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The ac Josephson effect enables one to measure the ratio ~/k, where dp is the electro-
chemical potential difference between two weakly coupled superconductors. Combined with
an independent measurement of the electrostatic potential difference V, this measurement
determines the ratio e/h. This determination rests on the fact that a voltage difference is
defined so that the electrochemical potential difference is hp = eV, where e is the charge
on the free electron. Further, while we argue that it is not directly relevant to the deter-
mination of e/h, there are no quantum-electrodynamic corrections to the electrostatic term
in the chemical potential difference ~.

The recent improvement in experimental accu-
racy' ~ of the measurements of e/h through the ac
Josephson effect lends new importance to efforts to
determine the theoretical accuracy of this tech-
nique. Recently, for example, Nordtvedt has
argued that quantum-electrodynamic corrections
will result in an e/h ratio from the Josephson mea-
surements which depends upon the metal used in
the junction and differs typically by parts in 10
from the same ratio for a free electron. We would
like to argue here that in fact there are no such
quantum-electrodynamic corrections to be expected.
In particular, Nordtvedt's results (i) are not di-
rectly relevant to the Josephson measurement, (ii)
do not in fact change the electrostatic part of the
electrochemical potential, and (iii) represent a
well-known difference between the q -0 and the

q =0 limit of the dielectric properties of a many-
body system.

The present theories of superconductivity' pre-
dict that for a, superconductor in equilibrium, the
time rate of change of the gauge-invariant phase of
the order parameter and the electrochemical po-
tential~ a,re related by

8@ 2p.

ef

This implies that if the relative phase between two
regions of a superconductor is stationary, the two
regions have the same electrochemical potential.
Furthermore, if the relative phase changes, then

the difference in electrochemical potential is set
by (1). Ultimately it is upon the validity of Eq. (1)
that the recent solid-state determinations of e/h
rest. Briefly, two superconductors are joined by
a weak link such as a tunnel junction or thin bridge.
Then the rate of change of the relative phase dif-
ference across this weak link is synchronized at a
multiple n~ of the frequency ~ of an applied micro-
wave field. According to (1) this sets a difference
in the electrochemical potential ~p, between the two
supercondpctors which is faithfully propagated by
the superconductors to the normal leads. Then a
null potentiometer measurement compares this fre-
quency-induced d p, with the electrochemical poten-
tial of a standard cell which is calibrated in ab-
solute volts times the free-electron charge. ' Thus,
the electrochemical potential and not some effective
interaction charge of an electron in a metal is what
enters the Josephson relation (1) and the measure-
ment. From this it is clear that if quantum electro-
dynamics is to give corrections to the measure-
ment they must modify Eg. (1).

It might appear that Nordtvedt's prediction of a
shift in the charge of an electron in a metal would
modify the electrostatic part of the chemical po-
tential difference. Even if this were true, we would
argue that it would not affect the determination of
the e/h ratio because, as we have discussed, and
as has been emphasized in Ref. 2, the Josephson
condition establishes a relationship between fre-
quency and chemical potential difference. This re-
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lationship does not involve e, which only enters
when the chemical potential difference across the
Josephson junction is compared to that of a standard
cell. e enters here because the standard cell is
calibrated so that hp, = e V at zero current.

A simple model of the Josephson effect illus-
trates that there are no quantum-electrodynamic
corrections to the charge which enters into the
electrostatic part of the chemical potential. The
important assumption of this model for our con-
siderations is that in the absence of external elec-
tromagnetic fields the stationary state 4 of two
weakly coupled superconductor. s may be written as
a superposition of degenerate states g„ in which n
pairs have moved from supercondu'ctor 1 to super-
conductor 2:

(jout
~ Q ~

i in) = q (jout
~
i in), (6)

where q is the sum of the renormalized charges of
each particle in the in (or out) state .The quantum
numbers of the in and out states are denoted by i
and j. Posed in this w3y the necessary theorem is
directly related to the Feynman diagrams of quan-
tum electrodynamics.

