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The intrinsic thermal resistivities W~ of pure Cd and of Cd-Zn single crystals with resi-
dual-resistance ratios in the range 5~104- 570 (Zn content up to 0.56 «.%) were determined
for both hexagonal and basal orientations in the temperature range 3 & T&100 K, One Cd-Sn
crystal (0. 14 at. 7& Sn) was measured in the basal orientation. The data are represented by
W]0-T". In the case of pure Cd, n-.-2 for T&3.5 K, whereas for the most impure alloy, n=2
for T &13 K. For temperatures above the n=2 region, n was found to be as large as 4.5 in
the interval 4 & T &7 K in the ease of the purest crystal. The known rapid change of the spec-
ific-heat Debye 8 does not explain the large n. This indicates a small to negligible inter-
action between the electrons and transverse phonons. The region where n &2 is, in general,
in the temperature range where phonon scattering outweighs impurity scattering. It is sug-
gested that because of the particular shape of the Fermi surface, umklapp processes may be
important in and above the temperature range where n is large.

INTRODUCTION

It has been known for some time that the low-
temperature electronic intrinsic thermal resistivity
of cadmium deviates from the usual T' behavior.
Rosenberg's' data on a pure single crystal indicate
two distinct regions of quadratic behavior separated
by a transition region having a stronger tempera-
ture dependence. An explanation was sought in
terms of drastic changes in the phonon spectrum at
low temperatures. Measurements of the electrical
resistivity of pure single crystals of cadmium as
a function of temperature have not indicated an

anomalous behavior. Therefore the explanation of
the behavior of the thermal resistivity appears to
require a more detailed description of the electron-
phonon interaction than the general phonon-behavior
argument put forward previously. '

There is now evidence for more specialized ef-
fects in the hexagonal metals. Observations have
been made of phonon scattering effects in mag-
nesium and, more recently, electron scattering
effects in cadmium. The phonon effects in mag-
nesium appeared in the electrical resistivity as
deviations from Matthiessen's rule for a variety
of impurities. A theoretical treatment' showed

that a variety of second-order effects may result
from the interaction of an impurity with the elec-
tron and phonon systems. The electron scattering
effects in cadmium appeared in the galvanomag-
netic properties as a specialized form of scat-
tering, strongly dependent upon certain features
of the Fermi surface. '

It seemed justifiable to systematically reinvesti-
gate the electron thermal resistivity of cadmium,
that is now available in slightly purer form, with

the hope to contribute to a classification of the re-
spective roles of the phonon and electron systems.

Whereas the results given in the literature indicate
a strong influence of impurities on the electron-
phonon scattering term in the temperature depen-
dence of the thermal resistance, several crystals
having controlled amounts of zinc impurities have

also been investigated.
The results show that besides contributing to the

normal impurity scattering the small amounts of

zinc impurities indeed do affect the temperature
dependence of the electron-phonon scattering term
in a consistent and fundamental' manner. Yet, the
interaction among the different scattering processes
and, in particular, the complexity of the Fermi
surface of cadmium make, atpresent, only qualitative
explanations of the observed phenomena possible.

EXPERIMENTAL METHOD

a. Sample preps'ation. Most samples were cut
from a commercially obtained pure single crystal
of cadmium for which r, 4 (the ratio of room-tern
perature electrical resistance to that at l. 4 K} was
of the order of 5x10 for a sample oriented parallel
to the hexagonal axis.

The impurities alloyed with the cadmium were
either zinc or tin. Zinc was used because its va-
lency is the same as that for cadmium and it crys-
tallizes in an elongated hexagonal structure. The
one alloy with tin was made to check whether the
effect of a change in the electron/atom ratio on the
electron thermal conductivity could be observed.

The diffusion method used for alloying a pure
single-crystal sample with zinc or tin has been
described elsewhere. The process began with
electroplating the solute element onto a pure single-
crystal cadmium blank, followed by a diffusion at
200 'C lasting 4-7 days. After etching off surface
residue, the sample was homogenized for a week
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at 200 'C.
As a measure of the homogeneity of the alloys

prepared in this manner, the value of &4.& wasfound
to change by no more than 20%%uo when the sample
width was etched down from 1.2 to 0. 3 mm.

