation shown in Fig. 6).
(d) In addition to these three major features, we

were able to resolve in D' structure closely related
to & I' for Pb as shown in Fig. 15. Using rather
vague arguments we were able to infer that this
structure should appear in D' in either of the two
extreme cases.

(l) All phonons resulting from the first decay of
the injected excitations escape the film with no
further interaction. In this case, the structure in
D' shows the dominance of the electron-phonon in-
teraction (e.g. , at &u- &u, ) over the electron-elec-
tron interaction since the latter will tend to transfer
the high excitation energies to lower-frequency
phonons.

(2) All high-energy excitations, particles, and
phonons rapidly thermalize. In this case, the re-
sulting increment in the recombination phonons of

&- 2h will be proportional to the pow'er increment
(I0V+ V0I) and hence D' will contain structur'e simi-
lar to that in D.

More detailed analysis is required to determine
the emitted phonon spectrum. In general, however,
the spectrum is expected to have the following prop-
erties.

(a) There is a sharp peak in population at &u- 2b,

due to recombination.
(b) The relaxation should yield a phonon distribu-

tion which can be represented by f(E, V)F(ur)h(&)
where f is the injected particle density at E = &u+ h,
I'" is the phonon density of states, and h is an ener-
gy-dependent reduction factor which depends on the
mean free path of a given excitation relative to the
film thickness. In the limit of rapid thermalization
the function h(&u) will tend to the Bose-Einstein dis-
tribution (I +e"+ &) ' where 7, is some effective
temperature of the generator.
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