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The self-consistent treatment of electron correlations in the electron liquid recently given by
Singwi et al. is applied to calculations of the interatomic force constants in alkali metals. With
the Ashcroft form of the pseudopotential, in which the only parameter is the core radius, reason-
ably good agreement with the force constants derived from neutron inelastic scattering data is
obtained, confirming the results of a previous analysis of the phonon dispersion curves. The
longitudinal sound velocities for the three main symmetry directions are calculated in the same
scheme. Results for the effective interionic potential are presented and discussed.

I. INTRODUCTION

The essential ingredients entering the estima-
tion of the effective interionic potential in simple
metals are the form of the pseudopotential and
the treatment of the screening. Several forms of
the pseudopotential are available —some of which
include nonlocal corrections —as well as various
forms of the screening function, ranging f rom
simple Hartree screening to more complicated
forms incorporating exchange and correlation ef-
fects. Recent work of Singwi, Sjolander, Tosi,
and Land' has presented an improved self-con-
sistent treatment of correlations in the homoge-
neous electron liquid, which yields a reasonably
accurate dielectric function through the whole
range of wave vector and electron density of in-
terest in the theory of metals. This screening
function has been used in calculations of the lat-
tice dynamics of the alkali metals by Price,

Singwi, and Tosi. It was found that good agree-
ment with the phonon dispersion curves, as deter-
mined by neutron inelastic scattering experi-
ments, could be obtained with the one-param-
eter local pseudopotential suggested by Ashcroft, '
with values for the parameter which are in good
agreement {for Na and K) or consistent {for Li
and Rh) with those derived from Fermi-surface
and liquid-resistivity data.

In this paper we consider again the information
which can be extracted from the neutron scattering
data. The emphasis is now put on the interionic
potential in r space, which is the basic starting
point for the study of other properties of metals,
such as lattice defects and liquid dynamics. As
is well known, the potential enters the lattice dy-
namics through interatomic force constants for
various orders of neighbors, and these can be ob-
tained from the phonon data by a Born-von Karman
analysis. %e analyze directly these force con-
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TABLE I. Interatomic force constants for sodium metal (dyn/cm)(m*/m = l. 00, r~ = 1.694).

Hubbard —Sham

Shell
Type of
atoms

Force
constant

2
Hartree $ = 1 E = 1+

7fkpap
)=1+

xkFap
Singwi et al. Experiment~

g a (1, 1, 1) k„
k~y

$ a (2, 0, 0) k~,
k„y

ga(2, 2, 0) S„„
kge
k„~

pa(2, 1, 1) k~
ky~

k„~
k„

k a (2, 2, 2) k„„
kxy

1311
1922

1507
- 121

3
9

12

35
3

12
4

10
10

1299
1306

389
242

- 139
39

— 178

46
4

19

9
16

1250
1534

822
60

58
7

65

12
2
4
1

1243
1621

992
1

33
1

33

24
3
8
3

1199
1350

453
120

66
2

64

39
2

14
5

13
13

1178
132P

472
104

38
0

65

52
7

14
3

17
33

~From Woods et al. , Ref. 3. The experimental data refer to T =90'K.

stants in the alkali metals' in the same theoret-
ical scheme used by Price et al. ; we also cal.-
culate the longitudinal sound velocities for the
three main symmetry directions, and present the
results for the interionic potential. The proce-
dures for studying these properties have been
discussed by Shyu and Gaspari. " Their work
used the Hubbard-Sham approximation' "to ac-
count for the exchange and correlation effects
among the conduction electrons, but it was real-
izedo that these effects are extremely important

in determining the potential. This point is illus-
trated in this paper by analyzing the interatomic
force constants in Na and K with the dielectric
function of Singwi et al. and with earlier dielec-
tric functions.

II. THEORETICAL SCHEME AND RESULTS

Following Shyu and Gaspari, ' the interionic
potential V(r) is derived from the total energy of
the crystal which depends on the ionic configura-
tion,

TABLE II. Interatomic force constants for potassium metal (dyn/cm) (m*/m = 0. 93, ~ r, = 2. 226).

Hubbard —Sham
Force

Shell constant Hartree
2]=1+

mk pap

4h=l+
m'k pap

Singwi et al. Experiment

k„„
k„y

kxx

kxx

kgb
k„y

kxx
k„y

kq~

kxx

k„y

782
1128

886
58

10
4
6

21
1

8
3

829
876

382
135

- 96
22

-118

22

9
3

2

5

793
1002

626
27

45
3

49

13
1
5
2

787
1044

710
4

32
0

32

18
1

7
2

784
914

430
68

- 57
- 0
- 57

27
1

10
3

11
12

797
916

400
77

- 59
- 1
- 59

31
1

11

12
13

786
895

432
29

- 41
12

- 54

2
4
1.8
0.6

'From Shaw, Ref. 16.
From Cowley et al, Ref. 4. The experimental data

refer to 9 'K.

