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A modelanisotropic system, suggestive of the graphite structure, is investigated: It con-
sists of a series of equally spaced parallel planes. A finite two-dimensional density of elec-
trons in each plane is allowed to Inove freely in the plane, but tunneling between planes does
not take place. The dielectric screening of a point charge is evaluated exactly in the random-
phase approximation. For realistic electron densities and interlayer separations the screened
potential drops off very rapidly both in the plane of the charge and perpendicular to it. The'

induced charge density is determined, and validity of the Thomas-Fermi approximation is
discussed.

I. INTRODUCTION

In this paper we calculate the screening properties
of a model anisotropic system, chosen for its re-
semblance to the graphite structure. The system
consists of electrons constrained to move on paral-
lel equally spaced planes; the single-particle states
in the absence of interactions are two-dimensional
plane waves.

The screening properties are investigated by
calculating the dielectric response of the system
to an external point charge on one of the planes.
We use the self-consistent-field dielectric formula-
tion of Ehrenreich and Cohen, ' which is equivalent
to the random-phase approximation (RPA). We in-
troduce an infinitesimal perturbation V'*'(taken to
be e /r), compute the induced potential V" owing
to the density fluctuations caused by some total
potent jal P and solve y tot y e xt + y i for

It is of interest to see whether there is a strong
anisotropy in the screening, with the total potential
decreasing at very different rates in the plane of
the test charge and perpendicular to it. It is found
that, in spite of the extreme anisotropy of the model,
the screening lengths are comparable, and only
under very extreme conditions is such strongly
anisotropic screening found.

II. DERIVATION OF SELFWONSISTENT-FIELD EQUATIONS

have wave functions

(r, z) =W-'"a. e"'g(z-mc),
where k is a two-dimensional vector, the integer
m labels the planes, and g, is a spin eigenfunction.

We consider only the limit in which the wells are
arbitrarily deep and narrow, so that only the
lowest one-dimensional eigenstate y(z) can be oc-
cupied by an electron of finite energy. X(z) is then
effectively the square root of a 5 function; that is,
it is arbitrarily highly localized and

f; X'(z)«=l

for any & &0.
Except for the energy contribution due to y (which

is the same for all states), the unperturbed eigen-
values are

Assume the system is in its unperturbed (non-
interacting) ground state, with a two-dimensional
"Fermi disk" of radius 4~, where

2A
An= Z 2=

(2 )z mkJ, .
1%) & ey

Thus the density of electrons (per unit area) n is

Consider a system of noninteracting electrons
moving in a potential which depends only on z and
has very narrow deep potential wells centered
around z = 0, + c, + 2c, . . . . For purposes of nor-
malization assume r = (x, y) is confined to a region
of area A. The unperturbed eigenstates will then

The one-particle density matrix is then

po-— g ~R, a, m)(k, o, m( =g f ~s)(8~,

where s = (k, o, m) and f, is the occupation number.
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When we introduce the external potential V', the
density matrix becomes

p=po+p ~

and the first-order perturbation p' may be deter-
mined from the equation of motion' for p:

N, (r) = f„, dz [d (r, z)]

whose coordinate representation is then

[it/, (r)];. . .a. ..= f„, dz 5(r —r, )5(z —z, )

x 5(r —ra) 6(z —z, )

Here the total Hamiltonian is K=XO+ V'", where
Xo is the unperturbed Hamiltonian and V"" is the
total perturbation. Thus to first order, the per-
turbed stationary state2 is given by

= 5(r —r, ) 5(r —r, ) 5(z, —z, )

o=[&o p']+IV"' .po]
=0 otherwise.

or equivalently by

O = (~, —&; )p'„+ (f, f, ) V'„',-
fs' fs totV.s ~

8 S

(2. 1)

This changed density matrix gives rise to changes
in the two-dimensional charge density N„(r) at
position r on the mth plane, and thus induces a po-
tential V'" (r). The self-consistency will be in-
troduced by requiring that the V"" in (2. 1) be given

by

The matrix element of ft'&(r) between (z„~ and

(„,„thus vanishes if mmmm, map, or vie' and

is otherwise

/1 ' f d'r, dz, f d'radz, e '"''te'"' ' ' ~ g" (z, ) y(za)

x5{r —rt) 6(r —ra) 5(zt —za) =/1

(2. 5)