In addition to the samples alloyed as described
above, one commercially alloyed single crystal'
was obtained from which two samples Cd- ZnA2
and Cd-ZnC2 were cut. A or C before the sample
number indicates the direction of the length and
the heat flow perpendicular or parallel to the C
axis. A spectrographic analysis' of the pure Cd
and the alloy samples was made after all measure-
ment series were finished. The results of the
analysis are listed in Tables I and II. .

In preparation for the thermal-resistance mea-
surements, the samples were shaped and planed
with a spark cutter. Two side arms were left
on one side of the sample for attaching thermom-
eters. After the final planing operation, at least
0. 1 mm of material was etched off to remove
sparking damage. Typical final dimensions were
2. 5 cmx1'. 5 mmxl. 5 mm with the side arms 0. 3
mm thick. The samples were annealed at 200'C
for 6 h before they were mounted in the cryostat.

b. Cryostat and measurement. A cryostat of
standard design with the sample mounted in a vac-
uum-isolated can was used. Its construction is
described elsewhere. The thermometers were
encapsulated germanium crystals that were ob-
tained commercially. ' Thermometer voltages
were measured with a 5-dial Diesselhorst com-
pensator' along with a galvanometer" as null
detector. The maximum sensitivity of the system
was 10" V. The heater power was calculated from
measured values of voltage and current, using a
millivolt potentiometer. ' The simple steady-heat-
flow method was used. The temperature difference
between the two thermometers was calculated from
the determination of the resistance ratio between
them. The method is similar to that reported for
two Pt resistance thermometers. '

One of the two thermometers used for the deter-

TABLE II. Atomic-absorption spectroscopic analysis
of Cd alloys as provided by Battelle Memorial Institute.

Sample
code

Resistance
ratio

Concentration (at. %)
Zn Sn

Cd-AnA1
Cd-Zn Cl
Cd-ZnA3
Cd-SnA1
Cd-ZnA2
Cd-Zn C2

570
3100
2700
7700

1, 9x104
1.8x104

0.56
0.084
0. 095

0.011

0. 14

o CdCI
~ CdZnC2
x CdZnCI

o CdAI
+ CdZnA2

t CdZnAI

o CdCI
CdC2

v CdC3

o CdCI
a CdAI
~ CdZnC2
+ CdZnA2

100—

mination of ~T was calibrated against a thermom-
eter for which the calibration was supplied by the
manufacturer. " The given accuracy varied be-
tween 0. 1 and 0. 2%%uo depending on the specific tem-
perature range. The values of ~T were, in gen-
eral, restricted to 1% of T, and the relative un-
certainty in AT is estimated at 1. 5'%%uo. Taking into
account, also, the uncertainties in the determina-
tion of the heat flow T and the form factor, it is
estimated that the uncertainties are 2 and 5% for
the measured resistance and resistivity, respec-
tively.

EXPERIMENTAL RESULTS

At temperatures above approximately 50 K, where
the electron-phonon scattering is temperature in-
dependent, all samples approach a thermal con-
ductivity on the order of 1%cm 'K . This has
been illustrated for a few samples in Fig. 1, where
the thermal conductivity K has been plotted for the
pure-Cd and the Cd-Zn alloys as a function of tem-
perature. The curves in Figs. 1(a)-1(d) illustrate
the changes of the v(T) relations from different
causes. In parts (a) and (b) the effect of increasing

TABLE I. Mass spectrographic analysis of Cd as
provided by Battelle Memorial Institute. IO—