'Values in this column are calculated with
m*/m = 1.00 and ~, = 2. 242.
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TABLE III. Interatomic force constants for lithium metal (dyn/cm).

239

m*/m =1.00

Singwi et al.

m */m = 1.09 m */m = 1.19" m~/m= 1.30

Shell
Type of
atoms

Force
constant r =1.320 rc = l. 356 c= r = 1.415 Experiment~

~ a(1, 1, 1) kx„
kxy

2 a (2, 0, 0) kx„
ky„

2 ~(2, 2, 0) kx„
kg~

kxy

1894
2229

893
130

70
1

72

2006
2316

870
166

91
0

91

2103
2385

827
202

110
2

— 108

2212
2473

807
235

130
4

- 126

2320 a 32
2520 + 58

678 ~71
153 + 48

— 285 + 28
110 + 40

- 152 + 46

y a(3, 1, 1) kxx

kyy

kxy

kyg

36
4.

12

49
4

17
6

63
4

22
7

78
4

28
9

185 a 33
— 116 x 22

22+ 27
— 113 ~ 34

—,
' a (2, 2, 2) kx„

kxy

—,
' a(4, 0, 0) kxx

kyy

10
9

15
15

22
1

21
21

23
1

26
27

23
2

158 + 20
89+ 57

— 266 + 63
8+38

z a(3, 3, 1) kxx

kgb
kx

3
1

1

5
1
4
2

7
1
7
2

9
1
9
3

3~ 18
8+ 12

22 k. 13
30+ 27

From Shaw, Ref. 16.
From Weaire, Ref. 17.

'From Smith et al. , Ref. 5. The experimental data
refer to 98'K.

() Z'e' 2Z'e'
G() sinqrd

r n'
0 q&

TABLE IV. Interatomic force constants for
rubidium metal (dyn/cm).

Singwi et al.

m '/m
=1.00

m */m
= 2. 430

Force
She]$ constant r = 2. 170 r = 2. 450 r = 2. 430 Experiment

where the second term represents the ion-electron-
ion contribution. The function G(q), introduced by
Cochran, '~ is given in terms of the bare-ion pseu-
dopotential form factor w(q) and of the dielectric
function' e(q} as follows:

( )
w(q) '

l 1
—4mZe2/&q2 & (q}

TABLE V. Interatomic force constants for
cesium metal (dyn/cm).

Singwi e/ al.

kxx

key

kx
k „

674
764

324
72

659
767

372
59

G44 614 + H

763 741 ~ 9

395 455 ~ 19
51 1 + 12

Force
shell constant rc = 2. 70 r =2. (i) r =2. (i0

;)7H 3

m «/m = 1.00 )n «It)) .-= 0. H5) vf «/m = 0. 7H

kxx
keg
k„y

kxx
k

k„
ky~

54
1

53

29
1

11
4

52
0

52

24

0

9
3

49 — 33 +6
1 G —7

49 — 39 a 6

20
0
8
3

G(i(i

;313

49
1

jH

639

;3 27
4(i

1:3

:30,)

'3H

k„„
k„y

ld
13

10
ll

9
10

From Shaw, Ref. 16.
b From Copley et al. , Ref. 6. The experimental data

refer to 120 'K.

k„y

k, ,
k„y

0
10

10

19
0
7
;3

17
0
(i

2
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Directionion of propagation

Metal m m +c

Li 1.00
l. 09
1.19

Theory

6.823
6. 943
7. 047

ExperimentTheory Experiment

6. 695. 283
5. 360
5.423

1.320
1.356
1.386

TABLE VI. Souound velocities in the axn t e alkali metals (105

[100]

cm/sec).

[1101

Theory

7. 264
7. 395
7.511

Experiment

Na 1.00

l. 00
0. 93

l. 694

2. 242
2. 226

2. 771

2. 161
2. 164

2.895b

2. 185

3.576

2. 733
2. 723

3.628"

2.71 2. 899
2. 885

Rb 1.00
0, 89
0. 82

2. 470
2.450
2.430

1.488
1.494
1.500

1.360d 1.865
1.856
l. 851

1.645d l. 974
1.961
l. 954

1.710d

Cs 1.00
0. 85
0.78

2. 70
2. 65
2. 60

1.176
1.154
l. 123

1.0928 l. 470
l.435
1.400

1.41' 1.556
1.517
l. 480

~From Nash and Smith
values refe ter to 78'K.

