
PHYSICAL REVIEW B VOLUME 3, NUMBER 8 15 APRIL 1971

Theory of Acoustically induced Optical Harmonic Generation

D. F. Nelson and M. Lax
Bell Telephone Laboratories, Murray Hil/, Nese Jersey 07974

(Received 9 September 1970)

Our recent theory of nonlinear electrodynamics of elastic anisotropic dielectrics is applied

to acoustically induced optical harmonic generation (AIOHG) in which two input optical waves
and an input acoustic wave are mixed to produce an output optical wave at a frequency dis-
placed from the optical harmonic by the much lo~er acoustic frequency. The susceptibility
governing AIOHG is derived from a fundamental point of view for acentric dielectrics of arbi-
trary symmetry. It consists of (a) a direct effect represented by afifth-rank materia1 tensor
whose symmetry, frequency dispersion, and relation to other nonlinearities are derived, and

(b) five indirect contributions, three being two-step processes and two being three-step pro-
cesses. The indirect contributions are expressible in terms of lower-order directly measur-
able material tensors and various wave vectors of the interacting waves. Because of the
latter dependence these contributions possess symmetry different from the direct effect and

from each other. They can be comparable in magnitude to the direct effect. Rotations pre-
sent in shear waves are shown to contribute to AIOHG to an extent comparable to that from
strains in materials whose second-order optical mixing tensor is large. This shows that the
displacement gradient, not the strain, is the measure of elastic deformation relevant to
AIOHG. The form of the phase-matched output AIOH wave is derived for waves having an

arbitrary orientation in an anisotropic medium. The concept of dogbane Phase matchAgg is
introduced, whereby not only the output wave is phase matched, but also the intermediate
step in one of two types of two-step indirect contributions, Under this condition the output
wave grows as the fourth power of the crystal length if pump depletion is negligible. Double
phase matching can give an output-power enhancement, compared to single phase matching,
of 109 under reasonable conditions.

I. INTRODUCTION

Recently the interaction of three optical fields
and one acoustic field was observed under phase-
matching conditions. ' The experiment took the
form of observing an optical output field which was
at a frequency displaced from the second harmonic
of an input optical field by the much lower frequency
of an input acoustic field. The interaction has
been called acoustically induced optical harmonic
generation (AIOHG). The experiments were per-
formed in a collinear interaction geometry in in-
sulating GaAs, a cubic piezoelectric crystal.

One way of visualizing the interaction is to con-
sider the distortion of the crystal caused by the
acoustic wave as changing slightly the second-
harmonic generation coefficient. The change in this
coefficient reverses sign every half-acoustic
wavelength since the distortion is of opposite sense
every half-wavelength. If the acoustic half-wave-
length is made equal to the coherence length of
normal second-harmonic generation, then, when
the radiated harmonic and its driving polarization
become out of phase, the sign reversal of the
interaction coefficient allows them to remain in
phase. Thus, the interaction will be phase matched
under this condition, which can be shown to be
algebraically identically to wave-vector conserva-
tion in the interaction. In other words, the acous-
tic wave vector has made up for the wave-vector

mismatch occurr'ing in the normal second-harmonic
generation.

The same interaction can be used in an acous-
tically controlled parametric optical process. Here
an input acoustic field and an input optical field
would mix to produce two output optical fields in a
phase-matched interaction. Harris, Wallace, and
Quate have considered this process from a phe-
nomenological point of view. They assumed the
nonlinear susceptibility governing the interaction
consisted of two two-step processes —optical mix-
ing and acousto-optic scattering taken in either
order. Their calculations based on this formula-
tion indicated the strength of the over-al), interac-
tion to be too small to be useful for acoustically
controlled optical parametric devices for reason-
able strain levels.

Recently we have developed a classical theory of
nonlinear electrodynamics of elastic anisotropic
dielectrics. ' The theory is formulated from a
microscopic point of view before passage to the
continuum limit is made. Of crucial importance
to obtaining the correct nonlinear terms is a for-
mulation which allows for finite deformations of the
elastic medium. Construction of an appropriately
invariant stored-energy function is at the heart of
the development. A consistent set of coupled elec-
tromagnetic field equations and dynamical force
equations governing the motion of the various mech-
anical degrees of freedom of the material medium
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are obtained. The theory predicts the symmetry
of any nonlinear, as well as linear, interaction of
electromagnetic waves and various eigenmodes of
the solid such as acoustic, ionic, and electronic
vibrations; it or~~~ct '."."- vai-ious multistep indirect
contributions to the over-all interaction and their
symmetry and so interrelates various nonlinear
interactions; it can predict the dispersion of the
susceptibility that governs the nonlinear interac-
tion. The theory is valid for wavelengths of the in-
teracting waves which are long compared to unit-
cell dimensions.

In this paper we apply the general theory to the
interaction of three optical fields and one acous-
tic field. The calculation will be carried through
in a form applicable to mixing of two input optical
and one input acoustic wave in a noncollinear in-
teraction in a medium of arbitrary symmetry and

orientation. However, the susceptibility which we
will derive from a fundamental point of view will
be applicable to whatever form in which the inter-
action occurs.

The susceptibility governing AIOHG consists of
six major contributions. We will describe them
here in the order they appear in Eq. (5.40). The
first term represents the direct interaction of the
two input optical waves with the one input acoustic
wave. It is a fifth-rank tensor and possesses the
symmetry of the material. It does not possess
symmetry upon interchange of the two elastic in-
dices. This arises because material rotations
occurring in the presence of shear distortions can
give contributions comparable to those arising from
strains in materials of large second-order optical
constants (optical-mixing or harmonic-generation
tensor). The antisymmetric contribution to the
susceptibility from rotation is calculated for GaAs
in Sec. V of this paper and is found to be compar-
able with the measured susceptibility which includes
both symmetric and antisymmetric parts. The
elastic asymmetry just described is analogous to
that derived by us for the ordinary lowest-order
photoelastic interaction" and recently observed.
It forces one to consider the displacement gradient,
not the strain, as the basic measure of elastic de-
formation relevant to photoelastic interactions of
all orders.

There are five indirect contributions to the AIOH
susceptibility:

(a) One two-step indirect process uses the piezo-
electric effect to produce an electric field from the
input acoustic wave and then mixes this electric
field with two electrical fields of the input optical
waves via the third-order optical-mixing tensor.
The susceptibility representing this indirect effect
is a fifth-rank tensor function of the acoustic
wave-vector direction. Because of this functional
dependence it will have a rather low symmetry,

different from that of the direct effect. The lower
symmetry here is analogous to that found for the
indirect photoelastic effect (piezoelectric effect in
combination with the electro- optic effect). '

(b) A second two-step indirect effect arises from
acousto-optic scattering of the input optical wave
from the acoustic wave followed by mixing of this
scattered wave with the input optical wave via the
second-order optical-mixing effect. The suscepti-
bility governing this indirect effect is a fifth-rank
tensor function of the wave vectors of the input
optical and acoustic waves and the acousto-optic
scattered (intermediate) wave. Because of this
dependence this contribution to the total suscepti-
bility also has a different symmetry from the
direct effect. Included in the acousto-optic scat-
tering process is the contribution made by rota-
tions, as well as strains, when acoustic shear
waves are used in optically anisotropic media. 4~

(c) A three-step indirect effect arises from the
production of an electric field from the input acous-
tic wave via the piezoelectric effect, optical
mixing of this low-frequency electric field with the
input optical wave electric field via the electro-
optic effect, and a second optical mixing involving
the electric field at the acoustically shifted optical
frequency with the electric field of the input optical
wave. This indirect effect can be equally well de-
scribed as acousto-optic scattering via the in-
direct photoelastic effect' followed by second-order
optical mixing. The susceptibility governing this
three-step indirect effect is a fifth-rank tensor
function of the acoustic and optical wave vectors
and the wave vector of the acoustically shifted
optical frequency wave. This indirect effect also
has a symmetry differing from the others.

(d) A third two-step indirect effect arises from
second-order optical mixing (sum-frequency gen-
eration, or harmonic generation if the two input
optical frequencies are the same) of the two input

optical waves followed by acousto-optic scatter-
ing of the sum-frequency optical wave with the

input acoustic wave via the photoelastic interac-
tion. The latter interaction, once again, contains
contributions from rotations as well as strains.
The susceptibility controlling this indirect effect
is a fifth-rank tensor function of the input acoustic
and optical wave vectors and the optical sum-fre-
quency wave vector. The symmetry of this con-
tribution also differs from the rest.