Element

Li
C
N

0
Cl
K
Ca
Tl
Cr

ppmw

3
3
2
2

2
7

0.6
0.2

Element

Ag
In
Sn
Te
Ta
Au
Ba

Tl
Th

ppmw

&0.6
&3
&5
&2
c5
&2

&0.5
&0.6
&0.7
&0.7

100
10

I

I

100
10

10 K

FIG. 1. Measured conductivities for several crystals
with heat flowparallel (C) or perpendicular (4) to the
hexagonal axis. Illustrated are the effects of increasing
solute [parts (a) and (b)j, size effect Ipart (c)] and the
diminishing effect of anisotropy with increasing amounts
of solute fpart (d)J.
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Zn concentration is demonstrated for the heat flow
parallel (a) and perpendicular (b) to the hexagonal
axis. Part (c) represents the effect of the reduc-
tion of the cross section of a sample of pure Cd on
the maximum in the «(T) curves, and in part (d) is
illustrated the anisotropy for two pure-Cd crystals
and two alloys of different orientation but each pair
having the same purity. The effective purity of the
samples is given in Table III in terms of the resid-
ual-resistance ratio x& 4, which is the resistance
ratio between room temperature and 1.4 K. For
the pure samples this ratio may decrease as much
as a factor of 2 from 4 to 1.4 K. The usual fea-
tures are represented in these curves; an increase
in the amount of solute decreases the magnitude
of the maximum in conductivity and shifts it to a
higher temperature, and the size effect is similar
to that of increasing solute amount. It is also clear
that with increasing temperature the effects of the
impurity diminish and that impurities may obscure
the crystal anisotropy even at low temperatures.

Deviations from this seemingly normal behavior
become evident when the electronic part of the con-
ductivity is considered. This will be discussed in
terms of the properties of the electronic (W ) or
intrinsic (W&) thermal resistivity.

In the region where the lattice conductivity is
negligibly small, the usual expression' for the
measured electronic thermal resistivity W of a
metal at low temperatures is

W = Wo+ W) = p/T +a T" .

Here P is the impurity scattering parameter and

W& =aT" is the electron-phonon scattering resis-
tivity.

In order to determine W&, the conventional tech-
nique of assuming n=2 and plotting W T vs T was
used. Such a graph is shown in Fig. 2 for a pure-
Cd sample and a Cd-Zn alloy. The orientations

.IO—
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73

FIG. 2; lV T vs T3 for pure Cd (Cd C2) and a Cd-Zn

alloy (Cd-Zn A2).

are, respectively, parallel to and perpendicular
to the hexagonal axis. It is seen that the data do
not represent a straight line in the case of the pure
Cd, but that for Cd-Zn a straight line below 4 K
allows a determination of P. For T &4 K the data
for Cd- Zn deviate markedly toward larger ordinate
values. This indicates a n &2.

The failure of the assumption n =2 makes the
determination of Wo difficult, in particular, for
pure Cd. For these samples, plots of W T vs
T, T', and T were used to obtain convergingesti-
mates of P. If a nonobserved region, where n= 2,
were to exist for T-OK below T=S K, the esti-
mated values of P for those samples would be larger
than the true values. However, in view of the small
magnitude of P, this difference would not be large
enough to significantly affect either the magnitude
or the temperature dependence of W& for those tem-
peratures where W, &Wo.

The P values so obtained vary linearly with 1/r.
Using the value for the Zn concentration, c = 0. 56
at. % for sample Cd- ZnA1 as the most reliable, an

estimate for the electrical and thermal atomic-

TABLE III. Sample data for Cd and alloy crystals; heat flow parallel (C) or perpendicular (A) to the hexagonal axis.

Sample

Cd C1
Cd C2
Cd C3
Cd-Zn Cl
Cd-Zn C2
CdA1
Cd-, ZnA1
Cd- ZnA2
Cd-ZnA3
Cd-SnA1

CdR*

i 4

- 5x104
5 x 104

5 x 104

3.1x10~
1.Sx104- 5x104
5. Vx 10'
1, 9x 104

2.7 x].03

7.7x 103

Width
(mm)

1.90
0. 70
0.45
1.13
1, 03
2. 15
1.00
l. 12
1, 16
1.04

p
{cmK2/W)

0. 006
0. 016
0.026
0, 115
0. 020
0. 005
0.50
0.015
0.123
0. 037

0. 025

. {10-'cm/WK)

21

40
75
53
35

127

Temperature
range (E)