To find the expectation value of the one-particle
two-dimensional density operator we multiply by
the Dirac density matrix p and take the trace. We
find that the perturbation in the density is given by

V tot Vsxt Vi55 (2. 2) ns( r ) = Tr [p'X~( r)] =Z p'„. [ft"s(r)].. s
SS

Here V'"' is the potential of a, point charge. It has
ma, trix elements

ext extV.s =Vs,.~, r "~ =&." &m~ A

g-1 5 fa' fa V tot t(a' -a) ' j
E P,O™k

o, O, u'

(2. 5)

e2 2
g (](I g ) ~ «p

(ra ~ ma ca )1/a

[we have used (2. 1) and (2. 5) and noted that V'„~

depends only on k' —k= q and m],

V'„', =A. ' (2&e'/q) Z. (q), (2. 3)

Thus the matrix element of V'"' is diagonal in the
spin 0 and the plane label I, and depends only on

q =
I q I

=
I
k' —k I and on m. This will be true of

the induced potential if it is true of the total potential
so it is consistent to assume it for all of them.
Thus we suppress the Kronecker ~'s and all indices
except m and q, and write for the matrix element

n, (r) =2 e" 'n, „

ns, —=—
a D(q) Vs',

2 2

D( )= + Q fa+a fa
qA, q E~,g

—E~

(2. '7)

(2. 8)

where

& (q)-=—
2r

I'

(
a a a)l/a r (2. 4)

[the factor q/2t/ea is inserted so D(q) will be di-
mensionless]. This density perturbation induces
a potential V""

is a dimensionless integral, to be evaluated later.
The one-particle density operator (to be distin-

guished from the Dirac density matrix p) whose ex-
pectation value is the density at R is given in the
coordinate representation by

[d(ft)]~, , ~, =5(R-R,)5(lt-R, ) .

The two-dimensional density, of interest in our
problem, is (on plane p)

Vtns (r)
2e

d r
[( i )a a( pt)a]t/a

2e
e&4 ~ P'=ZZn, .„d r'[(-,, -,)a, a(, )a]t/a
e'

2=ZZn, , ,
'

Z, , (q)e'~'

[E is defined by (2. 4)]. Since the matrix element of
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(2. 9)

where we may replace [ —q] by q because of the
symmetry of the problem.

Using (2. 3), (2. 7), and (2. 9) we may write the
self-consistency equation (2. 2) as

g„„=F (q) —D(q)&, F & (q)g&„, (2. 10)

where

e'~' between states k and k' is 5~ ~ -„. we obtain
for the matrix element of Vp'"

g
——Q ter Ep. pi (q),

p0

D( ) d21 f%+ a Pt
(&'/2m, )[(I + q)' —W']

This can be easily reduced to

D(q) = —(2/vqa, ) I(q/k„),

where ao is an effective-mass Bohr radius

ao=N /m e

and

f(q/k„) = 2(2q ~ k+ q )
' d'k .

IPI &az

g„,-=A (q/2we') V„"', (2. 1i)
If we set

I k+ql &Ap

n.(r) =(m./n'~) V."'(r) . (2. i2)

The screening length is related to the proportion-
ality factor in (2. 12); in three dimensions it de-
pends on k~ and causes the screening to become
less effective when k~ is small. The surprising
consequence of (2. 12) for the two-dimensional sys-
tem is that the TF screening behavior is indepen-
dent of k~. Of course as k„approaches zero there
can be no screening, so the TF approximation
breaks down very badly in this limit. But even for
small electron concentrations, the actual screen-
ing, as given by RPA is fairly strong.

The TF screening may be calculated quantita-
tively by noting that if we use (2. 12) in place of
(2. 7) to relate n to V"', the solution of the self-
consistency equation (2. 10) proceeds in the same
way with D(q) replaced by

DTp(q) = —2/qa, , (2. iS)

where ao is the Bohr radius.

