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Helicons, Doppler-Shifted Cyclotron Resonance, and Gantmakher-Kaner Oscillations.
II. p-Fold Azimuthal Symmetrye
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The conductivity of a metal, for the case of the wave vector in the direction of
a magnetic field which in turn lies along an axis of p-fold symmetry, is examined.
General properties are adduced which explicitly exhibit all the singularities of
the conductivity (it is shown that there are no others) and reduce the problem to
the conductivity of a collection of cylindrically symmetric Fermi surfaces with

progressively smaller weightings. A model, which allows analytic computation,
is used for the purpose of examining the possible modes of the electromagnetic
field and the Gantmakher-Kaner oscillations. Additional modes, arising from
the lack of cylindrical symmetry, are all heavily damped. The Gantmakher-
Kaner oscillations are discussed as to damping, amplitude, and position. A gen-
eral relation between Fermi-surface properties and the optical mass is derived
in the absence of phonon effects.

I. INTRODUCTION

In a previous paper, ' the interaction between the
electromagnetic field and a hyetal was discussed for
the case where a slab of metal was subjected to a
dc magnetic field normal to its surface and an rf
electromagnetic field tangential to its surface.
The discussion was restricted to those metals
whose Fermi surfaces exhibited cylindrical sym-
metry about the direction of the magnetic field.
The electromagnetic response of ihe system was
discussed in terms of the singularities of, what
was in fact, the Green's function for the electro-
magnetic field. These were of two types. There
were poles; that is, roots of the electromagnetic
dispersion relation corresponding to helicons and
to Doppler-shifted cyclotron resonance (DSCR).
In addition, there were branch-cut singularities,
corresponding to Gantmakher-Kaner oscillations
(GEO). The paper examined in detail how the
shape of the Fermi surface determined the nature
of the conductivity, and hence the singularities and
the electromagnetic response.

In this paper, we wish to extend some of these
considerations to the case where the Fermi sur-
face is no longer cylindrically symmetric, but
rather has P-fold azimuthal symmetry about the
direction of the magnetic field. It is necessary to
understand the effects that result from this azi-
muthal variation, as experimental situations
usually correspond to this case and it is impor-
tant to know whether any such effects can alter
the interpretation of the experimental results.

Following I, we concern ourselves here pri-
marily with the singularities in the conductivity
as a function of q, the wave number. In Sec. II,
we exhibit the conductivity as an infinite sum of
terms, each of which looks like the conductivity for

a cylindrical Fermi surface, but where the cylin-
drical case involved the cyclotron frequency +, in
the singularity, the terms here involve Qn+1)&o, ,
where n is any (positive or negative) integer. In

Sec. III, we use this expression to show that it is
sufficient to look at the singularities of the con-
ductivity term by term. That is, no singularities
arise from the infinite series; the singularities of
the series are the singularities of the individual
terms. The expression for the conductivity also
allows us, in Sec. IV, to derive (in the absence of
phonon effects) a relation between the optical mass
and the details of the Fermi surface. In order to
exhibit details analytically and more explicitly, in
Sec. V, as in I, we restrict ourselves to a specific
model. Here we assume that the component of
velocity in the direction of the magnetic field does
not depend on the azimuthal angle and that the cy-
clotron frequency is a constant. This allows us
to simplify the expression for the conductivity.
Choice of a particular type of azimuthal variation
enables us to present more explicit expressions,
and allows us to expand the results in powers of
the coefficient of the azimuthal variation of the
Fermi surface. In Sec. VI, for a specific shape
of Fermi surface, we plot the real and imaginary
parts of the conductivity. Then, in Sec. VII, we
discuss the additional roots of the electromagnet'ic
dispersion relations that occur as a result of the
azimuthal variation, and the possibility of de-
tecting these additional modes. Finally, in Sec.
VIII, we examine the GEO, their damping, ampli-
tude, and position.