2. 5-3.5
0 ~ ~

2. 5-3.6
~ ~ ~

2.5-3.7
2.5-5
2. 5-5

2-4
9-14

4. 5
4. 1

3.0
3.5
4. 1
2.2
3.1
2.8
2. 9

Temperature
range (K)

4-7
4-6

3 7
4-10
4-7
3—13
5-10
6-10
6—11

Heat flow 40 off hexagonal axis; see Ref. l.
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resistivity increases can be obtained. Since

1/r = [p,„(4)+c5p]/Ip, ~(300) +c5p j,

I.O X XX
X ~

X ~

it follows that the atomic-resistivity increase 6p
for Zn in Cd is of the order 3x10 p,~(273)/at. %%uo.

From the linear relation P(l/r), the estimate
5P = 0. 95 cm K W"'/at.

%%u0 is found . This implies
that for 1 at. % Zn at 100 K the solute contributes
at most l%%ua to the thermal resistance.

Data for all samples wpre plotted as loggoW~ vs
log~oT. In Figs. 3 and 4 are shown data for sam-
ples oriented with the heat flow parallel to the hex-
agonal axis. Figure 5 shows data for samples
with the perpendicular orientation. It is seen that,
in general, n &2 below approximately 10 K and

that, depending upon the impurity content, n may
equal 2 at a still lower temperature range. Above
10 K the curves reflect the approach to W&„, the
temperature-independent resistivity at high tem-
peratures.

Also shown on Fig. 3 is Rosenberg's sample'
indicated by CdR. The orientation of this sample
was reported to be tilted 40' with respect to the
hexagonal axis. (The impurity parameter P is near
that of our sample Cd- Zn C2. ) It is seen that the
data for CdR show the same character as those
exhibited by the present data. It was reported
that for CdR a secorid region with n =2 was observed
for 9& T & 14 K. The present results contain more

.0)

w;

(',tt) .

o CdCI

~ CdC2

o CdCB

.CdZnC2

x CdZnCI

.OOI—

LO,
I I I I I I I

IO. K

FIG. 4. Intrinsic thermal resistivity W» plotted against
the temperature for heat flow parallel to the hexagonal
axis for temperatures below 10 K.

data in this region and do not show such behavior.
In Table III are given several parameters which

characterize all the samples measured. The ori-
entation is given as the sample length being parallel
or perpendicular to the hexagonal axis. The phonori
scattering parameter a„.2 was obtained from the
indicated temperature ranges where W& fx: T . Apart
from differences due to orientation, the a values in
the present investigation are of the same order as
those reported by other authors. '

Samples CdC2 and CdCS were etched versions
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FIG. 3. Intrinsic thermal resistivity W& plotted against
the temperature for heat flow parallel to the hexagonal
axis ~

FIG. .5. Intrinsic thermal resistivity W& plotted against
the temperature for heat Qow perpendicular to the hex-
agonal axis.
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FIG. 6. Thermal anisotropy plotted as the ratio be-
tween the intrinsic resistivity parallel (W;„) and perpen-
dicular (S';z) to the hexagonal axis for three pairs of
samples.

of Cd C1, thinned down to permit an extension of
that data to T &3 K. Measurements on the size ef-
fects in the electrical resistivity of Cd have shown
that, assuming the Wiedemann-Franz (WF) ratio
holds, an increase in P by factors of 2 and 3 could
be expected for Cd C2 and CdC3, respectively.
In the present case, the measured increases in

P, from 0. 006 cmK /W to 0. 016 and 0. 026 cmK3/
W, respectively, indicate that considerable, strain
was present for CdC3. The increases in 8', are,
therefore, a combination of size effect and strain.
Size-effect measurements ' on indium have shown
that the WF law does hold for a P dominated by
boundary scattering. Furthermore, the size effect
increases the magnitude of W& but does not change
its temperature dependence. This is similar to
the effect of impurities.

It is worth noting (Fig. 5) that in contrast with

the Hall properties an increase of the electron/
atom ratio (Cd-Sn alloy} does not markedly affect
the thermal behavior.