To make the relation explicit just write

&jout~Q~iin) = f d x&jout~J'(x, f)~i in&,

where J~(x, f) is the electromagnetic current. Then
note that the amplitude for a photon of momentum
k~ and polarization z" to be emitted during the scat-
tering from i to j is &,M" where"

&I =Z„c(n) &(&„. (2) M" (k) = —i f d y e' '
& i out

~
Z'(y)

~j in& N, N/ . (8)

In terms of the ground state (0(N) of a supercon-
ductor with a definite number, of electrons, N, the
&1&„are

$„=$0 (N, —2n) (0 (N2+2n) .

If the superconductors are now maintained at a po-
tential difference V, the time evolution of 4 will be

@(f) e k(//&+E~&t /&& P-( )
8-l('Q&-Qm& vt /&y &(4)

where Q, is the total charge on the first super-
conductor, E, is its energy in the absence of any
electromagnetic potentials, and Qz and E2 are sim-
ilarly defined. If we assume that the charges N,
and N2 are neutralized, and write the charge on each
pair transferred, we have

Here, N, and N& are normalization factors connect-
ing 8-matrix elements to Feynman amplitudes. One
can then find the following expression for the matrix
element of Q:

M' (~, k = 0) = a5 (~), (l0)

so that

+Oo

& jout
~ Q ~i in) =

2
d&u e ' ' M' (ru, k = 0)(N, N/) ',

(s)

with k~ =(e, k).
Gauge invariance tells us that 0, M' = 0. In our

case of zero three-momentum this becomes ~M' =0.
Thus M'(u, k=0) has the general form'

@(f) e i(z&+//2&&-/&& P &(2avt/&& -&n c(+) &I&n CS n'

We may then conclude that in this model the ex-
pectation value of any time-independent operator
such as the tunneling current is a periodic function
of f with period h/2eV. The important point is that
it is the total charge on one or the other supercon-
ductor which is an integral multiple of e. In quan-
tum electrodynamics the total charge on any system
is an integral multiple of the renormalized charge
of the free electron. There are no small renor-
malization corrections. We would now like to show
how one can arrive at this result through the famil-
iar methods of Feynman graphs. '

It is enough to show that acting on any complete
set of states of protons and electrons the total
charge operator Q operating on each one gives back
an integer times e times the state. We choose for
our complete set of states the in states of scat-
tering theory. Expanding them in a complete set
of out states we then need to show

(jout
~ Q ~

i in) = fa/2'/, N/ .

We have only to evaluate a by looking at M'(a&, k = 0)
for small co. The Feynman graphs which contribute

FIG. 1. Typical Feyn-
man graph contributing to
M~(k) in which a photon of
momentum k" is being emit-
ted from an external leg of
the amplitude T for the pro-
cess i j but with the spinor
left off.



1780 HART LE, SCALAPINO, AND SUGAR

to M" may be divided into those for which the photon
is attached to an external line of the process i -j
and those where it is attached to an internal line.
The latter class of graphs are always nonsingular
as 0"-0. A typical graph of the first type is shown
in Fig. 1. If we write 7 for the sum of Feynman
graphs contributing to the process i-j but with no
spinor u(P) on the external leg in question, M~ is

M" (k) =u(p) 1'(p, p+k) [i&(p+k) —m+ie] 7 .

(i2)
The function I'"(P, P+k) is the full vertex function
and satisfies

where e is the renormalized charge of the free elec-
tron. Writing out the most general form for 1"~ it
is not difficult to see that the only singular contri-
bution for small &o of M' (&u, k = 0) is

M'((u, k=0)= . N(p)T=

x(amplitude for i-j) .

If the photon were attached to an incoming line the
result would have been similar except that the de-
nominator would be —ar + iE.

Now, every charged line can be traced through
a Feynman graph. If the line goes from the initial
to the final state the net contribution from the pho-
tons coupled to its external parts is

2&e5(~)x (amplitude for i-j) .

If the line enters the initial state and emerges there
the net contribution is zero. Similarly for the final
state. Using Eq. (15) to evaluate a and inserting in
Eq. (11)we arrive at our result, Eq. (6). Thus
there are no quantum-electrodynamic corrections
to the charge of the free electron as it enters into
the electrostatic part of the electrochemical poten-
tial in the ac Josephson effect.