II. GENERAL EXPRESSION FOR e FOR p-FOLD
AZIMUTHAL SYMMETRY

We will now exhibit o'(q, v), the conductivity for
circular polarization, in a form that will be con-
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xexp i(d' u —u' -iq du''v k, ,
u''

where the k, integral is over the Fermi surface,
T is the period of an electron with k, and in gen-
eral depends on k„and (v' =(a+i /r, where 7 is
the relaxation time occurring in the Boltzmann
equation. Following Ref. 2, we separate v (k„u)
into an average part v, (k, ) and a periodic part,
which we write as the derivative of a position vec-
tor BR~(k, , u)/Bu. We also note that v may be
written in terms of the momentum derivatives of
the energy E as

g BE, ,ji(BE»i BE
(2)

venient for us. The development is essentially
that of Qverhauser and Rodriguez and of Alig and
Rodriguez. ' (Their q and ur are the negative of
ours. ) .If the magnetic field 8 is directed along the
z direction, and if we express the velocity of an
electron on the Fermi surface v (k, , u) in terms of
the time variable u which describes the time it
would take an electron with a z component of mo-
mentum k, to move through an azimuthal angle Q
in the absence of the rf field, then the conductivity
tensor may be written as

T ptf
a(q, (d) =e~, dk, duv(k, , u) du' v(k, , u')

4m c
gs 0

circular -polarization components diagonalize the
conductivity provided p & 2.

III. SINGULARITIES OF 0'(q, cv)

The expression (6) is an infinite sum of terms,
each of which looks like the conductivity for a cy-
lindrical surface [as in I, Eq. (22a)], with (v, re-
placed by (pn+1)(d, in the "energy" denominators.
We may expect then to get a sum of singularities
of the type discussed in I. In addition, it may also
be possible to have additional singularities due to
the fact that the sum is infinite. We will show now

that this is, in fact, not the case, and that the
singularities of the infinite sum are only those of
the individual terms.

We note that (4) implies that

rip
„'(q, k, )= —

I
d '(k )

'~'"" '"'
~0

+ e-$(Pn+ 1)t0 u

Inserting this in (6), performing the summation,
and using the periodicity, the conductivity may be
written as

, . 2 eII dk,
o (q» (d) &28 3 2»»(8-4mc 1 —e

7/P
~ p du W'(q, k. , u)e'""'" '"', (8)

0

v&(k u )ei»f '~p("z»»» . p vk(q k )e((i%i)»»»»»»»»

where

v'„(- q, k, ) = [v„'(q, k, )]

Inserting all this in (1) one gets

o'(q, (0)=~re' 3
~ dk,

"'
rS &c

(4)

[v'„(~q, k, )] v'„(~q, k, )
(u' —q v, (k,)+ (pn+1)(d,

where we have introduced the cyclotron frequency
(o, = 27(/T, which in general depends on k, . The

where p is the cylindrical radial component of mo-
mentum transverse to H and Q is the azimuthal
.angle„related to the-time variable u by

du c 1 BPs2((P)
'

d4, eH 2 BE d.(0)=0

Here ps(Q) is the radius of a surface of energy E
and position P and k, (which we suppress).

If the Fermi surface has P-fold azimuthal sym-
metry about the direction of H, and if q is directed
along H, then (2) implies that we may expand

(v' —q v, (k,)+~,
roc

2'/p
~ e* ig ~ t:R (A, u')-8 (&,u'-u) l

0

"[v'(k, ,u')] v'(k, , u' —u) (10)

Remembering that q only has as component, it is
easily seen that W'(q, k, , u) and its derivatives
with respect to q, are analytic functions of q, . '
From this it follows' that the function

z/p
E'(q, k, )=p 1 du W'(q, k, , u)e'"""' ~'~'

and its derivatives are also analytic in q, .
Now consider the function

g(q, k, ) = (1 —e "'") (12)

This has simple poles at - P, =n =0, + 1, + 2, . . . , or
at

(u'+ (np + 1)(o,
qg = qn(k~& = „s(k )

If we write

g(q, k, ) =X(q, k, ) —S(q, k,),
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where

S(q, k, ) =+
2vv,'(k, ) „„q,—q„(k,)

This should be equal to the Drude conductivity
g n8

ov((d) =
(d +'t /T tÃv

(1S)

then A(q, k, ) is an analytic function for q, (= D„
where the domain D„ is a circle of radius smaller
than the smallest magnitude of q„„(k,). Then
writing the conductivity as

where n is the electron density in the conduction
band

(20)