From the data it follows also that the ratio be-
tween the intrinsic resistivities parallel and per-
pendicular to the hexagonal axis varies with tem-
perature. In Fig. 6 the ratios W„,/W„are plotted
against temperature for three pairs of samples
having approximately equal P values (see Table III}
but different orientation. The ratios are similar
for the impure pairs of order 0. 5 at 4 K, increasing
to 1.2 at 30 K, and remaining constant at higher
temperatures. The ratio seems to be rather in-
sensitive to the amount of impurities. The plateau
occurring just above 10 K could be an indication of

two different effects of the anisotropy on 8'&. On

the other hand, the shape of the curve is certainly
influenced by the experimental arrangement that
does not allow the determination of O'„I and W,~ at

the same sample.

DISCUSSION

W, W,„T'/8'. (2)

Figure 7 is a plot of W, /(T/8)3 vs T for samples
with parallel and perpendicular orientations. The
6 values for T&3 K are taken from Ref. 22, those
for 3 & T & 5 K are an average of the data from
Refs. 22 and 23, whereas for 5 & T & 25 K the 6
values are taken from Refs. 23 and 24. The same
8(T) values were used for all samples although the

change in 6 with impurity content is not known.

One would normally, for these large dilutions, not
expect this variation to be large enough to signifi-
cantly affect the curves of Fig. V.

It is seen that (2) is not satisfied. First of all,
if (2) were to hold one would expect for each sample
the ordinate to be, in first order, a constant for
the temperature range considered. This seems
to be so for the alloy Cd-ZnAI (r =570) above7 K,
and above 15 K for Cd-ZnC1 (r=3. 1x10'). With

decreasing Zn concentration the departure from
being constant becomes more marked: For the
pure sample, the ordinate reaches a dip of more
than a factor of 4. Below 7 K the expression (2)
does not seem to be satisfied even for those sam-
ples for which, in the low-temperature range,
5'& ~ T~. It is clear that at least for samples of

high purity (x &10 ), the general relation (2) is not
satisfied for T & 25 K. This would mean that the
intrinsic thermal conductivity has no simple con-
nection to changes in B, that is to the non-Debye
character of the phonon spectrum. Since 8(T) has
been found ' to pertain mainly to the transverse
phonons, the failure. of (2) implies that the scat-
tering between electrons and transverse phonons
is small indeed. '

b. ComPaxison soitA, electrical resistivity. The
intrinsic electrical resistivity p& of a pure single-

The results for the intrinsic thermal conductivity
will be discussed first in terms of the observed .

changes in the Debye 6 and second in terms of pos-
sible electron scattering processes.

a. Correlation saith sPecific heat T.he marked
change in n observed for most of the samples occurs
at temperatures near which the lattice specific heat
of pure Cd begins to deviate strongly from a Debye-
like behavior. The most recent measurements
in the range 1-4 K indicate that the Debye 6 de-
creases from 205 K at 1 K to 175 K at 4 K. Older
measurements " show that 6 begins to decrease
from 190 K at 3 K to a minimum of 124 K at 10 K,
followed by a much slower increase.

One is inclined to correlate' the thermal resis-
tivity data with 6 through the mell-known expres-
sion'
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FIG. 7. Plot of 8'~/(T/8)2 vs T for a few samples with
parallel orientation and for sample Cd-ZnA1. The
dotted line represents 82 vs T.

crystal Cd has been reported to follow the usual
T behavior, up to about 14 K. Measurements of
our sample CdA1 indicated a T' behavior up to 9
K. However, these measurements were carried
out only with temperatures determined by the vapor
pressures of helium and hydrogen liquids. Solid
hydrogen was also used in our experiment in order
to make measurements at T= 9 K. Therefore, the
electrical- resistivity-temperature relation is not
very well established for 4. 2& T &9 K.

Nevertheless, the intrinsic thermal and electri-
cal resistivities were compared through their VfF
ratio I, , = p, /W, T. Figure 8 shows a plot of I,/LD
vs T for a pure sample (CdA1) and two alloys
(Cd- ZnA1 and Cd- ZnAS), all in the perpendicular
direction. Here Lo is the Sommerfeld value of the
I orenz parameter. Estimated experimental un-
certainties are indicated by vertical bars.