(e) A second three-step interaction arises from
second-order optical mixing of the two input optical
waves, the production of a low-frequency electric
field from the acoustic wave by the piezoelectric
effect, and the mixing of the sum-frequency elec-
tric field with the low-frequency electric field via
the electro-optic interaction. The susceptibility
producing this indirect effect is a fifth-rank tensor
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function of the input acoustic and optical m'ave

vectors, and the sum-frequency wave vector. This
three-step indirect effect can equally well be de-
scribed as sum-frequency generation followed by
acousto-optic scattering via, the indirect yhoto-
elastic effect. 5

The form of the derived susceptibility suggests
the possibility in an appropriate geometry and
material of double phase matching. By this we
mean the phase matching not only of the output
AIQH but also the intermediate wave in one of the
indirect processes. For instance, the acousto-
optic scattering of the input oytical wave couM
be phase matched. This would require

where the wave vectors are distinguished by B, 0,
A for the acousto-optic (Brillouin) scattered wave,
the input optical wave, and the acoustic wave.
Phase matching of the second step, optical mixing
of waves of frequencies o and &~, requires

kc = kB+ kc, (1.2)

whel e the AIQH wRve ls denoted by C. If both steps
are phase matched according to Eqs. (l. 1) and
(1.2), the over-all process is therefore required
to be phase matched also,

kc =2ko+k (1 3)

Attaining both Eqs. (l. 1) and (l. 2) simultaneously
will require a material of special dispersion and
birefringence in conjunction with appropriate orien-
tation and inyut optical Rnd acoustic frequencies.
%'hen such is attained the over-all strength of the
process can be made comparable to ordinary op-
tical mixing, since with attainable acoustic Rnd
optical powers essentially 100% of the input optical
wave can be scattered at the Bragg angle from the
acoustic wave. In this @ray a third-order process
takes on the strength of a second-order process.
The increased strength of AIQHG under the condition
of double phase matching is indicated by the depen-
dence of the output intensity on the fourth power of
the crystal thickness (in a plane;wave geometry
ignoring depletion of the pump waves); under the
condition of single phase matching of the output the
dependence is the conventional second power of the

I

crystal thickness. It is hoped that implementation
of the double-phase-matching concept will make
AIQHG and the related parametric process strong
enough to be useful.

Qur Rypx'oRch will be to dex'1ve the basic equRtlons
governing AIQHG in Sec. II based on our general
theory of nonlinear electrodynamics. 3 The develop-
ment will lean heavily on that carried out for the
ordinary photoelastic interaction in dielectrics.
In Sec. III we form the wave equation for the AIQHG.
In Sec. IV it is solved near the condition of single
phase matching for R general orientation of the
waves with respect to an arbitrary anisotropic me-
dium. In Sec. V the symmetry of the nonlinear
susceptibility governing AIOHG, its relation to
lower-order susceptibilities, and its dispersion are
examined. In Sec. VI the wave equation is solved
near the condition of double phase matching.

II. FORMULATION OF BASK EQUATIONS

Qur objective is to develop the theory of the in-
teraction of two input optical waves with an input
acoustic wave in R dielectric to produce an output
optical wave at a frequency which is the sum of
the frequencies of the input waves. We exclude
ferromagnetic and ferroelectric materials from our
treatment because extra, contributions may arise in
these materials. The nonlinear contributions ob-
tained here are, however, present in such materials.
Furthermore, we will not consider here effects
of wave-vector dispersion, such as optical rotation
(activity), or loss in the various vibration modes
of the solid.

Because the interaction under consideration is
linear in the acoustic variable, we can and must
linearize the equations in the acoustic displace-
ment. Because of this, the treatment can follow
the photoelastic interaction treatment' exactly ex-.
cept that three-as well as two —input-field driving
terms must be included. Because of this we present
here only those changes in the photoelastic-effect
development 'necessitated by the higher-order in-
teraction being studied.

In order to obtain all possible three-field inter-
action terms we must expand the stored-energy
density p'Z, given in Eq. (2. 43) of Ref. 5, to higher
order according to

+ Z ffABcDAAABEcD + Fl IfABcDBAA+BcEDB+ ~ +ABcDAAABAcAD
(Zyl ) og a g (3.,2) o (4,0) egy6 a 8

e,g 6f oeB~re6

+ ~ +AacDE ~A~a~c+as+ ~ +ggcazp'~~+gEc~E@y ~

(3 y 1) e8y 0' (&&2) at 8 Ot

a~8

I

(2. 1)

Here Z is the stored energy per unit mass, po the
mass density, EAB the tensor measure of finite
strain (A, 8=1,2, 8) defined by

2
EAB = a (&g.A&&,B - SA B) = &BA ~ (2. 2)

A„" a set of N- 1(p= 1, , .2. . , N 1) polariza-tionlike

BC) ~ HABAAAB ++ +ABC A EBC + A BCDEABEC D+ ~ +ABC AABACat~/ at



2798 D. F. NE LSON AND M. LAX

vectors (A=1, 2, 3) defined by

~A ~iA3 i (2. 3)

where R,A is the finite rotation tensor given by

Ru=x( a(C )ew,
-1 /2 (2. 4)

AB AB + 2EAB +jA+jB t (2. 5)

and the material descriptors ' '"'H„de'o)) are fee
queney-indejendent tensors characteristic of the
material medium. The summations over Greek-
letter postsuperscripts run from 1 through N- 1,
where N is the number of vector degrees of free-
dom (ionic and electronic) per primitive unit cell
which are important in characterizing the material
medium for the interaction considered. In all
equations we employ the summation convention over
repeated Latin-letter subscripts. The presuper-
scripts are just handy designations to indicate the
number of A„and EBc that are associated with it.

The N vectors ya(p, =0, 1, 2, . . . , N-1) inc'lude

the c.m. position vector (p, = 0) and N-1 internal
coordinate vectors whose components are expressed
in a Cartesian frame, called the spatial frame,
and denoted by lower-case Latin letters as subs-
scripts. The coordinates y~ are functions of the
time t and X which is a continuum variable that
designates a material point in a reference frame,
called the material frame, which we choose also to
be Cartesian. As such, X is a time-independent

y'=x= Q p'x'/p', (2. 7)

where p is the mass of the nth particle, taken
as a constant, divided by the primitive-cell volume.
The coordinates y~ are also chosen to be displace-
ment invariant and to preserve the diagonality of
the kinetic energy,N, N-2 0

Q p™(x")'=Q m'(y')'. (2. 6)

This equation defines the mass density m asso-
ciated with the p, th internal coordinate of the
medium.

The 3N force equations representing the material
medium, given by Eqs. (2. 60) and (2. 61) of Ref. 5,
now become with the inclusion of all three-field
interaction terms which are linear in the displace-
ment u,

quantity. Components in the material frame are
denoted by capital Latin-letter subscripts. The
coordinate vectors y

~ are related to the N particle
position vectors x'(o. = 1, 2, . . . , N) by a transfor-
mation matrix U ~,

N

y' (X, t) = Q Ua ' x"(X, f), p, = 0, 1, 2, . . . , N —1 .
(2. 6)

The c.m. coordinate y is given by

gv u4 v
2 2 8

|(I V V

Sp
= —2m

ef
' —m 3 y(, )++ q e&jb ()f y&),b)+q E(+q e()b 8] &b+Z q Jp;, 1~t Bt

+Qql vey II +Qqave71E2+(2, ())ff)Lloyd(1. 1)Jfav ~up 8
ijk et j l k+ i jk gt k L b b ibcub, c

V V 0

ab (yb (,a+ yd Q b6(a ybb(«f'1(b, d6( )3aM If(bcybyc 2 Z Ifibcdybb(c, d

g, y

(bcybyf(~j c +c J) ~ abc Jbyc(1((,a 3(a, ()
g, y 03y

(&~0)Rudra 8 r 3 3 Q (3,1)Ifadr 8 r
ibcd 3 b3 ~Sg fbggggbggug, g )

O, y, 6 8„
(2. 9)

82
0 ui ~ (11) e e (02)

2 ~ bragi 3 atg+ +abgi ua, bg+ i
(2. io)

where
N

qv Q V Kvqof (2. ii)

V"= Z Vaa aVav va (2. i2)

u=x —X q (2. iS)

and G represents the nonlinear terms in the acous-
tic equation, which we will not need. The sums

in Eqs. (2. 9) and (2. 10) span the range 1, 2, . . . ,
N —l. In Eqs. (2. 11) and (2. 12) q is the charge
taken as a constant on the eth particle at position
x divided by the primitive-cell volume while q" is
the charge associated with the coordinate vector
y"; q~" is a charge associated with both the pth and

vth internal coordinates. The quantity V " is the
inverse of U"" and V'0= 1. Equation (2. 13) defines
the displacement u. The independent variables in
Eqs. (2. 9) and (2. 10) are z and f, where z is the
coordinate vector in a laboratory Cartesian coordi-
nate system. Then three-field interaction terms
that are linear in u. are included, the electromag-
netic field equations in rationalized mks units,



THEOHV OF ACOUSTICAI. I.V INDUCED OPTICAI-

given by E(ls. (2. 16}, (2. 19), (2 63), and {2 64}«
Ref. 5, become

V xE+ -@- = O ~ (2. 14)

V B=O,

eoV E+Zq"V y"=V Zq y V'u
{2.16)

(2. 16)

Pp

+vx Zq"y "x-
v

(2. 1V)

The 3H matter e»luations (2. 9}and (2. 10) and the
eight electromagnetic field e(luations (2. 14)-(2.17)
are the basic equations of AIOHG. We wiB show,
however, in Sec. III that the three matter equations
(2. 10) and the two electromagnetic field equations
(2. 15) and (2. 16) are unnecessary for finding the
characteristics of the output light wave in AIOHG
in a dielectric.

