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Measurements of de Haas-van Alphen torque oscillations have been made at l. 2 K on
single-crystal n-type Insb samples containing between 6. 6 &&10 7 and 4. 5 x10 8 electrons jcm3.
The amplitude of the oscillations is found to depend on the crystallographic orientation and
magnitude of the magnetic field. The anisotropy is accounted for by the warpirg of the con-
duction band and the damping by collision and inhomogeneity broadening. From the anisot-
ropy of the period of the highest-concentration sample, we obtain I -I-N = (8. 9 + 0. 7)I' /2m 0.

I. INTRODUCTION

The de Haas-van Alphen (dHvA) effect (oscilla-
tory dependence of the magnetic susceptibility on the
reciprocal of the magnetic field strength) has been
used extensively to investigate the Fermi surfaces
of metals. The related Shubnikov-de Haas (SdH) ef-
fect (oscillatory magnetoresistance) has provided
more information about the band structures of de-
generate semiconductors' including some on the an-
isotropy of the conduction band in InSb. ' In this
paper, we present detailed results of an experimen-
tal study of the dHvA torque oscillations in. samples
of n-type InSb. The anisotropy we observe will be
interpreted by means of a theoretical expression for
the extremal cross-sectional area of the Fermi sur-
surface derived' employing Kane'8 three-band ap-
proximation. ' A value for the warping parameter
(I —M —N) will be deduced. When invereion asym-.

metry effects are negligible, all the anistropy of
the primary conduction and valence bands is pro-
portional to I —M —

¹
The interactions between

the various energy states which give 1 lse to
I.—M —N are discussed in Ref. 5. The dependence
of the amplitude of the oscillations on field strength
will be analyzed in terms of collisions'7 and inhomo-
geneity6 broadening of the Fermi energy.

II. EXPERIMENTAL

The samples were cut, lapped, and etched with
their long dimension parallel to within + & to the

[110]direction from Te-doped n-type InSb pur-
chased from Cominco American, Spokane, Nash-
ington. They are identified and characterized in the
tables. The Hall effect and resistivity were mea-
sured at 4. 2 K using conventional dc potentiometric
techniques. The dHvA measurements were made

with the samples suspended vertically in liquid hel-
ium at about l. 2 K. (Attempts to obtain dHvA data
at 4. 2 K were unsuccessful because of the bubbling
of the liquid-helium bath. ) The outputs of a null-
deflection torsion apparatus ' and a rotating-coil
gaussmeter were plotted on a Moseley x-y recorder.
as the field of a 22-in. Varian magnet was swept
automatically through a convenient range. The
gaussmeter was calibrated with a standard magnet.

III. RESULTS

Hall-effect and Hall-mobility data are given in
Tables I and II, respectively. Also included in Ta-
ble I are values of various parameters deduced from
the Hall data and formulas given in the text or in the
literature. These parameters are used below in
analyzing the anisotropy and field dependence of our
dHvA torque oscillations.

Various results of our torque measurements are
given in Figs. 1 and 2 and Tables III and IV. Fig-
ure 1 shows a reproduction of the x-y recorder
tracin. g for a number of orientations of the magnetic
induction B for the lowest concentration sample.
Similar tracings were obtained for samples 2 and 3.
For sample 3, the period depended on the orienta-
tion of B and will be discussed below. In all sam-
ples the oscillations were periodic in 1/B and the
measured periods are listed in Table III. For com-
parison, the periods calculated from the HaO effect
employing E|l. (6) are also listed there. The agree-
ment is probably satisfactory since one does not
know how to calculate the carrier concentration ex-
actly from the Hall effect. To within the accuracy
of our measurer ents, the torque oscillations were
found to be damped exponentially like e ~ . Al-
though theory" predicts that an additional field-de-
pendent factor multiplies the exponential [see Eq.
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Slice designation'

TABI.E I. Characteristics of n-In8b samples~ derived from RH the Hall coefficient measured at 4. 2 K and formulas
for electron @rave vector k, energy. E, and g factor (see text and Ref. 5). 8 is tbe extremal cross-sectional area of a
surface of constant energy vrhen anisotropy and inversion asymmetry effects are neglected.

