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An incorrect application of the virial theorem in earlier papers by the author led to an er-
roneous calculation of the pressure in lithium metal when Kohn and Sham's exchange poten-
tial was used. The correct form of the virial theorem with local exchange and correlation
potentials is derived, and a value quite close to zero is obtained for the pressure in lithium
at normal density. Calculations with the author's recently proposed potential function are
unaffected by the discovery of the error.

In a paper describing a modification of the Kohn-
Sham exchange-potential function, it was stated
that poor results are obtained for the calculated
density of lithium metal when the Kohn-Sham ex-
change is used. This is not correct. The error
arose through a misapplication of the virial theo-
rem. %e wish to correct the error and make some
additional comments.

The virial theorem for a solid with fixed atomic
nuclei may be written as

PV= —V =-(&-t)).ag 2
~V 3 (1)

In this formula & is the expectation value of the
electron kinetic energy, and U is the virial of
Clausius:

1) = ——,'1'~ @~'(Q, r,'Vt+P r.. V )Ud'"r, (2)

where the r, 's are electron coordinates, the r 's
are the positions of the nuclei, and U is the poten-
tial energy operator including all Coulomb inter-
actions. . Following Slater, ~ the electron part of the
virial and the kinetic energy can be combined and
transformed with the aid of the Schrodinger equa-
tion into a surface integral:

—(r —'U,)=r f [(v&s )(|, v, @)

—4'*sir&(rt vtC))+ c.c. ] dS& d '" "r.
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In simple crystals which are symmetric with re-
spect to inversion about each atomic site, the nu-

clear part of the virial will be zero, so calculating
the pressure involves only evaluating the right-hand
side of (S). This is what was done in all of our cal-
culations, and we thereby avoided determining the
pressure from the difference of two very large
numbers, as in (1), or from a numerical differen-
tiation of the total energy.

The case of self-consistent fields differs some-
what from the above for.the exchange-correlation
energy (but not for the other parts of the total en-

ergy). The exchange-correlation energy is as-
sumed to have the simple form'

~., = J pe..(p)d r (4)

The contribution to the pressure from this term is

I'„,= —— pe„,(p) dsr= pa "' dsr. —(5)
8 1 &de„,

The right-hand side of (5) is not in the form of a
virial but may be changed with an integration by
parts to

1 d(pe„,), 1 I, de„,Is„,V= —— pr V "' d r+ Jp "' r d—S.

The volume integral now has the required form,
and an additional surface integral has been pro-
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duced. It is this surface term which was overlooked.
Again, it is possible to convert the kinetic energy
and the electron part of the virial into a surface
integral. The final result is

PI =Q I [(VQj) r VQ&12m

-p*v(r VP, )+c.c. ] dS

3 cfp

where the P, 's are one-electron wave functions, and
the I 's are the potential functions for the nuclei.
As noted above, the nuclear term will vanish in
simple cases.

%hen the Kohn-Sham exchange potential is used
in the one-electron self-consistent-field equations
for lithium metal at normal density, the resulting
wave functions give +105 kbar for the first term on
the right-hand side of (7). The second term on the
right-hand side of (7), which was omitted in Ref. 1,
gives —97 kbar for the exchange part. The correla-
tion contribution is somewhat uncertain. Nozieres
and. Pines's' formula for the correlation energy of
the free-electron gas gives -11 kbar as the contri-
bution to the pressure. The final result —3 kbar
may be compared to the known bulk modulus for
lithium, 123, kbar, which indicates a calculated zero-
pressure lattice parameter that is correct to about
19o.

The calculated pressure with the modified poten-
tial function proposed in Ref. 1 is —6 kbar at nor-
mal density which, given the uncertainties in the
correlation correction used in Kohn-Sham's scheme,
is about as good as the result in the preceding par-
agraph. With the modified potential function, the
second term on the right-hand side of (7) vanishes,
and the whole of the calculated pressure comes

from the first term. Thus, the one-electron wave
functions must differ noticeably from those calcu-
lated with the Kohn-Sham potential even though the
final estimates of the pressure are close. This'

may also be inferred from the potential functions
shown in Fig. 1 of Ref. 1.

If the exchange part of (4) is multiplied by —,', the
Slater exchange potential~ is obtained in the one-
electron equations, and the exchange term in (7) is
also altered. Qn the basis of some unpublished
k p calculations, it appears that in this case the
calculated pressure wil 1 be about —55 kbar before
any correction is made for correlation. This is
clearly poorer than the pressure obtained with the
Kohn-Sham exchange.

In addition to the calculations for iron with the
modified potential function reported in Ref. 1, a
similar one has now also been done using the Kohn-
Sham exchange. At normal density, the first term
on the right-hand side of (7) is+ 622 kbar, and the
exchange part of the second term is —305 kbar. The
free-electron correlation' pressure is —56 kbar.
The sum of these, 261 kbar, is about 15% of the bulk
modulus, so the calculated zero-pressure density
will be rather poorer than in the case of lithium.
It is generally believed that the free-electron esti-
mate of the correlation energy is inappropriate for
narrow bands such as the d bands in iron, so it is
not surprising that the calculated pressure is quite
a bit too large. The computed pressure is 43 kbar
when the modified potential function is used. Thus,
the modified potential appears to account fairly
well for correlation in a circumstance where the
fr-ee-electron gas model does not.

The author wishes to acknowledge that L. J. Sham
had pointed out the likelihood of an error in the cal-
culation for lithium metal with the Kohn-Sham po-
tential.
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