E~ and 8 in a Foul iel sex'les of
the form

Z(z, t)=-,' Z Z(z, t;m, n),
vrhere

Z(z t m n) Z(z m n)e»»m~o»l™„)»

Z(z, —m, -n) =Z~(z;m, n) .

(3. 1)

The solutions for AIGHG are m=2, m=+1. Just
as in the treatment of the photoelastic interaction'
an iterative-technique can be used in solving the
AIOHG problem. Thus the (m, n)= (2, +1) solutions
can be obtained from a litem' problem in terms of
the (1,0), (0, 1), (1, 1), and (2, 0) solutions which
are obtained separately and independently of the
(2, +1) solutions.

The u, y ", E, and 8 fields in the form of Eqs.
(3.1}-(3.3) are substituted into E(ls. (2. 9), (2. 10),
and (2. 14)-(2.17). For notational convenience we
consider the (m, n) = (2, 1) problem only; the {2,-1)
problem can be handled analogously. %e obtain

III. DERIVATION OF THE INHOMOGENOUS
VEAV E EQUATION

V a(z;2, 1)=0, {3.4)

eoV ' E(z; 2, 1)+ Z„q"V .y "(z;2, 1)= Q(z; 2, l ), (3. 6)

V x B(z;2, 1)+ie,&qcE(z; 2, 1)+ i(d&Z„q"y "(z;2, 1)
= i(z; 2, 1), (3.6}

(3.7)

y

In AIOHG an input optical wave of frequency ~o
and an input acoustic wave of fxequency {d& mix
to give an output optical wave of either 2&0+ &„
or 2&0 - v„ frequency. In order to select out a
particular fre»luency component we expand each of V x E(z;2, 1) —i&cp(z;211)=0 1

I

-(4m"y", (r.;2, 1) -q"z»(z;2, 1)+2' ""H"„'y',(z;2, 1)+""H»»0up. 0('y 2 1)=F» {"21 1} ~

- (4m'u»(z; 2, 1)-Z ""H,'„y.',(z;2, 1)-2""H„„u„„(z;2,1) = G»(z;2, 1)
where

g»I)(z .21 l) g [Zyg q y»»(zy 21 0)ug»(zy oy 1)+Zyg q y»d»(zy ly 1)used»( y y ) Z)g q y»( 1 21 0) uggg»(zy Oy 1)

(3.9)

+Z„q"y",(z;1, 1) u& z»(z;1, 0)+ interchange of (2, 0) with (0, 1) and (1, 1) with (1,0)], (3.1o)

I,(z;2, 1)= ,'i Z„q"(—(~»l+~„)y", (z;2, 0) u, ,(z;0, 1) + (»)+ &o) y",(z;1, 1)u, ,(z;1,0)

+ "~(~»»~» - ~» ~»»)[y" (z;2, 0)u, ,(z;0, 1)+y"{z;1,1) u, (z;1,o)+y"„,,(z;2, O)u, (z;0, 1)

+ym, »(zy» 1)u»(zy ly 0}l+interchange of (21 0) with (0, 1) and (1, 1) with (1,0)], (3.11)

yg(K01)= {ygddgddm ggg(d01)1'g g(d100)+ygddgddm ggg(K 10)yg g(K1, 1)+gddmggg(d0 1)yg g(000)
'

y( ', )y», »(;, )- q"e»»,u, (z;0, 1)B„(z;2,O)- oq"e»»„u»('z;1, 0)B»(z;1,1)

+Z q""y»(z;0, 1)E, »(z;2, 0)+Z q""y»(z;1, 0}E, ,(z;1,1) —i~„Z q""e»», y,"{z;0,l}B„(z;2,0)

-i(oo Z q""
q,ey»(z;»1, 0)B,(z;1,1) —Z +"H,",~[y~0(z;2, 0)u»„(z;0, 1)-y~»,(z;2, 0)u„»(z;0, 1)

+ y', (z; 2, 0) u, ,,(z; 0, 1)&„-y', (z; 2, 0) u&, &(z; 0, 1)6».l -Z ""H.",'[y', (z;1,1)u, „(z;1,0)

-y», (z;1, 1)u„»(z; ly 0)+y»(z; 1, 1)u»»(z;1, 0)&„-yq~(z;1, 1}u, »(z;1, 0}5„]
-3 Z ""H"„',"[y,'(z;2, 0) y",(z;0, 1)+y',(z;1,1)y",(z;1,0)] —2 Z ""H"„',„[y',(z;2, 0) u„,(z;0, 1)
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+y), (z;1, 1)u„,(z;1, 0)]+interchange of (2. 0) with (0, 1) and (1,1) with (1,0)
~

1
i

+
4

-i „e&sI, q"" +g z;o, 1 ~r z,'1, 0 Ba, r z;1, 0 +ur z;0, 1 yg, r z;1,0 B~ z;1, 0
v

—-2 "0)H.",,"(ay'„(z; i, o) y",(z; i, o)5,.[u„(z;0,i) -u, ,(z;0, 1}]
Bvy

+y, (z;1,0)y,"(z;1,0)[u,„(z;0,1) —u„,(z;0, 1)]] ~, H&&&y&(z~i~ )y~(z~1~0}yu(zi0~1)
y'f/e &

—3 Z ' &"
&~,"z,y&(z; 1, 0) y,"(z;1,0) u„„(z;0,1}+interchanges of (1,0),(1,0), and (0, 1)~

~ l
(s. ia)

+c = 2+a+ (3. 13)

g= u)0+ cOg (3. 14)

Mz= 2&o (s. is)
The expression for G(z; 2, 1) will not be given since
we will show shortly that it is unnecessary for the
solution we wish. In Eqs. (3.4)-(3.9) the linear
terms have been grouped on the left-hand side and
the nonlinear driving terms, involving products of
either tmo or three fields in this case, placed on
the right-hand side. It should be noted that in the
definitions of the nonlinear driving terms in Eqs.
(3. 11) and (3.12) that interchange of (2, 0) —(0, 1),
(1, 1) —(1, 0), and (1,0) (1,0) —(0, 1) requires
the concurrent interchange of &~
and (do —&0 —&„, respectively, mherever the
frequencies appear.

Let us consider the case mhere the AIOH wave is
phase matched to the forced wave whose wave
vector is the sum of the wave vectors of the two
input optical waves and that of the acoustic wave.
In this case all of the terms in the nonlinear driving
functions of importance to the output in Eqs.
(3. 10)-(3.12) will be proportional to e "~"&&'"~"for
a plane-wave interaction. Here ko and k„are the
wave vectors of the input optical and acoustic
waves. Other cases where phase matching also
involves one of the free maves at an intermediate
frequency, for example, o+ +„, mill be discussed
in Sec. VI. If we further assume that there is
negligible depletion of the input optical and acous-
tic waves, then the nonlinear driving functions
can be represented as

q(z. 2 1) Q(2 I)et(2'+'k~) F. (3.16)

I(z ~ 2 I) =1(2 1)eu~fo+4)'* (s. Iv)

F"(z; 2, i) = F"(2, I)e"'~'"~" . (3.18)

At this point we can reduce the number of equa-
tions that we must consider. First, Eq. (3.4) is
the divergence of Eq. (3.7) and hence redundant.
Second, Eqs. (3. 5) and (3.6) canbe combined, with
their time dependence retained, to yield a relation
that can be called the conservation of nonlinear
charge:

+ V ~ f( z, t; 2, 1) = 0 . (3. 19)

X&&(&)= Z e T&&(~)e
v, g

(S. 22)

Equations (3.6), (3.7), and (3. 20) combine to yield
the driven wave equation

(c/vo) [Ez,z( z; 2, 1) —E, qq( z; 2, 1)]
—~,~(e )cE~(z;2, 1)=+,(z;2, 1)/e, , (3.23)

where the dielectric tensor z&&(&u) and the nonlinear
driving polarization are given by

&)y(&) = ~gy+ xgg(~) p (S. 24)

6', ( z; 2, 1)= co Q q"T"„'(~,)E~ ( z; 2, 1)+ iI,( z; 2, 1)/+, .
(s. as)

With Eqs. (S. 17) and (3. 18) the latter equation can

Because of this relation it is not surprising that,
of the two nonlinear driving functions Q and I, only
one, I, contributes to the nonlinear susceptibility
governing AIOHG and that of the two Eqs. (3. 5)
and (3.6) only one, Eq. (3.6), is needed in the
development. Third, because the output mave is
an electromagnetic wave, the linear term in Eq,
(3.8) involving ""H is of order (v„/vo) -10'
times the magnitude of the dominant terms in the
equation and so may be neglected (v„and vo denote
the velocities of acoustic and optical waves in the
medium). The neglect of this term uncouples the
equation for u from the remainder of the equations.
This means that the u equation can be ignored in
solving for the output optical wave and hence that
G(z;2, 1) plays an insignif)cant role in driving the
output optical field.