1/ I BHe I
'

kp dS/dg

(10"/cm') (106cm «) (eV) (1026/erg cm2)

0. 66
1.11
4. 5

2. 68
3. 19
5, 10

0. 124
0. 161
0.311

1.51
l. 71
2. 54

~The samples used for the dHvA torque measurements @&ere from the same slices as the Hall samples.
The slice designations are those of the supplier, Gominco American, Spokane, Wash.

{4)], we do not regard the discrepancy as important
because the factor has a much weaker field depen-
dence than would be detectable over the range of 8
which we employed. The maximum amplitude of the
oscillate. ons at a specific field strength and the damp-
ing constant Q' for each sample are listed in Table
IV.

IV. DISCUSSION

A. Anisotropy and Period

Iri order to interpret the period and anisotropy of
our dHvA oscillations, we shall reproduce below
some pertinent results from Ref. 1. Specifically,
the extremal cross-sectional area 8 of a surface
of constant energy in the I'6 conduction band of InSb
is given by

Since, as can be seen from Eq. {4), the amplitude
of the torque A is proportional to SS/&8, Eq. (3)
implies that the amplitude will be zero when 8 is in
the (001), {111),and {110)directions (i. e. , 8 = 0,
54. 8, and 90', respectively). This was found to be
true for our samples as can be seen from Figs. 1
and 2. Thus, our data provide a direct qualitative
confirmation of the anisotropy of the conduction
band.

A more detailed comparison between our data and
the term which describes the warping of the conduc-
tion band' will be made next. In order to do so, it
is useful to consider the amplitude of the torque os-
cillations to be expected from the results of theory"
and experiment

isa - gaA- V 8'~~e '~s—(T+T,)(cos[Ih (dS/dg)/4mo])

S„=mC [1—C,g, (9)/2v] . x/sinh[mc&s(&+/, } (dS/dg)/peg]J-' (4)
Co and C& depend only on the energy and the band pa-
rametexs as indicated in the Appendix. Vfhen, as
in our experiment, the magnetic induction B is in
the (110)plane, the function g&(8) is given by'

g, (8) = f'Gw [8 —(- 1+3cos'8)'],

where V is the volume of the sample, 8 is perpen-

TABI.E II. Parameters pertinent to the damping of the
dHVA torque oscillatlons. po is calculated from I RH I jpo
using Hall and resistivity data at 4. 2 K. The screening
parameter qo, the ratio of the lifetime of a carrier on the
Fermi surface v to the resistivity relaxation time z~, the
collision damping parameter n~ (calc), and the inhomo-
geneity broadening temperature T; are deduced as in-
dicated in the text.

Sample
n InSb P

n, (cale)
Oc)

51
73
150

T$
(K)

17
41
18

Po
(cm /V sec)

35 000
26 000
16 000

(106 cm)

1.0
l. 15
l. 70

0. 175
0. 165
0. 132

where 8 is the angle between the direction of B and
the [001]crystal direction.

From Eqs. (1) and (2), we have

9$
~ p

Bg
= ——,m C„C,sin8 cos 8(- 1+3 cos 8) .

-28
-le
-8

2

12

22'

52'

42

~47
52'
62'

90'

FIG. 1. Reproduction of recorder tracings of dHvA
torque oseillations in n-InSb sample 1.
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FIG. 2. Amplitude of dHvA torque oscillations vs orien-
tation of the magnetic field for samples 1, 2, and 3 and
curves showing the angular dependence of BS/90 calcu-

. lated from Eq. (3). Each calculated curve was made to
fit a data point near maximum amplitude.

dicular to B, &, is the damping constant for colli-
sion broadening, T is the actual temperature, T;
is the apparent temperature associated with inhomo-
geneity broadening, g is the electronic g factor, mo
is the electronic mass in free space, and dS/d&
= (dS/dE)~=t', where f is the Fermi energy. For
n lnSb, dS/dg and the g factor are expected to be
almost independent of 8, andthis expectation is borne
out by the analysis of our data. Since our measure-

TABLE III. Measured and calculated periods of the
dHvA torque oscillations for three n-InSb samples.
P & is calculated from Eq. (5) using values of 1/ I B&e I

from Table I.