III. SOLUTION OF SELF-CONSISTENT-FIELD EQUATIONS

The quantity D(q), defined in (2. 8), ean be
written in integral form

is the dimensionless potential.
In Sec. III we evaluate the integrals (2. 4) and

(2. 8), and solve exactly for the total potential g; in
Sec. IV we Fourier transform it into real space and
present some numerical calculations.

It is interesting first to see what form (2. 10)
takes in the Thomas-Fermi (TF) approximation.
Instead of finding the induced density n~(r) by treat-
ing V" as a quantum-mechanical perturbation, we
assume n~ (r) is determined by a local Fermi level
which changes with V'" in such a way that the total
energy of an electron at the Fermi level remains
constant. Since in two dimensions the energy and
the density are both proportional to k~, they are
proportional to each other. The deviation of the
density from its unperturbed value is given by

B= q/k~— , u=- k,/kp, v=—k„/kp,

(k, and kI are the components of k perpendicular
and parallel to q) the integral becomes

1 -B+(1- 2) 1 /2

du
B-(1-g2)l /

dv 2(2Bv+ B')-' .

We have assumed B& (1 —M ); otherwise the
limits on g wi11 be different, but we will obtain
the same result

2(1 ~)»2
f(B)= da —log 2(1,),13

So far the calculation is very much like tha, t lead-
ing to the Lindhard dielectric function in three
dimensions, where an extra factor of u in the
integral makes it easy to evaluate. In the present
case, however, the indefinite integral cannot be
evaluated. The definite integral may be computed
by contour integration; letting u= cos8 and z = e'
it becomes the integral over the unit circle

1 dz z -1+izB
I(B)=

2
Im —.log

jg) 1 z z ~ gz

It is necessary to treat this separately for 8& 2
and J3& 2. In the former case the cut in the log
gives two cuts, along the left and right sides of
the unit circle, respectively (the log of the abso-
lute value must be regarded as the real part of
the analytic log function). The integral of the loga-
rithm is zero, since it is,analytic within the cir-
cle; hence we may find the integral of the real
part by integrating the imaginary part and multi-
plying by -i. The imaginary part being just g,
we need only compute the differences between the
ends of the cuts. Ne obtain the simple result g
for the expression I(B).

In the other case (B& 2) the cut in the log gives
rise to a cut within the unit circle, along the imag-
inary axis. Thus the integral around the unit cir-
cle is just the integral around the cut, which is



P. B. VlSSCHER AND L. M. FAl. ycoy

again trivial since the discontinuity across the cut
is just 2gi. This time the final result is
f(B)= t/ [1- (1- 4/8 ) ] . Putting this into the ex-
pression for D(q) gives

be satisfied for all m. are

Dh Dh
1 —t/f 1-tf

D(q) = x 1
QQo

(q & 2)'2~)
Dh Dh

1 —1/tf 1 —t/f '

x [1-(1-4)2/,/q')"'] (q&2&2).
QQO

(3. 2)

This is identical with the TF result (2. 13) for
q& 2k'.

We will also need the quantity E„(q) defined in
(2. 3),

e to'8
Em q =2

(
2 2p)t/2d r~

which may easily be solved for k and t. The re-
quirements of convexgence of all the series
(I tl & 1, I ftl & 1) rule out all but one solution. Jf we
define

if 8&2

=f+f '+ ' 'x[1-(1-4/B )' ]
y 2( P-t

B
giving the Fourier transform of the potential of an
external point chaxge m planes away. By the Fou-
rier inversion theorem it is equivalent to require

where f is defined in (3. V), then

if B&2, {3.8)

1 1 .,@.2 E„(q)
(

2 2 2)1/2 2
tl (3. 3) t = —,

' [x—(x2 —4)'~] (3. 9)

Using the integral representation of the Bessel
function of order zero tt = [t/(1 —t')](f ' —f). (3. 10)

2lr

2t/Z, {q~)= j e""-"dtl,

we obtain
OO

(~2 2 2)t/2 ~0(q~)E.(q) dq ~

This equation 18 satlsf led by

E '(q) e-lqslcl

{3.4)

(3. 5)

Thus for a given choice of ttz and c (interplane
spacing) we may calculate the screened potential

g, and numerically Fogrier transform into real
space.