The remaining equations can be solved by using
Eq. (3.8) to eliminate y" from Eq. (3.6), then
using Eqs. (3.6) and (3.7) to form an inhomogeneous
wave equation for E (z; 2, 1), and solving it for the
electric field of the output light wave.

Define T;,~(~) by

T NB(&) (2(2,0)ff)))' &2 ))6s)'6 ) 6a)'6 (3 20)

With the use of this equation, Eq. (3.8) yields

y"(z;2, 1)=e, Q, Tq", ((o )[q"E,(z;2, 1)+E"(z;2, 1)] ~

(s. ai)
From Eqs. (3.6) and (3.20) it is seen that the linear
susceptibility is given by
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be written as

a (z;2, 1)=(p(2, 1)e((2"o'k~" . (3. 26)

IV. SOLUTION OF WAVE EQUATION FOR SINGLE
PHASE MATCHING

8(("= s, /(n', —K()N, , (4 1)

= K(s(/(ne —K()Ne & (4. 2)
where

Q'l /(D,

3 l/a
2v'e= Z s(K(/(nke K()2— (4. 5)

k=1

P being the wave vector of a free wave. Their nor-
malization has been chosen so that

(4. 3)

(4. 4)

g(8), g(y ) g8y (4. 8)

Denote the free wave that is phase matchable by
$ and consider the direction of propagation, the
frequency, and the polarization state as independent
variables of 8 and &. Therefore

E( 2 1),= C"'S"'(s, (d )e'&'*, (4. 7)

where C'(' is an arbitrary scalar constant, kc is
the wave vector of the output free wave, and s~
is defined by

sc=kc/lkcl (4.8)

The forced wave can be expresseds in terms of the
eigenvectors of the free-wave electric field that
propagates in the direction of the forced wave as

The general solution of the inhomogeneous wave
equation (3.23) is the sum of the general solution
of the homogeneous equation, called the free wave,
and a particular solution of the inhomogeneous
equation, call the forced wave. Each of these waves
will contain parts corresponding to the ordinary and

extraordinary waves. %e are interested in the
general solution near the condition of phase match-
ing of the output wave. Usually only one wave,
either the ordinary or the extraordinary, can be
phase matched in a given geometry and so we wish
to consider only that wave. It must be proportional
to one of the free-wave eigenvectors and only the
projection of the forced wave onto this eigenvector
will contribute to the phase-matched output.

To express the output wave we use the biortho-
gonal set' of plane-wave eigenvectors of the free-
wave electric field 8(~) and the free-wave electric
displacement X)' ', Here 8 refers to either the
ordinary wave, extraordinary wave, or longitudinal
nonpropagating solution (infinite refractive index).
They can be expressed in the principal coordinate
system of the dielectric tensor (diagonal elements
K(& K2, K2) as

where..= (2~+1.)/I 24+k. I
. (4. 10)

Of the three terms in the forced-wave expansion
only the p= $ term need be retained.

Near the condition of phase matching where a
relatively intense output occurs, the small "re-
flected" electric field at the frequency ~ can be
neglected in the boundary condition at the input
surface of the material medium. Thus, the pro-
jection of E(z;2, 1) on 8'('(sD, &dc), which is the
scalar product of E(z; 2, 1) with S"'(sD, (cc), is
taken as zero at the plane input surface,

E(z~;2, 1) S)("(sD, (cc)=0

= C"'8"(- ) g("(-

g(( ) ( ) 6& (2 1) ((2k &kg) 'E(&

e, (l2%, +k„l/lk, l
-1)

(4. »)

where z~ are the coordinates of the input surface,
the origin of them being taken to lie in the plane.
Since Eq. (4. 11) is good only near phase matching,
it is a good approximation to take

S (sD& (CC) & (sc& (Dc) = 1

even though the propagation directions are slightly
different. Two conditions result from Eq. (4. 11):

(&~c)(= (kc - 21(o - k„)(= 0, (4. 12)

where t stands for the components tangential to the
input plane, and

h'"(sD, (cc) .6'(2, 1)

e,(l2k, +k„l2/licl'-1) '

Letting n denote the coniponent of a vector along
the inward normal to the input surface, we have
near phase matching

E(z'2, 1)= (- »/&o) &"'&'" 0'(2, 1)

x(l g.+l.l'/ll. l'- » '

XSin(dl c„-,'Z)e((kc'"o'"~"" (4 14)

H(z. 2 1) = (2ic'/(D )% x&(&"'X"' 5'(2 1)

x(12k.+1.I'/lkcl'-» '

xsin(hkc„~ —,
' z) e"c"o""~"~', (4. 15)

where terms of order (Q z) ' have been neglected.
The time-averaged Poynting vector is

3

S(z; 2, 1)= ' [(b"')'i, —(8"'h, )b'"]
O~C

E(z; 2, 1)(

(sD& +c)~ (sD& +c) 'p(2& 1) i(2ko&k&)'2

e, (l 2ko+ Tr„l '/l l(c l

' —],)
(4. 8)
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g(() (p(2 1) 2
X

(kc+ko+k„) akc„
xsin'(a, k,„-,'z) . (4. 16)

This expression applies within the material me-
dium at reasonable distances into the medium but .

where pump-wave depletion is negligible and at
directions and frequencies close to those needed
for phase matching of the output AIOH. Except
for the latter condition, E(1. (4. 16) applies to input

waves having arbitrary orientations with respect
to the anisotropic medium. Phase matching occurs
in this plane-wave geometry when

(Akc)„= (ko- ko —k„)„=0 (4. 17)

since the boundary condition has required the tan-
gential component to vanish already. At exact
phase matching E(I. (4. 16) becomes

S(I;2, 1)= (c'u', 8/se, ~,f4„) g'" 6 (2, 1)i'

)( i(g(())2k (g(() .k )g(()] (4. 16)

where l is the distance into the crystal normal to
the entrance surface.

The nonlinear polarization which drives the
AIOHG process is given by E(I. (3. 25) in conjunc-
tion with E(ls. (3.11) Rnd (3.12). Estimates of
magnitudes of the various terms show many of them
to be of negligible size under typical conditions.
Assuming that there is no phase matching of an
intermediate step in any of the indirect contribu-
tions and that only the forced wave whose wave
vector is the sum of the two input optical wave
vectors and the input acoustic wave vector is im-
portant for the phase matching of the AIOH output,
we find that the following terms in (P(2, 1) are sig-
nificant and of comparable size (see Appendix A)

(P((2, 1)=- e, 3 q" T"(",(~,) -Q (2 ~ 0)If,",'[y', (2, 0) u, .(0, 1) -y'b(2, 0)u„,(O, I)
V ~ P

+y'(2» . »»5;. -y'(2, 0) o, (0, 1)5&.l+» ""H"."[yl(2, 0)y",(0 I)+y'(1, 1)y".(1,0)]

+Z ""&,",' y', (2, 0)u„„(O,1)+
6

Z ""H,",',"(2y', (I, O)y"„(1,0)5„[u„,(0, 1),,(0, 1)]
3

g

+y'(1, 0)y."(1,0)[,.(0, 1)- „,(0, 1)]]+3 ~ ""&"'.".'y'(I, O)y!(I, O)y', (0, 1)

(s. 1)

where, since the spatial dependence has been re-
moved, the derivative notation now stands for mul-
tipUcation by the imaginary unit times the appro-
priate wave vector.

This equation must be reexpressed in terms of
a nonlinear susceptibility summed over the input

electric field E((li 0) Rnd displacement gradient
u, ,(0, 1) amplitudes. Expressions from the linear
optical problemb (m, s) = (1,0), the linear acoustic
problemb (m, n) = (0, 1), the acousto-optic scatter-
ing problem' (m, n) = (1,1), and the second-harmonic
generation problemb (m, n) = (2, 0) are needed. They
are

yl4(I 1) e Q Tn((& )q([(R,Q)HvbS (8,0)yips
P)4

(2,0)HP. Pg + Q, O)+P, P~ 2 ~2 g «+&P
Iqn jl fA nl+ fnAPJ

+ 3e, Z Y',g((do)Y(„'((o„)q' (b ~ 0)ff(~)'~
Pr&bfbl'

0 ~r~s&sAI

eoab)(b~ (&g)aq

x E,(1,0) u, , (0, 1), (s. 6)

+ —Q ""H;,',"„y',(1, 0) y", (1, O) u,„(0,1) ——Q q'y,'(2, 0) u, ,(0, 1),
Bbt O

I

g'"'(s„(d„)g'"'(s„~„) (P(2, 0)

e, ( f
2k, f'/fk„f'-1)

y', (1,0) = ~,~ T~b,"((do)q"E~(1, 0),

y."(o I) = —&0 ~.T".." (&~)[""&."b(

+ q'a„a,e,"")/&Oab)(b, (~~)a ] ub, ((0 1)

(5. 2)
Z((2 0) = —~co ~ Ta) (~o)Tsg(~o)

xq'q((b ~ 0)a"(„",E,(I, O)Z, (1,O), (5. 9)

y,"(1,1)=e,LT",'b(~, )[q'E, (I, I)+&b(1, 1)], (5 4)

y,"(2,0) = e,Q„T,","((o„)[q"E„(2,0) + E",(2, 0)] , (5. 5)