From Diederich and Tr'

n a values refer to 4. 2'K

The experimental

Ref. 21. The

Ref. 20. The

From Roberts and Meiste

Fr rom Kollarits and Trivi
i tal data refer to 78 'K

A detailed d'discussion of theg.p' l ~
ee

db Ah f~
tial

o or the bare-ion p do or th —'
n pseudopoten-

,( ) i Qu(q)
i -f(q)q, (q)

' (4

where Qu(q) is the Lindhard eiectron poiariz b'i

t

ard ele a g ity

u(q)= —(4mZe'/0 "
q cosqr, n~,

where r a is a ad'

(3)

~

& p« is an ad'ust
t di f th

nd th di l t i

lng

unction is given by the ex-
~( )

x 2+x1 4-
ln

2 —x (6)

m~ 4k~
FT

PPl CpS

0 20
riu u)

I

I:
0

2 20' &(au)

FIG. 1. Interionic
interi

onic potential Vb

r =1.6

se f-consistent
w $ =1+4/7)k

is ent screening. The v
e first few shells ' ss e s of neighbors.

FIG. 2. Interionic opotential for potass'
, r =2. 226).

ssium metal
e curves are labeled
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25-1lo

o

-05

FIG. 3. Interionic otp ential for lithium metal, based
on self-consistent screening. Curve 1

.320; curve 2, m*/m = 1.09 and r = 1.3'
curve 3 m Q/m 1 19 and r ] . 386; curve 4 m*/

and r~ = l. 415.

Here me have inc luded band-structure effects on
the conduction electrons by introducin

~oun s or exchange and correlre at~on effects among
on uc ion electrons; it has b

S l1
'

y

e values appropriate to the electron densityron ensity and

from Ref. 1 b the
ass or each metal can be obtained

ly. For r
y the procedure discussed previous-

'
n q =Oq, aswellas the a r

Hubbard-Shr - am, where
approximation of

f(q) = 2q'/(q'+ &&') (8)

Several alternative values f thor e parameter $
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y = a; spec' ically &=1 a
original o k of H bb d '

o am, and )=1+2/wk~ao as su
gested by Animalu. " Th l t
different for Na and K f

e latter value is not very

by Geldart and Vosko" by e ui
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The experimental interatomic fic orce constants
e various linear comb' t the

d' ( )/
ina ions of th

r dr and the tan enti
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e results of this calcul
T bla es I-V for the v

u ation are reported in
various alkali metals. The

core radius was adju t d
tbtw th f

' se soasto iveb
o stants calculated m th

e ielectric function of Singw' et
ex eri

'
gwi e al. and the

the c
p rimental force constant Fn s. or Li and Rb
e calculations mere repeated for

2

o m, varying r, in each case. The f
lowing remarks can be made:

e ol-

{i) The force cononstants calculated with the self-

*io '

20

00
2 r (au)

FIG. 4. Interionic potential for rubbed t.urn metal
on se -consistent screen, mcree ning. Cu rve 1, m */m
an r~ = 2. 470; curve 2, m*/m= 0. 89

= 2. 450; curve 3 m*
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consistent dielectric function d than e optimized
values of r, are in reas
the e crim

reasonably good agreement 'th

xp
' ental values, especially for the first

reas n wi

few shells of neighbors w', with some notable excep-
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e
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g ement is very sensitive t them ' o e value
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or m rn-—1.3, in good agreement with the
value calculated recentl b Shy y aw and Smith &8

ii The optimized values f
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p onon dispersion curves. This h
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cept for Na and K but l
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a es I and II and the varia-
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, are such that the agree-

t
n mi the e eri

he first few
xp mental force constant

shells would remain poorer.
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more, since at th d
in poorer. Further-
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large wave-vector behavior of { a e

With the v alues of r, determined above w
have calculated the ' ' ve oci ina e e longitudinal sound velocity in
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alo Ill. DISCUSSlON

os—

oo }-
J

~ ~~ I

&o r(nul

FIG. 5. Interionic potential for cesium metal, based
on self-consistent screening. Curve 1, m*/m = 1.00
and r, = 2. 70; curve 2, m*/m= 0.85 and r~ = 2. 65;
curve 3, m*/m= 0.78 and r, = 2. 60.

alkali metals for the three main symmetry direc-
tions, following Shyu and Gaspari. ' The results
are reported in Table VI and compared with the

available experimental values. '9-~ Good agree-
ment is obtained.