(7'(q, (d) = ,'ie—', dk, E'(q, k, )
4m c Fs

~[A(q, k, ) —S (q, k, )j, (16)

we see that the first term gives a contribution to
o'(q, ~) that is analytic' in q, for q, (= D„, while the
second term gives only those singularities resulting
from the q„(k,). There can be no additional singu-
larities as S(q, k, ) is a finite sum. If we now in-
crease N, the D„get progressively larger, and

we thus see that the only singularities that o'(q, u&)

has for any region in the complex q, plane, are
those resulting from the q„(k,). That is, only the
singularities explicitly exhibited term by term in

(6) exist. No new singularities occur due to the in-
finite sum, and we can consider the singularities
as being simply a sum of those kinds already fa-
miliar to us from our study of cylindrical Fermi
surfaces in I.

and m~ is the optical mass.
Noting that (2) can be written as

v~(k ~) ~(e 2 sps(p)
(~)

.sps(y)
gt sE ps

(21)
we equate (18) and (1S) (this is equivalent to de-
fining rn& by a conductivity sum rule for the con-
duction electrons) to get

t'2r (spa (y)
dk, i d(t 2~ p'(P)

mD gzs go eE

Ãe have suppressed reference to k„which is, of
course, held constant in the derivatives. For
comparison we note that, at a given k„ the cy-
clotron mass is

IV. OPTICAL MASS

If we return to (6) and examine this in the q = 0,
II= 0 limit, we should have the classical Drude form
for the conductivity. Were it not for phonon effects,
the parameters entering in this form would be the
same as those obtained from the intraband optical
absorption spectrum. Because of the high fre-
quencies involved in the optical measurements,
the phonon effects produce different lifetimes and
masses than at the lower frequencies of interest
here. ' We shall thus be able to relate the optical
mass to the Fermi-surface characteristics only
in the absence of phonon effects, which must be
treated separately.

Using (7) one can write

Z iv'„(o, k,)i'= —
if du iv'(k„u)('

n= -~ ~o

= y,& 2 d&,'E I'(k. e) I
-(1'7)

0

where we have used (3) to change from the time
variable u to the angular variable P. Hence in the
q = 0, H= 0 limit, the conductivity (6) becomes

(23)

In both (22) and (23), E is to be evaluated at the
Fermi energy.

V. SIMPLE MODEL

In order to examine some quantitative implica-
tions of (6), we shall, for the rest of this paper,
restrict ourselves to a simple model. We assume
that the surfaces of constant energy, in the vicin-
ity of the Fermi surface, have the form

&(&)=&(p, y)+g(k, ). '
(24)

and hence

(26)v'„(q, k,) = v„'(0, k,) -=u'„(k,).
If the Fermi surface has a plane of mirror sym-
metry containing the z axis, we may take

This implies, by (2), that v' is independent of Q.
[Another simple model, where v'(k„u) = v, (k,)
+ ur(k, )cos(p(d, u) and v (k„u) = v(k, ) e '"~", allows one
to obtain the summation in (6) in closed form. How-

ever, it can be shown that no model with v' in this
form is consistent with any analytic Fermi surface
except one with cylindrical symmetry. ] Since (24)
implies v' has no P dependence, and since q is in
the z direction, we have

q H~(k„u) =0 (26)
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E(p, 4)=E(p, - 0)

and then the g„'are real.
The conductivity (6) then becomes

a'w, &)=-', e f dk, ((((:,),
where

,( )
2wi ~ [u„'(k,)]'~ &u' —q v, (k,) +(pm+1)~,

'

(27)

(26)

u!3!'(I-p)',p(„4)
~

.
—q ' vz 6 (1 —p) Q)z j

(39}

VI. SPECIFIC EXAMPLE

we can neglect all but the smallest n values in (38)
and, therefore, in (29). We then get

,
( )

2wi 2a
~/

1-33! ~3! (1+p)
(o, m3! ((o'-q v, ~(0, +(0'-q v ~(j+p)~,

(33)

We now specify E(p, (p) so that

E(k) = p /2m+g(k, )+f(P) . (30)

According to (23), this E(k) gives a constant cyclo-
tron mass, equal to m, and (3) implies that

(d, = eH/mc (independent of k,). (31)