&0(
f k() + k„

f
b/f k~ f

3 —I)

t(ig i(PO f)(iA A

xZ, (I, O) u, ,(O, 1),

(P((2, 0) =.,d, "Pb"'E,(1, 0)z, (1, 0) . (s. 11)
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In these equations we have used the unit vectors a,
s~, and sr defined by

a=%„/f%„f, (s. 12)

Ss = (llo+k„)/) ito+ k„( (s. is)

s,=ai, /i 2k, i . (s. 14)

We have also used the piezoelectric tensor e,"„",

given by

BP«1 e0 ~ f TAP(+A) +e«l
80 IP

(5. 15)

l~«l= S(lt«, 1+$11,«) ~

to the linear polarization according to

e0ljl«( A}EA + el«Al

The quantity d, Blo„", defined by

(s. 15)

which relates the infinitesimal strain 8» defined by

electric field Eh

(«")ll= &OS&A ~ (s. 21)

The factor of 4 in Eq. (S.20} arises from D= 2 and
the fact that d,

"
&oh refers to one of the bvo fre-

quency components &0+ &„produced, while x, h

is quoted as if for a static value (01„=0). The
direct photoelastic susceptibilitys yl Bl o«,

" consists
of a part symmetric in its elastic indices, indicated
by parentheses, and a part antisymmetric, 4~ in-
dicated by brackets,

(s. aa}
where

l l«l&= —SX~S(&o)5«1-e0 Q T&„"(&0B}T»(&go)

Xq" q' ' Ifm««l+2&O ~ Tlm(ldB)
PS@ SB

Z T l (&B)T»(ldO)T «(0')
VS% SF

V q P (S,o)~a@'
mba &

(s. 18)

is the dis ect electro-optic (clamped) tensor ex-
pressed in the form of the optical mixing tensor.
It x elates bvo input electric field amplitudes to a
nonlineRl polarization by

%'here
D= 1 1f (00 = A7&

o

(s. io)

It is related to the Pockels electro-optic tensor
&rmh by

Cdg CSig cd'
dl 1 A

=- allll(ldB)&lm«limp(0'O) ~ (s. 20)

vrhere x,» is defined in terms of the change of the
inverse dielectric tensor caused by a low-frequency

x Tsr(& }Trr(~ )~rg 1$,Sly Psr (1I1&HP

{s.as)
40g cdp 4$lg4 l 1«11= ~ll~ll(~B)sl« ill«(-l0B)sll

+ ~v(&o) 51«- «»(~,)5„]. (S.a4)

The symmetric part is related to the Pockels pho-
toelRstic tensor Pm~» by

Nycto Qg
~i l (Al ) 2 ~1m(+B)Pmn«l~nl(+0) I (s. as)

(5& ')ll =Ply«l ~«l (s. 25)

For tile 81111plif1cailoll of Eq. (5. 1) we Billet also
define the direct third-order optical mixing tensor
by

where the factor of 2 arises because p„„«, is quoted
as if a static value as done above for r, h. The
Pockels photoelastic tensor relates the change in
the inverse dielectx'ic tensor to the strain by.

Bl'~', 'A'= -
&O ~ ~Y~'~'Tl&(&S)T AP~2)T!,'(~2)T''A(~1) ""I&'.".' A2»+'0 & e"AYT""(& )

VS'OS(SO vSfcs'Y$0$~
P SBSPS6 AS& S PS 4$ 4'

X[TPA( 1) SS( 2$)TPl'(&$)TPP($0 )+T (01 )T ((0 )T ((0 )T (l0 )

Trs(01 }Tss(01 ) P T(&)1)TCP(& )]&se0&rfssr (2 ~ 0)IfSPs {5 27)

404= QPl+ QP3+ COS

tdla= QPg+ QPP ~

403S = QP3+ KS p

(s. as)

(s. 29)

(OS)- (OS+ m, , (s. 21)
It relates three. input electric fieM amplitudes to
R nonlinear polarization by

+ ~0f f g h f g h

404 + N4 AS (imp Ol gE GAS c«}3

where (s. 22)

D= 1 if all of +&, +» s are equal
=3 if bvo of &, ~&, s are equal
=6 if none of &„4oa, s are equal.

By substituting Eqs. {5.2)-(5.11) into Eq. (5. 1)
and using the definitions in Eqs. (5.15), (5. 18),
(5. 22)-(5. 24), and (5. 27) we are led to define a
susceptibility y, op 122«l" responsible for the direct
mixing of thx'66 optical wRves With one acoustic
wave by

ao+cul cd~ ay+ csin' c«il coacd+

f g N ~f f g (»&+Xi f g (N3~
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c 1 8 A 0 Q p & i&T pp(+ )Tsg(~ }Tra(+ ) &8, 1&Zpsr 4s Q &aio&ZpsrsTsp(0& ) &&i&&Zpf g (kl) C bf & cg 2 jbckl jbCP Pq A, qkl
C'8 0vlw

g [&8,0&IfPsrTP6(&d ) &sii&goo + &8, 0&Jf&PPrTP5&& i &8 ~ 1&ffas &8,0&If88P TP5&& & &8,1&Har0 dbc de 12 ejkl + jdC deX 1A I 4tbkl + jbd de'L~2A& &.ckl
p56

+ 5ss g [&sio&ffPsrTP6(0& ) &sio&frl45L'Tea(&d ) &1,1&fear y &sio&ffPPr TP5(0& )&8,0&ff685Tsai y &1,1& 0dbc de 12 jgP Pq 1A &fp~ p~ (+A) B klP86 ~ $8 @ e & & qkl

+ &8 o&if' l4PST pa(&d ) &8,0&ffasr Tsp (&0
'& &i, i &grp '& ld 18 &+85jdb de 2A @C Pq AI s qkl J 3 l f g (5. 34)

. 2
~~c~i~s'PA 0 Q qrq&qi&TPP(&d }Ts&(0& )Tra(0& ) &sio&ffPsr5 &8 0&~Psr5 &8, 0&ffPsr5 &8,0&ffosr5C bf 1 cg 2 lbc jk kbc jl+ jlc bk jkc bl&8(89

P 8882'

+ &8»&ffpsr5 &8,0&JIpsr5 38 g [&8,0&ffpsrT pa(& }&8,0&&505 &8,0&ffpsrT pa& & &8,0&ffap5jb l ck jbk cl 0 dbc de 12 el kj dbc de%12 J ek l jP86

+ &8,0&IfPPr TP5(& ) &8,0&H685 &8,0&ffPPrTP6(&0 ) &sio&ff685 + &8.0&~»PTP6&&d
&.k lb+ jbd de't 2A& el kc

(3,0)B@yprf& 6j ) (2,0)06'yg (3 0)B Bf/P6(~jbd dei 2A/ ek lc+ dbc dk~ 12) jl dbc dli 121 jk
&8,0&H&iPrTP5&& i &8,0&lfas &8,0&ffPPrTP5&0& & &8,0&rias

1A/ l b jdc d l ~ 1A I

+ &8 0&ffP8PTP6&&d $ &08ff&ar &3 o&ff&iisPTP6&&0 & &sso&Har&jbd dk~ 2AI l c jbd dl ~ 2A j kc& (5.35)

(t)C = (01+ (&t)2+ COA

~12= ~1+ ~2 ~

~1A= ~1+'t)A ~

4t)2A = QP2+ (dA,

(5. 35)

(5. 37)

(5.33)

(5. 39)

Equation (5. 1) now can be expressed as
QA

C tdO ~O~A 3 AC ~O tdO +A +k@88Sk} 0 X& 1' g h& & g g 5 eSx (0& )sOPPe A e

2d c-c-8 ~ &g"'(s&, ~s)&.'"'(s„~,)+ ) f
(fk, +k„fs//k /8- l)

8 o A A "C"a"A
&& 0 A 3dm g r ggr&gpeph& Mc hl&& ipA M& g &8 &8 e h&

lmr kl +
8&&&88&&pa (&d A)&55 so«p&&pg (~ A) &sg )

Z, (l, o)Z, (i, o}s,, , (0, l)

for the case (d, = ~2 = (do.
Equation (5.40) in conjunction with Eqs. (5.33)-

(5. 35) is one of the two major results of this work,
the concept of double phase matching to be dis-
cussed in Sec. VI being the other. The effective
susceptibility controlling the AIOHG process is
contained in the braces of Eq. (5.40). The direct-
effect term and the many indirect-effect terms ap-
pearing there have been described already in the
Introduction in the order written. We mill not re-
peat that description here.

The form of the denominators of four of the in-
direct processes —direct and indirect acousto-

optic scattering followed by second-order optical
mixing and harmonic generation followed by direct
and indirect acousto-optic scattering —suggests
the possibility of phase matching the fields at the
intermediate step. When this is done the free
wave at this intermediate step must be introduced
into the development as weB as the forced wave,
which was the only one used in the derivation of
Eq. (5.40). These highly interesting cases will
be considered in Sec. VI.