The primes shown on the 14 and 20 K points
plotted for CdA1 indicate that the 8'& values had
not actually been measured. Instead, the measured
values W& for the dilute alloy Cd-ZnA2 were used
to compute L, . For Cd- ZnA2, the value of x& 4 is
less than that of CdA. 1 by a factor of 2. 6. Since,
on the other hand, the difference in 8', for the cor-
responding samples in the parallel orientation is
not more than approximately 5%, an uncertainty of
this order was included in the error bars shown.

It is seen that the curve for the pure material is
rather flat (L,/I 0=0. 5+0. 1) for all temperatures
plotted, and those for the alloy curves have de-
creasing L,/Lo values at the lowest temperatures.
The flatness indicates a certain similarity in the
sensitivities of the two resistivities to scattering
events. The inelastic nature of an electron-phonon
scattering means that, in the case of the thermal
resistivity, a single event is sufficient to remove
the excess energy acquired from the temperature
gradient. For the electrical resistivity, on the
other hand, several small-angle scattering events
may be required to move an electron around the

W)o=kW( Wo/(/Wo+mW)),

with 4, l, m constants of the order 1, have been
very successful in the case of copper and aluminum
alloys, ~v where deviations from the Ta rule could
be made to fit consistently a W, (T) relation for the
base metal that remained the sa,me for its alloys.
In the present case, however, it seems that

1.0—

.8-

.6-Lt
L0

4-

6 CdAi
0 CdZnA3
0 CdZn Al

10

T
l5 20 K

FIG. 8. Plot of the Lorentz parameter L,
~ relative to

its Sommerfeld value L, vs T for three samples.

Fermi surface and thereby to remove the excess
momentum picked up from the electric field. In

other words, the effective relaxation time for the
electrical resistivity may be several times larger
than that of the thermal resistivity, depending upon
the scattering angle. In terms of I,/I 0, a value
of L,/I 0 = 1 would mean that the two relaxation times
were the same. The fact that the measured
I &/Lo= 0. 5 would indicate, within the frame of
these simple considerations, that the relaxation
time for the electrical resistivity is a few times
larger than that for the thermal resistivity.

The similarity, in particular for the purest sam-
ples between the electrical and thermal conductiv-
ity as illustrated by the WF coefficient, leads to
a consideration of those effects that are known to
cause deviations from the Matthiessen rule and
deviations from the T' temperature dependency
for the electrical resistivity. Such deviations are,
in general, second-order effects but their physical
origin does, in principle, not exclude the possi-
bility for deviations of larger magnitude in the
W, (T) relations to occur. It will be shown that
they seem to be inconsistent with the present data.

Assuming that the T behavior is invalidated by
an extra scattering'process, it is most obvious to
reconsider in (1) the simple additivity of Wo and

W&. The well-known failure of this rule has been
investigated by several authors and is most pre-
dominant in the electrical and thermal transport
properties when impurity and intrinsic resistivities
are of the same order. Attempts to add to (1) a
mixing term in analogy with the problem in residual
electrical resistance 6
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8', cf- T precisely in the temperature range where
8', and 5'~ are comparable. For the pure Cd C1
and Cd C2 samples, S', = S'o at the lower end of the
deviation. range; for CdC3 it is at the start of the
lower T branch. For Cd-ZnC2, W, = Wo well in
the n = 2 range, but for Cd-Zn Cl (for which P is
5 times larger), W~= W, in the upper third of the
n& 2 range. In the case of the samples cut in the
basal direction, 8'o= S', in the n= 2 range for each
sample investigated.