Combining (4), (25), (26), (21), and (3!), and in-
tegrating by parts, we get

2l'

u„'(k,) =
2

dp ps(Q)e-""' . (32)
2+pl G

For the case f((p) = czcospQ, so

E(k) = p'/2m+g(k, )+ acosp(p,

(40)

the integral may be performed exactly to gi~~e

ie' k(p, -kv/w)c (q~& = 3 Q (1 z)ilz

+!L(p —2kv/w) „,"Q„y'+ zz

The integral over k, required by (28) can be
performed approximately, with the result depend-

ing on the nature of v, (k, ), as discussed by Gant-

makher and Kaner' and in I. However, by choos-

ing g(k, } as given in Fig. 2 of I,

g(k, ) = (2kv/w) sin'(wk, /2k),

n(& E-g(k )

(36)

where

(34)

at the Fermi energy, so that Pzs((P) is Positive], the
integral (32) can be performed to give

u,'(k,) = (2(w/m3! )'"F(- -' -' ~ 1 ~ 3!3)

where

and

(j yz)1/3 (1 zz}1N

Q„= (d + (P33+ 1)(oz g zz = qv/Qz q

(kv/w)'

!(,(g -2kv/w)

(41)

3!(k,) = (w/[E-g(k, )]&1,

. and F(a, b; c;z) is the Gauss hypergeometric

series. For n &0, (32) gives

,(k) I
»& "3 1 (2n 2)!-

23n-1 ( 1}t

x F(—,'n ——,', 'n+ —,'; n+ 1;3!3). —

These results may be written as

(36)

(37)

co= -3, c,i= Ti(1+&)

In (41}the square roots are defined so that, for
real q, the real part of o'(q, (d) is always non-

negative (see I). Of course, there is no singu-

larity at z„= —p, only at z„= l.
In Fig. 1, we plot (&o,/&u~z) 4wic'(q, 0), as a

function of qv/v„ for the collisionless limit

(~-~) and the parameters

(42)

1/3

&(&.(=((+~t)( !!., ~-2(H(

„~(4k+Rn-2(!(l-ll, ,ll„,) (; )„)(2k+n —1)!(k+n)!k! 8 t

(36)

Thus u'„(k,) begins like 3!' and, therefore, the coef-
ficient of the nth singularity in (29) begins like 3!3".

Since g & 1, we see that the successively higher

singularities have smaller and smaller coefficients.
The surface (33) contains p ridges running paral-

lel to k, and spaced at equal azimuthal angles around

the surface. If the ridges are not too deep, g will

be sufficiently small that we need keep only the

first several terms in (38). That is, in this case

(u(, = 4wne'/mv, (44)

and (22) gives a 1% difference between mv and m.
This correction only enters because, following I,
we have chosen to express our results in terms
of &u3. At low frequencies (+«(d,), the term
multiplying the brackets in (41) is independent of

all masses. ~

As in I, the intersections of the curve in Fig.
1(a), with the straight lines given by

p = 4, y'= 3, '/!o(V -(2k / )v= w~i' (43)

[y = 3 corresponds to an average neck radius about

0. 2S times the average belly radius. The value

of o(3 is about ~ of the maximum given by (34).]
Here
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+(al2c2/al &u22v2} (qv/&d, )2, correspond to roots of the
electromagnetic field dispersion relation

q'= (4~i(o/c')o'(q, a)) (45)

for &o«&g„providing that Re 0'(q, ~) is suffi-
ciently small.

VII. POLES

The pole contributions to the electromagnetic
field, or the surface impedance, corresponding
to the modes of the electromagnetic field, occur
at the roots of (45). It is apparent from Fig. 1

that there will always be such roots [intersections
of the curve in Fig. 1(a) with straight lines from
the origin] in the vicinity of

(qv2/(o, )2 = (+ 4n+1)' (46)

O

ter
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b
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for this case of p=4. Experimentally, however,

these harmonic DSCR are not likely to be detect-
able, for, like the DSCR at n= 0, lifetime effects
are most important near the values (46) (see I).
Hence, if the pole contributions resulting from the
azimuthal variation of the Fermi surface are to be
detectable, it can only be at roots of (45) away from
the values (46). However, the singular parts of
(41) only dominate quite close to the values (46),
and Imo' is quite small between these values. A
glance at Fig. 1(b) shows that Reo' is appreciable
there, so that even though the real part of (45) van-

ishes, the imaginary part stays sizable. Thus,
rather than getting well-defined modes, as one does
for the helicon, where (qv/(o, ) «1 for (qv/w, )2& l. ,
one gets appreciably damped modes (in terms of
magnetic field, 4H will be comparable to H) and
it is not likely that one can detect any such modes
resulting from the azimuthal variations. The
qualitative aspects of this result do not appear to
depend on the particular choice of parameters;
they are the same even for o.' as large as (34) al-
lows.