If the two input optical frequencies are different,
the analog to Eq. (5.40) is

VC co1cu2euA tdA 3 ~(1&8)I~ q g(y )I~
C 1 8 A C 1 8 A e f g h h &&eight 2d C 8 1A 5 1 ( P1 1A} & E1 1A)6'] f~kl ~ocp'&p ~A c p=i (tk&+k„~ 8/~ k,„~

8 l)
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X„"~,'„'- "~ & ~ ""'»~. ,pd"c"~"» g &~"'(s~a. &a~)C"'(spa, ~~)

x
esspxpq{+g)sq esLEpxsq{(dg)a j

{$,+ k, )
a/( k„(a- 1)

where the frequencies are defined in Eqs. (5.36)-
(5.39), [the frequency notation is such that

"o"o""= 5', (2, 1) of Eq. (5.40)], k,„, ka, and

k&z are the wave vectors of the free waves at fx'e-
quencies M&„, Mz» and &» and the unit vectoxs
sz» szz, and s„are defined by

sa, = (k~+k„)/~k, +k„~,
saa = (ka+ k~)/~ ka+ k„~

s„= (k, +ka)/~k, +ka~ .

(s.48)

(s.43)

(s. 44)

The Rntlsymmetric pRrt of the susceptibility
given by Eq. (5. 35) can be simplified by the use of
Eq. (3.20). H terms of order (~„/&oo) are then
dropped, m'8 find simply thRt

Mgfsij fdaQg y gd&jp&gtda~ ~tdgptai/tdg~ d g gg 3~gf f g Q'fj 4K g f & Q p f g jg f f g

d 5 -d
g pl+ f g l gk k f p gl& ~

{s.as)

Concerning Eq. {5.45) we note the following: (a)

X
"&~1~a~g contains only shear components in thef g |: 3

elastic indices; (b) any shear distortion causes a
rotation; (c) rotation of a lower-order optical an-
isotropy should contribute to a higher-ordex optical
effect; and (d) Eq. (5. 45) depends only on the sec-
ond-order optical mixing tensor. We thus interpret
Eq. (5.45) as the contribution to the total suscepti-
bility governing AIOHG caused by rotation of the
optical mixing tensor in the px'esence of an elastic
shear distortion. Equation (5.45) can, in fact, be
derived on this basis from a very simple kinematic
RrguIQent given in Appendix B. It ls completely
analogous to the rotational effects recently pre-
dicted ' and observed to occur in ordinary acousto-
optic and Brillouin scattering. The presence of
the tensor asymmetric in the elastic indices in
Eqs. (5. 38) and (5. 85) once agains' demonstrates
the fRct thRt the measure of 81Rstlc deformRtlon rel-
evant to acousto-optic effects is not just the strain
but rather the strain and the xotation, or more
simply, just the displacement gradient as indicated
in Eq. (5. 40).

The antisymmetric susceptibility of Eq. {5.45)
mill be zero for all centrosymmetric crystals since
d&»= 0 fox them. It mill be nonzero fox all acentric
crystal classes except the cubic 432 class, regard-
less of the input optical frequencies. For class

432 it will be nonzero only mhen the input optical
frequencies are different. It mould also be zero
for an acentric isotropic noncrystalline medium.

The antisymmetric susceptibility of Eq. (5.45)
can be comparable in magnitude to the symmetric
part for many crystals. For instance, for G@As

me px'edlCt

Xgaagass =+ a dias =+ 0. 65 && 10 m/V

on the basis of a recent measurement of d&23, mhile
measurements' yielded

Xtaaas = Xisa(as &+ Xsaa rass = (+0.8» + 1 1)&& 10 m/~10

Thus it is seen that rotations in shear maves can
give effects in AIOHG comparable to those of
strains.

The symmetric pRx't of the At'8ct susceptibility
representing AIOHG, given in Eq. (5. 34), cannot
be expressed in terms of directly measurable
lower-order tensors (except for the last term).
As such, it represents a new measurable tensor
that, characterizes the material medium. %8 mill
term the various contributions to the direct suscep-
tibility as internal contributions. The first one in
Eq. {5.34) represents a one-step mixing of the two
input optical fields and the one input acoustic fieM
via the ' '~'H material descriptor. The second
term corresponds to a tmo-step mixing of the po-
lar izatlons induced by the input optlcR1 fields vlR
' 'O' H with the internal displacement produced via
'~' 'H by the input acoustic field. The third group
of terms represents a tmo-step mixing process:
First, the polarization induced by' one of the input
optical fields is mixed with the displacement gradi-
ent of the input acoustic field via ' ' ' H the re-
sultant internal displacement mixes with the polar-
ization induced by the other input optical field via
' ' 'H. The fourth group of terms corresponds to
a three-step mixing process: First, the displace-
ment gradient of the acoustic wave produces an
internal displacement via ' ' ' H; the resultant in-
ternal displacement mixes via ' ' ' H mith the po-
larization induced by an input optical field; the in-
ternal displacement resulting from the latter mix-
ing then mixes with the polarization induced by the
ot er input optical field via ' 'o& H again. The last
contribution in Eq. (5. 84) is expressible in terms
of R lower-order directly measurable tensor and
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represents simply the change in density of nonlinear
oscillators arising from compressional or dilata-
tional components of the strain.

Equation (5. 34) predicts the form of the frequency
dispersion of g", z

~"2~»". All frequency dependence
is seen to enter via the T,"& (~) susceptibilitylike
factors which have arisen from the solution of the
dynamics of the problem. The ' '"'H material
descriptors by their nature are frequency-indepen-
dent quantities. Note particularly that contributions
to the susceptibility having different symmetry have
different dispersion. A sufficiently complete and
accurate dispersion analysis could be used to de-
termine ' ' 'H. For the analysis it would be nec-
essary to have found "' ' H from the piezoelectric
tensor, T from the dielectric tensor, ' 'H from
the electro-optic and the second-order optical
mixing tensors, ' "H from the photoelastic tensor,
and '4' 'H from the third-order optical mixing ten-
sor. To perform such an analysis it is necessary
to decide how many internal coordinates (number
of oscillators) are important to the experimental
results. This determines the range of the summa-
tions over Greek-letter superscripts. Even if a
single electronic and a single ionic degree of free-
dom are assumed for GaAs, ' "H values cannot
be deduced from the measured AIOHG susceptibility
for GaAs because one of the interacting waves (the
acoustic wave} in that experiment is a low-fre-

4l QQ mfa)240~
& i f g (kf) (5. 46}

Conceptually this is the same as the Kleinman sym-

quency wave and because for many of the nonlinear
interactions there are no data for GaAs for inter-
acting waves, one of which has a frequency below
the ionic (infrared) resonance which could be used
to distinguish between ionic and electronic parts of
the various ' '"'H.

The symmetry of the susceptibility of Eq. (5. 34)
for a given crystal class can be determined from
the symmetry of the individual ' '"'H. Alterna-
tively, and more simply, its symmetry can be found

by applying the point-group operations to a fifth-
rank tensor which is symmetric upon interchange
of its last two indices. Being an odd-rank tensor,
it will be nonzero only in acentric crystals. If we

take the input frequencies identical, ~&= +&, then
the tensor will also be symmetric upon interchange
of the second and third indices. As this is likely
to be the most common experimental situation, we
list the symmetry of the symmetric direct suscep-
tibility expected for this ease in Table I. If +& 0&2,
but they are close enough that there is no significant
dispersion of the optical properties between these
frequencies, then the symmetry of Table I will be
applicable to high accuracy. If j, &2, and && all
lie in an essentially dispersionless region, then it
is apparent from Eq. (5. 34) that

TABLE I. Form of a fifth-rank material tensor which is symmetric upon interchange of the second with the third

index and upon interchange of the fourth with the fifth index for each of the 21 accentric point groups is presented. All

elements of the tensor are zero for the centrosymmetric point groups (triclinic 1, monoclinic 2/m, orthorhombic

mmm, trigonal 3 and 3 m, tetragonal 4/m and 4/mmm, hexagonal 6/m and 6/mmm, and cubic m3 and m3m). The

tensor represents the elastically symmetric direct susceptibility governing AIOHG, given in Eq. (5.34) for the case
that the two input electric fields are of the same wavelength (or close enough that dispersion is negligible —see text).
In the table X&&~~& &~» is contracted to X«&, where a=1, 2, 3, 4, 5, 6 for (f,g) = (1,1), (2, 2), (3, 3), (2, 3) or (3, 2),

(3, 1) or (1,3), (1, 2) or (2, 1), respectively, and b represents (k, l), similar]y. Zero elements are indicated by a

dot; nonzero elements by letters; related elements are expressed in terms of the sage letters except when only X
appears, for which cases no relation exists between the nonzero elements.