Bather recently Eagan and co-workers' explained
qualitatively large deviations from the Matthiessen
rule that were found in a number of electrical re-
sistance results, among others, in Mg-based
alloys. They introduced different modes of non-
elastic electron-phonon sc3ttering, leading to
terms in T and T' that could account for the ob-
served temperature variations (of order 2(Po) in
the zero-degree residual resistance. These
terms were most effective for 40 & T&100 K. For
Mg-alloy crystals having approximately the same
residual-resistance ratios, the intrinsic thermal
resistance varied'~ as T with deviations occurring
only at temperatures below 4 K, in.agreement
with earlier published' results for polycrystalline
material. This observation more or less excludes
the interesting idea of mixing of phonon modes' as
a possible explanation for the present results. The
examination of these scattering phenomena does not
seem to lead to a description of the present results.

c. Umklapp scattering as a passible explanation.
A minimum in the L, (T) curve is attributed to one-
event scattering being dominant at low tempera-
tures. This type of scattering ("vertical"; the
electron loses its kinetic energy without changing
its position on the Fermi surface'8'") is most dras-
tic in the increase of thermal resistance relative
to the scattering over the Fermi surface that ac-
counts for the electrical resistance. Such a mini-
mum in I., does not occur for cubic metals for
which the Fermi surface touches the boundary of the
Brillouin zone. If, in these cases, umklapp scat-
tering is taken into account in the theoretical com-
put3tion, the minimum disappears. ' This may
be the case for the pure and very diluted Cd sam-
ples. Figure 8 also indicates that for the less
diluted Cd-Zn samples the "vertical" scattering
might still occur below temperatures T/8= 0.02,
which is rather low compared to where the domi-
nance of this kind of scattering generally occurs
(T/8= 0. 1).

The Fermi sphere of Cd is intersected in many
places by zone boundaries ~ausing the Fermi sur-
face to be highly fragmented. The usual descrip-
tion2' of the Fermi surface results from translating
the many pieces by the appropriate reciprocal
lattice vectors. The resultant Fermi surface h3s
two comjwnents which are of importance here.

First, the third-zone electron sheet (so-called
"lens" ) is a disk-shaped closed surface having a
symmetry axis parallel to [0001j. Second are the
highly complicated second-zone hole sheets which
have a symmetry axis and also an open direction
along [0001j.

In the case of a simple spherical surface, the
probability of umklapp scattering decreases dras-
tically at low temperatures because of the cutoff
in the number of phonons with momentum vectors
sufficiently large to make such processes possible.
The high degree of fragmentation results in the
availability of small-momentum phonons for pro-
ducing umklapp scatterings from states close to
the zone boundaries. This model was also used
for the explanation of extraordinary phonon-drag
effects in the thermoelectric properties of copper.
The almost spherical Fermi surface for Cu touches
the zone boundary, and electrons in states on the
belly not too far from the neck relax by umklapp
scattering towards the points where the neck con-
tscts the zone boundary. This implies the possibil-
ity of umklapp scattering by phonons having small
q values and varying continuously down to q- 0,
in contrast to the case for simpler metals where
the limiting q 4 0 stops umklapp processes at a
relatively higher temperature.

If such processes were to occur in the case of
Cd, then the rapid decrease of the thermal resis-
tivity with temperature may be associated with
the freezing out of umklapp scattering. The dimen-
sions of the electron lens and hole surfaces indi-
cate that the magnitude of the phonon momentum
vector should be approximately sqo —3qo, where qo
is the Debye wave number, in order for appreciable
umklapp scattering to occur. The quadratic tem-
perature dependence for S'„which has been ob-
served for T= 4 K and below (Figs. 3 and 4), could
mean that these extra umklapp processes are
frozen out at the lowest temperatures for the par-
ticular specimen considered. The occurrence be-
low 4 K of regions, where W, ~ T holds and expan-

- sion of this region with increasing Zn concentra-
tion to higher temperature, indicates that the
presence of impurities decreases the probability
for umklapp processes.