IV, NUMERICAL RESULTS

The matrix elements

Tricot Yr &o&" kmn ']f.'c'1'' " fn g

Having evaluated all the functions appearing in
the self-consistency etluation (2. 10) for the po-
tentials, we proceed to solve it. The different

q vectors are completely uncoupled; however, the
potentials on the various planes (labeled by m) re-
main coupled. They may be straightforwardly un-
coupled by Fourier analyzing all terms with respect
to m (the integer labeling the successive planes)
and inverting the transform by a contour integral.
As this is extremely laborious, and leads to the
simple result that g, is a geometric series in m,
we will content ourselves with assuming

(3.6)

and solving for the constants It and t. (These de-
pend on q, of course, as does g, but we will sup-
press the q subscript. ) Since the E (q) appearing
in (2. 10) is also a geometric series in I m I,

E ( ) (e-qc)l~l —f lml (3 '7)

the equation may be broken into several geometric
series (terminating where p or m —p changes sign).
When these are summed, the conditions that (2. 10)

of the total potential depend only on q= k' -k and

m = m', so in real space the potential is

@tot(~&) g @tote-tq r d2~~ lrtote-6 0
sl Nl~q (2 )2 Nlyq

Using (2. 11) and (3.4) we get

v t't( r) = e' J g„,z2{qr) dq, (4. 1)

where g„, is given by (3.6). Similarly for the
density we obtain from (2. 6) and (2. V)

W(r) =2 it a „D(q)~o(qq")qdq.
2w

(4. 2)

There are two input parametexs which must be
specified to evaluate the potential: the interplanar
spacing c and the electron concentration v, which

we shall convert to an average interparticle dis-
tance p, such that t/p, n= 1 (analogous to the com-
mon r, parameter in three dimensions' ). Both
c and p, will be specified in units of the Bohr
radius aq= 12/m, e 2, where m, may be taken to be
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the effective mass of the two-dimensional band

structure.
In applying this model to graphite we must choose

a reasonable electron concentration and effective
mass. If we use the actual carrier concentration
of -5. 1 x10 ' electrons or holes per atom and the
effective mass of about nz, = 0. 05yn0,

' we find dimen
sionless parameters c= 0. 32 a. u. and p, = 25 a.u.
The potential calculated from (3.6), (3.8)-(3.10),
and (4. 1) for these parameters is very weakly
screened. For r & 2 it is well given by V(r) = e /r- 0.46 a.u. Because it differs from the unscreened
potential by a constant (this is also true if we move
off the plane of the charge} the electric field is
virtually unscreened. Because of our choice of the
Bohr radius as the unit of length (it is in this case
a, = 10.6 A), x= 2 corresponds to 15 times the
nearest-neighbor distance; the electric field at this
distance is only 10% below its unscreened value.
The potential passes through zero near x= 3, and
reaches a minimum at about r= 5 (37 nearest-
neighbor distances). The RPA is not a very good
approximation for such a low-density gas, ' but it
is fairly clear that the short-range screening will
not come out of a treatment which includes only the
free carriers. ' If we wish to analyze the short-
range screening we must include more electrons
than those which enter into the transport properties.
We chose to take into account all of the m electrons;
thus we used a set of parameters corresponding to
a density of one electron per atom and a mass
m=rn0, the bare electron mass; c=6.37 a. u. ; and

p, =1.729 a. u. In this case, as in most cases of
practical interest, the interplane spacing c some-
what exceeds p„ the interparticle spacing in the
plane. In this regime the screening is well de-
scribed by a few approximate expressions [(4.4)
and (4. 5) below]. This condition c Io, simplifies
the problem because the potential of the first plane
(RPA in Fig. 1) is not greatly affected by the other
planes (letting c-~ changes Fig. 1 only slightly).
The TF approximation in Fig. 1 differs from the
exact result in that it lacks the oscillations (Friedel'
oscillations) of wavelength 2n/2k' = 3.84 a. u.
These dominate the result at large distances, and
are given [using (4. 4) below] by

Vo"'(x) =- (0. 16/x~) sin(2k~r) a. u. (4. 3)