The detailed behavior of the interionic potential
V(r} in the alkali metals is illustrated in Figs.
1-5. Our neglect of Born-Mayer terms24 in Eq.
(I}is justified a posteriori, by noting that the
potential becomes positive at distances much
larger than the Born-Mayer diameter (3.3 A in

Na metal, as compared with a Born-Mayer diam-
eter of 2. 5 A for Na' in sodium halides2S}. In
the case of Na and K, we show the results obtained
with the different dielectric functions. The influ-
ence of the exchange and correlation effects on
the nature and the behavior of the interionic po-
tential is clearly a major one, e. g. , in the Har tree
approximation one fails to reproduce the minimum
of the potential in the region between first and
second neighbors that the neutron scattering data
indicate. The discrepancies between the poten-
tials based on the Hubbard-Sham approximation
and those obtained from the self-consistent ap-
proximation would, of course, be somewhat less
dramatic if the core radius were optimized in
each case.

We have here determined the interionic poten-
tial in alkali metals by a fitting of the force con-
stants derived from the neutron scattering data,
based on the self-consistent dielectric function
of Singwi et al. ' and the one-parameter pseudo-
potential of Ashcroft. ' The results of the fitting
of the phonon dispersion curves~ are fully con-
firmed, and good agreement is found with the
sound velocities determined by ultrasonic tech-
niques.

A relevant question concerns the validity and
the reliability of the interionic potential deter-
mined from the neutron scattering data. The
theoretical analysis of the lattice-dynamics prob-
lem shows that the phonon curves are affected by
secondary effects, namely, anharmonic effects,
solid-state effects in the screening function, and
possible nonlocal corrections to the pseudopoten-
tial. Thus, the potential obtained by fitting these
data is not necessarily applicable to the study of
other metallic properties. Even if one overlooks
these difficulties, it appears that such a potential
is, in certain aspects, not very reliable. To test
its reliability, one may compare its two gross
features, namely, the depth of the minimum and
the repulsive-part intercept of the r axis, for
different fittings of the phonon dispersion curves.
A four-parameter fit of the measured dispersion
curves along the three main symmetry directions
in Na has been given by Schneider and Stoll, ~~

using the Hubbard-Sham dielectric function with

$ = I+ 2/okra, . The quality of the fit is comparable
with that of the one-parameter fit obtained by Price
et gl. , using the self-consistent dielectric func-
tion, for those and other directions. Yet, while
the potentials obtained from these two fits cross
the ~ axis at approximately the same distance, the
potential of Schneider and Stoll 7 is deeper at the
minimum by about 1 & 10 ' Ry. On the other hand,
the potential derived by Cochran ' is shallower
than ours, again by about 1 F10 Ry. A sizable
uncertainty in the depth of the potential well is
perhaps not surprising, since the neutron scat-
tering data yield only the first and the second
derivative of the potential at the positions of the
first few neighbors.
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Compton Scattering and Electron Momentum Density in Beryllium*

R. Currat, ~ P. D. DeCicco, and Roy Kaplow
Center for Materials Science and Engineering,

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139
(Received 6 July 1970)

Compton-scattered x-ray spectra were measured for three orientations of a beryllium single
crystal. The reduced proiiles were analyzed in terms of the electron momentum distribution.
Observed anisotropies can be explained qualitatively in terms of the geometry of the Fermi
surface and are in qualitative agreement with earlier positron and x-ray data. The present
results show high-momentum components among the valence electrons which are not revealed
in the positron experiment nor accounted for by available calculations. In the process of re-
ducing the data to obtain the momentum distribution of the valence electrons, detailed con-
sideration was given to the effects of binding uponthe Compton scattering by the core electrons.

I. INTRODUCTION

The energy distribution of inelastically scattered
(Compton) x rays is of interest, in part because of
its close relationship to the momentum-spa. ce elec-
tron wave functions in the scatterer. A measure-
ment of the scattered x-ray energy spectrum pro-
vides a direct insight into the electron momentum
distribution and (with single crystals) its anisot-
ropies.

Earlier Compton work' and a positron annihilation
study on beryllium had indicated the existence of
a number of anomalies, that is, of characteristics
in the momentum profiles which were not predicted
by the then available theoretical representations.
These were variously attributed to such circum-

stances as (a) grossly altered ls electron wave
functions (compared to the free-atom state), (b)
unexpectedly large high-momentum components
among the conduction electrons, (c) inaccuracy of
the scattering models, (d) uncertainties in the posi-
tron wave functions, (e) many-body effects, (f) ex-
perimental inaccuracies, and (g) inaccuracy in the
data-reduction procedures. We have undertaken a
repetition of the Compton measurements, striving
for ar~ a.ccuracy which would allow a narrowing of
the uncert, ainties.

II. EXPERIMENTAL TECHNIQUE

Measurements were made for three crystallo-
graphic directions on a single cube-shaped beryl-
lium crystal; the x-ray scattering vector, k=kf