VIII. GANTMAKHER-KANER OSCILLATIONS

Mfe now turn to the GKO. The presence of ad-
ditional branch cuts in the conductivity (na 0) im-
plies additional GKO.

[elk„'/()ll )2/2 ]&2ln I F(&2lnl )l t)

where

(4V)

A. Damping of Higher GKO

Reference to I shows that the leading GKO con-
tribution to the surface impedance for the Nh
singularity, for a slab of metal of thickness I„
behaves like exp(i(L/v) [~+ (pn+1)~, +i/r]), and
hence the damping e ' depends only on how many
mean free paths l the electrons must travel
through- the sample, and not at all on the value of
n. The GKO's from all the singularities have the
same damping.

B. Amplitude of Higher GKO

The amplitudes of the GKO are determined by
the strength of the singularities, and, as we have
seen from (38), the higher singularities have co-
efficients which get progressively smaller. Fol-
lowing I, we can find the leading GKO contribution
of the rsth singularity. as a function of thickness
of the sample and its leading dependence on the
parameter n, which measures the magnitude of
the azimuthal variation, to be

[ld + (pn+1)r~, +i%~]L
tl 5

(48)

O
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FIG. 1. (a) + (u&~/~&) 42 Ims (q, 0) and (b) 4&, /+&) 4&

xReo'~(q, o) as a function of (qe/(d0) for the parameters
(43) in the collisionless limit.

and F(x) is a slowly varying well-behaved function.
Thus the behavior of the different GKO is essen-
tially the same, but the amplitudes get progres-
sively smaller for nw 0. [Since the dimensionless
combination in which o.'appears is, by (34), always
less than unity, higher powers of n correspond
to small coefficients. ]

C. Position of Branch Cuts

Recently Baraff and Phillips have shown tha. t
the branch cut that produces the GKO need not be-
gin at the usual place [the minimum or extremum
of Q„(k,)/v,'(k, )], but rather may begin at a point
where the "topological effectiveness" (essentially
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the coefficient of the singularity) changes rapidly.
T»s observation does not change our results (in
fact, model D of I can be considered as an extreme
example of the effect), and we can see the effect
with a simple model.

The contribution of the nth singularity to the con-
ductivity is, according to (6), of the form

(49)

where

B(k,) = Q„(k,)/v,'(k, ) (50)

and A(k, ) is the topological effectiveness. Let us
consider the case where A(k, ) rises suddenly at
k, =k&, but is otherwise slowly varying, so that
we may write, approximately,

(.) „(„„)
We will only consider the contribution from k, & O. [For
a Fermi surface with reflection symmetry, the
contribution from k, & 0 is the same except for a
reversal of sign of B(k,). ] Then, integrating by

parts, we get (if the Brillouin-zone boundary is at
k, =k)

fk

dk, ' = [A(k) -A]

dk
+A) '( ). (52)

Let us suppose, without loss of generality, that
B(k,) has one minimum value which is at k, = k~ & kz.
Then the first integral in (52) has the usual branch
cut at q= B(ks). But the second integral has a
branch cut at q = B(k„) (as in model D of I). The
point, however, is that (according to I), the branch
cut at q= B(k„) is logarithmic and gives a contribu-
tion to the surface impedance that behaves with
the sample thickness L like

~»&~~&/I, In2I, (53)

while any other branch cut, coming from q= B(ks),
produces a contribution whose denominator in-
creases with L at least as fast as the denominator
in (53). Since the damping for any GEO goes like
e ', the dependence on L of this denominator
will dominate. Hence, for reasonably thick sam-
ples, the sudden change in the topological effec-
tiveness at k, = k„should produce GEO that are
more detectable than those produced by most kinds
of minima or extrema in B(k,).
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