As the electron concentration is increased (p,
decreased) the exact result approaches the TF po-
tential in Fig. 1, as we expect from the fact that the
TF approximation is a high-density limit. The
TF result does not change with p, (due to the anom-
alous nature of the two-dimensional gas discussed
in Sec. III); for p, =0. 1729 (one-tenth the graphite
value) the exact potential is barely distinguishable
from the TF potential of Fig. 1. This has a roughly
exponential drop off; empirically

V~r(~) =(0.082/x) e "'"a. u. (r ~2) . (4. 4)

From (4. 3) and (4. 4) it is easily seen that Vo(r) is
dominated eventually by the Friedel oscillations,
which drop off more slowly, though as p, is de-
creased the value of x at which the oscillations take
over increases. The amplitude of these oscillations
(and hence the point where they dominate the TF
behavior) may be obtained for arbitrary p„c, and

m from (4. 3) by a simple scaling argument based
on the assumption that it is determined by the sin-
gularity in (3. 1) at B= 2. Since the result is not very
dependent on c for c ~ 1, we give it only in the

c-~ limit ( the fractional error is of order e ~'&')

V„"'=- —,
' (m+ 1)(1+kr) [e '&'/(I+ kr')]

x sin(2k„r)/r' . (4. 5)

V„"'(x= 0) - (3S /2mc ) (4c) ", (4. 6)

0.5

0.3—

V,"'(r)

0.1—

RP

—0.1

0 3
1

FIG. 1. Screened potential of a point charge on the
plane m =0 (parameters correspond to graphite). TF
and unscreened results given for comparison.

Thus the screened potential (on plane m =0) for
an arbitrary density may be obtained by using
the asymptotic form (4. 5) for large r and adding in
the TF result (4. 4} when r is small enough for it to
be significant. Very near the origin the TF result
is always lower than the exact one [instead of ap-
proaching (v ' —const) as does the exact potential,
the TFresultdiverges as (x '+A logr)), but the on-
set of the discrepancy approaches x= 0 as p,'- 0.

The behavior of the potential at x= 0 on successive
planes (m=1, 2, . . . ) may also be estimated in the
limit c-~. The limiting forms of the formulas in

Sec. III give
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(The distance at which the density drops to balf its
value at the origin is of tbe order of p~ .) Most
of the induced charge, thus, is concentrated in a
region much smaller than p, about the origin.
Beyond this there are alternating rings of positive
and negative charge whose width is proportional
to p, (these are the Friedel oscillations). Tbe total
charge in each ring is negligible, but they must be
considered in calculating the Quadrupole moment.
(The moment of the central region increases in-
definitely as p, is increased, and a large number
of rings must be summed over to obtain the constant
quadrupole result mentioned above).

So fal we have considered only cases in which
e& p, , and our approximations have assumed
c-~. But to see the self-consi. stent effects of in-
teractions between planes, we must consider a case
in which the separation c is small enough so that
the planes with m & 0 have a significant effect on the
m= 0 plane (this is not the case in graphite). Figure
3 shows the potential on several of the planes for .

c= 0. 63V (layers ten times more closely packed
than in graphite) using p, = l. V29, the same as in
graphite. There is no qualitative change in the po-
tential on the plane of the charge (m= 0), though the

presence of the other planes cause the potential to
be screened out more rapidly. But the potential
on the nz= 1 plane is no longer given by the quadru-
pole field of the m=0 plane as in (4.6). Because
of the increased density of planes, the screening
in the z direction is now much more rapid [it is
qualitatively still given by (4.7)].

In conclusion we would like to point out that the
rather unusual screening properties of layered
structures should give related effects (and hope-
fully observable ones) in the phonon spectrum,
superconducting properties, conductivity, etc. Al-
though we have chosen our parameters so as to fit
the values of graphite, which is by far the simplest
of the layered structures, nature provides a fairly
large collection of such materials. For example,
the transition-metal dichalcogenides" are one such
family, and the distance between the transition-
metal ions can be increased by the insertion of
layers of organic molecules, such as pyridine. '
These systems show extremely large anisotropy in
the conductivities of the layers and perpendicular
to them, and some of them are superconducting.
Our simple model could therefore be meaningful
for them.
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