Sample
Slice designation and

shape of sample

8'326-J {brick)
W324-a (cyl)
8'226-C (cyl)

P
(10"6G ~)

4. 6+0. 1
2. 7+0.2
1.3+0. 1

Pcaye
(1o-' G-')

3. 0
1.2

Brick-shaped sample from the same slice exhibited
very similar characteristics.

ments indicate that, for a given direction of 8,
A-e " with o.'-2u, (see Tables II and IV), we in-
fer that the argument of the hyperbolic sine must be
large enough so that l/sinh t= 2 e ', where
t= [wc&a(T+ -T;)(dS/dK)/ReB]. We believe that the
most appropriate way of analyzing our data employs
this inference, and discussion of our results will
be made accordingly. (Nevertheless, we have also
deduced values for C, and L, —M -N for samples 1
and 2 assuming that t «1. These are given in
parentheses in Table IV. ) From our measurements,
& seems to be independent of 8 so that the angular
dependence of A must be due almost entirely to
sS/s0. Figure 2 shows plots of relative amplitudes
at a constant field value for three samples with dif-
ferent carrier concentrations. The circles rep-
resent the data points, and the curves were calcu-
lated from Eq. (3). Each curve was placed so as to
fit the experimental data near a peak position. The
excellent agreement of the calculated curves with
the data indicates that warping is responsible for
the anisotropy of the dHvA oscillations which we
observe.

Further use of Eq. (4) will be made to deduce val-
ues of the anisotropy parameter C, of Eq. (l) for
samples 1 and 2 by comparing the amplitudes ob-
served for these samples with that of the highest-
concentration sample (3).

We can deduce C& for sample 3 directly because

TABLE IV. Information used and results obtained deducing the anisotropy of n-InSb samples 1 and 2 from the amplitude
of dnvA torque oscillations using Eq. (7). Values for x=gS' (dS/df)/4mp are calculated from values in Table I. C& of
sample 3 is deduced from the anisotropy of the period and is used in deducing C& for samples 1 and 2 (see text). 5 —2g
and y are calculated using equations in the Appendix and I.—M —N from C& using Eq. (8), The values of C~ and I.—M- N
in parentheses were calculated assuming t«1 (see text).

Sample

&~x
arb
units

15.32

3.25

3.91

at

34. 0

37. 3

37. 0

{kC)

131

cosx

O. 485

0.545

0. 70

C(

—0. 104
( —0. 062)

—0. 46
(- o. 32)

—0. 25

y2 2c~

—0. 361

—0. 416

—0, 561

o. 466

0. 544

0. 800

I'
2mp
9.9

(5. 9)

(22)

8. 9
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the dHvA period of this sample had a measurable
dependence upon the direction of B. In particular,
the fractional change of period which occurred be-
tween 8= 5 and 8=30 was 0. 018+0.001. Thus,
since the period P is related to 8 by the relation"

P = 2'/8'cS, (5)

L —M —N = 16 C,/(b —2c )y, (8)

where the factor of 16 and values for the parameters
b, c, and y can be calculated from the Fermi ener-
gy and constants of the band structure by means of
the equations in Ref. 5 and the Appendix. Identifica-
tion of the various quantities involved and pertinent
values of the band parameters are also given in Ref.
5 or the Appendix. For convenience, values of
b —2c and y are tabulated in Table IV.

The'value of I -M —N obtained from sample 3,
(8. 9+.0. 7 k /2mo), is the most significant since it
depends on measurement of the period and the change

we obtain, by applying Eqs. (1) and (2), C, = —0. 25
+ —0. 015 and (Snyo& Shoo»)/Srooi&= 0.023. The an-
isotropy indicated by these values is different from
that reported in Ref. 4 because in that work an er-
ror was made in deducing the fractional change of
period and in the definition of the tabulated anisot-
ropy. (The F. quantity tabulated there was actually

fS(30') —S(5')l/S(5') j.
Equation (5) also provides a basis for calculating

the average period of a sample from the Hall effect.
Specifically, we have

P„„=2oe/IM:S = 2e/hck~= 2e(~R„e~/3v')'~'/kc,

(6)
where k~ is the average wave vector of an electron
on the Fermi surface. Values of P„„are given in
Table III as mentioned before.