What Nordtvedt calculates is the effect on the

vacuum polarization of the presence of a degenerate
sea of electrons. This correction to the photon
propagator is relevant to the discussion of the in-
teraction of two electrons inside the metal. Indeed,
if such an interaction were partially described in
terms of an effective charge, a calculation of this
charge would have to take into account the type of
correction he describes. Put differently, what is
relevant for the Josephson effect is the charge on
the superconductor which describes the interaction
of the whole metal with an exterior electron. This,
we have argued is an integral multiple of the renor-
malized charge of the free electron. It is clear,
however, that corrections of the type Nordtvedt de-
scribes cannot sum up to give a correction to the
metals total charge. Such a correction would be
proportional to the Fermi momentum of the electron
sea and alterable by compressing the metal. It is
not possible to alter an object's total charge by
compression.

This difference between the effective charge char-
acteristic of the static long-wavelength field induced
by an electron in a many-body medium and the total
charge of the system with an additional electron is
familiar in solid-state physics. ' The formal dis-
tinction between these two quantities is whether one
sets k equal to zero at the beginning or end of the
calculation and physically corresponds to being in-
side or outside the solid. In the calculation dis-
cussed here k has been set equal to zero initially
while the calculation of Ref. 4 corresponds to taking
this limit at the end. Langenberg and Schrieffer
have discussed this same effect in terms of an in-
duced surface charge. '

In conclusion, we would remark that departures
from equilibrium can modify Eq. (1) locally. 's

Furthermore, even in equilibrium, fluctuations
about the mean values described by Eq. (1) will oc-
cur. However, it would seem very unlikely that
quantum-electrodynamic effects play an important
role in such phenomena. To the extent that Eq. (1)
holds the Josephson effect indeed measures e/k.
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The results of measurements of 27Al spin-lattice relaxation and local field in the rotating
frame in aluminum are inconsistent with the model presented by TunstaO and Brown.

Recently Tunstall and Brown' have reported the
results of nuclear dipolar relaxation in aluminum
for 1.3& T& 295 'K. They interpreted their results
using a three-bath model and an analysis extending
the coupled rate equations of Schumacher. For
their samylep filed fr om a high purity zone-refined
aluminum single crystal, " they found the ratio 6 of
the diyolar spin-lattice relaxation rate to the Zee-
man spin-lattice relaxation rate to be 2. 15+0. OV in-
dependent of temperature. The quantity 5 -2.0 is
a measure of the effect. of electron correlations.
Their analysis relied on an estimate of the relative
heat capacities of the dipolar, small quadruyolar,
and large quadrupolar systems to be in the ratio of
2:1:5. They pointed out that at low temperatures,
where the spin-lattice relaxation times are long,
all systems contribute to the measured relaxation
rate. At high temperatures, where spin-lattice re-
laxation times are short, cross relaxation is inef-
fective at coupling the quadrupolar systems to the
dipolar system and thus the quadrupolar systems do
not contribute to the measured relaxation rate.

Vfe have measured the spin-lattice relaxation time
in the rotating frame T» in nominally 99.9999% pure
aluminum at 300'K. Some of our results have been
reported in earlier publications, 3 4 where details of
the experimental procedure can be found. The spin
system is prepared in the rotating frame using the
spin-locking pulse sequence. 5 At exact resonance
the initial quasiequilibrium (t «7&,) magnetization

in the rotating reference frame is given by4

I= Mo[H, /(H j+ EP~ + Ho)],

where Mo is the equilibrium magnetization in the
laboratory frame, Hq is the amplitude of the rf field,
H~ is the square of the dipolar fieM in the rotating
frame (equal to one-third' of the Van Vleck second
moment), and Ho is the square of the effective quad-

H,'(6')
0 2 e 8 8 IO i2

lf I,B

~0.00 .0 .20 .30 .e0 .50 .80

'/H( '+HH,')

FIG, 1. Experimental determination of HI, and 6 for
noIninaOy 99.9999% purity aluminum at 300'K. The
triangles are for the data M/(Mo -M) vs H ~~ and the
circles are for the data (T&/T&~) —(H~&+3H)/(H~&+H12, )
vs Hg)/(H( +HI,),
the apparent values of 5 found in a number of exper-
iments on aluminum are considerably greater than
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