A comparison between thermal-conductivity data
for metals having fragmented Fermi surfaces is
rather summary because of the lack of systematic
investigations on metals with properly chosen
concentrations of impurities. A comparison is
made by plotting log, ~(W, /W„) vs log, ~(T/Ho), as
shown on Fig. 9, for several metals. Here W„ is
the limiting value of 5'& for large temperatures
and 8& is the Debye temperature at 0 K. Data from
several sources ' are shown for Na, Cu, Ag, Al,
In, Mg, and Hg as well as the present results for
two dilute Cd-Zn alloys. The data for these alloys
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FIG. 9. Reduced intrinsic thermal resistivities as
a function of reduced temperature for several metals.

have been plotted instead of those for the pure Cd
since the alloys were measured for a larger num-
ber of temperatures, and, as can be seen from Figs.
3 and 4, the difference in 8', for Cd is negligible
in the temperature range of interest (above T/&0
=0.05. It is seen that the data for Cd and
also for Hg deviate markedly toward larger W, /W„
values over most of the T/80 range plotted. Data
available' for Zn cannot be used since the impurity
concentration is rather large.

The similarity of the two curves for Cd and Hg
is striking. The rhombohedral structure of Hg
leads to a Fermi surface that has large lens-
shaped electron sheets outside the first zone in
three crystallographic directions. When across
these lenses umklapp processes can occur in a
manner similar to those in the case of the Fermi
surface of Cd, the similarity of the two elements
in their electronic thermal conduction properties
relative to metals without such configurations
seems to be plausible.

The results and conclusions for the intrinsic
thermal resistivity 8', of Cd and Cd-Zn alloy
crystals below 20 K can be summarized as follows:

(i) W, deviates from W, ~ T' for a temperature
range that is largest, and with the most pronounced
deviation, for the purest crystals.

(ii) Impurities and strain generate in W, a term
proportional to Z; this term disappears at a tem-
perature that is higher when the amount of Zn solute
is larger. There is indication that for Zn concen-
trations of order I at. % the range for W, ~ T is
continuous.

(iii) For the Zn concentrations investigated
(below 0. 56 at, .%) there is practically no correla-
tion between electron-phonon scattering and the
non-Debye phonon spectrum, even in the lowest-
temperature regions where a term 8', fx: T~ exists.
But the results indicate that this correlation may
be realized over a large temperature range when
the solute concentration is sufficiently large.

(iv) The anomalous behavior is strongly depen-
dent on crystal anisotropy, even though for exper-
imental reasons the measured dependence presents
a qualitative relation only.

(v) The ratio of the thermal and electrical intrin-
sic resistivities suggests that umklapp scattering
across parts of the Fermi surface may be impor-
tant for those temperatures where 8', deviates
from W, ~ T . This umklapp scattering is a possible
consequence of the high degree of fragmentation
of the Fermi surface. This statement is supported
by a qualitative agreement between the W, (T)
curves for Cd and Hg.
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Calorimetric Determination of the Density of Electronic States in n-Phase

Indium Alloys. I. Alloys with Tin~
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The low-temperature heat capacity of each of a series of indium-tin alloys containing 0-13
at. % tin has been measured, and the density of electronic states N{Ez) and the Debye temper-
ature eo evaluated. The electron-phonon coupling constant A, was calculated from the super-
conducting critical temperature T, and 80, and was used to derive the band-structure density
of states N»(Ez). Both N»{Ez) and X increase more rapidly with increasing tin content above

9 at. % tin than below 9 at. %. These results are interpreted in terms of the Brillouin-zone-
boundary-Fermi-surface interaction that has been postulated to explain the behavior of the

lattice parameters and T,. Comparison with band-structure calculations and experimental
Fermi-surface studies for pure indium suggest that new parts of the Fermi surface appear in

the third zone at this electron concentration.

I. INTRODUCTION

In recent years, a variety of elegant techniques
for determining the geometry of the Fermi surface
have been applied to pure metals, and the shape of

the Fermi surface is now known in considerable
detail for many of them. The addition of an alloying
metal changes the Fermi surface by changing the
conduction-electron/atom ratio Z, and also through

the effect of the different ion-core potential on the
energy-momentum relation of the conduction elec-
trons. Unfortunately, the techniques that have
made the most important contributions to the de-
termination of the Fermi-surface geometry of pure
metals require long electron mean free paths and

are therefore not applicable to alloys. As a con-
sequence, very little is known about the changes in

the Fermi surface that accompany alloying. Of the