To deduce C& for samples 1 and 2 we first use
Eqs. (3)-(5) to obtain

c, -A „Pe"~(sich t}/vcos(IP —d4m~)B' (T+7, ),df

(7)
The quantities A~,„, P, &, and V are obtained direct-
ly from measurements on our samples. All samples
had approximately the same volume. Values of .
A ~, P, and & are given in Tables III and IV and

of dS/df and g in Table I. The formula we used to
calculate the dS/dg values was obtained by differ-
entiating S= mk& with k~ related to energy by Eq.
(38) of Ref. 5. Values for g were calculated using
a formula from the literature. ' Values of the co-
sine factor are tabulated in Table IV.

Employing Eq. (7) and the tabulated information,
we obtain for samples 1 and 2'the values of C; in
Table IV. The significance of C& is that it can be
used to deduce the band parameter L-M -N from
the relation

of period with angle. It is almost within experi-
mental error of the value of (7. 2a0. 9) 5'/2mo ob-
tained by &dgeon and Groves" from magneto-opti-
cal measurements.

The values of L —M -N obtained from samples 1
and 2 differ considerably from the value deduced
from sample 3 (see Table IV). It is not clear why
the discrepancies are quite so large, although they
are undoubtedly due, at least partly, to the diffi-
culty in obtaining from our data an accurate enough
value of e ' for each sample.

B. Damping Factor

Now we shall discuss the size of e in the e
factor which describes the field dependence of our
torque oscillations. Using results of theory for
collision broadening a calculated n, can be ob-
tained from

m 7'

o,(calc) =10 o (9)

where p, o is the conductivity mobility in cm /V sec
and v/r, is the ratio of the lifetime of an electron
on the Fermi surface to the electrical resistivity
relaxation time. The quantity p. o can be obtained
from the Hall mobility I R„l/po measured at 4. 2 K
and v/~, is given as a function of qo/k~ in Ref. 7.
Since the screening parameter qo is given' by
f4me (dn/d&)/K]' ', where dn/d& is the density of
energy states per unit volume at the Fermi energy
and K is the static dielectric constant (= 16 for InSb),
we obtain, using the nonparabolic density of states
appropriate to InSb, '5

2e' 2~* 0

(10)

where m*(0) is the effective mass of electrons at
the bottom of the conduction band (=013mo for
InSb) and Z, is the width of the forbidden gap be-
tween the top of the valence band and the bottom of
the conduction band ( =0. 235 eV for InSb). For each
sample, the qo calculated from Eq. (10) is used to
obtain v/v, from Eq. (47) of Ref. 7. Table II shows
these quantities.

The n, (calc) deduced from Eq. (9) are also given
in Table II. It can be seen that they are much
smaller than the respective experimental n given
in Table IV.

Qne way to account for the differences is to sup-
pose that the carrier concentration in the sample
is not completely uniform. This effect has been
characterized in terms of an inhomogeneity broad-
ening temperature T, adding to the actual temper-
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ature as indicated in Eq. (4) so that

dS
n —o., (calc) = vcks (T; + T) —e@ .

The T, deduced using Eq. (11) are given in Table
II. They are reasonable since the nonuniformity in
concentration which they imply is much less than
that detectable by measurements of the electrical
potential or Hall effect as a function of position
along each sample.

In order to obtain a more direct check on this in-
homogerieity broadening interpretation, measure-
ments at a much higher temperature would be
needed. Unfortunately, we were able to make mea-
surements only below the X point of liquid He for
the reasons indicated in Sec, II.

It is conceivable that some of the damping which
we observe could be due to beats' arising because
there are two sets of dHvA oscillations with slightly
different periods due to the splitting of the conduc-
tion band caused by lack of inversion symmetry.
However, such splitting occurs only in certain di-
rections, " and it will be recalled that we did not
find any measurable anisotropy in n.

It has been reported that Kondo scattering can
influence the amplitude of dHvA oscillations in al-
loys. Since n InSb exhibits some anomalies in its
transport properties' which are similar to those
connected with s-d scattering in metals, some
analogous damping could possibly occur in n»Sb.
This idea must be regarded as highly speculative,
however.