i=1 g —2

a=1 2 3 4 5 6 1 2 3 4 5 6

Triclinic 1

z —3
1 2 3 4 5 6

b=1 XXXXXX
2 XXXXXX
3 XXXXXX
4 XXXXXX
5 XXXXXX
6 XXXXXX

XXXXXX
XXXXXX
XXXXXX
XXXXXX
XXXXXX
XXXXXX

XXXXXX
XXXXXX
XXXXXX
XXXXXX
XXXXXX

i

XXXXXX

Manoclinic 2

b=1
2
3

5
6

~ ~ e X ~

~ ' X ' X
4 ' X e X

XXX'
~ ~ ~ X ~

2 XX' X'

XXX' X'
XXX' X
XXX' X'

X ' X
XXX' X

X X

)

~ ~ ~ X' X
~ o o X e X

X ' X
XXX X
~ ~ ~ X ~ X
XXX' X '
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TABLE I. (continued)

XXX X
XXX' X'
XXX' X
~ ~ ~ X ~

XXX' X
X' X

Monoclinic m

X ' X
X ' X
X ' X

XXX' X'
X ' X

XXX' X'
XXX
~ ~ ~

X '
~ X ~

i X
X ' X

X '
X ' X

Orthorhombic 222

b 1
»» ~

o ~ ~

4 XXX

~ e
I

~ e ~

X '

o X o

I X e

X '
e e

X
e ~ X
~ e X
e X ~

~ ~ ~

6
' e e e

X
e X e

XXX'
X ' XXX e

~ ~ ~ X ~ ~

] ~ ~ ~ e

e ~ b

e e e

~ ~ ~ e

5 XXX
6 ~ ~ ~ X

X '
X

~ ~

orthorhomic mm2

~ ~ ~ X e 0

o e e X e»
XXX '

e e

~ X ~

XXX'
XXX'

o X o ~

b b X o

Trigonal 3fD= —(4+8+C}; m = —(j+p+)}]
b=1 2A 28 —E

2 2C 2D E
3 -F E
4 2a 2b c
5 2G 2H I
6 k-mj-l n

2d 2I E —m
I 2j

2e 2J j —k 2E

f X 0 0
M p G —II 20
p —M b-a —2bI- J'e —4 8+C

j
D —8

2k n
2m -n

2J' —2e 9-C
2I —2d 8-A

X -f E
-p Ma —b

M p G —H
4 —e I- J'&+I

2N 2P
2P 2N

R
q -q

—0 0
—t t

Q ~ —0
Q —w U

e

T
e

U t' N —P

b=1 2A

2 2C
. 3 -E
4 ~

5 2G

2B -E 2I
2D 8 ' 2J

X
M ' G —8

—MI-J B+C

2H 2G
e e

2J D —C 2N 2P
2I 8-A 2P 2N
E ' E A 8

M ~ e

M ' G —8 —Z Z
g e I J' e ~ ~

Q
~

Q»
$ ~

e

U ~

Tl'ig011R1 32 fm—:—(j + j'g + j))

3 ~ ~

4 2a 2b
5 ~ o

6 k-m j-l

M
» 2e e

~ f ~

c p
o p
n ' e —4

/ —m
j-k

g

2j 2k n
2l 2m —n

8 g
e e e

M
~f e

a-b S
g e

~ e ~

4 3, 8
5 E I G
6 ~ e ~

I M
J N
X 0
t e D

8
P

Tetr8gonal 4

N —J'
M-I
0 —K

~ e g

R 8
Q $ ~

T U

e g
~ g

lV
»
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TAB LE I. (continN e@

o o o I
~ ~ o J'
o o ~

A 8 C
E E G
~ ~ ~ L

M

d

II
P o

Tetragonal 4

d ~

o

o ~ o J
o o o I

2
o»

4 A 8 C
5 o o o ~

o

o o

d 0 o o

o o o

o ~ ~ P

o o g
~ g

o

0

o

5 E
6 o

o

o o

o ~

o

~ ~ ~ o

o Q d

M

G ~ o 5 1

s o g) d

J ~ d

8 8
Q $ o

T V
o o P'

~ 1 J' o o

o ~

o o o g o

d

o o o J
o o o I o

~ g
~ o o o g

C
o o P ~ ~

o o o g
o o g

lV

Qf o

U ~ o ~

Hexagonal 6

b —1 o o

2 e ~ o

3 o

28 C
2G 2H I

6 o o o

2E
o

o «o
2II 26

—28 —2A —C
o o o D —E

—2E
—2D

P o

A-8
G —8

—T T

o

B
~~ g

$ o

R
M-N

Hexagonal 6 [D=——(A+8+C); M= —(J+X+Qj
I —M
Z-K -8 I

o

~ o

o o Q
I R

o o

2 d ~ o

o o o

2A 28 C
5 o o o

0 o 0

o ~ o

~ A-8 O O d d $

~ ~
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TAB LE I. {f.-ont~nued)

Hexagonal 6 spying

b=l
o

o

0 o o 2g o

o o 2J o

o ~ L 0

2M 2N 0
2N 2M 0
p p Q

o 0

~ o

52GM
6

0 o

o

G-H 20 2G I 0 ~ Q ~ ~

M-N,

o

3

o

6 E-M

~ ~ ~ p
~ ~ p 'o

J-I N

I —M 2J 2g
2J.

0 0 —O o o

0 Q
o

I ~ ~

0 0

e o

4 8
5 o o

o o

e

o J'
~ Jf o 0

o

Cubic
o ~ ~

23
E

o

o J

o e o ~ J'
o o o g
e o o

e ~

o e o g o o

o p o o

o o o

~ .o p o o ~ o g o

b —1
o o ~

o o o

6

J' e

J' o

e

~ e 0 JP o g ~

-H 0 o o

o o

o

-8
o o

0, ~ ~ ~ o ~J' 0

o o o

o 0 o o

~ J
o J
o o

o ~ ~ o g o

~ 0

o ~o

o ~ g
o o 0 J
~ o ~ J'

b=1
2
3
4 A 8

o ~ 0 0

6

o e

o ~

o J' o

o I ~

o o o o J' o

~ 0

~ e o

0 o o g o ~

0

o

o J'
o J'

o o Q o

metry condition for the second-order optical mixing
coefficient. ' The forms of the susceptibility tensor
in Table I can also be used for the direct acousti-
cally induced electro-optical effect if the first in-
dex is used for the low-frequency electric field and
the second and third indices for the output and input
optical electric fields.
VI. SOLUTION OF %AVE EQUATION FOR DOUBLE PHASE

MATCHING

Double phase matching, as discussed in the Intro-
duction, refers to phase matching both individual
steps of an indi erat contribution to a third-order
(four-wave) interaction such as AIOHG. In this.
ease there are two types of indirect contributions
which can be doubly phase matched under appropri-
ate conditions: (a) acousto-optic scattering (direct
and indirect) followed by second-order optical mix-

ing, and (b) second-harmonic generation followed
by acousto-optic scattering (direct and indirect).
We will consider the former of these first.

When acousto-optic scattering is phase matched
according to Eq. (l. I), the free wave must also be
included in the nonlinear driving polarization of
Eg. (S. 25). This will cause this particular indirect
contribution to dominate the nonlinear susceptibility
of AIQHG for sufficiently large but reasonable in-
teraction lengths. For this reason we will drop the
remaining terms in the nonlinear driving polariza-
tion. Only the term in Eq. (2. 12), proportional to
y~(z; I, l)y",(z; I, 0), need be retained. Into this term
we substitute Eqs. (5. 2) and (5. 4), dropping the
F"(z; I, I) term from Eq. (5. 4) because it cannot
be phase matched. For E(z; I, I) in Eq. (5. 4) we
use
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ep( iko+kAI /I kB I
—1)

~z

((i(oekA) ~ z ikB z] (6 1)

Ma)Bcogtd gg o)

B 0 Z(, e,e,e, i)
~POP((P ((dA) a,

xE&(1, 0)E,(1, 0)u„, (0, 1) . (6.3)

from Ref. 5. Here g refers to the particular one
of the eigenvectors that is phase matchable and s~
is given by Eq. (5. 13). We obtain for the nonlinear
driving polarization for this case

( I ko-+ kA I / ikB I
—1)

X[B((2)(oekA)'z Bi(ZO+)(B) z] (6 2)
where

p, (2, 1) = 2E p d";cg o,"BS,"'( s2, (DB)8'"'( sB, (DB)

Here the superscript DB stands for double phase
matching of the intermediate step at frequency ~B
and denotes that part of the total (p(z; 2, 1) given
in Eq. (3.25) that is important in the present situ-
ation.