V. CONCLUSION

dHvA torque oscillations in n-InSb samples indi-
cate that the conduction band is warped in the same
manner as predicted by Kane's band model, yield a
value of 8. 9(k /2mo) for the L - M-8 banpdararn-

eter, and imply the presence of both collision and

inhomogeneity broadening of energy levels.
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APPENDIX

In this Appendix we give some additional formulas
and information which are used in analyzing our
data.

By straightforward use of Kane's three-band-
approximation formula for the energy of the con-

duction band, Seiler has shown that

C, = (2m, /5') (E'+ EE,/se)/y

C& =y(b —2c )(L —M —X)/z,

where

m = 1+k Po&/&(E~+ &)

y = 2E+ fE, k'I",~/&—(E, + n)']/&,

z= (2m~/k') ([1-~(1+y)/8(E, + ~)]

+ EA/8(Eg+ 6) ]'+ yg )

~= CE/(E, .~)]'fl/Il E/(E, ~)]],
u=1+a A'+ 5 M+ c L',

a= kPO(E+E~+ 36)/fv),

k = ( v"2~/S)E/X, ,

c = E(E+E + p b, )/Ng,

X, =[(E'+O'P', )(E+E,+ ', ~)'+ ,' E'~']'~-'. -
Using the above expressions with A' = —1,

I= —5. 6, L'= —2. 6, and I'0=9. 0&&10 eV cm, we

obtained Eg. (8) of the text. The value of A' was
chosen in view of the discussion in Appendix C of
Ref. l. Values for M, L', and Po were obtained
from the paper cited in Ref. 13.
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Optical-absorption studies in the far infrared at 4.2'K have been made on single crystals of
cubic ZnS, ZnSe, ZnTe, CdTe, and GaAs. Absorption peaks are seen which correspond to
the creation of 2TA(1) and 2TA(X) phonons, allowed two-phonon processes in the zinc-blende
structure. These same processes are forbidden in the diamond, rock-salt, and cesium-chlo-
ride structures. The TA(L), TA(X), LA(L), and LA(X) phonon energies for 12 different ada-
mantine compounds can readily be correlated with the measured elastic constants by assuming
that the phonon-dispersion curves for all the crystals are similar. From this correlation,
some predictions are made for acoustic-phonon energies in GaSb, InP, and InAs. This cor-
relation does not work well for either SiC or diamond crystals.

I. INTRODUCTION

Infrared studies of II-VI, III-V, IV-IV compounds
and IVth column elements yield information about
the phonon energies at critical points in the Bril-
louin zone. Studies of surface reflectivity or Raman
scattering on bulk samples or absorption on thin
films give values for the zone-center phonon ener-
gies TO(l') and LO(I'). Since we will be concerned
with only the cubic crystals, there are at most these
two energies at the zone-center point 1'. Many op-
tical-absorption studies at photon energies v above
TO(I'), i. e. ,

T& TO(i),

show absorption peaks corresponding to the simul-
taneous generation of two or three or more phonons
at various critical points. However, if we consider
the photon region

v& TO(r),

some single- and multiple-phonon-generation peaks
can also be present for the lower-energy phonons.
Several authors have seen such absorption peaks,
and have attributed them to one- and two-phonon-
generation processes. Such data exist for ZnSe,

CdTe, GaP, and InSb. These results as well as the
results of Raman, neutron, and x-ray scattering are
collected' in Table L The labels TA and LA
designate the transverse and longitudinal acoustic
phonons at the various critical points' L, X, 5',
Z. The identification of the zone-boundary critical
points involved is made by a comparison of the op-
tical results with those of neutron scattering for the
crystals where both types of data are available.
For the other crystals, the identification is less
certain, and is based on analogies in the shape of
the optical-absor, ion curves and in the values of
the elastic constaiits of these adamantine com-
pounds.

II. PRESENT RESULTS—FAR INFRARED

The optical-absorption curves of five different
crystals in the far infrared are given in Fig. 1.
All of the samples were single crystals. The CdTe .

was grown in this laboratory from the melt. The
ZnTe and ZnSe were melt-grown crystals purchased
from Eagle-Picher, ~ the ZnS was a natural cubic
crystal, ' and the GaAs was a melt-grown crystal
from Monsanto. The GaAs crystal was doped with
about 10 7 cm 3 of oxygen in order to give it a high
electrical resistivity, and hence a very small free-