The nonlinear polarization in Eq. (6. 2) is now

used on the right-hand side of Eq. (3.23). The gen-
eral solution of, the wave equation in the medium
consists this time of one free and two forced waves
according to

E( . 2 1) fn(i) hn(i)( ) (kc z kn ( SDi C)(n ( SDi C)' p (2 i ) i(2)(ok)(A) z

ep( I2 ko+ k„ I / I kc I
—1)( I ko + k „I / lkB I' —1)

(S(ni (k)c)$ ( Soi (k)c)' P (2i 1)
ep( tko+kp I /Ikc I

—1)( lko+kA I / Ikp I
—1)

(6.4)

Here $ denotes the particular eigenvector which is
phase matchable, sc and s& are defined by Eqs.
(4. 8) and (4. 10), respectively, and so is defined by

s, =(k, +k, )/~ k, +kB~ . (6. 5)

By using the same input boundary condition as in
Sec. III, the conditions

(so (dc)'~ (sc (Dc)=1

I

and

S (so (Dc)' ~ (soi (Pc):—1

(kc 2ko kA)t (kc ko kB)i =0 (6.6)

which are good near phase matching, and an origin
of coordinates in the input plane surface, we obtain

by the procedure of Sec. III, three conditions

S«). p-(2, 1)
I2 k() + k „I'/ I kc I

—1 I ko + kB I / I kc I
—1 c,( I ko +k„ I / I kB I

—1)

This leads to an output electrical field of

2((i (("' Pn(2 1)k'k ein(-', nke )e "e " ' ' ein(-', nk „.n)e"e"' " ')E(z; 2, 1)=-
~pn kBn ( kB +ko + k A) ~ ken' ( kc+ 2ko+kA) 6 kD„(kc +ko + kB

x ezp[ 'i(kc +kB+3ko+kA)' z],
where

(6. V)

(6 8)

6kB = kB -ko —k~,

~kc = kc 2ko kz &

o=kc ko ka ~

The time-averaged Poynting vector then is

2cpl'pc'kj'3I8"' ~ PDB(2, 1)l'[(b'"')'kc ~ -(k, 8"') h"']
&p(k)c[& kB„. (kB.+ko+ RA)]2

sin'(-, &kD„z) 2 sin(-2'&kc„z) sin(-2'&kD„~ z) cos(-,'&kB„~ z)
l
[+ken '%c+ko+kB)] ~cn' (kc+2ko+kA)&ken (kc+ko+kB)

(6. 10)

(6. 11)

(6. 12)

This equation is valid under conditions similar to
those stated'for Eq. (4. 16).

Double phase matching occurs when b, kg„= 0,

(6. 13)

(6. 14)
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which then also requires,

&kc„=0. (6. 15)
The input boundary condition in the plane-wave ge-
ometry assumed here has required the tangential
components of these quantities to vanish already.
At exact double phase matching Eq. (6. 12) becomes

c k~~k~~l l8'~' P (2, 1) I

128eovckcnkan

x[(g'~'}'k —(k ~ 8 ")S"'1, (6 16)

where l once again is the distance into the crystal
normal to the entrance surface. Note that doubly
phase-matched AIOHG grows as E' compared to the
usual l characteristic of singly phase-matched non-
linear processes such as given in Eq. (4. 18). Ne-
glecting the ratio [ S'" P (2, 1)/h" ' 6'(2, 1)]'

which can be either greater than or less than unity
in different materials and geometries, and neglect-
ing cosine projection factors of the normal compo-
nents of various wave vectors, we see that the ratio
of the intensity of the doubly phase-matched AIOH

to the intensity of the singly phase-matched AIOH is
[-,'kef] = 6 xlo for a crystal thickness of 1 cm, a
wavelength in vacuum of 1 p, , and a refractive in-
dex of two. This spectacular enhancement factor
offers hope that AIOHG under doubly phase-matched
conditions may find practical uses.

By a similar development the time-averaged
Poynting vector can be derived for AIOHG with dou-
ble phase matching of the other two-step indirect
contribution, second-harmonic generation followed
by acousto-optic scattering (denoted by DH on the
effective nonlinear polarization}. We find that

2c gcg„)g' ' ~ P "(2, 1)~ [(8"') kc —(kc ~ 8'")h'"] sin (-,'&kc„~ z) sin (-,'Aks„. z)
& o&c[6Re„. ( kH+ 2 kc)] [~k,„.(R, +2k, +k„)] [~k,„(k,+T„+k„)]'

2 sin( —,'&kc„z) sin( —,'&ks„z) cos(—,'Sk„„~ z)
4 kc„~ (kc+ 2 kc+ kg) & ks„~ (kc+ k„+k~) (6. 17)

where
~k, =k, -2k, ,

8 kc kg kA 9

(6. 18)

(6. 19)

P, "(2, 1)=so
2dcgcQ)g4lA 4lA

cd fAlHso A
nr e oa, a„((o„)a,

gj (Sl& ~H)gm (SI& ~H)

x d„""gc~ cEy(1, 0)Eg(l, 0)u„,(0, 1), (6. 20)

and sr is given by Eq. (5. 14).
Double phase matching in this case corresponds

to

~k,„=0, (6. 21)

(6. 22)

APPENDIX A

We irish to make an order of magnitude estimate
of the various terms in F" (2, 1) of Eq. (3. 12) and

which then also requires

~k,„=0. (6. 23)

Here again the input boundary condition in the plane-
wave geometry assumed has required the tangential
components of these quantities to vanish already.
At exact double phase matching Eq. (6. 17) becomes

128~. ;0'c.u'..
x [(S"')'k -(k. P'')S"'], (6. 24)

which is analogous to Eq. (6. 16).

I

in 1(2, 1) of Eq. (3. 11) in order to determine which
should be kept in the nonlinear polarization P(2, 1)
of Eq. (3.25). From Eqs. (3.8) and (3. 9) with the
nonlinear terms set to zero it is possible to make
the folio@ring estimates:

(2 "H=m' '
Q)g 9

(0, 2) ~ m0~2

(Al)

(A2)

(A3)

9""H="" H~a/

(3, 1) H (3,0)
9

(4&0) H (3&0) H//

(A4)

(A5)

(A6)

(Av)

where a is a typical primitive unit-cell dimension.
From the lower-order problems, (m, n} = (0, 1),
(1, 0), (1, 1), and (2, 0), the following estimates are
possible:

(A8)y(0 1}=[~~(m')"'/~~(m')"']a(0, 1),
&(1 o)= [&~~a(m')"'/t c~c(m')"']y(1, 0), (A9)

1

E(l, 0)= ((o„'m~/q") y(1, 0), (Al0)

&(0, 1)= [&o„q"(m')'~'/~ e,(m")'~']u(0, 1), (All)

where 8 denotes the value characteristic of some
resonance, ionic or electronic, of the crystal
(different superscripts, which have been omitted,
here, will correspond to different resonant values).
We also estimate that
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y(2, 0) = (1/a)y(1, 0)y(1, 0),

&(2, 0) = (m (u /q a)y(1, 0)y(1, 0),

&(2, o) =( ' '/q' o)y(1, o)y(1, o),
u(2, O) = [v»„(m')'~2/vo~oa(m')' ]

x y(1, 0)y(1, 0) ~

(A18)

(A1S)

(A2o)

(A21)

&(» 0)=4~m'/q"vo)y(1, O), (A12)

B(0, 1) [vw(g~q (m ) /c ~~&0(m ) ]u(0 1)

(A13)

y(1, 1) = ((u„/v„)y(1, 0)u(0, 1), (A14)

E(1, 1) = (&u&m &u~/v„q )y(1, 0)u(0, 1), (A15)

&(1, 1) = ((u„m &uR/v„voq )y(1, 0)u(0, 1),(A16)

u(1, 1) = [(ug(u (m )' '/v (u (m')' ']

x y (1, o ) u(0, 1), (A17)

the material body. An infinitesimal body rotation
carries a body point at x; to the new position x
given by

1

X =X ~ +Q =X +~ y U& Xy=d6

~Xjwhere

(B3)

9 . BX 8X
fg ax aX BX ™ifg

l m n

~X i = 5ij+u; j= 5;j+R;j, (B2)
~Xj

1/&~=2iu —u )= —R = —e . 58ji ijk

Here u is the displacement vector and R is the
mean rotation tensor that describes the counter-
clockwise infinitesimal body rotation through the
angle l5~ ( about the direction of 6(9. The second-
order optical mixing tensor di» must transform on
each index i, j, k under the body rotation exactly
as the vector x; transforms under the same rota-
tion:

The charge density q~ can be eliminated by using
its relation to the change in the dielectric tensor
~& below and above a resonance according to

ifg lfg il+ img~fm+difn+gn p

bdo'g= a(diaz 5&a
—

d~y~ 5&(+d&,~5y„

(S5)

a~= (q )'/rom

Substitution of Eqs. (Al)-(A22) into each of the
40 terms of F(2, 1) in Eq. (3. 12) and into each of
the 20 terms of 1(2, 1) in Eq. (3.11) leads to the
conclusion that only 13 of those in F(2, 1) and one
of those in l(2, 1) yield significant contributions to
P, (2, 1). These terms are given in Eq. (5. 1).

APPENDIX 8

Mifg 2Xifgfkl)+0, l '

Thus we obtain Eq. (5.45) of the text
1 j

Xifgjyl j gk lfg ik dkfg ~il+dilg ~flf dikg~fl

(B7)

—dt~~ &y~+d;y, 5~~ —d;y~ 5z, )u~, . (86)

fg )g l ) represents one of the two frequency com-
ponents of the antisymmetric part of the AIOHG
susceptibility which arise if the displacement
gradient oscillates at a particular acoustic fre-
quency, then

Consider the effect of an infinitesimal body rota-
tion on the second-order optical mixing tensor of + diff 5@a diff' 4t) (ss)
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